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· MarrnK P .Il; . . . E2'-94~410 
0 Q-AectiopMttponaHHOII peJI.sITHBHCTCKOii qacrun;f co CilHHOM 

q~1e~opMuponaHHa.sI. CB060AHa.sI peJi.sITHBHCTCKa.sI- qacTttn;a co ·cnHHOM 
o6c:y~aeTC.sI B paMKaX JiarpamKeBa cpopMaJIH3Ma. JJ:JI.sI 3ToftcttCTeMbl IlOJiyqe
Hbl TpH 3KBHBaJieHTHblX Jiarpam1rna11a; OOJiaAllIOID;iIX Q-Aeq>OpMHpOBaHIIOH JIO
~aJibHOH . (cynep) KaJIH6ponoqHoii CHMMeTpudii ~ penapaMeTpnqeCKOH 
HHBapuanTHOCThIO. · IloKa3ano, qTO 3'i:u CHMMe-rpnu 3KBHnarr'eHTHhl TOJibKO 
AJI.51 q = ± 1 npll' qacT~OM Bhl6ope TpaHccpopr.rnn;noHHhIX napaMeTpOB. Tpe6o
naliue q-K0MMyTan;HH ABYX cynepCHMMeT puqHJ,IX KaJitt6poBOlIHbIX TpaHccpop-: 
Mall;HH, reHepupyrom;iix penapaMeTpH3all;HIO H cynepCHMMeTpnqHyIO KaJIH6po
J30qHyIO TpaHccpopMan;uro, npttBOAHT.·K aHarrornti:HoMy yCJionuro (q = ± 1) • 

. ,IJ)rn Cnen;HaJibHOrQ~b16opa KaJitt6po~:im pemeHH.51 ypaBHf!HHH 'ABH)KeHH.51 YAOB
~eTBOpRIOT G.L:rq(l 1 _1) •. H GLq(2) HHBapuarHOCTH AJI.51 npOH3BOJibHOro 3Ha·.:. 
qemrn 3~onron;noHHOI'() napaMeTpa, xapaK'l'epu3yrom;ero KBaHToayro cynep-

. MHpOBYIO JIHHHIO. . . . . . ·.· .. . 
. · Pa60Ta nhlnonHeHa a Jia6opaTOpuu TeopeTHqec'ic:oii cpH3HKH HM.H.H.Boro
mo6ona OI1.Sll1:. . _ . . . .. : ··• .... . / .. ·. . · .. ·.. . . , .• •·. 

I1penp11HT Ofu.eAmieHHOl'Ol1HCTl1yYTa llAepHb!X l1CCJ1f'AO~au11fl. ,Uy6ua, 1994 
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Malik R.P~. .. . . . · E2'..94-410 
. On q.;,. Deformed Spinning Relativistic Particle 

. . A q~def~rmed free spinning relativisti~ particle Js discussed in the 
framework of the Lagrangian formalism; Three equivalent Lagra11gians are. 
obtained.for this system which are endowed with q.;,.deformed local (super) gauge 
symmetries and ·reparametrization invariance. It is demonstrated that these 
symmetries are on-shell equivalent only for q = ± 1 · under. particular 

. identification of the transfonnation parameters. The same 'condition. (q ==. ± lf 
emerges due to the requirement that the q-coi.nn{utatorof two supersymmetric 
gauge tra~sformations should.. generate a ·reparametrization . plus 
a supersymmetric gauge transformation. For a specific gauge choice, the 
solutionsfor equations ofmotion respect GL.rq(l 11) and GLq(2) invariances 

· for any arbitrary value of the evolution parameter characterizing the quantum 
super world-line. . . . 

The investigation has been performed at the Bogoliubov Laboratory 
of Theoretical Physics, JINR. ·. · ,., 

. . . 
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Thereh~ been an 'upsurge of i~t;re~t in the studyofq-defo'~ined ( so-c;;.iled quantum) 
groups [1,2) during the past few years. These <i:deforI_!1~d groups present examples 
of quasi-triangular Hopf algebras [3]. Together w_ith the ideas <?f non-commutative. 
geometry; it is expected th.at the understanding of qu~ntum groups might provide . 
a fundainental length [4] in the co~text or space-time quantization [5]; Thus, in 

· addition to Planck's constant {1i}and the speed of light (c) that.~!Ilerge from the 
; st~dy of.quantum mecliani~s and the speciitl theory of relativity, the de~ivation of a ' 
. fundamental lengt~ in the context of quantum groups is conjectured to complete the 

/ 

trio 'of fundamental constants of nature. Despite remarkable progress,, th~ ideas of 
' q~antu~ groups have not percol~ted to the level of multi-pronged physical applica~ 

tions. Few attempts have been made;' however, to proyide some physical meaning to 
· : these•mathemitical objects in th~ context of concr~te physical examples [6) .. These 
•.. • q~fnt~m groups hav~ .tlso .been tr~ated a~ gaug~ grou~s in'an endeavour to d~velop' ' 
·· .. q-deformed gauge theories [7). To\obtain Lorentz covariant q-defoimed gauge·theo~ 

ries, q-d~formed path integral nieth;d, ~0deformed field theories etc.; it is 'of,utritost 
·~ importance to develop Lagrangian fo~rriulations for some known physical .systenis [8) " 

, ' I •. ; ' 

'in.~ cogent and consistent way. . .. · .. · . . I.·. .. . . ·•. . , 
The.central them~ of the prese~t pap~r i~ to dev~lop a Lagrangian formulation for 

· a q-deformed free spinning relativistic' particle 'm~ving on a· quantum super! wo~ld
. 1fne. W~ extend the prescript.ion and methodol~gy of ,ftef.[8) to this system in a 
hope.of developing a general schem.e for the di~cussion ofothermore complicated 
but realistic physical exampl;s. We obtain th~ee ~qui~lent q~defo~med. Lagrangian~ · 

' ' ' ' ' ' ' ' :·, ' •· ' ', ' ' ' " ' ·, ' ' .,, ' 

.which are found to be endowed with.q-def<?nned local (super)gauge symmetries and 
reparametrization invariance. These symmetries are shown to be equivalent on-shell1 .. 

