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1. Introduction 

The Hurvitz transformation approach to the bound states physics distinguished 5D 

Hydrogen atom problem as the exact solvable quantum model with the non-abelian 

constraints [1] 

The eigenvalues of the energy (n = 0,1,2, • • •) 

Poo2 

2A3(" + 2)2 

are degenerated with multiplicity 

(н-r l)(n + 3)(« + 2)J 

9" = f2 

These properties have the most simple expression in terms of the Eulerian coordi­

nates [2J. We undertake, in present paper, the Kulerian analyses of the 5D Hydrogen 

bound states problem. In this way, we achieved the 5D generalization of some 

results of the usual Hydrogen atom theory [3], [4]. 

The material of the present paper is arranged as follows. The subject matter of the 

sections 2 and 3 is the calculation of the spherical bound states of the 5D Hydrogen 

atom. The two subsequent sections deal with the same topics for the parabolic states. 

The expressions for the generalized Park-Tarter's amplitudes are derived though sec­

tions 6 and 7. In next two sections we investigate the spheroidal states as the spherical 

and parabolic superpositions. The trinominal recurrent relations have been established 

for the generalized Coulson-Joseph's amplitudes. Finally, we conclude that the 5D ex­

tension for the well-known results of the ordinary theory has been searched for thanks 

to employment of the Eulerian coordinates. 

2 Spherical 5D coordinates 

Eulerian s; erical coordinates for the 5D space are defined by 

io = r cos ip 
xi = rsinycos/3/2cos(Q + 7)/2 
x-, = rsini^cos/J/2sin(a + f)/2 (1) 
x3 = rsinysin/0/2cos(cr - т)/2 
xt = rsinv'sin/9/2sin(Q -y)/2 



1 his coordinates may var3' in the ranges 

0 < г < oo, 0 < о < 2ir, 0 < & < т!. О < о < -Iir. 0 < 7 < 2ir. 

Coulomb potential, differential elements of the length and volume and the Laplace 

operator have the next forms 

Г 

dPs = dr2 + r2rfv
2 + - s i n 2 <pdP 

4 

dVs = rAdrsm3vdfdQ. 

r4 flr V o r / r2sin i^<V V ' V / H s i n V 

dP - dn- + iM2 + d~iJ + 2 cos ddnrrf-y 

where 

</П = -sin.W:««rf-> 
8 

a2 

a ^ + cot 
Й 1 / Д» n •# д г \ \ 

0дв + si^i V ^ ~ 2 c o s J a ^ + 6vJ j ' 

3 Spherical Bound States 
In the coordinates (1) the scheme of separation of the variables corresponds to the 

factorization 

• ' " ^ I r W ^ l ^ l n . A , ) , (2) 

where ТУтгп, is Wigner's function |5]. Taking inlu account that 

Jb i , m , (« .d , - , J = j(j + \)ТУт,(с,13,~,) 

we arrive to the two coupled differential equation 

1 d 
. -3 - f s i n 3 ^ ^ ) - — ^ 4 Л Л - 1 )«' + r ( r + 3 ) ^ = 0, 

sin i^ay?\ d^y sin' i,? 

1 d / 4a7A r( r + 3) ( J 1 / 2 1 \ „ n 

(3) 

(4) 

Here T[T + 3) is a separation constant and 

rc + 2 
ft 

V / - 2 / J 0 £ ' 

2 

ft2 

ЯоО 



(/xo is the mass of the electron). Equation (3) determines the Gegenbauer polynoimials 16] 

C " = П » 1 > + 1 ) ^ ' (,-"• " + 2"i " + a ; " l - j 

only to the factor (sin f)2'. We choose the following normalization condition 

/ |0TJ(vP)|2sin3vJ^ = l 
7o 

and find 

* „ M = 2 * « Г (2> + | ) ^ ^ ^ ^ s i n ^ C * ^ - * ) • (5) 

The radial function Я, under the normalization rendition 

Г liUry',1,- = I 
Jo 

can be expressed in terms of the confluent hvpcrgeomctrir function 

Дпг(г) = C „ r ( « r ) V ^ F ( - n + r;2r +4;er) (6) 

а5/2(п + 2)3(2т + 3)!у (n - т], 
Here n = 0,1, • •• and the parameter € is defined by 

С • 1 /(n + r + 3)! . 

