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1 Introduction 
The piouitim (7rH 7r~-(limcsoatom) was firstly considered In I ' retsky and 
Palfrey [1]. although only after two decades an experimental s tudy of sue!: 
Coulomb dimesoatoms. initiated greatly by L. I. Neinenov [2j, became real. 
Recently about 200 pioniimi atoms, produced in а Та targ'-t by TOCJev pro
tons, were observed [3]. But an accurate pionium lifetime mea-siiremeni i., 
still absent, and it. is expected that this will be done in a more elaborate 
version of this [4] or other [5] proposed experiments. From this measmc 
ment a model independent information about pion scattering lengths can 
be extracted [1. f>. 7]. 

Already ill [1] it w;us realized that pioniuui can be formed in the ele 
mentary particle decays. Among them the l\J —< 7г + .-1^,т decay is most 
promising [8]. Tlic branching ratio-, of this and other similar atomic decays 
are very small, making their experimental study an e laboiate task. In the 
case of pionium, mat ters an further complicated by the fact thai it is a 
very short lived object. 

Let us note that the only atomic decays of mesoib, experimentally stud 
ied at yet, are it" —• ~A-i, [9] and A ; —> uA,,, [10). Their measured branch
ing ratios agrees well to what is expected theoretically [2, 11, 12]. Even 
0{(\) corrections for them were calculated [13. 14]. although some part of 

O(a) corrections for Л'/. —> uA^,, originated from the normalization con
stant , was omit ted in [14]. 
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It is expi'Cted that several nusouic factories with very high luminosity 
will begin to operate ill a near future. The study of atomic decays, even 
v.ilh pioniurn in a final state, c,ui become real at these factories. Below we 
will consider some atomic decays of the elementary particles which can he 
interesting in this respect. 

Further information about dimesoatoms, not presented in this article. 
: an he found in [15. 1G. 17]. 

2 Pionium in the ij,?]i and K-meson decays 

hi the nonrelativistic approximation piouitim stale vector coincides (up to 
inelevent phase factor) to the following superposition (12) : 

win те Ф( q ) is a momentum space wave function for .4^, Coulomb atom 

and y/Tn = \ /ш т+ ~ \/ -J1 appears because of relativistic normalization 

/ :, 
( 7 l V ) =-2/vp(27r)!cf / Г - V J . E, = \'']T + m'i . (2) 

which we will use throughout this paper for any one-particle (composed or 
elementary) s ta te vector. 

(1) means that an ampli tude for the atomic- decay I\ • l\ + A-i, is 
given by the following expression 

<ЪЛиМ = Пи,%*Ц,)Щ±-°1 , (3) 
2 2 Jin 

where Ф( J = 0) is a Schrc'idinger wave function for a hydrogenlike a tom at 
the origin, and HQi^p+.p^.Q-z) is an ampli tude for the nonatomic decay 
f i l Q i ) —> *+(}>+) + ж~(Р-) + ЩЯ-2)- If this ampli tude is known, (3) allows 
us to calculate a ratio of atomic and nonatomic decay widths. 

If Pi and P-2 are pseudoscalar mesons, then in a Ppmeson rest, frame 
I{Q\.p+,p-,Q-i) depends only on two independent energies, and it is con
venient to use instead of them the conventional Dal i t / variables: 

= y/3{E+-E.) = Л/, -E+-E_- A/2 _ 
M, - 2m - Mi У M, - 2m - М-г К ' 
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If Л/i - 2m - M-i < Л/]. it is expected [18] that higher order term.-, 
in a power series expansion of I(x, y) will be suppressed and in a good 
approximation 

| / ( х .1 / ) | 2 ~1+ш/ + Ь./2 + сх2 

Note that terms linear in x are forbidden by CP-invariauce. After integrat
ing over two and three particle phase spaces: 

Г(Р, - ЪЛъ) = 

= / i w , . P . P - , « . ) i ^ ( 2 ^ ( Q , - g , - P + - P - ) ^ g 

and using |Ф(Т* = 0)| = ,J^-, we obtain: 

ПР^р^) * . ( £ ) V ( i i i ) 1 * 
Г' .,_M[ 

Г(Л, -Р27г+7г~) R VM,' ' v a " ^ 

i and i/ are Dalitz variables, which correspond to the atomic decay: 