only.for q == ,tI u~dJr specificidenti~cation o.f nori~com:r~uiting ,gauge parameters in 
terms <?f the commuting diffeomorphism parameter .. The same condition (q == ±1) 
also emei:g~s dueto the requirem~nt that the 'q-cbmmutator or'two supersymnietric 
•ga~ge transf~rmations · m~st p;~d~ce th~ suni of a· reparanietri~ation ~nd a sup~r
symm~tric ga~ge tran~formation as .is ess.entia.l for pu~e ~~i>ergravitj' t]ieories. Ori~. 
of the highlights of our. work .is the existence of GLJq(III) and GLq(2)invariant·solu
tions for equations of motion under a spe~ific ga~ge choice. 5his in;aricinc~ persists .. 
at ariy~arbitra.ry vahieof the evofution)>arameter: Since the einphas'isin this 'work 
i~ l,aid on symmetry C<?nsiderations in the framework 6f the Lagrangian forma.likni, ·, · 

:we.·do notintend to discuss in detail the Himiltoniari·f~rmulation, /i~quantization, 
. 'q-deformed Dirac Bracketsietc., for this sy~tem which is end~wed with fir~t~clii.ss as 

; ' .... · 1,•-·•'' • ·, ,,. ',,:.' .: . ',, ,. ·, ' •, 

well p,S second-Class· constraints. [9]. This issue together with. the. q-deformed BRST 
·•· formalis~ for ~. s~.Jar as well as a spinning particle will be ,reported elsewhere [10) .. 
. ,The simplest form of the.local. (super)gauge and reparametrizatio:ri invariant 
undeformed (dassi~al) Lagr~ngian that ,descri~e~,..the free ~otion ( '[Jµ == 0 ) of a 
, : , . , ,~ l . . • . .· , , , , ,, ' 

C,tl.Ci.i~ttt:h~!l t3:'ru?Jl j ·. 
·, l]l'';li,EI;~ t3.-..,.Ar,1tn,z"'• ~'((,l · . "' ,,..,.. " Et.ll.- . t.,,a,.i.,.~"J\\iZ,,~4 .f,·, . . -

. ~t;,;m, ;j~-::-·· ;1<, f· 
... ~--7. 



... 
massless relativistic spi1ming pa;ticle isJll] 

·. ·; :.,, 

. . ,, !' 
.· . ··, i ,,' I•- . .e . '. . ' I 

LF = p,,,:i:µ + -ip,, t/l"-, -p2 + ixtf;,,Ji", (1) 
.• : .• • . • .. , • . . ~. 1 . . _2 .. :. . • . ,' ·.;. '. ·:. _·. ,: .. :·. 'r ... •. 

'where x,,, p;, e are ev~n;and'. tf;,,•, x are odd elements of.a Grassrr_iann a,lgebra.': In 
· the language of ~upergravity theories, x,, and p,, are_ canonie:~1.lly,c':mjugate target 
~pace coordinates and momc::nta, e a,i;_d X (x2 .= 0) <J-fe Lagrange inultil?liers_that are 
an~ogues of the vierbein and, the Rpita0Schwinger fields.:and t_he Lorentz vector 
;p,,; which isihe super- part~er of x;;, presents spin degrees of freed?m ·and-anti~om
mutes with itself ( i/;;,tf;,,

1+ tf;,,tf;,, ~ o'}.-The "velocities~ :i:,, =,d:; =·ep,,-. ixt/t and 
ef;,,,~ ·dj; = XJY':can b,e r~adily obtained fr~m the above Lagrangia~'wher_e the ha~; 

·. jectory' of a spinning particle is par~metrized by an evolution variable T • . To obtain 
the q-analogue oftheaboy~ Lagrangi~n 'we follow th~ discussion of a q~defoi:med,. 
free relativistic seal~~ particle [8] ~d generalize;that pr~s~rip~ion 't~ . .i'q-cl~forihed 
spinning p~ticle where th~ ·~onfiguiation' space. co~responding' to the ,Minkowski' . ' 

. . . . ·.'. ,, I . . . . . . ·, :· . . . . 
supernianifold remains)lat and undeformed•(x,,x;•=:x,,x,,, tf;,,tf;,,+:tf;,,t/J;,.=,0) 
buf the ~~tangent s~perma~ifold (momentuhi phase space) i~. q~deformed (i,,~;, ~ • 
. ' . . . '. . .· ·. . .. . /. . ., . .. ·. . . ' ,,· ·, 

. q p~x,,,x;,~,, = _x,,x,,,p,,p,, =;= p,,p,,,t{;,,ip.,f t/;)!/J,, ~ 0) in such a way that.the L~reri.tz 
.· invariance i~ respected fo_r any arbitrary orde~ing ':ifµ and V. -Here all the dynamical : 
variables ardaken as hermitian elemen~s· of an algebra in in'volution ( lql = 1 )° and 

. q i~ a.: non-zero· c-number; As a consequence of the abci;e deformation; the follo~irig 
/ 'ori-sAell a~f(graded}associat,i~e .ti-(anti)comrnut~tion,relations'ehle~ge' ! · .• ' · ..•. 

• " • - , ,, , • ·, •• . • • r ,I 

¼ • •• • • • '·. \~ .'; •' \'.. ,, ,, } : • ,, ; • ":: - .'' ' 

Xµ x 1_,'~ x,,, ,~µ, Xµ '.~i/ = x~ xµ;,· :t_µ•·~,,, ~. ~vx~,
1 

, Xµf~ _==:/~v~µ;· 

Pµ p., =: p., p,,, ,,Xµ Pv == qp., x,,; :i:,,}J., ';='q p., x,,\ / ~ x~ =: q x,, e, 
,ep,,=qP,,e; e.x,, ~·qx,,e, ~t/J~=:qt/J~ei'}x:==xe/_·· 

. ·t/J,, J., + t/J,,t/J., ==o·, -~,, t/J~+ t/J.,.J,, = o,, .. J,, ~;+ ~,, t/JJ ~ o'. 
· :· .. · I/2 . . • ; · , ~i/2 • .· . ,r.,. . . ,· :_1/2 . .' ' i, 
,x,,t/J,;=q, t/J.,x,,, p,,tf;.,==q tf;,,p,,, 'p,,'if;.,==q: tf;,;p,,,· 
'.·x:x -~ qi/2 x·. x' . . X 'p'·:...:.'q~ 1/2 'p :.x'''. : .. '•·x·• •.,. ~- _:q'l/2 .,>·x·. µ -. ' . µ '. µ - ' µ ' ' '/'µ - ',' '/'µ . . 

