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. J . In.trod ucti6ri. 

Could~b _and SD-'o~~jllato/ problems -a~~ c~nn~cte~ with each ~ther bY, . 
1Hurviti tra~sformation [1]. This Coulomb-Oscillator duality is. expressed most trans-

pora~t ~y thl Eul~rian coordinates [2]. , . : . . . . . . , 1 , . , . 

:·- :'> ~. _ _...,··; : <:·•·: '\; . ·,. ':.,' '·.. :· ·;· ... -· . \. ·, \ ,-,,~.-;. - ·- ',.·.,1- ·•·· : . '·' :_~ 

: ; In previous paper we undertook the Eulerian analysis bf the 5D Coulomb.prob-· 
. ·, ' . ·-., .·, ...... •· .1 • • • .• ... : . ' ·.'. ·... . ' 

. ', lem. Here we concentrate; our attention on the SD quantum oscillator problem and ·:·1-t: :_·; .. ,·. · .. · ., ' .' • .. ·,.' ... •• .. ' ... · .. _· _· .. 
calculate the Eul?rian spherical and cylindrical bound stat,es of SD oscillator, derive . 

.• the ~xpressions) for ihe amplitudes of inte'rb~is expansions, investigate the sph~roidal 

~tate/as th/~uper;ositio~ of.th: spheri~ai -~nd cylindrical stat~s. ' 
, .· .• ,_· ' . . ,·., . . ,,. ' . .. ·, ... . 

·. r~os 0/2 cos /31/2 cos(a1 + 71)/2: 1 _ .• 

. ~ co~ 0/2.cos f3i/2 sin(a1 + 7;)/2 · . , 

= rcos.0/2sin/31/2cos(~i ~-71)/2 '' 

1h - /cofJ0/2sinf3i/2siri(a1 ::_7~)/2: . .' ,· 

= rsin0/2cos/32/2_'cos(a2 +72)/2 
= ·. r·sin0/2cos(32/2si~(a2+:72)/2 · 

rsinB/2sinf32/2bos(a;-72)/2. 

U7 = rsi~0/2sinf32/2sin(~;'-~2)/2 . 
. .I 

.The~e c:oordi~~tes may be ~aried in the ran, ges ' 
,, 1 , • 

u <oo; 

Oscillator potential, differ~ritial elements of the length 'and volume and th~ L~place ' 
, • . • . • .•• ,' " , , r' • , - • • ' ~- ~ C 

' ~perator have the next forms 
I . . 



,_., 

~,., 1' 
:./ 

where 

dl2 = dci2 + d/32+ d,: + 2 cos f3adcrad,a . _a_;· . a. , . a , . , .... , 

. 1 . " ,. . ' ' 
df2a = - sin f3adf3adcrad"Ya 

' . . . . s •' ·' , . 
72 ' [ a2 

• ... · , a 1 ( · fJ2 · ·. . a2 a2 
)] 

~~- = - 8/3~ + cot /Ja 8/Ja + sin2 /3~ 8cr~ - 2 
CCJS /Ja 8cra8f3a + a,~ 

-~ ·., , . ' '. ' .. ' , . ./·. 't 

1.··. 

. _ 3 . Spherical Bound States 
, \ 

'~ 
In the coordinates· (1) the sch~me of se~aratiori of th~ v~iables co;responds fo th~ 

., • • ·~ •• • • • ' ,I - ' ' ' / ' 

· factorization 

.. \ .. w•ph ~ R( u)<i(0)V~·,~, (cri, f3b"tt)V~;,;) (a2, (3;,\;), 
,' 1 .' j 1 ' ' , • 2 ,. I 

(2), 

,wh~ ~~'- isWig~~:fui?ti_on (_4]. Ta~irig into ~~ccmnt,that 

.' ,' :¢-2 . .. ( ,·_. ·. ( _, ' . '' , ' ' 
11 V;;,;m, (cr1;/31, ,1) := ii(j1 + l)V;;,,m, (cr1, /31, 11) 

'· 1. · .·: . , 1· '• 

• T2 . •, . ' . • •. ' ,, . ,' : . . 
. .J2 'D1~2m; (cr2, /32, ,2) =:: 1ih2 ·+ l)'D~;'-m; (~2,/32, ,2) . 
I. . .. .. ' . 

we arrive to the two ~oupled differential ·equations .. 
.. . . . • • . .. . • I 

,·[_i_~(si~3 ~'.!£) .. _ .. _ 4i;(fr+.l) __ 4j 2(i2 +l) +!A_ (A ___ .. +6)] 'P(0)='.0,' ,(3) 
. ·. · sin3 0 d0 . / . · d0 ' cos2 0 /2 .. ; sin2 0 /2 , 4 · · .. 

. ··•[i.!£ (u_•~~)' ~-A(A+'5j~)u2:;2i;(;-+~4)_]·.R~O. (4) 
. u 7 dr dr · u 2 .. . . • . · • •. '· • - . 

I·: ' • ., -~-'-:__ ,_ •. ' ' ' •,... . !( :, '--. ', •., .:·"' :· •·> • ' ' . • 
H~re a=;= (µoU:,fn,) 11~ and'A(A + 6) is i sep1i:ratic;mconstant'; We choose th~ nonnaliza- ,' 

< . ' ' • ," .• / •• . • • ,' < ,, ~: I •. • • '\ 't ; 

(i' 

tion condition . 

; 1~ [i'PAiih(0)12'~in,3 0d0~,1. 
1 f • ' • 

r' 

and find: ,,, 1 

·, , I 

'. 'P Aiii2C 0) = 2(A+ 3)(A/2 ":;' K~ i2)!(A/2 + jl + i2 +.2)!' . 
• (A/2...:.. ji + i2 +, l)!(A/2 + i1,- i2 + 1)! .. 

_"· '. .. ·; _'.. ', I , ,, ' 

\\ 

..... 

The function p(a,b) 
- ~.n 

(cos 0/2)2i1 (sin0/2)2~2 PX~~+_};2!1;1(co~0). .',. (5) 'l . 
•, ' 1 • • ' ' 

; . / . . . '•' ·' ' . ''.: . -.·. . ' _·.·:: _.. ', ·. :.· .. : .,' ·, ...... , \ 

,is Jocobi polynomial (for definition s~e [5]), Th~ radial function. 