„ . £ .> -M 2 f, M'(-Ain2 + M? 
M\ - 2m - M7 2Л/, ' 

R is a dimensionalless remnant of the three-particle phase space integral: 

/?=r;"'"'rf,ff-) '(b-_i/(Jt.,_)p , (7) 
•'(X+I,.,,,, •'(Г-)т,„ 

where J + = т2-,х- = тг, and the integration limits in (7) are given by 

t \ -2ZL / ^ 1 M M2(2m + M 2) , 

, s 1 w, „ 2 m 2 - M | v 
< * - > » = 2 ( i - 2 l 4 + £ ) { ( 1 - * + > ( 1 " 2*+ + -мГ^> * 

M?-
, , « 2 Af2(2m-M2) M2(2m + M2) 
( x + _ M}){1 ~2x+ + —W~)( " + м} ) b ( 8 ) 
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At last 

The Dalitz-plot distribution for r/ —• 7г+7г"л-0 decay had been measured 
[19] and the result is 

|/,(x, у)\г ~ 1 - (1.08 ± 0.014)i/ + (0.03 ± 0.03)j/2 + (0.05 ± 0.03)x2. (10) 

Inserting this into (5) and (7), we get (it is assumed that Aj, is produced 
in a IS state. If we sum up over all nS states, the result will increase 
E« , £ « 1.2 times): 

Г(„ - *°M) ^ Q 91 10_7 
Г(т; —» 7Г+7Г 7Ги) 

Let us note, that a value 3.9-10~7, cited in [16], corresponds to a theoretical 
prediction from effective chiral lagrangian [20] I(x, y) ~ 1 — 0.55i/ and seems 
to be too optimistic, though the accuracy of quadratic terms determination 
in (10) allows, in principle, to increase (11) several times. 

The results, analogous to (10), exist for A"+ —> тг+7г + 7г_ decay [21]: 

\1к+{х,У)? ~ 1 + (0.2814 ±0.0082)i/ - (0.001 ± 0.023)i/2 -
-(0.099 ± 0.019)*2 , 

for KL -» тг+тГ тг° decay [22]: 

\1KL{X, y)\2 ~ 1 - (0.917 ± 0.013)i/ + (0.149 ± 0.013)y2 + 
+(0.055 ± 0.010)x2 , 

and for rf —* r/ir+w~ decay [23]: 

| /„(х,г / ) | 2~|1-(0.08±0.03)г/) | 2 . 

Using them, we get 

T{K+ - *+A2r) _ . 
Г(АГ+ - » 7Г+7Г-7Г°) ~ 

W ^ ) _7 W ^ ) 
T ( A L - » 7Г+Я-7Г0) Г(Г7' - » 7?7Г+7Г-) ^ ' 

For АГ+ —» 7г+Л2т decay, it is necessary to take into account the identity 
of 7r+-mesons, which increases the result two times. An extra ~ 5 times 
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difference between A'+ and h'i decays is due to IK+(i,y)/InL(x,y) « 2.15. 
Note that A"+ —* ж+ .42lr decay was considered earlier in [8] with slightly 
different result. 

Taking nonatomic decays'branching ratios from [2-1]. (11) and (12) can 
be transformed to 

Dr(i) - 7r0.42l) « 2 • К)"" Dr(r/ -> 7/Л2ж) a 6.2 • 1(Г7 

Br(K* -> тг+.42„) « 5.5 • К)"7 Dr(K,. - тг0.42т) « 1.1 • 10" 7 . (13) 

For ^-factory (13) means about H)4 I\-meson atomic decays with pionium 
per year. So, we think, the study of such atomic decays at 0-factory is not 
only realistic, but a desirable task. 

3 P i o n i u m in t h e ф a n d T - m e s o n d e c a y s 

For r - т and B-factories i/'(25) -> v(lS)Aiw and T ( 2 5 ) — T(1S).42„ 
decays can be interesting since the corresponding nonatomic decays have 
large branching ratios. 

In the nonrelativistic approximation the most general form for the \] —> 
V 2 7 T + T " decay amplitude, which follows from PCAC, is [25] 

{V^-n~\\\) = f]-fi[-Aq+-q. + BE+E-] + 

+C(«1 • q\ e~i • й + (\ • <fi f"i • ql)• (14) 

where A,B,C are approximately constant and fj.fj are V\, V-i vector meson 
polarization vectors. 