. .,< '. · .. ~,.::' : __ ,_,.'·.,:.: ·,, i',:i.-1. ,_.,_' ,:.-.-, ',' ,,'-::·, :' '~'.·_·:·'·" .:~;.",';\,,'i:, ~- ',',: '.·--

' It is straightforward to see -that _in the limit when all the odd · Grassmanri variables 
~re set equal to ;ero, \V~_obt~in q-com~~t<1ti~n reiati~ns for-~ q0defo~med ·scalar free · 

· 1eiativisti~ ~article'[8j.' F,~rthermore; in th~ liinit'q ~ l_the U~!,!~l ( anti)co~miitation , 
relation; am,ong the 1ynami~I va;ia?les ?f the_ ~agra~gian (t) emerge a~t~~atkally.: 
Consistent with the· q-(anti)commutation relations. (2);.the quantum 'super•worldc:., 

,' ' ' ~- ' I ' ' ' ' ' : ' ' • •, ·, ' ••• ' - ,, ' • ,. ·• 

line, traced out by the free m~tion of a spinning relativistic particl~ can be definea 
• > , ' • ' ,1 

. '' 1These on-shell q-(anti)commutation relati~ns emerge from' basic (~n)deformed ~elations ~n a • 
deformed. cotangent supeimanfrold and. the equations of m_otion obtained· from. the ( un)deformed ' 
L_agrangians (1) or (11). For instance, i:~ i.,':;, i:/i:;, t~g;ther withe p~ -~ q p11 ~ _and ex; d:: q i 11 e_; 
leads to the relation x(I/Jµ p~ -1/J. Pµ) = q (P~X "'"' ,.:.;_ PµX ¢,;) .. The requirement of equality of.this' 
rel;_tion with _the similar on·e emerging on-shell fr~m· ti,,. ¢. + ~. ti,J +. ti,. t/,11 + 'Pii ti,J ~ 0 leads 

:,to: p11 ,'P• = q-112 ,p, p11 ,x p11' = qy2 p11 x and~ 1/J~ = jq11? t/,11 X which are c __ onsistent wit_h the 
undeformed case in the dasskal limit q .:..+ L · ' · · · · · · ' ' 

'··J1"· .. 

,· 
, l, 

\ 
' 

I 
L 

/!. 

in terms, of the coo;dinate ·generator ;~ and the spin va~iable '!fa,, ''as 
' . ~ . . ' 

x,,(r)t/Jµ(r). =·. q1f2 t/J,,(r)xµ(r),· 
, . ' . . . 

(tf;,,(r))2 
. = 0. · 

. 1.: 
(3) 

Here repeated indicd are ~ummed over (Le. µ = 0, 1, 2 ... '.····D - 1) and, the super 
world-line i~ parametrized by a re.al commuting ;;u-iable T. It is interesting to check . 
that the quantum super world-line (3) remain~ form-invarfant under the following 

.• transform'ations. ·, 

Xµ . --> 

tf;,, ,-+ 
a x,,+(3tf;11 ;. 

·-·ix,, +·d tf;,,, 
l • I 

'," (4) 
':I . . 

if ;e a~sume the (anti)commutativity of the vari~bles ipl'and xµ with odd ~lements 
,. \· . ' , . . •'. 

,B,, and even elements ~,d of a 2 x 2 • GL✓g{lll) matrix.obeying the braiding· 
relati~ns iri rows and col um~;~ , . . . . . - . . . 

a,B .· ~ · q1f2,a_a;' 

... a, == • q112,a; 

d,B ': q1f2,Bd, : p\~ _:_,:; (J, ', '(]2 =: ,2 ·= 0, . 

d-y ~ q1t1,,d, ._· ad - da = -(q1f2 -~ q-1/2)/J, .. 
' . : , '. . ' . . ''i· . ~ . 

. •,"· . , . . ,. I . i. 
It_ will be _noticed that th<: GL✓q(lll,) 

. . ;. . .· . . '.I. . :;' 
.. invariance is· implied. in· component 

(xi,, t/J~) ... :.i.:.(xv-1: t/J:V~1), namely; 

(. :~.~)' ~.(} ! )· .. ,_:(_·~.~·-•·)·,' 
, · 'f'i. ' "',', ,. . I > . ,: _ 'f'~ ·: 

\ ,(5) 
.,. i 

pairs: 

(6) 

', foi i :C:o, 1; 2, 3 ... ::.,D 1- !separately.'. The other candidate'for)he definition of the 
'quantum super world-line: t/J,,Y, =' q1l~p1t/J,;·has' n'ot beeO:.t~keri because;,,,~,, :;,_ 0 . 
is the const'raint on the system under conside~ation. 'Moreover' it. can be ;eadily , 
;ee~\hat the latter' is .c~~tained in d~finiti~U: (3) due t6 the. on-shell requrre1'ii.ent in 

: :i:,,t/J,, ~ q11'.1.if;~i:~ a~d equatio~ (2). It is worth n_oting that the on~sheli condition in 
Xµ~µ = q1l2i},~x'1Ieadsto the definition of the GLq('2) invariant quantl\ni ~<;1rld-line ' 
( x,,(r) p~(r) =:=. 'i p,,(r) x,,(r)) taken in the case of a free relativistic scalar particle· 
[8] as it 'remains invariantuiider . • . . . , . • 

Xµ --> 

p~ --> 

ax,, +bp;,· 
\. 

c;,:,, +d p,,, .. (7) 
. i 

·. if we as~ume the co~mutativity of the pha~e variables x,, and p;, with the elements. 
a, b, c, and d.of a 2 ; 2 GLg(2)° matrix obeyi~g f~Hi:iwi~g relationship' 

·' ~.. - . ·"' . 

·. ab 

be 
= qba, < 'ac· = qca·; . 

cb, ad '-da = 

3 

.', 

~d ~ qdc, bd ~ qdb', . 
(q=:. i·1

) b~: 

·\ . 

(8) 

,' 

y'', 

\ ' 



.-

''-:.. 

:1 

·. / 

: :•· 

In.the d~finition of the q~ant:m w~~ld-line for a .~calar p~rti~le, onc6ag~in, i~;e~ted. 
.indi~es are summed over a~d th~ GLq(2) invarianc~ is implied in the compone~t 
pairs of the-phase vari~bles . .It is gr~tifyjng t~. see that ,the GLq(2) invariant qua~
tum world-line.for a scalar relativistic"pa~ticl~ ~me~ge~ ~n-shell from the GL✓q(lll) . 
invariant quantu'.in super worlcHine (3) for a-spinning relativistic particle. , .' 
i · The first~o~der L~g~angian; describing the free ,motio~- (p~ ~ ·o)-o(a massless 
q-deformed relativistic spinning particle, is · · 

•. 1 . ' [ I 

. • · 4• . i · . . · . e . · . • · 
Li·= q112P ±"·+ "-~, .. ,.,,, __ . -p2•+ ix',. p" -. 