(8) o(n +2 ) 

Thus, the normalized spherical wavefunction for the 5D Hydrogen atom has the next 

form 

*** = >P§rR«r(r№r,[v>)1>'mm.[a,ll,i). (9) 

The spherical basis (9) is the common eigenfuiiction of the operators {# , J1, J„J't} 

and the operator T2 of the global angular momentum 

л , 1 д 
sin3 if 3<p 

with 

In Cartesian coordinates: 

( s i n 3
v | - ) + — J* (10) 

V 0<p/ sin v5 

Гг = - г 2 Д 5 + х , ^ - ^ - + 4 х , ^ - . (11) 
dxidx, axi 

where i , j = 0,1,2,3,4. 
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4 Parabolic 5D Coordinates 

Denote the Eulerian 5D parabolic coordinates by /i, v. a, /?, 7 and assume that /i, v 6 

fO, 00) and a./3.7 have the same meaning as for Eulerian spherical coordinates. By 

definition 
J-o = (// — f ) / 2 
*i = y/jtVcosl]/2cos(a + 7 ) /2 

•Г2 = y/jtveos / J /2s in(« + 7 ) /2 
*з = -^fiM s'm ft/2 cosfti - 7 ) / 2 

J"< = ^/^il? sin /J/2 siu(o — 7) /2 . 

In the coordinates (12) 

Г -
/i + с 

As a consequence of the (12) 

)i + v 
5 •)/< M 4 

Л/ ' - ^r f /2 

A 5 = 
)i + v 

i/l-'r, = — ( , , + ,>)Лц>ЫП 
4 

The differentials d(*,<№. and the operator j 2 have been introduced above. 

5 Parabolic Bound States 

Starting from the representation 

we can simply derive two equations 

LJL( 2d*2 

v dv \ dv 

.2ft2 

+ c2 

* i = 0 , 

Ф2 = 0 , 

(12) 

(13) 

(14) 

(15) 

where C\ and C2 are the separation constants and C\ + Съ = а ' . Let us introduce 

the parabolic quantum numbers 

n, = -j - I + a(n + 2)C, 

4 

(16) 



with i = 1,2 and n as the principal quantum number. Then, it is easy to show that 

parabolic basis must be given by following expressions 

*»,>M (2.7 + 1)! У (n 
1 / ( n , + 2j + 1)! /ецу eii (%ytxp-eiF{-nii2j + Ue-£) (17) 

•-if") = 
' / ( "2 + 2 ; + 1)! / e i / y e«/ 0 J _ i £ , / i n<» 

( S T M l i V - 1 ^ ) ! ^ crP--F(-n2;2j + l;Y) (18) 

\/2 
С Р " _ в ' /г ( п + 2)з ' ( 1 9 ) 

Eliminating the energy R from Eqs. (Ы) and (].r>) we get the additional integral of 

motion 

/lo = 
2 

/i + IV [ I/ 

with eigenvalues 

A f > . !?Л- -—f ^ 
ai/ \ " dv) i,<),> V Oil) 

2(/' - ^ ) j i Л - " 

/<" a(/i + i/) 

<", - (\ »i - »a 

«(» + 2) 

In Cartesian coordinates, the operator Au can be rewritten as 

A0 = Хот 
д2 

- 2 — + £2 
дгадтс дх0дх„ дха ar 

with <r = 1,2,3,4- Let us compare (22) with 51) Runge-Lenz vector [7] 

1 
2 a f j . r , ) 1 ' 2 

(20) 

(21) 

(22) 

(23) 

where 

U, = x , P , - X j F , , P, = - > A 
d-r, 

It immediately follows that Л0 is the (( = 0) component of At 

6 Tarter 's Representation 

Now, we can write, for fixed value of the energy, the parabolic bound states (13) as 

a coherent quantum mixture of the spherical bound states: 

tyrar = У^ WT ty'vk. (24) 
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Kxpansion (24) is the 5D generalisation of the Park's expansion [31 for the Coulomb 

problem. 

