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1 Introduction 
' . . 

Equivariant cohomology (see e. g. (1]-[3]) is presently attracting much interest in phy'sics. 
It is stimulated by the applications of localizatim; forinulas to evaluation of path integrals 

. in .various field-theoretical models,. e. g. topological fielcltheories (4], (5], and sui:,ersym
. metric (6) theories. In series of pape~s (ice e. g. [7), (8) and refs; therein) A. Niemi 
et al. developed new approach for the cvalnalion of path integrals for the wide class of 
Hami!tOnian systems based 011 the localization formulas. . -

The field-theoretical models arc usually dcscr,ibed by the degenerate Lagrangians. So 
it is necessary to. construct the locali;atio~ · forrr{ulas on the surfaces in manifold~. In 
fact, this problem is equivalent to construction of equivariant coqomology classes on the 
surfaces. The equivariant Cartan and Euler classes are known (for a review s~e, [3]). 

, In this paper we construct m~re general fa~ily of equivariant generalizations of the 
Euler classes on the surfaces.. · 

For this purpose we firstly construct the odd symplectic structure on the space of, 
· differential forms A(M) on the.Riemann manifold M .. . The Lie derivative of this sym

plectic structure along. the vector field, coTrcsponded. to 5 1- equivariant transformation 
"(where 5 1- group action on /If is defines by the Killing vect~r ) is S 1-equiva1·ia11t even 
(pre)symplectic· structure ( Section 2).. · 

Its Poincare- Cartan Jike invariant:s [13j define the set of equivariant cohomology classes 
generalizing the kn~wn equivariant Euler d~scs [3) (Section 3). . . . • , . . . 

Notice, that initial object i11 our considerations : the odd symplectic structure is used 
mainly ln Batalin-Vilkovisky quantization scheme [9). However; the recent investigations 
of its geometry [10] allow to assume that, the odd symplectic str~cture plays the essential .. 
role in problems connected with the integration over (super)surfaces. . 

Notice also, that in [11) it was 1emonstrated that the odd symplectic structure, con
structed on the space of a differential form on the symplectic manifold, naturally describes 
the equivariant cohomologies on sympiectic manifold ~nd establishes the c'orrespondence 
of the equivari~nt cohomologies to the bi-!Iamiltonia11 supersymmetric dynamics (with 
even :and odd symplectic structures) [12], · 

. , . .' .. 

2 Odd and Even' Sy1nplectic Structures 

In this Sec:tion w~ con~truct the odd sympledic structure and then...:. the ev~n 5 1-invariant 
(pre)symplectic one on the space of differcntiaifo~ins o'n the Riemann manifold M .. 
.... Let (M,g) be Riemann manifoid ind-~ - itsKilling v~ctor defining 5 1 action. Let 
A(M) .be the space of _differential forms on M. It can be para~etrized by the local 
coordinates zA = (xi, Oi) , where xi denote the local coordinates on M and Oi ·~ the basic· 
1-forms dxi, p(Oi) = 1 . · 

Consider the vector field~ .f aiHf i; on A( M): 

·• ·0·:•·•kif • .[) .i):. •• .• 
X=f~+rko·,.,o·• E=f'JO +o·,,---,: [E,EJ+=2X. (2.1) ux' - ' u , .. - r ' - -ux' · 

. It. is obvious that X ~orresponds to the .. Lie <k~h·ative of differential forms on l\f along 
l: .X --, Le, and E corresponds to the <'f.q1ii,·ai·iant (51-equivariant') <liff~rentiation on . 
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. M : E 7 de = d t ·;e ; 'The lastexp~ession in (2:1) <:C?rresponds·to .liomotopyf~rmula 
Le=d.ze'+zed.'· :· · ··', · .. · ····:, · •.· · ·:·· -,:,'" · ·,; ' 