' • ' µ, 2·":" 'I' . 1 + q2 . 'I'µ, ' 
I ., \ 

(9) 

where.the q112 fact~r appears in the first' tennd~e to the Legendre transformation 
•. 1 · 1 ~ith J-sy~plecticimetrices [8] · .··. · · · · · . ·· ' · · ; · · 

,. ' ' . 

I 

',, .. ·.· '( o . :..,;q-_i/i ) 
.nAB(iJ) = .. 1i2 . 0 •· 

• ' .1' ' q, ',., '. 
and nA~(q) ===· (' 0, . ;f:Cl/2) 

.,._.,, ,' ·1:-qlf~,,.0_,:·'•' 

, . 

(10)' 

In'_the last terrii of th~ Lagrangian (9),' the vari.ables p" and xt/J~- are ari-,mged in 
: such a way that for ihe differentiati~n with respect t!) p"; ~~e _ca.n ~xploit 'thJ GLq(2)' '. 

'' iri.;11riant ( (xt/J,,,)( r) p"( r) = q p,,,( r) (xt/J")( T)) differential ~alct1lus [12]. Heie theq~ 
I' H='ilto~iari for i free spinning particl~ has been'taken t~_be: H~ rkP~ ;_ ixt/J,,,p".: ' 

One can include the mass term in. the Lagrangian (9). by,invokirig an~ther Lorentz,. 
scalar q-antic~mhiuting spin~r variable ¢5' ( ( ¢ 5 )

2 = -'; 1 )~s '.: . · ·.. .' ·. ' , . ·.· .·•. •· . · 
, • • • ,'. f '·, ' ' , ' j ' ,. , ,, 

, .· ·. -\i ·.. . : ·. e -./:· .· . ·_,·.. .' .. ,,,, '., i_ .,\· 

, Lj =:q1f2p,,,x" + 2(1P~ t/J" - t/J~'t/Js) -1 +q2 (P\-:-, m2) + ix(t,,,p" -,t/Jsm), 
I , ... , . .· .. ,.. , ' ' . . 

where th~ i indepe~dent.mass t~rri1(m) ~beys'thdcillowi,ng q-co~~~t;tion r~laii~ns : 
~it_ h the rest of th~ dynamical J~riables . ·._ / .· . ., . , : .· . ·, .. : ' < . 

'. .,, \ , ', ·., , •. '. ! , ,• •• , , ',' 

·, 
'em 

xm' = 

. '., , . \ ' , :·,; . ' . ' ' ~ .,: . : 
, qm f::,. x,.711 ~ q m x,.,., x,.m ~ q ?TI x,., p,. m ~mp,., 
·q·· 112mx· .•,. ~-:..:. q''it2m;1,' • . ; 1• ··;;_ :.:_ q1f2~:,. · · · ' ' 
• · , .'} , f.//_µ. '-~ ',, ~µ.,, . Y.,,5 ,. - ·,,: Y,,5• . . (12); 

. The q~(anti)commutation relation; of 1Ps with the ·rest,~£ th~ dynamicahariabl~s' 
are.the same as th_at ofJ" and both 6£ these ~~ti-co~m~te (~,,,¢~ +J~t/J~ ~ 0) .. Th~ 
equations of motion from-the Lagra~gian (11) ar~, , 

,. , ' . ,; . '. . ·•. . . ' , '· l. , :;._.,· '. ~.: ·. , ,. : , , , 

• . _ · 1/2( · · ~,. ) ·. 
-Xµ._ -:- q. ep,,, - 1X'I'µ, 

Pµ~ o,, 

·e, 

••• 

0 

• •' 1/2 
,,t/J,,, = q. xp,,,; 

0 
• •. ' 1 2 '·· . 

'Ps =. q '· xm,· (13)' 

' whiclLSatisfy th~ o~-~heH:q-(anti)s~mmutatioi:i relations (2) and (12). 'In the dif
ferentiation of the Lagrangian (11) with·respect .to'·x~ ·an,d p,,,, we have exploited 

' • ' • • :;.,,;., i ,, '" '"' ' 

( 

.L 
,-"! 

I 

:, . 

:I .I 
,... \.; 

• I 

the·GL~(2) invariant differential calculus developed in R.eL[l2]. -F~r. instarice, 
1 

for . 
'xy = qyx ' any mono~ial is arranged iri the for_m y' <X5 a~d then _w~:use. . . 

,' a(y' x') .. 
ax 

; ' 
a(y' x•) 

ay 

, i/ x•-1· r (1 - q2•) : . q . . .. .·. . (1 - q2) ~·-. 

y•-lxs ( 1 -f q2•) _ . 
1(1-q2)' 

(14) 

where r,s E z ar'e whole numbers (noifractions). Fo~ differentiations with ~espect . 
'io'the odd Grassmann' variables¢,,,, 'Ps,if,,,, '¢Js, X, these variables are first brought to 
the.left side bJu~ing q-(anti)co!'Ilmutafomrelati6ns (2) and (12) in the correspondi~g 
expression;, ·andtheri, differentiation is carried out. Using'the ct>ntravaria~t'me'tri~ -

, '.df eq~ation (10) a_nd the, Ha~iltonian (H); one ~an _check that equations ·(13) ~~n 
h . .. . . . . ....:. nABa a H - 112( .• ,. ) . - o 'd :; . .....: -w , e rewntt,en as·xµ._·-. . AXµ, B = q: 1 ep,,, - ix'!-',. , p,,, -:- . an_ . 'I'µ, - _-i o>/J"'. ,, 

, Tlie second-order Lagrangian (L'.;' ), describing the motion of a spinning particle 
. . ori the tangent manifold (velocity phase space), can· beobtained from the first-order 

Lagr~ngian (11) by exploiting equations (2), (12) and ·(13) as given· bel6w: _'. · 
.. :·\,• ~•,•'2.• • :' •,,~~-,, I>,'~--> •_•,_,•::,_,,' _,;•,, '•. •, .,":•_, ,-•~ r._•~-," 

;~? ~- t ! ~2 e-
1 (±,.+;q112

i~¢µ)2 1+' 1 ; q;_:m
2 +½( ¢,.'t";,~ 1/;5¢~)~ i~t/Js;1y (15}' 

'\ .. ' . . . . '. ' .· •. '. .:·. ,.· '' ' '.: . ',/ : . 
Th1;, consistent expression for the canonical momenta (p~) for the fir~t~ and s.ec:ond-

< · .. order. Lagrangians (U) and (15) . . 