_ R, uride;. the .normalizatio~ condition : . 

.:_ : f 00 112 { u )u" du ~ 1 lo. NA , . , .. / ' 

·:1.., ' \. 

\2 ,:. 

t, . \ 
\ 

\ 

,f 
·1, 

D 

1 ·i; 
·r I 

{ 

\ 
L 

'Ji.I 

. \ 

I· 
'; ! ; 

can be expressed via c~nflue~t hypergeorn:etricaHunctiori 
. .,. '' . ' . : •. ' 

J 
i 

/RNA(~)= (1). + 3)! 
a4 

2( E¥- + 3)! (~~-)~e;~ (~a7~2) F (i N ~A; A ;4; ~2u2 )- (6) .• 
, (N-A)I , · 2 · . 2 .. . . · 

1 
I 

. 2 ·_-. .. . ,.' \ 1, , ' ' . ' 

· Thus,the normalized spherical wave function for the SD oscillator has the n·ext form 
. . . • • - . . , r • -:--- •. 

,• :ph·.• /(2j1+ 1)(2j2 + 1) ' .·· ·· • . ·
1 

·,_,. : 1 '. •
2 

• 1 , 

· \J! = \ . 211'4 . RNA(U)'P!',jii2 (0)1J;,.,m;(cr1,/J1,"Y1)V'm2 m;(cr2,/J2,"Y2). (7) 
I • ,, • • / • • 

' ' ' - . ' : . 

The ~pherkal basis (7) is the eigenfunction of the following operators { ii, _;v' J'f, l;; ii,, .· 
. -~. ,. . , 

11,•, h, 12,' };where . 
I 

,. . . ... / ,' . .,. ,: 

~2 · ..• 1 a . ( . 3 a) -·· 1 72 . 1 72 
A =-~080 sm 080 + . 20/2J1 +-~0/ _J2. sm , · :. cos .• · sm 2 

"I, ·. . . . . , 

. (8). 

· :'In Cartesian coo~dinates: 

/ , : . - , . a2 1 •· 1 : 1 /, a 
· ... 1 1 +-u·-, 

.i\,2 ·= ~4U2 .6.s + 4UjUj 8ui8u;, 4 t 8ui• (9) 

-wher~ i,j'= 0, 1;2, · · · ,•7 '~. ' ' . / . 

! 

·, 
' {, 4 Cylin.drical SD Coo~dinates 

- -· '' ~ ' : ' ' ' ,. .. . .• ·.• I - I 

. . .. .·. .· ·.. . . , ... · ... I_ ... , , , , ·. ' 

Let us denote the Eulerian SD cylirid~ical coordinates by,pi,p2,cr1,/31,,i,0t.2,/J2,,2 · 
.• r . " .• ' '; . . ' ' ,· • •. ' 

anc:l assume th~t P1,P2 E [0,oo)'and .. a'i;/31,,bcr;;/32;,2 hav,e the s~emeaning ~s for 

E~lerian spherical co~rdinates:. By defi~ition 
' . . : ~ ' ' \., .. ·, 

- ... <,/ 

; / 

I 

' { . . \ 

'ua =, P1Cosfii/2~o~(a1 +,1)/2. 
u1 ·. =< p~ cos (3~ /2 sin( cr1 ,+ 71) /2 · 

u2 = Pt sin /31 /2 c'os( d/- ,1)/2 
U3 ~' p1sin(3i/2si~(cr1-,1)/2: 

. u4' ·= , P2 cos /3;/2 cos( cr2 + ,2) /2 
,' '\ . ' ' ,, 
u;;- = p2cos/32/2sin(cr2 +,2)/2 

u6 •·~ P2in/J2/2'cos(cr2 -72)/2 
U7·~=, p2sin/J2/2sin(cr.2-,2)/2 

. '. (10) 

In the coordin~tes (10) 
. w2 . 

'V = !!:!!_(Pi 2 + P22
): 

2 ' j, 
.", ·'" , • • • ', . I 

j · As a consequence of the (10) 
'',I " ' . ; ), s . " 

· , . / '2 · .' · 2 . · ,.• 

.dl2 == d . 2.+' d 2-+ ~dl 2-+ /!!_dz 2
,' 8 Pl P.,2 4 1 ' 4. 2 •' ' 

,3_ . 

i 

/ 

,;-

I 

I 
I 



' 3 ''3· · . ' . · 
,dVs = PI P2 dp1dP2~n1df!2, · 

. · .. 1 a. ( 3 a)':'· 1 a·( 3 a)•·. '4.72.·· 4,2 ·~s=·-- P1 -. +.-- P2 - ·--J --J ., . Pi3 8p1 ·· 8p1 , P:i 8p2 · .8p2 Pi 1 p~ ·2 
I. . , , ..... : . , . , : ~ 

The ,differentials dla 2,df!a.'and operator Ji have been introduced above .. I 
. j' ' . .• ·, ,· . ~ ' : I, / , .• ' , . 

5 Cylh1drical Boun·d. States 

· .. Starting' from the representation 

, q,cy/ :: <I>~ (p1)<I>2(p2)v!:.1 m' (al, /31,~1)D~2m' ( a2, /32, ,2) , 
' < , ·•,- 1,,,._·~.-.·\l· 1, ,"i.: , 2. ,rr 

· we .can sim~ly derive the two eqi.iation~ , 

'I·. ·:·r'·.~/d·,•(·'3.d)', J1(J;+1)' 4 2-·c];,_··•·.:; 
'!' :1,-- p- ---'---'--ap1 + 1 ,..1=.0 . P3 dp . 1 dp . p2 . . . , _ , . , , . 