The aim of this section will be to obtain the explicit form of the amplitudes W* n 

At first, note that 

11 = r ( l + COSV>). V = r f l - COSy"1). 

Then, subst i tut ing *p — 0, taking into account that 

C„(l 
(")! 

(25) 

(2fi) 

and using the orthogonality relation |»| 

рЯ.,(гЯ,|г)* = ^ г 7 1 - 4 „ , (27) 

we get the following integral representation for the generalized Park-Tarter 's amplitudes 

W, 1 
— 1С 1С 

" ' " " (2j + ])!(2r + .'()! '"* ! "" 
(28) 

Here 

2.7 + 1)! , = Г(2г + 3)(r - 2j)!(n. + r + 3)!(n, + 2] + I)!(n, + 

/•oo 

K.'i , = / xT+2'*2e- ,FA-n,,2> + 2:*) . / ^ ( - r . + r , 2 r + 4; 

1/2 
(29) 

i ) r f i (30) 

and 

a[n + 2 ) 

After writing the F( — nt;2j + 2; r) as a series, integrating according to [9] 

J\-^x"lFl(a,r-kr)dX=l-^^-2F1^ + \,r,jy (31) 

and using the formula 

Г ( с - а)Г(с - b) 

for the summation of the Gauss hypergeometric function, we obtain 

h „ , ( n - 2 j ) ! ( 2 r + 3)!(r + 2 j + 2)! J - „ „ - r + 2 j , r + 2> + 3 I 1 
A - = (п + г + ЗЖг-2»! з А Ч2;+2,- П + 2;- Р / ' (33) 
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and thus come to ihe generalized veision of the Tarter's representation [3]: 

(n - 2j ' /(2т + 3)(т + 2j+ 2)!(n, + 2j + l)!(n2 + 2j + 1)! 
(2j + i)! V (п,)!(пг)!(т - 2j)!(n - r)!(n + r + 3)! 

F / - п ь - т + 2>,г + 2> + 3 \ 

7 Park 's Representation 

The next step is to derive the Park's representation for И^ . It is sufficient, fur 

this purpose, to write the Clcbsch-Oonlan roeflidents for the group 51/(2) in term of 

a/''2 - function. 

(2.б, ' (--=(- '}"""^, . + . '(« * ' -- - ' ! ( / , + ,• - ' . ) ! 

( 2 i - + I ) ( u + « ) ! ( < • + T ) ! l i / " 

(a - Q ) ! ( A - <J)!(b + 3 ) ! ( c - 7 ) ! ( n + 4 + c + l)!(o + 6 - c)!(n - 6 + c ) ! ( 4 - a + c)! 
J - и - fc — r - 1. - н + о, - с + 7 I \ 

' 3 ' ' 2 \ _ a - 6 + 7 , - f t - c 4 .. I J ' 

To use the formula [10] 

equation (35) can be rewritten in the form 

rn , , , - « f ( 2 c + l ) ( 6 - a + .-)!(a + a)!(6 + /*)!(e + l ) ! 

(35) 

(36) 

(o - a)!(6 - (J)!(c - 7)!(n + 6 - c)\(a -b + c)\(a + Ь + с + 1)! 