' 'fnm] . ' '. < . '.,. •' . ' '. ' ~ ' . 
_ ~3i.2 (~.) ·=. '-1/2 • ...:1 (: .··+· 1/2 \1 :1. ·)· 1· p,,,-: q . ·a· .. _q. ,.e .. x,. q ,lX<pµ,' 
• , .... ' ~µ, ' 't ·, -,, _· ', J ,· '', • ' '· ,·, 

leads to its square as: · 

(16) 

\ 

(i 7) 

if~e use the q-(anti)commutati~n rcl~ticms (2). To see that th~ ~i~htha~d side 
of equatioii (17) is th~ square of the ~ass, ~ne has to exploit the GLq(2) invadant. 
differential calculus to differ~ntiate Lagrangian L'.;' with respect to e. Fcir instance, 
the first term, of (15) hast.ob~ first recasfa.s (x,.+q'~~:f,.J•e-' ~~d then;differ~~tiation. ·• 
with'respect toe has to _be p~{formed. The final outcome, ~ ' . 

,' ' • '. , , :. l 

'p,,, p":::: e-:-~(±,,,+'q1l2i;tl;,,,)2, ' 

/ \ <' ,; 'q4-.:. [ , . . 
. 'i + q~ m

2
. :-e_:2 (xi'.: ql/2ixt/J,,,)2] 'f O, ( 18) 

. , '. , .. I .· .... , :. . . ,. ·' , , 

leads to the mass-shell condition for the q-deformed spinning relativistic particl~ as: 
'' , , , .. •• .. ,' ., ' • I 

~ 
• . . 2 . ·,. 

p,,, p" -, m . :;= 0. .·'( 19) · 

This _equation is one of th~ Casimir in;~riants of t_he Poiricarc group·cor~~spond
ing to the undeformed flat Minkowski · space-tim~ and it t~rris up hereas· the' con: 
straint condition. The other -~onstraint condition p,,,~" _:_ mtl;s = 0 appear~ be~ause , 

' ; I • • • • ~ - " ' 

' 5 ., 

,,'... 

., 

'-., 

I 
\ 



I 
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\ 

, . , I , t 4 , , , 

of the differentiation with respect to x in'the first-order Lagrangian (11) (which 
, can be checked to be true for the L~grangi~n (15) ~ 'I_Vell); These .~o~stra)rit. c~n-

. ·' ditions are in agreement with the discussion of.the Kiein-Gordon eq~ation and the 
Dirnc-equation:deriv~d from th~ ~epresentation theory of the L~re~tz .group and ~- . 
def~rmatiim of the Dirac-1 matrices [13]. T~ obtain the Lagrangian with ~ squ'are. 
root, it is essential to succinctly express ( e, e-:1) 'in; terms of mas~ ( m) and the 
square root, of (xµ +q112ix_t/i;,_)2. It is not straightforward to obtain (e, ~-l) from 

... I ni: ~· e-2(xµ + q~12ixi/J.µ) 2 because of 'the non-commutativity of velocity; mass, X 
. lnd efiw A nice and simple w~y to :compute thes~ is to fir~t start witli · · · · · 

i • ," • • • • , ,. ' .·' '' 

I I >i:= f(q) 'm[(xµ + ql/2ix~,;itlf2,. 
' ' •, ' F 

.. (20) . 

~~d insert ,it into (15)'. using d~nti)c~nimutation relations (2Hnd (12)}uch that 
1 

e-1 ;and. e occupy various· positions in.its first and second terms'. The requirement 
·of th~ eq~ality of the ~esuhing Lagrangia~s leacls to 2 . . , ·• ··• 

' •• ' ' ' • , • s ' ,. 

, .I· )
4 (q) = q2; , (21): , 

I , . , , , .• • . . . _., , " . ,• .· , . .· ··, ; .. ·:.· • ·; •• 

This requir~ment is satisfied by f6ur ,values of f(q); namely; f(q) .=:= ±q112; ±iq1l2' 
; :Th~ k~y require~eht, howev~;, th~t the. q:defo~med Lagr~~gian ·sho~ld reduce to the 

usual undeformed ( classical) Lag~a'ngian in the li~it q ~ 1 restricts J( q) tc/pickirig 
:, ,.- , ,,.,, . : . ,. ' ' • ' • .. ' ,'• I, \ '•, •' 

up only the vahie q1!2
• Ultimately the Lagrangia1dLt) with the square root turris, 

,' '•.'. ' ., •• ',,j ' '. , ,' ,,,.. '. 

. out to be ,._,\ 

' ·. - ' ,· ' ! ' . •" . •.', ·,,', ! •· ,' ·• • 

L'cf •,;,· q1
/

2ni{(±~+ q1
/

2iXtpµ) 2]~ff'. i('P~.eflµ ; ;psefl~).:-- iXtpj•~. :(22) .. 

.Al(th~.th~ee Lagrangiaris {11);.(15) and (22) are eq~iv~len~-~ as fir as' ~ymmetr~. 
propertie~ ~re;conce~n~d.;Th~y diffe~ drasticaHy, how~ver, i~'the'limit rn ...:.+'O, '; 

: ' -The expre~sion ~or the-canonical I?<>m~~ta .{ 16), is; tr~e 'for: the, Lagrangian (22) ..• ' 
with squarpoot ~swell'. To see this, vie requif~ the GLq(2)in~ariant' relation '. , .. 

']: . , . . [(±µ + q1f:iXtpµ)2]1f2 ~ = q'm[(xµ ,+ q1/2ixefl;,_)2j1/2, · 
·, : '. • ' ... - ; ,·1 ••.. ' ' • • • . . ' -, ' ' '. /,' :; •. , _: ' ,' . • :,_ ' • ' ' : !_ . ' ' ' : '~ 

· .. thatem~rges. fr~m ,(20)' and' th~-equality'•e:~ = m 2[(i::+q112ixit,~)2J--1. 
?btain, · · · · · ·· · 

'pµ_ : (2~) 'q-a1
2
_ (~~~) ·~···~x;, \l/2ix,~µ)[(x+.~l?i;it,)2]~1/2•.~ 

• 
2 We ha~e used equatio~ (20) ~nd [(x,.' +.qi/;iX~µ) 2]1I,~ rri-=f~(:) m [(xi +,q 1; 2ixt/i~)2]1l2 in 

, · all three possible expressions in which both the terms can be recast.· The term-by-term equality 
for a.If the possibilities yields a common conditi~n / 4(q) .~ q2 • · , ; ., • : ' ·· .. . ·. · , ·, 

. 
3J~e last, ~wo-terms, in (22) .can be comb(ned: .together: to ·yield a mote concis~. expr~~i6n , 

. ½(,t,,; ,t,µ+,t, 5,t,5 )using_the."quatioi:i of motion ,t,~ =, q1l 2x rii.'.Howeve!i ~~ere ar': c~r,tai~ s1;1~tlettes;/ 
.-:, in the proof of equivalence of the resulting Lagrangian with the other two [9).'' ·. · , , .. ,.' . 