, l' 

~( ' 

:I 

... (11) 

(12) 
: 1 • (, , ; 1 ; . , , 1 , : ·, . , . , 

1 
, ; , 

··[X±·.·(·.3 _f:_).··.~ i 2(h.+ 
1Y ~ .. '. 4 

/ c. ·],; == o'· . . .:. · '(· .. 1'.3) ·. • , 3 d'" . P2d · . 2 , .• ,a P2 +. 2 · 2 .. . , . . , . : P2 P2 . . P2 • ' P2 , . ·.. , , ·' · , ., , · . · , , 

whei~ C1 ~nd C2 are the ~~p~ration co~stai:i:tsarid C1°+C2,~ 2µoE /Fi~_; Let us intr'adiice'. 
: . . ·' . ' ' ., .... ' 
i , . " . . ~ , , , I . ' . ' , 

·the·cylindrical·quantum numbers·· 
" ' ' ' ' ' '.\ . 

·, . . N· .·· .. ,. _. 1' . .,C./4 12 \> ii='-Ji-:- - i a_.,_,,_ 
• ••;,, • \ / •I 

/ with i = 1, 2 and N = 2Ni'+ 2N2 +
1
2j~+ 2j~ as

1

th~principal quanhirnriumb~r. The~, 
. ' ' . ,. ·' ~'. '.. .. ' i :' ( . :" . ', . ' \ ._ ;, .. , : ', ~' ' . ' ,:. ':,'· ,' ' ' . ' ... ; : - ',. ~. ' ; "_, ' ' .• . '( . . ' 

it is e~sily to ~how' that cylindrical basis must be give~ by folfowi~g exp~essions 
: ' . , • . .' ' '' ', ,' -·-, ' ' '-· '' : ; ,· ' ~ ·' . ..:· ·,, .. i'.' \ .·.- :',. i' ,'. ,....,, .. I ,; ,' ( .' \. ': 

I (2J1,+1)(2J2 +1) ' ' ' ' ' '' .. I ' ,. ' • •· • ' ' ' ' ,•· ,· 

•q,cy = ,\ 47!'4 . •. . .<PN1i~ (p1)<PN2i,(P2)'D~;;,.; ( a1,/3i, 7i)P~,;;.~( a2, /32,12), (15) 

where 
. '·, ·i a2 

·, ~;_,,J,(~;),~(2j;~l)! 2(N; + 2j;+.1)\a;;?i, ~x~(-.••,a2

Pi) F( ~N.; 2j;i2.; a?;n. I . 

' ' ·(1\T;)!· ,::. ·, .. ,· ' ' ' . 2' : ' ! . . '.· ' .: 1'(16), ,· . . ' . ,. ,,. '' ,, ' ' ' ' 

''.The additional integrafofm;ti'dn: 

' • ' .: f . ::._ ', / 1. a>( 3 a):' > 4 72. 4 2 
M.· = -:3a P2a, . + ,-.1,J2 + a P2 · 

. . . . P2 /(2 . . . , P2 P2 · 
I ':- 'l - '•/ • - ' ' ; ,,-,. . - · ... '' 

has eigenvalues ' ' ' ' ' ,I 

: cz;;, 4a~(N/U2_ + 1) '. ', 

Iri. Ca~tesian C<_>ordinates, the, operator,'M can b~ rewri\te11,as 
' . ' ' ·-· ·, iJ2· .. · '4 •. · ... ··.· 

M = ----.+ a, UuUu 
1 • .·pu;8:uu, · 

~ith' <r~ 4, 5, 6, i'. 

i 
I 

.... _t. 
. ~ f ; 

' 

. 6 . :J~terbasis :Amplit\~des_ L ·, 

Now, we·c;an write, for fixed value of energy, the,parab6lic bou.nd sta!es'(ll) as a 

.· coh~r~nfqua~tu~ oiixiure of the; spherical bound states: 

q,c~l = 
N " .. 
'"' WA , .· q,sph, 
L.,· N1N2iii2 · ,·• (20) 

A=2i1+ii2 . . 

The aim of this section ,will be to obtain the explicit form of. the. amplitudes' 
• ' ,, • • - ' ( 1 

, A . : . , 
. . wN,N2i1i2" At first, note that, 

PI= uco~B/2, i>2 = usin. () /2 .. 
' 

(21) 

TEen, substituting 8 ;= 0, taking int,oaccount'that 
,' ·: ~ , ' - . \ . -- .◄ : •- ,_-.. , . ':· _i_ _·_ 

p(o,/Jl(l) ~. (a +/3)~ 
~. , n! .. 

\. 

(22) 

and_usiii~ th~ orthogonality relation [6] 

I, 

·' I'x, u5 flNA'( u.)RNA( u)du = , a
2 

Ii~~. -
, lo . , . . • 1 ,. + 3 

_;,--· . J .- ,' . .- ... ,, , ' . / ' 
we get for amplitudes W the following integral representation\ 

. ' / ' ' . . ," ' 

(23) 

-..... r, '~---'-> ____ _ 

. , . ✓(A +,3) (4-d1 -h.)! · _ 
WA , ' EAJ1]2 KNN, 
. N1N2i112 = -(2j_l + l)(A+ 3)L' NN1N2 Ai1J2" 

(24) 

Here. 

1
, j;Aii.i2 -.·.·.· [(4 +'jl _..,j2 + l)!(N1 ·+ .. 2ji + i)!(N2 +

0

2i2 +· 1)!( ~ + 3)!] 
1
.' .. 

2
:_ : (2~) 

. NN,N2 -· · (N')l(N )l(A · · · 1)1(A · · 2)1(N-A)1 . · iJ' .·.• ,. I· 2•2-;J1+J2+ •2+JI+J2+ .-2-. · 
: • . • • ~ ·A ,_ : • , • ; •.. · ·· · ··. · · . • · ···•· · - • ,N~ A : . ·· . . 

'7.rNN, ,..::.. r . ,+11 +12 +2 -x .F (-N 2. + 1· ) F (------ A +· 4· ).d (26) ... 
1\Aiii, -Jo,:,x ... ;. ___ .e _1 1 }, J1, .,x 11 ... '2 ,,n ,x x .. . 

and· 
' .. 2 2 

X = a U • 

. After writing theP(-N1; 2j1 ~.l;'x/~s a se;ies; integrating a~cJrding to [7] 

i [ 00 _f,,'vF( ··k .. )d' T(v+l)F ·(··• .. k)' 
•

1
}

0 
~ _x1 __ 1a,7; ~

1
x= Av+I_·.2 1 a,~+1, 1 ;};' 

. . .I . . . . f , 

(27) 

' and usirig the formu,la 
' . ' . ' ' ·. · . ' r(c)r(c ...:.•a - b) 

• 2F1(a-!_ b,c; l) .~ r(c ~ a)r(c...:. b) (28). 
/ .. ' 

5 
J. 

J 

.;_.--_ 

<ii 

\ . 