( e + * - • ) ) ! f -B + o , r f , H , - r + 7 \ 
' (T^T^J!3 2 b - f l-fc.b-a + 7 + 1 Г (37) 

By comparing (37) and (M), we finally obtain the desired representation 

W — i -1 \"T7+ • '+ 
" " l - i J _ I " ° - n ' л - а — i + '.n+i a> + "i j . 2 , 2 

The transformation inverse to, (25), namely 

Ф*"'1 = £ ^ И ^ Ф р а г , 

(38) 

(39) 

is an immediate consequence of the orthonormality propriety of the SU(2) Clebsch-

Gordan coefficients. The expansion coefficients in (39) are thus given by 

Kh = (^ГСЦ}^_пгЦ1п1+21_^ (40) 

and may be expressed in terms of the з^ 2 function through (35) or (37). 

7 



' 

" 

8 Spheroidal 5D Coordinates 

The spheroidal coordinates, Coulomb potential and spme 9ifferential constructions 

we write as: 
xo = ~(e11 + 1) 

x1 = ~y'(e2 -1)(1- 712) cos ,8/2 cos( a+ -y)/2 

x2 = ~y'(e2 -1)(1-'12)cos,8/2sin(a+-r)n {41) 

x3 = ~y'({2 -1)(1-'12 )sin,8/2cos(a-.-y)/2 

x 4 = ~y'(e2 -1)(1- '12)sin,8/2sin(d- -r)/2 

1 s e < oo, -1 s 11 s 1 

V =- 2a 
. R(e+'1) 

(42) 

dl2 = R
2 (e -1112) (_!!f__ + __!!!L) + R

2 (e- 1}(1- 712)dl2 
5 4 {2 - 1. 1 - '12 16 , 

dVs = :; ((l- 772)(e -1)(1- 71 2)ded71dn 

4 { 1 a [( 2 2 a ] 1 a [( . , 2 )2 a ] } 
~s = ~· ,.. " {2 ~ 1 ae e - 1) ae + 1 - '1 2 877 1 

- 71 a11. 

16J'2 
(43) 

R2({2- 1)(1- '12) 

Here R E (01 oo) is the interfocus distance. In li~ts R ..,.... 0 and R -+ oo we come back 

to the spherical and parabolic coordinates. 

·•. 
9 Spheroidal Integral of Motion 

The separation of variables in spheroidal coordinates 

f2J+l . 
lll""heroidal = V -w ft({)f2('1)'D'mm'(a, ,8, 'Y) (44) 

produces the separation constant ..\ (which is a function of the parameter R) and leads 

to two · ordinary differential equations 

[
_1_d(2 2d 4j(j+1) R p.0 R

2
E ] 

e2 _ 1 d{ e - 1) de - e2 _ 1 + ;e + ~(e- 1) 11 = ..x(R)!t (45) 

"' 
[
_1_!_(J..- 2)2:!._ _ 4j(j + 1) R p.0R

2
E 2 ] 

1- 11:~w. 71 d
71 

1 _ 
71

2 - -;;11 + 2i2(1- 11 ) !2 = -~(R)h. (46) 

8 

~''~·n~·"_,.,,,,,,.,. 

<j 

" ~·.! 

• 
• 

./ 

, 

'1M 
' '.~,;; 

·' 

i' ', 

-,/• I,~ 

'I I i 
I 

. 

~ _. -··· _ _l~UJ.I•l.- ,\L--"~LWUII"'!-U.il!,U.l,lllll,J~U,l~ IIIJIIUII ... ,IIIIll'•llll•llllll•ll!llllllll•l~l~llllllllllllll II 111111•1 II II) I IIIII II II Ill .1111 Jill 

·'·.~ .. ~ \·:~·~·:··~·.,' .. ·· .. ~~.~·:.;:,. ·.·.: ...... ,:·,·~.~· ... ·:,·!·.~·:: ... :·:·,;.·,:. ·, '. ,·· . ·~·' 
' ; 

i· 
~ ) ' '· .,, ' 

. ! 