. • . , ' ', ;._" ,·,·~,- ,,'' ,.•.·, .·:-·:,, }_---!~-'">•: . .-::,..:·1 ,·,: ;:,'.\•;-:;, •,,t-1.,,,i 

). 

'J' 
,), 
'J'' 

i 

,I 
·---... -, 

whe~e the following fhain rul_e h~ been used · 
,. 

aLr;. · a(x + q1!2ixit,)2 a[(x + q112ixit,)2]112 a1m,, . 
a[(x -t ql/2~;xip)2]1/2. _I (25) 

. In the comput~tion of th~ q-derivativ~' of t~e q-variabl~s ~i~h fractional power, one 
· has to use '·,· . · · - , · -

axµ .=:= , axµ a(x +q1/2ixit,)2 

!_;_(yrf•)'= {1 :-- q2') yC•/•J~i; .· , (26) . 
-· ay .• (1 - q2•) ! I ' ' 

;her~ r is' not divisible :by sJr, s E $). The other cons.traint: p · it,' - ~ 'Ps. = o· 
;em~~ges dueto ~ =:o. 'J'.he latterc~ns}raint a~d the_ mass-sheHc~~dition (19) are 
satisfied for both the left chain rule. as well as the right chain rule of differentiation. 
' It is' a weir estlblished fact that the e~istence. ii first-d~~ constrai~ts on a 

• • , ' • . , . '. ' l , - /' - , . ~ \ ', ', • ' . / • • 

. system implies'underlying gauge symmetries [HJ. For .the system under consider- · 
' a.'tio~, the;e exist first-dass aswell as second-class' c~n'i,traints which can be s~en: 

for all the .th~ee equivalent L~grangi~s (11); (i5}'an<;l (22). The primary coxi'2 
, stairits' rn~~enta II~ ~- o' as ~ell as Ilx ~ O a.n'd, correspondi~g ·s~~ond~ry constraints 

. . . : . ,. " , . . . .: . , ·, . " • . . . . .. ,,·: , . 'I . 
:\'p2 ';_ 77!-2 

.~ O, p • t/J - mip5 ~ _O; ar.e first-rlass. vHowever; the canonica!, momenta · 
\ ' ', ,. ,, . •, ' ,.' ,'' . ·,.,',,.I. ,, •j' .. ·, > ., ·, ' 

• ,, corresponding .to. the fields ·it,µ and it,5 · are second-dass. ,We shaU nqt devoteitime _.,. 
I >. here f6r the, discussion· ofq-deformed Dirac brackets, subsequ~nt 1i-quantizati6ri' 

,' ', '," . ::_·' , ... '. ' ,,',' ' ' . -., . : , ,- ' ' ' . \ . -, ' 

schemes; etc.,'in.the Hainiltoniari formalism; Instead, we shall concentrate· only on: 
• ··. the. fir~t-order. Lagra~gi~n. (11). and discuss. lo~al · (sup·e~ )gauge symmetri~s· a; w~ll 

~s reparametriz~tion 'invariahce that emerg~ due to
1 

the prese~~~ ~f the 'first~class 
'constraints: cFor instan~e,: the constrai~ts rr.;~,'o, ~nd p~ -;-'- m2 ~ () prodi.ice the, 
foliowing'infi~itesimal local gau'ge ~YIIl~etry, transforinatiori~ (14]' ·, '·, ' ' ' ; 
), •,•' ": )',,! .;,,,' _'. (: • ,' ,:,'. -.'.' ,: .~,,, ••, < ,, :• •r>,•1 '• < <i~;.., I \ \ 

:,o{xµ '= • 'q'i/2 ~ pµ :i 61pµ = 0 / ;01~ ;;_, q2 e 
' ~ . , ',' ':"' .. ,: '_;, ' .. ', ' ; .' ,, 

= ,o; ., 01it,s = o, . 01x. = o, 
,/, .• ' '. 

beca~se'theLagrangian t;ansf~nh; as .r:. 

· , :. l ···.: a: ,.i[i<;~+~2rn2)].:· · 
81L1 = - . . . , 
'!: :- dr · (1 + q2

) 

. ' \ (28). 

• ', . ' ' • ~ ~ ·, ' . : ' ,I ' :: . ' ' ,,:· ,, ,'. - ' -· , ., . , . : ':. ' 

\ where Os an infinitesimal no_n-commuting gauge parameter(~ Pµ ~ q pµf,' de.)' . 
•·1 .• I . ,••\ .,· -. , ,. , .. I •,', • -•, ... ,. . ' - ' • ' 

· To remove the negative _norm states· from the 'physical spectrum ( that might be ·. 
, : f , • ', \ '" • • • , : , • • ' ·' , • '· • • • ~ \ .. • • • • • • , : '. • - • 1, 

generated due'to the zero compo~ent of it,µ) one requires a local supergauge symme-
try_- ,The constraints Ilx;~ 0 ~d P, • it, - 'mit,s _i:::J O ~er;e that purpose' by generating 
the following. supergauge transformations with the infinit~simal q~( an~i)coinmuting •.. · 

,<parameter77(r){i72 ·;,;o)· ,. ,·• .,· • .. I . 

. ,. , , \ ' , ,' :\ 2 ' 2 , 

·02-p" = O, . · 02e =
1
q 1 (1 +,q )11x; 

. <: :,. ,- , 1i2 · ' . 
,U2'r5 = q .,.z17 m, 
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\ 
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where ;, . obeys following q-( anti)commutation relations· 

11 X = ql/2 X ·11. 
' /J, ·. /J, .'. \ 

11 V'S = -ql/2 V's ~, 

· 1/2 .·. 
11 p,,, = q p,,, 11, . 

. 11 m = ql/2 m 11,> 

.,. . ' 1/2 ., . 
11, opµ,= -q. opµ, 11, 

11 X = -x 11· . , (30) 

As a consequ~~ce of th: ~hove symmetry transforIIlatio~s, the first:o~d~r Lagrangi_an 
transforms as . 

c ·Lm;, 1/2 ..!!_· [11(P ·'tp + mtps)1·•··: (31) 
v2 f q dr :· 2 . . 