Bel~w we ~onsider A(M) as a su~ermanif~ld with'the zA ~ (x<ri) 'and denote, by£ and· ' 
d correspondingly'the Liederivative arid !!Xteriordiffere~tiatio~ on A(M) . . ,· . ' ·.·· ' . 
It is· easy to see that Be~ezin integi:atio~ on'A(M) leads to th'e integration of,differential 
forms on 'M. ·,' \ . 0 . ' ·•. . ' , •. · /'/ '., · , ·. ,: · < _;,· ( 
· Let cohstr~ct ·o"u. A(M) the 6dd symplectic structure taking in the coordi~~tes (xi, 0i) 
the form' •\, ' < i : ; ' ; ,', · .. · ··.· i •. ; r ' ' ; ". ,. i . i k I ,C ' ··. '. : 

/ n1 =;' dx I\ d(g;;O ) = g;;dx I\ DO,' ; DO = d0 + rkl0 dx' ' (2.2) 

1, ~her~ :tt1, are c;ist_offeJ. ~ymbols • for the me~;ic ~ij • • ' ' . ',, ' , , . . , \' ' , , 
1 

\ 'l'he corresponding odd Poisson bracket ( anti bracket ) .is : : , , , , · 
~, ,,: ,1 • . ; ' ' • • ' 

{f ·. } · , ;;(" 
1

8g DJ~ ) . ", : 8 · ··r·; 
0
···~ 81 

,9 1 = g Vj 80' - 80' Vj9' Vj = -8. - ik, . . 80'' • • J I ' , XI , , J_ 
,'' 

It satisfie~. th/conditions : 

, {f,g h~.L(~i)(P(J)~1l(v(9 )'.i-~l{g, !}1·· ("~tisymmetricit;'.')', · 

c-i)(P(,fl+l)(p(h)Hl{f, {g) hh + cyci:pe!m.(f;'g,'h) = 9 · (Jacobi• id.). 
,_,::• .. ·\~·\:.·/···,>::_,.::·,,\".,', · ··_<·· . .-··i,:':; ,,'. .,··-_.

1
.:_:, "1:···_-;',
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The odd symplectic structure (2.2) ist:X0 invariant ,.so-:X can be presented in.the Hamil-
. toni~ri form·: ; ' . ' ·, . ,, ' '· ',. ' ' . ' . ' ' ' '., .. '. . ' ' ' \ . ' 

X"7 {Qi; .}i,, w,here 
0

.Qi :::::_ l;i. •' 

£En1 ~ fi~:~((). 
• ' ' ••••c •\ 

·. 1 ·: . , n // ;'. : ; ' · • ; ' · · • 
~.o =, 2(l;r+ 9inRjkl0 0 )dx: ~ dx' +g;;fl0 I\ D~1 

, (2.5) 

(R'Jki i~ t~ec~rv~t~~e t~'usor ~n-M'); being e:in;ari~n({i.e S1~. equi~ari.mt)ev~~ clo~~d . 
2-forni::, . '· :: .. . . · •. ,- :· , ·• ., ,. . ·, 1 , · , . ·. ·. ·•• , 

. .. · .p(n6)d:: 6, d = £Edni'~ o,;: :C~no ~ £i;£En1 :~ 2£xf!~ _::;, o. 
.:·/ • ,' '{ •.' •: ," .' •,: '.,-,,,, '., ·;,:: .,,, ·: .• •; ·~: • "••:_·: ~\•:• •:, ' I 

· Thetefore,the vector fields (2.1) ar.e Hamiltonian'ones under.n0., The corresponding 
Hamiltonians are '.following . . . . . 
•.. · . ,--·' ' 'i, .' "/ ,. ; . , . ,,. -' ,, _. ·. . , ,f = £~Qi:= e;;;;e.; (;~ot,\ Ch;, l;(;;;O;_, 

The potentiaU-form A: dA = no is 

'• I 

,(2.6), 

A~ n1(E; ... ) ~e;'dxi + 01
9jnoi.,' 

\' .... ', ' ' ' ' :'. ,. ·,,' 

l''\,1 

',':l;'.} 

f/i .· Thus, ;std;ting from the' odd 'syriiplectic. ~tructti.~~ we· COf!:Stru'cted. the. S1 ~~qui variant e·ven ' 
7: - (pre)symplectic structure on the space of differential forms on a· Riemann manifold. l k ' '· ' •\ ' . ' . . ' ' ' .. ', ,, .• , '' ' 
,'I.' 