' ' ' . i · .. ·'' ·. . 

By standard ttick we 'CAll .9bts.in t):te Herqtitian operator 
..... ·.• •' t 

.. A= {'~•,ft-·:~(1' -I)'~-:~-.:~(!- •'J' ~} + 

·4(e2 :+ 112 
- 2) J.'l + R(e'1 + 1} 

({1 7">1)(1- '12) . . a(e + '1) . 

tne eigenVC~.lue~ of whlch are ..\(~}and .eigenfunctions of which are ~'""""oiatl'(: ~turning 
'" ' I 'I 

(47) 

I 

-:flo Cartesian •Coordinat~s anc;l peribl'ming a long c:;aleula.tion we obtain 

. A,.. f'2 +'ll.4o . (48) 

Thus, A is a. simple linear combination of s;heri<;al and parabolic integrals of motion. 
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Generaljzed Coulson-Josepfi's Amplitudes 

In. this sectio11 we briefly discuss the eigenvalue problem 

A\P'7>h.;,.oid~l = Aq(R)Il/"Ph•rol"'l.'• (49) 

the integer-val~ed index q labels the eigenvalues of the o:perator A and varies in the . ( . . . : . 

range 0 $ q $ n - 2j. · 

. · : · • Our strategy will be along "the following line: 

(a) consider the expansions ·; 