. ' ... · . . . . . \ 
The above Lagrangian is also irivaria.nt under the following reparainetrization trans-. 

. '. ' ' ' ,·, ' 

formations · · · · 
. __ .I 

. '· 8, x,,,. = f x,,,, 8/p/= ff,;, 

8, tpi, =· E ¢,,,, . 8, tp5 =: E.¢s, 
' /·.~ ·} _ ;_ . . ' .. ' ' . . .1\ . ' ' ,I - " 

. , .d 
8,:e'= _.-d· (te), 

T , • '" . . d . 

. 8, X == d/t:X), -(32) · 

. ~- eme~ging dU:e to_ the c:;ne~dimensiorial diffeomorphism i.-. T:._€( T) ( with the c~mIJ?-Ut~ \ . 
ip.g infinitesimal parameter €( r)), b~~<\use the Lagrangian undergoes the follmying ... 

• y change under (32): . 
1 

. • , ; ) 

i: ' , . . 8,L'J';,: k~i]: ·, (33) 

In th~ usual undeform~d ( q ~ 1) case of a free spinning relativisti~ particle, a linear 
c~mbination 

1

0£ (super)gauge. ~ymm~tries (29). and''(27) is fouJd to be equiv~lent . 
on-shell to th~ reparametrization i~variarice (32) ·with the identifi~ation { .-~ ~e and 
11 ·= EX [15].' Ho~e;er, in' the 'deforme'd c~e, as it' turns. out,' even for the above. 

,.., - ·. , : • ' , ·i . ·. ,l;, ·. ._-: . - . , , 

identification of the (super)gauge parameters arid the on-shell: condition (13), the 
foll~wi'ng equaiity · ' ' · .: • · .. 

. . (81 ~ i62)~ = 8,<l>< . . ' l I (3~) 
•. '· ' . '.< . ' .• ., \ ' ' •• ' '' .',-- '-. ' ,· - .• ,·· 

for the,variables <I> =.x,,,,p,,,,tp,,,·,1Ps,e,xis true only for</= ±1. This is due to the. 
, I ' '\ ' •.' f -- ,", \ • • • • •,' 

fact that the transformatioris of the einbein field; in spite of the above identification, 
'' ~ar~ riot equ~l on-shell \mless q = ±L This:condition (q = ±1) als~ tur'us up due to 

th~ requ'irement ,th~t 'the q~COIIlmut_ator of two supersymmetrjc giuge tra~sforma
ticins must p'r'.~duc~ a reparametrization plus an additim1al ~upersymmetric gauge .. ·· 
transformation' as ,is. essential. in pure. supergiavity. theories.'' It is· not difficult to . 

'\ 

'cJ:leck that following ·eq'i.talities · 
, . - . ' I -, . 

'\ 

··r·. • 1 ,,, ...:. .,,, +·· 1,;·,.,.,,,. . ~,.,v,, q~ X -:- EX, q 11 op.·, 

[ 
C 'C ] ;/,/J, . • ;,µ,· 1/2 • 1.,.µ, , v"' v,, q2 'I' = fop + q Z11 l'. , 

[ " :c: l .,. .;. +· · 112- ,· . v,._; v,, q• '1'5 "'.' fops _q. _z11 m, 

·. · [8,.;8,,]q• x =: €x'+h+i ~•, 
[ 8;., 8,,]q• • JI'.. = · €p,,,, ,. 

8 

/ 

(35) ... ·. 

•'\ 

;\ 

'" 

I' 

\' 

r 
., , .·: ) 

are true on~shell for i' 

.' {'';"j iql/2(1,+ l)11i-e-l' . i 

11' ~ frx = -ql/2(1 + q2)1JK~-1X, 

[8~; 8,,]q; i:c ·8,. 8/- q2 8,, ~,.. · · 
'·,., 

(36) 

However, the validity ~f ~ 'si~ilar eq~~lity 'i~ the c~e of the ~i~beih field, 'namely, 
(8,. 9n -q2 8,, 8,.)e,= i.e + !e +,q1l2(l.+ q2)1J'X, req~ires · · .. 

: ' ' ,., . ' 

(11i.-,- q2i;,~):.: 11i-e~~i:(I - q-2
) + (~i. - i-~), 

' '. ' - . ' t '. 

(37) 

, which' is true only f~r ~; ~ ±i'.: 4 This only'.derr:rinstrat~s'/ that for arbitrl:Y val~e 
pf q, the supergravity r~quir~ment and the on-shell ~quivalence ~f(super)gauge and 
reparametrization symmdrles a're not tr~e. . : : . · · \ · · '· i , 'i . . 
1 1 oi;;e ~an compute the conserved charges corresponding to the symmetry trans

'frir~itions (27) a~d (29) by ap~lyirig the least'action princi_ple .. This is illust~ated· 
• ' ' ., '· ! ,,/ ,. ' 

below:· . _ 
• .-_-:. ·/.' :, ,1 ' .' ', _.: ":.' : ; ·, ' ·,, . ._. 1., ' . ""· (' ;,', . .!~. ·." . , ;_: ' : ' ', - • ·.' _: ,, ' 

. _8s:~,° ~ f ~r(8[q1l21?x; + 41P • ¢ ~:ftp5¢5 ~ He(i,~,¢,'lps)] '~ tg'(r)), .. ,(38) ·. 

''. :'. ., . •---, .· ., ,' ':, \'' ;·( 

where .s, is ,the, action corresponding' to·. the Lagrangian· (15); 'He .is the canonical 
Ha~ilt,onian and ~(r) :=' {(p•+q•m•J and ql/ln(p·t/>+mt/>,L respectively •fo~.the abo'v~ · ~·-

" ._I. •.", '.",' , ', , I\ '~+q2
,,, • ' '. ,.·' "• 2 :.-•' ' ', .· ,'• .· , • . ."--•-..•'1 

symmetry •transformations .. Using anticommutation :relations fpr V'/,. ,. V's and q-· .. 
co~mutiti~n relatiqnl 6i:"p,,, .~ qp,,,8x1:, \veobtain' Ha'milton. ~quations of motio~ . 