T 
'I·, .. , 

1C 
l ,, 
1 

/.' ,,. ' ., . ,, 
f~r~•~:•• ... ~::•:. ~ ''.:~:~-=~::'l•,:::"(;,J' 
Ii l.i·,.•.1.it .-:..•• '•. ·'""·u·3.· t,a .... ,..;~.~ .. ii \i ·. t '~r/~, ,~'\ \ :8\1~· rs~--~~ ·~·~~~ ~!: 1 I · ·~~ ·1"·'"1..-., · ...:L_.1_,,J';ih, .... t•!,.-~ \ ;' .· 
' • · 5iAS.J!!,l(,H':;:Tr ,f1' _:, , iJ 
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3 ·, Equivariarit Characteristic classes 

In this Section we construct the equivaria~t characteristic classes for the surfaces in A(M). 
. Let r C A(M) be a surface and no be nondegenerate on it. Let r is parametrized by 
the equations zA = zA(w), where w'µ are local coordi~ates or'r.. . , 
Thus the following density" is correctly define on r 1 • . 

' . ' .. 

V~(w) ~ v'Ber flolr ===JBer8a·zA n(O)A;aa,z:' 
.• . • w1.1 . w 

_ (3.1) 

and it' is invariant under· canonicaH~ansformations ofthe presymplectic ~tructure (2.5) 
[13]. So, this density is S~-eq~ivariant too. · · · · 

. 'Hence, the functional . . . 

. . . }'\(f,, FY=== 1 -~F:_>.E'll~r[d;;], \ (3.2) 

c· 

'• /· . • ' '., I .' ' ' . . ' ' 

where F(z) and '11(i).are corr~spondingly the even E- and odd.X-inv':riant fun~ticm~. 
<. 

BF= 0,p(F) ~ o, X-w = 0,p(-w) = 1, (3,3) 

. is S 1-equivariant'fo~ any compact r . Thereforeit,is ·X-i~d~pendent. ' 
• ',- ! ' . . . ' ~ . 

·_ Let the 2-form (2.5) be noU:ciegenerate one on..A(M) and the surface T i$Sdefiri~d by 
the equations j°(z) =; 0, a,;. 1, .::codimr.' In this case the fundional (3.2) can be presents 
in the form'(compare with [14]) .. ' 

. z'(r; Fr:L:::''.'~c•'.·~••(/"),/B,,lf";J'},1Jod,, ,.. , (34) 

wh'ere 

: .... ·., ' . • k 1-~ ,1i}(zh-81g(z)i 'I . . 
{J(z),g(z)}o = 'v;f(z)((i;j ~ Il;;k10 0 )_ 'v;g(z) + 2~Y-\ BOi , (3.5). 

,t ,,-; ' '', ' j j_ .I 

is the Poisscm bracket/correspondrng'to (2.5) andVo(z)= 1)A(M)(z) == :,;=B~e-rn~,-O)_A_B_• . 
. This functional is invariant both under iep!trametrization of A( M); and choice of _the re- . 

striction fu~ctions r. ' . . . . '. '' - ' 
. . . ! ... -' ·' . . . \. • • . ,. 

• The functio1pl z>-(r, 0) is invariant under smooth deformations of r ( if basic manifold 
N of Tis compact one ) [14], i. e>it i,s ~ top~logical inviriant of r . < . ·. -· , . 1 

For example, z>.(A(M),0) coincide with the Euler number of_M. In the limit,\:...,. 0 it 
i . . . . .• . , :. I 

gives the Poincare-Hopf formula; and.in the limit,\-> oo (where we substitute '11 =Qi= 
'{;0;) - Gauss-Bonnet one f~r the Euler number of M [8]: . •, ... 
Therefore, (3,1) defines the S1~equivariant characteristic class ofT. _, 

Example : Let r C A(M) js associated with the vector. bundle V(N) V(N) .c · 
T(M),N c.M. . •· · ..... _• ·. · - . -. . . 
Let 'it is parametrized by the eq~atiori's : 

' . . . - . . 