.. 
~~~. 071htroidal = '""' UT ·(R}Ill""" , . £,..; nqJ ' 

•=2i 

n~2j 

•To.,heroidal _ ~ Af!:'.(R}Il/"'" 
'It - L;J , nqJ ' 

'U#=O 

(b) act by A on both sides of (50} and (51} 

' , (c) u~ the ~uations 
,. 

T2111'"" = r(r + 3)11f'"h 

Ao~par = nl- n2 w""·. 
<~(n + 2) 

Them, by using (48) we nnd ; .two · sistems of linear hof11ogeneous equations. 

(50) 

(51) 

(52) 

(53) 

., .. · " 
(.\9(R)- r(r + 3)]U;,i(R) =R 2; u;;1(R)(A0 )n'' (54) 

. T'=2j 1 

' 9 ' 

!,.· ",' ' .'ii, i ; ·,, ,': •' 'wit·.\:.;, ': \ ,11\l~i·! ,j' 



By standard trifk wo ran obtain the Ilormitian operator 

- 1 f 1 - ч2 д , ,<) £* - 1 д , , д 1 

Ч(2 + 12- 2) т, «(€•? + !) , , - , 

the eigenvalues of which are ЦН) and eigenfuiictions of which are \ji*p',ero,da'> Returning 

to Cartesian coordinates and performing a long calculation we obtain 

Л = f + НЛ„ . (48) 

Thus, Л is a simple lineat combination of spherical and parabolic integrals of n/jtiori. 

10 Generalized Coulson-Joseph's Amplitudes 

In this section we briefly discuss the eigenvalue problem 

The integer-value-! index q labels the eigenvalues of the operator Л and varies in the 

range 0 < q < n — '2j. 

Our strategy will be along the following line: 

(a) consider the expansions 

y,r,h,ro,M = ^2 ('̂ (Я)**"*, (50) 
' = !) 

n - i -
ysphero^t = У^ Д./п»^(Д)ф'>"1 (51) 

ni -0 

(b) act by Л on both sides of (50) and (51) 

(c) use the equations 

f2q>"h = т{т + W ^ (52) 

я°*"°' = ^ Т ) ^ ' • ( 5 3 ) 

Then, by using (48) we find two sistenis of linear homogeneous equations 

n 

(А,(Я) - r(r + 3)]с/„'„(Я) = Я £ ^ ( Я ) { Д о ) „ , , (54) 
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Я(п, - п 2 ) 

Неге 

It followes from (25) and (39) that 
n - 2 j 

( io) '" =
 a7^T2) £ ( 2 n i - " + ^-Wv 

(55) 

(56) 

(57) 

(53) 

If we substitute the expression (40) into (51), lake into account the recursion relation [5] 

4c2(2r+ l ) (2 r - 1) i/s 

(c + 7 ) ( c - 7 ) ( - a + 6 + r)(<i -b + r)[a + b-c+ l ) (a + 6 + c + 1) 

( c - 7 - l)(c + 7 - l ) ( - a + i + r - l )(u -b + c- 1 )(a + b - с + 2)(a + 6 + c ) l , / 2 

4 ( c - l ) J ( 2 r - 3 ) ( 2 j - 1 

,c-2., ( a - j 8 M c - l ) - 7 a ( a + l ) . Г" 
°°;l"' 2c ( c - l ) 

and use the orthonormality condition 

we find that 

where 

(Aa 

BL = 

±jKb±vrc-iA 
иаа;Ьв ( 

- = - ^ T 2 ) ( ^ ' ^ ' + f i " A v - . ) , 

(r + 2> + -;)(T - 2j)(n - r + l)(n + т + 3) 

(59) 

(60) 

(61) 

(62) 
(2r + l)(2r + 3) 

Now, combining (61) with (58) we obtain the following trinorninal recurrent relation 

for the coefficients U 

[л,(я) - r(r r3)]u:41(R) + +^Y} [flirc'c*) + W W ) ] = о- (63) 
This system of n - 2/ linear homogeneous equations must be solved simultaneously 

with the normalization condition 

1 Ж , ( Й ) 1 2 = 1- (64) 
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The eigenvalues Aq(/?) of the operator Л then follow from the vanishing of the deter­

minant for the system (f>3) -

The matrix element (T7)„tn' can he calculated in the same way as (Л 0 ) - т ' except 

that now we must use the r • 4ion [5]. 

|(fc - a + C)(a -Ь + c+i ))ШС2М = [(a - о + I )(6 - ^ ) j , / 2 C + , / 2 , 0 . , / , , _ 1 / 2 , f l + 1 / 2 

+ [(« + « + \)(b 4 rf)],/aCr41/Ji„+1/w_I/2]jJ_1/2 (65) 

and the ortlmnorrnality condition 

In tills way we obtain I he expression 

('?*)„„.• = | (" i r l )(» - » . -I)) M < < - " . + -')(». + 27 + 1 ) - 2 ] 5 „ ; „ , 

-[>?,(« - n, - 2j + l)(r/ - »,+•>)(<,, +2j + D ) , / 2 «„; ,„, . , 

- | ( n , + l ) ( n - n , - -2j)[ri - „ , + \)(v, +2j + 2)]44n>l+l. (67) 

which leads to the recurrent relation 

Hi•>„.-„ a- •>. /Y(2», - » + 2j 
( n , + l ) ( n - n , - 2 » + ( n - n , + 2 ) ( » i , + 2 > + I ) - 2 + - 5 - T — r T v — - M « ) 

|(n, + ! ) ( » - « , - 2 j ) ( " - » • + ! ) (» , + 2 ) + 2 ) ] " ' 2 Л / ; , ' ; | ( Я ) 

+ [",(" - n, - •>! + I)(» - », + 2)(», + 2j + l)\,/!M';i_;](R). (68) 

This equations must, be solved together with I he normalization conditions 

M - 2 J 

£>/;•;,(/?)!' = • (69) 

Mention finally, that the matrices Г and II' generalized the well-known Coulson 

Joseph's amplitudes of the 3D two-center Coulomb problem. 

11 Conclusions 
In present paper we consider the bound states of the 5D Couloumb problem by 

separating variables in spherical, parabolic and spheroidal Eulerian coordinates. 

11 



The explicit expressions are derived for the normalized wave functions and Park's 

coefficients, and the trinominal recurrent relations, have been established for the 5D 

Coulson- Joseph's amplitudes. 
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