. ~nd'.conseiyation laws. For validity of th~ following:Hamilt~n equa'tioris of moti~n ' 
.. · '.' : .· ',(·, .. ,' . ,. , .. ·•· '. · ... ''. .. , · .. •·· . ,· · .. '.. •, 

;i;I', ~ -l·/28'He .· •µ, .;,,_.~ 1_f28'He ,..i.~ j; •~l'He, _;i,. '=?'He' , .. (39) 
q a", P. I q ··a ,,, ,. op •. , a.,.,,_, ,ops_ . a.,., .. , .. ,, p . · · · . X . . : ; op , · op5 · ' 

·.1 

'we ,obtain a ge~eral expr~ssion for ,the"c~~ser~ed.~ha~g~ (Q) as:' 
. ·. ·, •.. , . \ '. ·-~/1 ' -,,,: ' i i. ~· '\ i : . ' . > 

. Q-=:' ,q . , 83;,P,,,,+, 2f~s1Ps '-- 281P,,,_1P":-:-;9(r). 
.. . . ' ,, 

'(40) 

i '-'< In the ca~e of the global ve'rsiori of symmeti/trarisfor~1.;,tion~ (27) and (29), thi~ 
•• , ' •• • • · - 1: ••• ,.•··· , -· ;, , ••• _.: • ', -., ' ·, ', , ·.,,· -, , ·i I ' -
· ,· yields the followmg charges: · : . · ·· . ,.. . ', ... , .. . . ·.' . . " ':, 

' •s > ' • I ~' 0 - ' ' ' • , I '> • 
'.,,· '\ -

' 2( 2 ' 2) 
Q ::1· q p ::- m . arid Q •, =. q112(p_; tp_' - m_ i/;s). 
,e.11·l+q2_ .".·· ... 

/' 

( 41) ', 
1' 

,• • " • ,\ .-•- ' ( , •: • ,· ,' ' • ,, ," I ' :• - ' 

; One can re~dily check'that both ot the_se charges 'are conserved due to the equations 
of motion(13) . .The;latter on~ is conserved cin the C?ri;trained ~ubma,;ifold ,;here 

. the fi~stcclass' const~aint p2 .c.. m2 ,,;, 0 is valid: ' ,: '.J '' ... '· ._ : . ·' 
' ' • f ·' • • ,_ ' • '• \ ; -· ,, 

41n the computation ofi; we. have ~s~d e~1 = (a~-I /o~)e : -q- 2 'e-2 ~: lier~ l)>a~d ~are 
supersymmetric transfo~mation paramele~s arid the transformatimt 6~(1/,Pµ = -;q~/ 2,t,,.~] le,;ds to 
~K ':"'·:-'°KIJ d!Je to 1/P~ = q112p,.1]. , ,I. · ' · · · : ·· · 



1; 

·~ / 

! . . 
, It is rather difficult to extract out a general solution for equation {13).when all 

the'variables are arbitrary functions of the,evolution parameter,-; However, due·to 
. gauge symmetry tran;foi-mations {27) and {29), one can choose an analogue of the 

· Lo_reIItz ga;1ge, namely; __ t == x = 0: . Under such· a gauge cho_ice, one, obtains .. 
. . ' . ; - ... ,· . . ' . - ' ' / 

.xi,(r) = 
ij;"( r) = 

\ 

'Ps( T) 
, pµ(r) = 

xµ(O) +q1l2 [e(O)pµ(O) - ix(O)ip~(O)] r, 

ij;µ(O) + q1
'

2 x(O)pµ(O) r, 

1Ps(O) +~112 x{O), m ~. 
pµ(O), . ' (42) 

.. which satisfy all the q:(anti)com~utation relations-.(2); the GLq(2),:in~a.riant quan
tum world:l{ne xµ{r)p"(r) = q pµ(r)x"(r) and the q-super world-line (3) at any 
arbitrary v~lue ofthe evolU:tion'parameter T, ~f 'we assume. the validity ?f relations 
(2) ~nd (12) at the initial "time". r = o: . , . . . ' 

\ U.nlike the q-d~pendent .( anti )commutation relations among th~ yariables i~ equa-
' tions (2), (12) and (30), there are some. q-iridependent (anti)co'mrri.utation relations. ., 

that e~~rg~ automatica.llyAu~·to '(graded)associativity c:c;nditions or infinitesimal 
1 

· 

gauge .transformations on q-dependent relations, For instance,;,' one can easily see 
the commutativity of e and x that is present in equati~n (2). ,This emerges du~ to. 
the ~n-sliell condition ii,µ' = q112xpµ'in eii,µ = q1l 2ii,µe with epµ = qp;e: The com-

, mutativity of mass parameter m and mo~enta Pii in equation(l2) is ~ainly due to. 
.. , . . . , .. , I . • 

\ the mass-shell condition which;can be 'also {hecked by'extra~ting outthe expression 
for. p" from equations of motion (13)arid using equations (2) as well as (12)/ More 
commeIItS. about this commutativity· cari be fouIId in Ref.[8]. The' q-indiipendent 
anticommutatiyity of TJ andx in equation(30) emerges''due to xi2'Pµ = -q1l2621PµX 

' wheri we use XPw ~ q112p~x- . , 1 
, . ; ,' . . ••• \ ',' , , , 

It is now a ve~y interesti~g .venture to develop a· q~deformed BRST qriantiza- , 
• tiori ~cheme ;n ,a quantum ( sJper )world~ line for 'i spinninia.nd ~ ~cal~r i-elati~istic' 
particle,· ~s ,they present a prototype exainpl~ of anAbelian gauge theory.'· These ,l;

. examples would provide the simplest labor~tory for the developmerit of q-deformed 
. gauge'theory, q-deformed. Ha.rnilton,iari. f~rmulation,, q-defmmed .~onstraint ·. ~na.lysis 

and q-defoqned Dira<; brackets, etc., 'in the u~d~formed Mil!,kowski space-timema~~ . 
if~ld. It would be worthwhile to extend the~e models to thecase when Mink~wski 

' ,-. '.· ·, I ' · .· _ , ', , ! -· _ _ .' .' " '. 

; ·. space-time manifold and cotangent manifold. both are qcdeformed. ·. 1n· addition ·on~ 
' ' - , '. ' ,' .. \ ,' . . , .. , ' .'.. ~ . ' :. . ' .. 

. _ can generalize the second-<,>rder Lagrangian (15) to the 'corresponding q~deformed 
Neveu'-Schwarz-Ramond model for q-deformed string theory. These.are some' of the · 
issues f~rfoture investig~tions. · ·. .. .· ' ·· •. . · . • · · ' · · ' · 

It i; a. gre~t pleasure t,/ thank A.Filippov for taking i;terest in this':,Worlc and 
M.Pillin for his private communication on the subject. . . . . 
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