,. 



I 

i,'l,•· 
i,: 

for the summation ~f the .Gauss hypergeo~etric functi~n, w~ obtain 
~ \' . . . ' ' ,. , '. ' 

-J{~m, ·=(A+ 3/(1¥- -ii':- i:z)(l+ Ji+iz + 2)! 
A3112 .·. ( !!c_ -j _;,,j )I( N+A + 3)1 . ··. 

. ' • . ; 2 .· 1 : 2 . 2 • ' • : > I , 

'' F {'-N1,-l+i1+iz,J+i1+iz+311}.·•.:• 3 ' 2 2j1 +1 _!'!_ '+ i1 + i2 . ' ' ' , ' . 
' . ' .2 ,. ' ' 

' ',' ,,. ·' ,! ' ' 

, and .thus come, .to representatio'u. , 

\ 

(29) 

' I .'. ' L, ' ' ',,• ' .: ,, \ •• •,• '" • • • , i' ,• ' 

A:. ..:_.· [(A+ 3)( 4 +J1 + i2 -{2)!( 4 + i1 -}2 + i)!(N1 +2j; + l)!(N2 +2j2 +l)!] 
11? 

WN,N2iii2, -. ·. ,• . (N1)!(N2)!( 4 ,- i1 .:..j2)!( 4,-'j1 + J2 +1)!( N;A )!( ~+ 3)! · .. ·· ' .' 

, , ~/ . N ' · 1 • • \ , , ' • • •\A ; J · { · · : : ' ' ..•. . . 
'(~~)I~ Jt)·3r2{. -:-_M1,.-,~tJi '1::!(r;1"J,1,+Jf,+ 3 l1}r· ~ ,(30) 
.. c211+ n , 2)1+1, 2··~ JI.-+ 12 . . - , . , • 

"7 .. Inter basis' :.Amplititdes 2 
•:•:,\ '•, / •, > ")',, ;' L \ , ', :,••, 1:,•, 

. The ~~xt step is to\ derive the' alternativ~ r~p~eseritation for Wt
1
,v

2
:;

1
)

2
.)t is s.~~cient, 

.• \ , , . •, : • ,, .,;I , ",}' ,; ' •.I. • • ' " . i I ·,.,.,,, ' ' 

·-for this purpose, to w1)te the Clebsch-Gord~n coeffkieniffor 'the group SU(2) .. i.n_te~s ' 
' ' ' .' ' . ' ,•,. . . 

of ,3F 2 : f{;.nctiori 

. , c-v_: .. \~.' a...:a ·,\1 .\. , :1 .. ···., _:'.· , ·, 

cao;b{J·- (-1) / 5-:r~o+/l(a + b ;- 1)-(b -t ~ - a): 

·•• .. •• •.,'• •:·I'., ;···,,,',,:,,,:•,.,'t':·•. ·/; ;,•,,/'i/ •'t/2 

[ (a,-e ~J!(b ~ /3)!(b f ~)
1

!(c ~ ;~~:}i~:)7(}~:~)~)!(b~ a•~ c)!(~ + b~ c:+ 1)! l' ; 
' ' •• •. I •. •:. • • ' ' • / . ,' • ' .• •. • . •' > ,,•. j' •, • > 

, .. ·,·{··,-a.:... b:.. c-1 .. -a+ a -c:+. ~·,· ··.·}'' . .. 3F2 ; .. ' ,": ' ,. ,,. : . ', ·'I, .• ;· ' 1 .. 
· · . ··-a,;:..b+ 1;-b-.c+a ', ',· .; 

• • ' ,_ ,. ''\- : • ' ·,., •• , •,\ • <' 

To .. use•, · .. forrr,iula (8) 

•F'{ \s,s', ~Ni,' Jli}··=='(/+;)',. F '{>/t1 ,s'i-';N ·,• 
3 2 t' 1 - N - t , (t) ' 3 

' 
2 t' 't + s > 

•• , ---",· ,._, 1 .", _ •• • •• N,.- , \ ·.·. -. ,_ ., _,.. .. , .. ,, , 

'.equation (31) can be rewrittcri i11: the form 
,; ' ,:;,·., •._.,,' ·.: I ' ,•,., · :•_:·, •.•.'. .. /'/•t,·· , 1 I . 1/2 

cc-:r '==(-'-lr-"«S .· .·[ . ·.. (2c+l)(b..-a+c).(a+a).(b+/3).(c+1) .... •. ·] 
. ao;bfJ ·,. ! . • .. -:r.~+P, (a:...a)!(b.:./3)!(c-7)!(a+b.:..c)!(a:'--b+c)!(a+b+c+l)! 

, · · , '·:-... (a+ib-~)\.·.,;;·{· -a+ ~,~+\·:·+\:~c + l.··11}.~- . . 
· (b-,-a+ 1 )! , 1 -a-b,b-a+ 1 +1 · · . , ..... ,., . ·. . '••, > .,·, ... :.\.'. 

By comparing (33) ~nd {30),~c finally obtain th~ desired ~epresentatio'z'ii 
' . ' , . ... ' ·. ,, ,;:, .. : '. 

. - , \ .,, . '. ,- ., . .: d_ I· ... • ;:, 

. ,,wA ..... = c.:...:1\N1 . 
,, . , N1N211n . · 

,._\ 

-1 ! 

t 
,,__~,; 

,,, 
. ' 

; I 

···The transformation inverse to (21), na_mely 

'I, . ,<-.·'·.lf-;1...:.h ' ' 
wsph ·;c::: I: ' Wtt,j;wcy/ :. '. ' , (35) 

M~ , . 

is an imrp.edi~te consequence ~f tie orthono;maHty p;o~ri~ty ~f the S;(~J.Cleb~ch:.. 

Gordan coefficients. The ~xpansion co~fficient; in:'.(35) are.thus given by. 