,· ,· 

1· :z:; ~'i;(y~), 0i == Pi(y)TJ", • 
.·. /''· 

. (3.6) 

\ 
.4. 

-u~ 
. · '). ,,: ... ' .. . ;" l 

i .. 

l 
-l 
• l . 
l 
I 

r 

\ ~: 
l 
l 

fr/ 
.' ~t, • .. 

,-t.1 
q 
r 

; l1 

\. 

,.. 
I • . .- . . . •·. . \· ,.· . .• • . , . 

whe_re wµ = (y", 17"') are local coordinates of r; p(y) = 0, p(71) ~ 1 ( y" are local coo_rdinates 
of N). . . . . '.. ;\ . . 
Thus . .. . .. . . , . . 

.·no_lr·= i(([a,b]+Ya6Ri~b1J;TJ{3)dy" ;dl+!iafJDr/1\ D71{3. (3.7)
1
' 

Here we introduced th~ notations : 

· · a i a·; · ·'- - · ·· . - .• . _ 
·•t· . _· t.: X X • ·._ p_i _ipi. D a - d c:,· . . a {3d a 
. ',[a,bJ-<,1;;8y•8yb' Ya{J- txY•J {Jl .. ·· 7/ .-.. 7/ +.Aa{37/, Y ,: 

where· . ·(. a') . a 06 i • . j j k X . \ 
, Aa{J = 9. P59ij • r{J,a + r,kP{J By•. / • ·.' 

- ' _- ' • ' ;.~ • , ' • •• ' ' ;• < • ~ ' ' • .\ ' ' 

: . is the induced ccmnection_on V(f) ( compatibl~ _with 9af3 ) an:d Rk;i, is its curvature 
tensor. . i • 

Hence 

·. v~.(~) = JBer~olr = (d~t(([a,bi + Yo6~iab~c:,1Jf3),) ••. 
c - • . det Yof3 · • , -. . 

.· "· 
: " · (3.8) 

defines the f;mily of equivariant char~cteristic" cla~se~ ~f N. . .. 
,In the case r = A(N);. i. e. P~ =- ix~, (3.8) c~incides with known expressionof' 

. .. .·. y . ' 
, equivariant Eulerdasses on N [3], [8]. 
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Hepcecsrn A.II. 
Or aHTHCK060K K 3KBHBapHaHTHhIM 

xapaKTepncTnqecKHM ~accaM 

E2-94-377 

Ha npocrpaHCTBe'Ampcpepemi;mlJihHhIX qjopM pmi:aHo~a MHoroo6paam1 no
crp'c,eHhl HeqeTHaSI, a 3aTeM 3KBHBaiJHaHTHaSI qeTHaSI (npe)CHMII.ll(!KTHqec:irne 
CTPYKTyphl. ilirnapHaHThl IlyaHKape - KapTaHa BTOpo:ii: CTPYKTYPhl onpe;ie.rrn-
lOT SKBHBapnaHTHhle o6o6m;eHHSI KJiaccoB 3fu:Iepa. · 

Pa6oTa BhIIlOJIHeHa B Jia6opa;opHH TeopeTHY:eCKOH q>H3HKH HM. H:H.Boro'." 
JI1060Ba Oil5Iil .. · · · · · · · · · · · 

I. 

IlperrpHHT Om,e~HHeHHOfO HHCTHTJrn ll~epHbIX MCCJie~oBaHHH. J:J:y6Ha, 1994 

Nersessian A.P. .·. . . . . .E2-94-:377 
From Antibracket to Equivariant Characteristic Classes 

We construct the odd ·sumpleciic structure and the equivariant 'even 
(pre)symplectic one from it on the space of differential forms on the Riemann 
manifold. The Poincare - Cartan like i1wariants of the second structure defin:e 
the equivariant generalizations of Euler classes ori the surfaces'. 

. • . ·. . .. . . ' . I.·· ... 
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