There are some theoretical indications [26] and experiment confirms [27] 
tha t С = 0. Then to calculate the (5) ratio, we only need B / A ratio 
and it can be extracted from the 7г+7г~ invariant mass distribution in the 
V'i —• V27r+7r- decay. The results are [27]: 

— = - 0 .21 ± 0 . 0 1 (15) 

for the V'(25) —• 0 ( 1 5 ) Л 2 , decay, and 

- = - 0 . 1 5 4 ± 0 . 0 1 9 (16) 
A 

for the T ( 2 5 ) - Т ( 1 5 ) Л 2 , one. 
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After summing over vector meson polarizations, it follows from (14) that 
(if C=0) 

1 Л/2 »n2 R 
{V2x+x-\Vl)~-(l + j±-2-j^)-\ + T¥ + Jr---x+x- , (17) 

x+ and X- were defined earlier. 
Using this instead of I(x,y) in (5) and (7), we get from (15) and (16) 

r(V>(25)- .0(15M2 , ) _ 1 C i n_ 8 

T(t/.'(2S) -»i/'(15)7r+ir-) 
Г(Т(25) - T(lS)A2 r) 

:4.6- 10" 

s 5.2- 10" 
Г(Т(25) -> Т(15)тг+7г-

which correspond to the following branching ratios 

Br{4>(2S) - il>{lS)A2,) « 1.4 • 1ГГ8 

Br(T(2S) - T(1S).42„) к 10-". (19) 

Unfortunately this is too small for B-factory. We can expect only several 
events per year. So it seems unrealistic to study T-mesou atomic decays at 
B-factory. 

4 О (a) order corrections to the pionium lifetime 

The main decay mode for pionium is A2„ —+ 7г°7г° and its amplitude accord
ing to Mandelstam [28] can be expressed in the form 

<*°*V2.> = / 7 ^ ( P i . W . y + P . y - P ) x ( P ) - (20) 

where x(p) is Л-л-dimesoatom bound state Bethe-Salpeter wave function 
and J(pi,P2,p+,P-) stands for 7r+7r~-irreducible kernel for the reaction 
7Г+(р+) + 7Г-(р_)-ч7Г°(р1) + ^ П (р 2 ) . 

Up to O(a) terms, J is constant defined through pion scattering lengths 
ao and a2 [29]: 

32 
J = - r a ( 4 - ( i , ) • (21) 

So (20) can be rewritten as 

{•к°п°\А2ж) = J-X(x = 0) , (22) 
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where 

*(I = 0) = /(W*(P) (23) 

is a configuration space Bethe-Salpeter wave function at the origin. 
The Bethe-Salpeter equation for x(p)' m a -^2» r e s t frame, up to O(a) 

terms, takes the form 

2 -.2 <M* , \2 
" ' + P 2 - ( -g-H-Po) 

2 - 2 / ^ N2 

™ + /> - (-g- -Pa) x(p) = 

!± [d( xw 
7Г2 J (l) - o ) 2 - if 

(24) 

where A = - j ^ 1 . 
(24) corresponds to the Wick-Cutkosky model [30]. Let us note that this 

fact was firstly noticed and used to calculate 0(a) order corrections to the 
KL —» vA^t decay width in [14]. 

According to [30] (see also [31] for a review), a ground state (15 in the 
nonrelativistic limit) solution of (24) corresponds to 

,\ g{z)dz 
X(p) = L\A^Bzf 

where 

(25) 

A = m 
г-\м\-Р^^-р' в = РомА 

and g(z) spectral function satisfies the following integral equation 

Л r\ 
2 ff(*) ^w^Q{z-y) + ^{y-zMv)dy-{26) 

If MA = 2m - E, E < m, then Д2 и m £ and 

1 7Г 

A^TlMp mvVE •*(V) (27) 

because 

«2 + y2 7Г%) 

when 6 —» 0. 
Substituting (27) into (26), we get 

Атг 
9(* 2mVmE (1-1*1)9(0) (28) 
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2my/mE 

which really gives a hydrogenlike a tom uonrelativistic ground s ta te energy 
level E = ^f. 