;;__~
1 

•·.:..:.,·Ni·, 4+1,i1+i:i-tl· <: .. ' ., .... , ... 
WNAi i - (-1) ·. CN-2iJ+2h+2 N-2iJ+2n+2 N .N+2Jt-2n+2 N +2 - .:_N+2JJ-2n-2 (36) 

, ' , ~ 2 ._ I , _" . . 4. , , t ) ' _4 •"' , . 11 ,- ;; 'f , I 1 JI . ,i , 

a~d may be expre~sed in 'i~rms
1 

~f th~ 3F 2°fun~tirin through (31) or'(33). 
,.'. f, ,' ' '., ·, ~ l ' 

8 -. 'S~her~id~l 8D. Coo~dinctte~ 
,. ' ,'••-- ·., . '. 

.The sph~roi~al co6r~inat~s·t'o bedefined iasfoilowi~~ . · 

• C Uo. = :ivce·+l)(l+ T/)c~~/3~/2cos(a1 + 11)/2 

', U1 '=:',:: ~✓ce} 1)(1 +T/}Co~,81/2,sin(ai + 1'1)/2
1 

.U2 . ===: : ~✓ce + l)(li+ T/) si~,81/2 cos( G1 ;_ ~~)/2 
,·u3 '= A✓ce +~)(l+_T/)sin/3!/2si'u(aL::... 11)i2 

:=>~✓<e+ 1)c1+ T/)cosP2/2cos(<Jl2 +~2)/2 

· = ~~'~Vee+ 1)(1 + iJ) ~~~P.2/2:si~( G2 +;~2)/2 · · 

~ ·.'. ~✓ce,.4: 1)c1 + T/) ~in:_/32/2 ~os(cr2 L ;,2)/2 . , 

== ' ~✓ce +\~)(!~ T/) si!1,~2/~ si~(~2, -;.~2)/2 
·i<t<·~~l<T/<l". 
,. - ,; ,•.'·· - \· ·' 

, . 

. (37) 

'( 

I ,1: 

wnere.'d is _the i'uterf~cus dist
0

~ce. ,In th~ s~~t~~ of sphetoidal coordinates the CouloIIIb •· 
• ;.: \_: , ,• '), •". :•'! • :_,.',. • ,; \ ' • ,:•. I ' < •:.,,-

potential can be writte_n as, \ ., . . .,. . ., , , 

•' vi~ µod2w\(+'T/f·' 
.. : ' ·.< 4 ' '\, 

In the co6i:din'ates .· (ii1) ; diff~~enti~l el~ments 6f the l~~gth,. ~olunie and ~lie Laplace .. 
' '··1 .• , . ' . ,,_ ·. • 

• .. oper~tor have t,he ~~xt fo;~s , 

·di/~ fci ~.>((~,,+ .~:;)+~i(t•ic;+,)df. +~W-w-,,d,: 
. : '·,_._¥,· '. .' ~8_ ,, ,, ; .. ·:·; ~ . '>:·:· '•, .. '. ··:-. ·, .. 1'• ,· ' .•. ' 

·,:•dVs = 29 ((-;-,T/)(e,-1)(1-:T/2)df?~dfl1dfh> 

. • ' . . . . . 8'. . ·{- . 1 > 8 '[' . .. ' . a]•:· .. · 1 'a[' . . , ' . a'] } 
.A~= d2(C- ), l2:.. i ae (e2c..1)2 ae' +~.cc 2 a (1 ~ 772)2a < 
' ' : ' 'T/ ·. ' . < . . ' ' . ' . . -- '. T/. . .' . T/ . .. 

16J;.. _ 16J? ·,. , 
d2(e + 1)(1 + T/) · , d2(f,--, 1)(1. -:-T/),. 

, , ' . . . • '' • ! • f ' .\ 

\' 



·, 

9 Separation. pf yarial>le.s' in Spheroidal-
- " I • • 

8D Coordinates ,_ 

I., - ' 

j\2,i,,pii:
1
= !A(>. ~ 6)1l1•Ph 

·. ',, '· ·4 - -, 

., 
\ (44) 

' . - . 
./7- The S~rodinger equation for the p6tential is separable in spheroidal coordinates. 

As a 'point of fact, by l~okirig for a solution of this eq~ation in the form 
, ', \ - . ' ,. . ·- . :.., ' . ' ' . \ 

·,T,spheroidal .f-(1:)f. 1 )-'D• i1 ( '. ·/3. , ·)vi2 ,' ( (3 ) 
~ · = 1 \, 2\ T/ mi m' Qi, I, /1 m,m' 0 2, 2, /2 

·, . 2 · · 2 , , .. · 
-1 

(39) 

• , we 'obfai!]- the two ,ordinary differential equations 
- . . . / I .·· -· --_; . _. ' - : . I ,- - . 

·, [--1_ . .!!_("2 -l)~_!!:_-•+ 2j1(j1 + 1) ~2j2(j2 + 1) + µcid
2
E(" __ l) :....a_ 

4
d

4
(~2 -'_l_)]f_ == e - 1 de .,, de · e+ 1 e - 1 · 4n.2 .,,, · - . 16 .,, --. 1 . 

. ,/' ' .' ' . • . -, ' t ' ' ' • ' , 

·· ·and 

-1 
.. 

- x,i,sphc~oidal =,= X~( d)~•P~~roidal_ 
' , ! , .I 

. . ',jJ,i,cyl = 4a2(N2 + j~+l)W~yl= 2a.2(N :_N1~ )I -~-2)wcy,l . 
• ,'.' ' •• ,' . . ·, • I - . • .• ·, ' 

-(45) 

(46) ' --

= X(d)f · ' ·. (40)
1

-1 • - 1,• . - - -
\ \ ' / ,,' • I ' , ' ; 

[
_1_.!!_(l-:- 2)2.!!__2j1(h+1)_2j2(i2+l)+_'µail2E_-.(l_,-)~a

4
d4(l- 2-)]f·. ·=_ 

- 1- r,2 dr, . T/ , dr, l + T/ . ' 1 :-'- T/ -- 4n.2 - - T/ · · 16 - . T/ 2 · 
I ,! • . , • 1 

,' t • :.', " < • ' 1 ' \ 

,=;= -X(d)f2, .-_. ' (41) 

