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1. Introduction 

It is well known Campbell-Hausdorff formula (CH formula) which states that for arbitrary 
operators A and В \ogcAeB is expressed through the commutators of the operators A and 
B: 

\oge\B = A + В + \[A,B\ + ±JA,[A,B)] + ±[B,[B,A]] + ... (1.1) 

where [Ay B] = AB - В A. 
Let A be an associative algebra with unity with linear operator П acting on it such 

that 
П1 = 1, Va,b£A ЩаПЬ) = ЩаЪ), Щ(Па)Ь) = ПвПЬ . (1.2) 

We formulate in this paper a modification of CH-formula for the algebras of this type and 
discuss one of its applications. 

For arbitrary a i , . . . , a R € Л we define £n(ai ,- •• ,««) as the Lie algebra generated by 
the elements a ] , . . . , an and by the linear operator П in the following standard way: Let [A] 
be commutators Lie algebra— [A] is the algebra A with redefined multiplication 

[u, v) = itv — vu. (1-3) 
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Then £п(в] - • • i «n) is the minimal Lie subalgchrn of [,4] which obeys to the conditions 

O i , . . . a „ e £ , if c e f f then Пс € Q. (1.4) 

Theorem 1 For arbitrary а, b € Л 

logneV'6£n(<i .M . (1.5) 

Example 1 In the case if П is identity operator (П = id) then the conditions (1.2) 
are fulfilled automatically and we come to CH formula (1.1). 

Example 2 Let Г be a space of the functions and D-iht associative algebra of the 
differentiation operators of all the orders acting on Г. We consider the projection operator 
П acting o n C u 

По:(П«)/ = (п1)/, (1.6) 

where a € Д ft function / € Г, 1 is unity function.—П is the projection operator which 
extracts from the differential operator its null degree part. It is easy to see that П obeys 
to conditions (1.2). 

Before going to detailed proof of this Theorem we briefly recall the algebraic proof of CH-
formula (the case where П = id) which is based on the following considerations (See for 
details for example [1,2]). 

Let Q be an arbitrary Lie algebra and U(0) its universal enveloping algebra. 

One can define comultiplication 6 on U(Q)- the' homomorphism 

6:U-U@U (1.7) 

which is correctly and uniquely defined by its values on iQ: 

Vi € Q fo = i r S l + l £ 4- (1.8) 
(t is canonical embedding of Q \nU (monomorpliism of Q in [W])). The elements a ® l + 1 0 a 
of U ® V are called primitive. 

The remarkable fact is that comultipliration о extracts Q from V ([1,2]): 

6a = a £ 1 + 1 :•• « iff u = IT. (1.9) 

In the case if A = A'(o, b) is free associative algebra with unity with two generators o, 6 
then it coincides with the universal enveloping algebra of the Lie algebra £(a, b) (0(a, 6) — 
ftd(a,b) is subalgebra of [A'(o,4)] denned by (1.4)). So we can apply (1.9) for proving 
(1.1) in the case a,b € K(a,b). 

x ® 1 and 1 ® у commute in U 0 U so it is easy to calculate that 

i l o g e ' e ' = l o g e ' ® i + ' ® V s , + , K ' = loge'e' 8 1 + 1 8 loge'e' (1.10) 
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is primitive in Г £ Г . (In (1.10) x and ix are identified). CH-formula is proved for the 
free algebra A'(a,b) hence for arbitrary associative algebra with unity. 

Using СН formula (1.1) we can reformulate the statement of the Theorem 1: 
T h e o r e m 1' If .4 is an associativa algebra with unity and with linear operator П 

which acts on it obeying to the conditions (1.2) then 

Vc€.4 fo&n<1' e glt{c) . ( l . U ) 

logn<c = П с + in[r ,nr]+^П[лП1г.П*-]] + 1щП1-.[Пг.с]] + ~[Пс,П[с,Пс]] + . Л 

(Gil И - £и(<\0) (1.5). if с = l o g r V ,£ 0,Л«.М then Qn(c) С £п(а,Ь).) 
То generalize the considerations above for proving the Theorem 1' in the Section 2 

we consider the associative algebra» provided with additional structure corresponding to 
tbo action of operator П obeying to the conditions '1.2) i CH-algebras) and construct free 
associative CH-algebra with one generator. 

In the Section 3 we introduce Lie CK algebra* study their universal enveloping alge­
bra*. The mam result of this paper is the Theorem 2 which is formulated and proved in 
this Section and which allows us to piove the Theorem 1' in the -auie way like the proving 
of CH-fommla 1(1.7) (1.10)). 