But the solution (28), found in [30), is not a complete O(a) order solution. 
Indeed, taking y(z) = (jo(z) + tyUl(z) а ш ' 

•ZrAlJTl = Ц-Kv) + 0(V) • (29) 

where o(y) has O(o-) order smallness compared to the first ~ b(y) term, we 
get from (26) {No and N\ are constants) 

g0(z) = JV0(1 - И ) у,(г) = Л',(1 - \г\) + ^ j \ a(y)R(z, y)gu(y)dy, (30) 

where 

1 - U 1 + 2/ 
Calculating in the a —» 0 limit the integral in (30), we get 

Sl(z) = Щ1 - \z\) + - ° -{ ( l - \z\)ln(a) + (1 + |г|)[1п(2|*|) - ln( l + |*|)]} . 
7Г 

Therefore, the complete O(a) order solution of (26) looks like 

g(z) = ЛГ{(1 - И ) + J ( l + |г|)[1п(2|г|) - ln(l + |г|)]}'- (31) 

Subst i tut ing this in (25), we get the 0 ( a ) order pionium Bethe-Salpeter 
wave function 

= (Д2 -p») [m' - ( ^ +p)2] [nfl - (% -p)*] Г + * *'(P' PA)) ' (?2) 

where 

.xl(,-^) = m 2
2 ( - A

( ^ ; 2 f i n ^ - ( f - P ) - ) + 

+ m 2 ( A » t y ln<m2 ~ ( f + ^ > - 1 п(Д 2 - p2) + ° ( Q 1 п И ) - (33) 

8 



A normalization constant N is defined from the normalization condition 
[32], which in the O(n) order takes the form [A?, rest frame is assumed) 

~2miai =sa—— = 
an 

= ьУ2 * dp 
(2*)" J (Д2 - p2)2 [{%• + W ) 2 - »<2 - P2] [ ( ^ - A,)' - m2 - P2] 

But, the integral in the r.h.s. of (34) equals to 

2 д(Д2)2 / ' У 2ти Д2 + ,7 - / С ^ + Р о ) 2 - ™ 2 - Р2 

1 
+ ( ^ - P o ) 2 - m ^ - ^ J 

Reirembering that in fact ш2 iu the above expression should be replaced 
by ш2 — ie, we can perform an integration over dpo and obtain 

2 П Г 2 . - -r2 . 1 4(;»2 + x2) 3 , 
Mi Л < J ( A 2 + x 2 ) 2V»» 2 + J ^ Д2 + х2 ' V'A2 + J'2 ~ 

" ' 3 - 4 ( l - 2 - + 0(« 2 ) ) . 

So (34) takes the form 

-2mV = - ^ - iV 2 4^ ( l -2 - ) (2тг)4 т*а?к л-' 

and therefore 

N = 32vAw(^Tna)5/2(l + - ) 

Analogously 

dp iN 

(35) 

J (2*УХКР1 8n2M}Jo Д Ч ^ У т Ч х 2 УД2 + *2 

Mj iN a 
+ ^/(m2 + х2)(Д2 + x2)' " 16vm*a^ + ж' 

Therefore 
i 7Y (У j л 

x(* = 0) = ^ л г(1 + - ) « -7=Ф(г = 0) (1 + 2 - ) (36) 
32m7r(jma) ж' фп ж 

9 



Substituting this in (22), we п'тЛу get 

Г(Д2„ ^ Л 0 ) = Г0(Д2„ — л-0тг°)(1 + 4 - ) , (37) 

where [G] 

Го(Л2. - *V) = ' | W «2)'̂  
2Л!±1-.1Ч!'1]Щг = 0)\* 

~ \ i part of the Bcthe-Salpeter wave function contributes neithur 
in its value.1 at the origin nor in its normalization, because in the O(n) order 

r n dpo г iKnfi(po)di>u 

and Ь(рй)\^р\ PA) = 0. 
As a last remark, let us note that a nonrelativistic approximation (3) for 

the Л/i —» M? + A?, decay amplitude follows from 

and [28] 

(P2A2,\P[) = J Jt-KQ^ + ,,. Ц - p,Q2)\(p) * 
(27Г) 

••HQi,Y'T'Q*h{x = 0) 

Author is grateful to A. M. Khvedelidze for helpful discussions and crit
ical remarks and also to N. V. Makhaldiaui, E. A. Kuracv, V. N. Pervushin 
and L. K. Lytkyn for their interest in this work. 
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