_I 

' ' -, -. ' ·1 ' - - ; '/ • 
where X( d) is :_a separation constant in spheroidal coordinates. By eliminating 'the 

·. j . . ·1· ·--·- 1. . . • • : . -. • \ . ,·\ : • • ' 

· energy E from ( 40) and ( 41 ), we produce the operator. ' 

- - ~- .-- 1· ·{1-:r, /:i ·. 
2
8 e~r·a · n a}··-

X =_-- --((_ -1) ---_ -(1-r,) - + e - r, e - 1 ae _ -· -ae . 1 - r, ar, - ar, - _ 
! • • ' 

· 2((t-ry) p 2(e + T/ .:...2) 72 
1 a4d4(e -1)(1- 11) 

ce+1)(1+r,) ~:ce.,..1)(1.:::.r,/2 _·. 16. ,_ 
' / . 

eigenvalues 'of which are X ( d) -and -~igenfunction;. ~f which are ,i,spherdidal. 
i ' •• • 

~ ~ ,-d ~ 
X=A2 +-M· ' - 4 

.10 >~phere>idal Stiperpositiotis · 

•\ 

(42) 

The signifi-

cance of the operatorX can be found by s~itching to Cartesian coordinates. A long 
· , . :. I. ' ' ''. 1 ' ' ·., • • ' • ~ ,' - ' • 

(43) 

From wliat ;reced.es,"we h~v~ three sets of comm11ting"operato~s, viz:, { ii, A 2, lf_, i1z, 

jlz'', .f{J2z,'J2z•}, {H)J;J';,J1;, f1~:, J;J2z, f2~1 ~ 'and {H,X,J;,f1zJ1z~;' f?, f2z,i' , 
; • , . / , ' ·' . ~ I - ' ' ' ' 

c~rresponding to the s~herical, cylindrical and sph~roidal cciordina;es. Ir; particular, 
{ ' . . . ; ' . 

l 

:,, . \ . /·'-
for the spherical, cylindrical and spheroidal'basises. In ( 46), the index q · labels the 

'.. I' . I l ' '~· ·, ·: . -~ . ', .• . I ~ ." .' - • . . ' j 

eigerivalues of t~e operator Xand varies in the range Os. q s N/2 -'11.'-h - L, We 
• • ' ' ,f. •. ' • ' • ' ' 

are now ready to deal with_ the interb_asis ;!Xpansi9ns '1 

" . . ,,' ' . ,,., 

-N - -- , . ·. 
,i,spheroidal•~ .. ~ _TA·._ (d)w•ph_,_._ 

,. " L.J ' Nq1112 , · /', 
A=2i1+2i,· i -. ' 

',, •• I ~~j~-~J2. , . , 
, ,i,,spheroidal = , E uN1 _ ( d)wcyl 

--· : ·- ._. - . " ;,._N1=0 Nvu~ -. - .. 

for thes~hi~roidal basis in_ term~ :or' the spherical and cylii1dric;l basis~s._. 
. •. ,• •.' ' ',.\ ,I•.•• ;;:,,::-._·I•' c, • ' .'. ','./ ,• .. •,,:, . - :,.,••• ,, ., _..._: •:,, • •:'° ., . ·,. i s;' : 

;First, /we_ consider Eq. (47)-1:ct the op~rator X act <>n both sides of (47). 
'' ' -_ - ' " ' - ' • . ,' '1·· 

by the standard t'echnique~ we',fiiid that I' 
. I ,, ,, . '.' ', ... ,, , '', l 

I 

[Xg(d) '.:.. ~f\(A'+ 6)]T,¢9]1J2(d) = !2

' ·:E ;:#~J.;,(d)(Af)A~'. • 
A'=_2Jt +21, • 

(47)_ 

,:'(48) --

Then, 

calculatfon 'gives 
-, 

( 

(49), 

-(M_:) -.. ·' : ;J·-- :;T,:~t,:M-,T,.;h'av,. - . ) 
-- , AA' =:'" . ~A , , .., A' _ ;, _ , (50 ,' 

' ' ac,,_ :• ,: •,''.,>:' '"t", ,,, -'.:'' :•1\',•:\•,,\,,:_: .. \,•,.• \\•; :•,'., .,'',';•.';.,., ••' '\'' •.'~ '',\' < .;• ,' 

The _calculation of. the, matri?C element_ (1\.f)AA' _can qe ,done_ by expanding _the s1Jh<)rical 
.{ ' : :', ' ; '. ) "j ', ," ·•.-, 'I ' , •." ; ; .' / i • ' i. ': '~ ·-, .• ' ·,' .•• •. ' / ' , , . :, .' • ~ ) d. l ,:•.,'' ; '',: • .•• I ' 

wave fondions in (51) in_ terms' ~f cylindrical wav~. funct.i011s. This leads ;to 

, 't -- -: . . \'!i-~/-h .-·· -- . 
(M)AA,, ==i2~2 2 

L (1v :_ 2N1 ~ 2j/t- 2jWffr . WtA,' · ,. .•,(51) 

,,.-'... ·: ·.' _-.,_;:,. __ - :~1=~-,;< •. -_., ,:.,/,'·· ,'.I]'- JIJ2) \ • 

Now, by using (26) together with .the recursion relation [4] 
. \.;·',. ' -'.-'·-.-_·, · .•. \ ;• _,.,. '_-' / ;. _:/. ,,,, . __ ' \ .,, 1/'l \ 

' cc•,,' '· ,' . _ [ ,, <' · . ' ' ; _4c2(2c :- 1)(2c+ 1) __ · '· __ . · • , ] - -_ 
a~;bfJ";'>-:- (c..:.,)(c+.,)(-a:+b+.c)(a..:.:b+c)(a+b..:..c+l)(a+b+c+l) -. :' 
,' • 1 , ! :· 1'· '. '· .,,, ·•: ·'·,·.,,.'·,, ·, ' , ' ' .. , ·I . ·. 