In the Section 4 considering the algebra,» like in the Example 2 we use the Theorem 1 
for the algebraic reformulation of the conditiuu.4 of the connectivity of Feynman diagrams 
cot responding to the logarithm of partition function in 'mautnm field theory. It was the 
considerations which stimulated us for thi> algebraic investigation. (The example 2 was 
the basic example for formulating the conditions f1 2)j. 

The CH-algebras which are introduced in thi- paper -eems to be interesting in the 
applications. Professor V.M.Buchstaber oftVrs the general construction for CH-nlgebrab. 
He noted also that so called Novikov's О doubles 3! I which are the natural generalization 
of the algebra constructed in the Example 2 • are *he iuterestmg • xamples of CH-algebras. 
We consider these example!» in the Section j 

We have to note that in the formulae (1.1). i 1.5,. ( M l ) the expressions l o g e e t \ 
logrit"ef*. logllc' are considered as formal powei series corresponding to the function-4 

log, c. All the statements have the SCUM- for arbitral) huge but finite initial sequences of 
the.se formal series. 

All the algebras considered here are the linear spaei> on the ;cal .or complex numbers) 
The associative algebras considered here are the ;t4^oehitive algebras with unity. 

2. C H - a l g e b r a s 
We call the pair (.4,П I associative CH -algebra > with unity , «f .4 ia the associative algchn 
(with unity) and П is linear operator on и ob'-yiuc, to tlir ."onditiojis (1.2). V\e say tnai 
operator П provides the algebra .4 with CH-structuie. From ' 1.2} it is evident thai i! is 
projection operator \П2 = П) and Imfl is Mita^ 'bra i:i 4-
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. For example the linear operator Щ1.6) on the algebra D defined in the example 2 
provides this algebra by CH-structure. 

Of course every associative algebra can be provided with trivial CH-structure (П = id). 
The homomorphiam tp of the associative algebra Ai in the associative algebra Ai is 

the morphism of corresponding CH-algebras (CH-morphism) tp : (Л | ,П| ) -t (Дз.Пг) if 

^ о П | =П2о^> . (2.1) 

We need also the construction of tensor product of CH algebras: (/ii ,I l i) ® (/tj.IIj) = 
(A, ® Ла,П| ® IIj) where 

(П, ® П з ) ( а , 0 о 2 ) = П|а, 9 П , о , . (2.2) 

The CH-algebra (A*{L)t P) is free algebra with one generator in the category of CH-
associative algebras with unity if for arbitrary CH algebra (B.tt) from this category and 
for arbitrary с £ В there exists unique CH-iiiorpliisiu ,.- : (.4„(£). P) -» (В , П) such that 

rM) = c. (2.3) 

Proposition 1 There exists unique (up to isomorphism) free CH-associative with 
unity algebra with one generator. 

We give briefly the construction of this algebra. 
Let ir, L be two formal symbols. 
Aa is the alphabet containing one letter L. Га is the semigroup of the words on the 

alphabet Ao. (To the empty word corresponds the unity in Го-) Let A\ is the alphabet 
containing the letter L and all the letters 7r> where л € Г0 and s ^ 1. Ti is the semigroup 
of the words on the alphabet A\. By induction the alphabet An+i contains all the letters 
of the alphabet An and the new letters xs where s 6 T , \ T„_i. Tn + i are the words on 
the An+i- The semigroup 

Г = Г 0 и Г , U . . .UT„ U. . . (2.4) 

is the semigroup of the words on the alphabet 

Д = Л и . . . и Д » и . . . (2.5) 

The linear combinations of the words of the semigroup Г with the coefficients from the field 
of real (or complex) numbers consist the associative with unity algebra А(тг,£). On this 
algebra one can consider the linear operator P which is defined on <4(7r, L) by its action 
on the words from Г: 

Pw = iru.. (2.6) 

If w is the word from Ti then rw is the letter from ^t+i(the oneletter word from Tt+i). 
Now we construct the algebra AT{L) as factor algebra of A{ir,L). 
Let us consider the set of ideals in the A(x, L): 
Jo is the two-sided ideal generated by all the elements Р(аРЬ)-Р(аЪ), Р(РаЬ)-РаРЬ 

(Уа,Ь 6 A{x,L)) of the algebra A(ir,L). Jt is the two-sided ideal generated by all the 
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elements Pao (V«o G Jo)- By induction J„ + \ is the two-sided ideal generated by all the 
elements Pa„ (Va„ € J„). Tlicn 

A„{L\ - At*.L)/J (2.7) 

where 
J = ./„ .:• 7, •••... •! ./„ •••... (2.8) 

It is easy to see that the operator P defined on the algebra A(n,L) by (2.6) is correctly 
defined on the algebra AW(L), provides, this algebra with CH-structure and CH algebra 
(An(L),P) is free CH-algebra with one generator. 