' " " - -_ ' - - ' ,, I ' ', -- I ' ' ' - -
-{-[(c:--;,'-l)(c+-y-l)(~a+b+c::..l)(d:-b+c-i)(~+b:... - , "" ,, 112 

·_. ,.'_. ,'i · ·4(c'-:-1)2(2c..:.3)(2c-::1) >·----· .· 
I • ; •' > • ' '' ' ' ' ' 

I, 

r 
we'ha~e 

", '8 
:'--· 

\ 



! 

'' 

- (er".:_ t,)c(c -1) ~ '.Ya(a + 1), +,°,b(b+ 1) cc-k1} 
, . , · 2c( C - 1) · ' ·· · · .. _ aa;b{J 

and the orthonormality condition 

,.· 

'" c-y c'·) ._. ',. c' • 
L., Caa;b(JCaa;b(J =. 6c•cu,.,,,.,; 

·a,(J . 

"-\---... 

', - , • , ·1 

/ 

(52) 

(53) 

we, find that (M)AA' is given by ' 
\.. . , ' . . ' '. . - ·,' , . .' . - · .. ', ,. \ ' . •. . i 

·c-) > i(N,:, )'[ ,• 4(j2 -ii)Ci1 + i2 + 1)] ,·. 2' ·2 (A' A~2 r ·. • , A,'A ', c' ) 
M AA'= a,, _+4. 1,+ . (A+ 2)(A + 4) , .. uA•,A~ a~ Ni,JiuN.A+2 + Ni,12 ~Ai:_.A-2 , , 

' . . ' . (54) . 

where 

. Aiiii,= J(N-.A+2)(N+A+6) 
, ' . . . . . . ' . . • . . . , .. ' • . . I , , . , 

[,
(A - 2j1 -. 2j2)(A + 2j1 + 2j2 + 4)(A + 2j1 ~ 2j2 +2)(A -2j1 + 2j2+2)] 

1
~
2 

( ) 
'... . ', ·.· 16(A+2)2(A+l)(A+3) · ···,, ·· •·• · . ~

5 

So:i ~eget t,he following threJ-term re~tirsion relati~n fo~the coefficient T,¢q;, 12 ( d) .. 
. .. , .• :,:... .,. , . , - ·; ! • :_,, I . :_ . , \ , ., . 

-[x_ ,(d) - !A(A_ .+ 6), _,a2d2(N+ 4),, [1 + 4(j2 -i1)(i1 + i2 + l)]·]TA :·. (d)•.,~ 
q 4 . . . , 4 . . . , (A +2)(~ +4) · Nq1112 , 

, , ,,. ' . ' ·;, '•. 'r • ' '' ',' \ ' . ' , 

a2d2 [AA+2 TA+2 (d). .4.,( . TA-2 (d)] .: ( ) 2 _lvi,i2 Nqj,i, + Ni'-Ii2 f'!qi1i2 ' , 56 • 

The ~ecur~i~~ relati~n· (56) pro~ides• us' .~it~ '~ system: of N - 2j~ - 2h linear ho-
• ', •,' '• \ < ; ' •• ' \ •~ • • E ••' •, ,' ' I ' •. / • ,, • 

'mogeneous equatioU:s which' can be ·solved. by _taking· int~ 1 account the normalization_ · 
E' ! • ' '.. • ' .•' ., ' ' l ,. ··, ,' 

condition 
:<- N . . . " , 

'. ', ~- ITNA . .'(d)l2 ~ 1. ., L., qJ1J2 ,, ; 
A=2i1+2fr ' ·, . ,··· r · 

_ (57) 

,...,. 
The eigei:tvalues: Xq{ d) of th~· ~perator, X then follow_ from the. vanishing of the det~r~ · 

. ' . . . . - ' . . ,. ~ \ . . . ' ' . 

mina.nt for the latte; system. .. , . 
I • f ', • j •·::•.. •' ,•: '• )•• • ' • , , '- -.•. , '. • 

:second, let us conceriirate on th.e'expansion (48) ~f the spheroidal basis in-terms 
'• \ . '. , ' ' I .. . \ , .. ' • ' , t ,,~ • , 

of the cylindrical basis. By employing a techniqu~ similado th~ one used for derivin'g 
,,. ,' , ' \ . ' , . 

· '( 49), we get 

, !:, . ~~ . ' .. • .. • . .' '. lf:.:it-i2 , ,. · , • 
[xq(d) ;--\ (N- 2N1 c.- 2i1 +2)] ut~i,i,(d)= -, ~: [Tii;;i,(d)(A

2
)N,iv1, 

·, , , _ •. ·,, , • , , ,. , N 1 -0 

(58) 

.where \ 

'.\ ,' 

•:,(A-2) . 'J· ,T,•cylA~2,T,cyl dV. 
, •. N,N/ = .., N, .., N/ • , (59) ·. 

/ , 'io ... 

, ' 

• 

.. 
,I 

,· 

T~e matrix.elements (A2)N,N; can_b-~ calculated in),he same-_way ~s (M)AA; except 

that noww~ must use, inst1;;d of (52) and (53),.the relation [4f. 

; . ' · '· . •· 1/2 c-y _ , . , . 1/'2 C"f. · ,· ,' , : - , 
I(b_.,- a+ c)(a ~ 9 + C + 1)] caa;b(J - [(a - 0: + l)(b,- /1)] \ G_a+I/2,a-1/2;b-l/2}J+l/2 

+ [(a +"o: + l)(b+ ~)]112C~i/~.~+1/2;b-1/2,(J-·1;2 
! ~. . ' . : 

': (60) 

and 'the orthon<?rmality, co~dition • :· 

L~~;b(Jc~.;b(J' ~-6o,a'6;(J'•' · ,'(61) 
, ' C,"f I , , < 

This yields th~ matdx ele~c~t . , , . !, : v, 

' ' : ' ,·, ' . , ,' ,. , . . . ' \ .,.. ' ', 

(A2
)N,~: = [(~1 + 1) (; _:_NI "7 i1-j2) * (j'. :- i2/Ci1 -.j~ ~J)-'2+ 

(_N. 1+'ifrt 1) ( N_ !f1, -ii~ i_2 + 2)]. 6N;~, · 
, ,· ' , ' ' 2 ·•. ' ' ' , ' . 

· 1 , .. ' ·· · . , . .. · ··,.: •. · . . ' 1/2 . , 

- [1\\(i -N1 7 i1 ~ iI + l)(i',-'N1 ~i1. t'i2+ 2)(~1 _+ 2j~ + 1)] ' , 6N;.~.~I {62) 

,:·-[(N1 ;1}N_~~·N1~i1 -h_)(N_~ ;1_-ii+ J: +_ 1_ )(N/+ 2;:1+ 2)] 
112 

~N',;,:+J. ' · . 2 . , · . 2 , , · . · ', ,· , . .. . 1 --· 

'Fi~ally, the intrndu~tion of (62) 
1

in;~· (;8) l~~ds to the ihree-;erII1 recur;i~n· rclation , 
\ ·, f . '' ., . ' ~· ' ~ • . ' ' 

, [{N1 + 1;({-,-N~·;ii'-i2)+ (1V1 :2i1+1)(i -Ni ,_.i1+ i2 + 2) 
- ' . ,_ . \ ,·· ,, ·: ' ' •' . ,.. . ' 

. : u,2 j;)u ! ~ ;! - ll ;. 1 + .":"' (N,'- 2%, ~ 2;, + 2i ~ x1(,l)] u t';,,,, r~r; r .;l 
· r~, ci -N,-:,, ·~ :; f ,J ( ~ •. ~ 1v,7h~i,+_2JrN• +2,,y i)J '1;ui:;;),id)~ ·· 

'' _;_ [(N~ + 1)( ;-N]-;- i1 ~i2)(i,~ N1,-i1,+'i2~1 )(N1 +2i1 + df12 
;f~t}~(d) 

-•.. 1 ·, ·, . - \, , .. - ._ 

-f~r th~ e~pansiJn coefficients Ut'~iti~ ( d) . . This relation can be iterated . by takii~g .. ' (. ,,. . ' - . 
a:ccount ofthe no;malization conditio'ii · 

.~-
lf~j{-)2 , 
I: 1ut~id/d)l2 = L\- (64) 

'• N,=~, . , , ,• . 

, • - , ·l · -· - ·., ··,. ~ ·· ' , - .' '. ', I : ' " \ , , 
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·"-
I• 

11-

' 

I 

. ·•\ I 



':· J;lefererices' 
\ ~ ', , s··. - . · . 'I - ,: , · \_ , '/ 

. [l] L.S. Davtyan, L.G .. Mardoyan, G.S. Pogosyan; 
(. ' .~ !: ) \ ': (' ' ·. ' .. _' 't. . ' 

Antonyan. J:Phys: A20, 6121-25, (1987}. 
' - "'·, " ,· ( ,. - f • }_ / • 

.. M; Kiblerand P. Wiriten1itz., J: Phys. A; Math: Gen. 2·f, 1787,' (1988). . 
> : , ' 4 ... : \, \ • J "' , , J .' .''- ./ ,, • .- ( < ¥ ,·,, • - ... t , •' 
' B. 'co~dani. ',;On, the generalization of Kustaanheimo-Stiefel transformation;'; Re: ''' 

'port Quad~;~o ni49, Univer~~t.i di Milan:)(1988)~'•:·,i , , .· . . . . .... 
• :-• :• i" • • '. ••• :_c, • :, '• "• •,' ',.: :':• • :._, ; 1:,.. ~• • C • , :' 

.[2] L.G. Mardoyan, A.l'L Siss~kiarrand V:~,LTer-A~tonyan, The Euieri~n ~ru-am~terc 

. :izationof :the Hunvitz tr~sform.aticin, p~eprint JINR; E5~9f ~21~Dubna (1994) .. 
. . . . . I . . . . . . . . . . . . 

[3] Kh.H.Karayari, L.G. Mardoyari, andV.M. Ter0 Antonyan, 

states:: 5D Co~·lomb problem, pripriht JINR( E2~9i~59,Dub.~a (1994) . 
. . . . . .... · I . <' , ...•.• , .. , .· J,; . 

. {4] D.A. Varshalovich; A.N.:Moskalev, and,V;K. Khersonskii, 
, : ' '_ I ·,\, ,.• • ' ' ' • ,_,'; ,' -, • • 

i, · • Angular .Momentum (World Scientific, Singapore, 1988),. 

\I\ ' It , :, '•••, .. ·· .· .. ' '.· ·.•.·• '·. · .. ,·. ' ,· 
[5] A.,Erdelyi,.W.·Magnus, F. Oberhettinger, and F .. Tricomi, Higher Transcendental 

, . ' ·,,., , ~ . ·, . ,_ ' 

Fu;;,;ctions.(M~Gra.w-Hill; .New York, 1953), Vols. I ~ndJI. 
. •. .I,. . . , , ',.1 '. . ,· 

i' i ••• ' ✓. ,_'' ··: . - .-. ' ' ' ,: < .-·. ."- •• .··' 

[6] 'L.G. Mardoyan, G.S. Pogosyari; A..N. Sissakian, and V.M .. Ter-Antonyan, Izv. AN .. 
' . ',' i" ' i ,· · ... _;~-. ' ' '., ' \ <;'. . . ·' ' ' - .' ; ' :,< ";. , ... ' '. - \ 
1Arm. SSR; Ser. Fisika ~9>' 3'(1984). 

• ' • ' ' ./.;,' •• • ,, • ) ' ,-• J '1-- . -·., ',,' ' 

[7] L.D. Landau and E.M. Lifshitz, Qua11.tum 'Mechanics (Pergamon Pr~ss; .Oxford, , 
••• • - ,, ,_· •• ;_ - -, '·, , , ••• _ ' ; J ,..- ,.·, ·, •'."', 

1977); I, \':, 

. [8]W.N~ Baile;, Gene,ralized Hypergeo:rrietrip ·Se_ries, Cambridge ,'fracts ,N32 (Cam.-
• I.._ ' ' ,.- ' ' .. ,._: - .' ' i '', f \ .._ ' • ~ 

I 

'· 

bridge University Press; Cambridge, 1935). 
" . ' . -.. . . . . 

.,< . 

. ' ., 

·, 
: ~ ~ 

· · ' · Receive~ by ·~ublis~ing b~pa~me~t 
... ,on November 15, _1994.. . 

/, 

12 

.. 