We ran also describe the basis of the algebra Aw{ L) (considering it as a linear space). 
We call the letters £, TL and all the letters of the type ?r(£teZ.) the regular letters (where 
IT is some word in Г). We call the word in Г regular if it contains only regular letters. It 
is easy to see (using the conditions (1.2)1 that every element of .4(7r,L) is equivalent in 
A.,{L) to the linear combination of the regular words. Moreover one can show that the 
regular words consist the linear ba.ua of thr .4»(£). We do not give here the proof of this 
statement. For our purposes it is enough only that A*{L) is not trivial. 

3. Lie CH-algebras 
Now we introduce Lie CH-algcbras. We say that the pair (£,Л/) is Lie CH-algebra if Q is 
Lie algebra and Af is linear operator uu it such that 

M'=M, V a , i € S M[a.b] = M\ii.Mb\ + .\f[Ma.b]-[Ma,Mb] . (3.1) 

From (3.1) it follows that ImA/t 

<S = {$ э « : « = Ма} (3.2) 

is subalgebra in £ . 
In the same way like for associative algebras every Lie algebra can be provided with 

trivial CH-structure (Л/ — id). 
It is easy to sec that if (Л(П) is associative CH-algebra then the operator П on \A) 

obeys to (3.1) hence (|Л|,П) is Lie CH-algebra (|.4| is commutators Lie algebra (1.3)). 
In the same way as for associative CH-algebras t he houiomorphism y> of the Lie algebra 

Q\ in the Lie algebra Qi is the morphisui of corresponding Lie CH-algebras (CH-morphism) 
V: (Ci ,A/ , ) -» (Cj ,Af 2 ) i f 

y-o.U, = ,U,o y - . (3.3) 

Now wc generalize the construction of the universal enveloping algebra for CH-
algebras. 

Let (И,П) be associative CH-algebra with unity and i: (£. .V) -> (|М],П) is CH-
morphism. 
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We say that (W, П) with CH-morphisin i is universal enveloping CH-algebra of Lie CH-
algebra (ff, M) if for arbitrary associative CH-algebra with unity (Л, S) and for the arbi­
trary CH-morphism <p of (ff, M) in ([.4]. S) there exists unique (enveloping) CH-morphism 
p of (W, П) in (\A\, S) such that 

po, = i>. (3.4) 

\f{Qp(L),P) is CH-Lie algebra generated in the ( | . 4 , ( I ) | ,P ) (See Proposition 1) by the 
clement £ and linear operator P (1.4) tlirn i; is easy to see that 

Proposit ion 2 The free CH-algebra (Ar(L),P) is universal enveloping algebra for 
Lie CH-algcbra (Qp(L), P) , (morphisin i is canonical embedding.) 

(The enveloping homomorphism p is defined by the condition p(L) — <p(L).) 
Theorem 2 For Lie CH-algebra (CM) there exists unique (up to isomorphisms) 

universal enveloping CH-algebra (М.П) with C'H inorphism <:(ff,A/) -t ((М],П) where W 
wiih t is universal enveloping algebra for Lie algebra ff in usual sense. 

Corollary 1. Let U be universal enveloping algebra of the Lie algebra ff and p be 
enveloping homomorphism of the hoiuouiorphisui j : ff -< [.4] (for some associative algebra 
A). If ff and A can be provided with CH-xlgr-hras structures in a way that <p becomes 
CH-morphism, y:(ff, A/) -f ([.4j,S) then p is CH-iiiorphisin too: p:(U,П) - » ( A , S ) . 

Corollary 2 If (W, П) is universal enveloping algebra of CH-Lie algebra (ff,M) then 
comultiplication 6 defined on U by (l.S) commutes with action of operator П: 

Ш = (П • П)е . (3.5) 

Indeed comultiplication 6 is enveloping homomorphism of the homomorphism \p of 
ff in \U ®W| •'p(x) = i i 0 1 + I £ i ' . It is easy to see that •? is inorphism of Lie CH-
algebra (ff, M) in Lie CH-algebra ((« £ U\. П Z П). It follows from Corollary 1 that * is 
CH-morphism of (И.П) in ( [ « 0 « ] , П 0 П) hence 13.5) is satisfied. 

Now using Theorem and Corollary 2 we can prove Theorem Г using (1.9). Indeed 
from Proposition 2 and Theorem 2 it follows that A,(L) is universal enveloping algebra 
for Lie algebra Qp(L) (in usual sense). Using Corollary 2 we can easy check (like in (1.10) 
that 6logPeL is primitive in U 0 U. Theorem Г is proved for free CH-algebra, so for 
arbitrary CH-algcbra . 

Indeed it is easy to see that we proved li'th more: 

bgVV- e ffWll = I m P (3.6) 

Now we prove Theorem 2. 
L e m m a . If U is the universal enveloping algebra of the Lie algebra ff and the linear 

operator M provides Lie algebra ff with CH algebra structure then there exists the linear 
operator П providing U with CH-algebra structure in a way that canonical embedding i 
(i:ff —» [I/]) becomes CH-morphism: 

П о , = , о М . (3.7) 
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Remark If Lie algebra Q is provided with trivial CH-structure M: ImM = 0 then II 
on U is corresponded to augmentation f:U —» к (counity) (По = е(а)-1, ( I IS id )Ja= 10a 
where 6 is comultiplication (1.7)) on the Hopf algebra U. 

We prove Lemma later. 
Now we prove that CH-algebra (£/,П) obeying to the conditions of Lemma is the 

universal enveloping algebra for (£, M). 
Let (.4,5) be associative CH-algebra and if CH-morphism of (Q, M) in ([A],5). Be­

cause U is universal enveloping algebra of Q (in usual sense) then there exists unique en­
veloping homomorphism p of [U] in [A] [pi — f). We have to prove that p и CH-morphism 
of (W,n) in (A,S) : 

рП = Sp. (3.8) 

( The uniqueness of the (U, П) is provided by the fact that if (W, П) is another univer­
sal enveloping algebra of the CH-Lie_algebra (Q,M) then considering the CH-morphisma 
p:[U,flj -> (i/,II) and p:li, П) -* (£/,П) which envelop correspondingly the embedding! 
i: (ff, M) - ((У], П) and I: ( f f ,Я) -»((M]. П) we see that pp = id, pp = id.) 

We prove (3.8) by induction. We consider the linear subspaces U„ in U: Wo = 1, Mi = 
'5 . W„ (n > 2) contain! all the elements which can be represented as linear combinations 
of the products of less than n + 1 elements of Ug. 

Inductive suggestion.—For n < к (n > 1) 

VaS&n.IIa = ^iMx, b„ where b, e W„_i,x, € 0 (3.8a) 

and 

Va £ И„, р(Па) = Sp[a). (3.86) 

Here and in the following we use that in a universal enveloping algebra ix-iy—iyix = i[z, y). 
For it = 1 (3.8a,3.8b) are evident: По = П и = iMx by (3.7) and pCHa) = />П(»х) = 
p(iMx) = <p(Mx) = S<p{x) = Sp[cx) = Sp(a) . 

For proving (3.8a) in the case к —> к + 1 we note using (1.2) that iiUt+i Э a = a' -ix 
(where a' € Wt) then По = П(о' • ix) = П(а' • П и ) = П(а' • i M i ) = U[tMx • a' + a") = 
iMx • Па' + Па" (where a" € И*). (3.8a) is proved. 

Using (3.8a) we prove (3.8b) for A- -» к + 1. Again using (1.2) we have that if M*+i Э 
o = ( i • 6 then рПа = рП(л • 6) = рЩи • П6) = (by 3.8a) = 'ЁрЩч-iMyi -ct) = (where 
c, £Uk-l) = £,pII(i[x<\fVi]ci) + ,E,pmiMyiiiCi)=,E,pn(t[x,MVi]-Ci) + 'E,pMvi-
рЩчс,) — (by inductive suggestion (3.8b)) = Y^Sp(i{x,Myi}ci)-\-^Spiyi-Sp(i.xci) = 
£Sp(«[x,Afih] • cO + Y.Sp(iMyi • x • c.) = 5p((j; • 6) = Sp[a). 

The Theorem 2 is proved. 
Now we prove the Lemma. 
Let Q be Lie algebra and the linear operator M provides it by CH-algebra structure 

(3.1).-
Let {Ьа,е,} (а € /o,i £ / i ) be basis in 5 such that {(>„} is basis in subalgebra 

tf = I m M (3.2) (ei # Q). We assume that / = (/<>, h) is well-ordered and the elements of 
/o precede those of Л. The monomials {bai. о.-е;, .•„,} where в] i . . . i a«,i'i i . . . i «и 
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arid bai .„„ = ibai • . . . • iba„, ei,...j„ = ( i , , - . . . - ieIm is the basis (Birchof de Witt, basis ) 
ofM. 

We consider the ti tration on W: 

M ( o | C « „ , C . . . C W , „ , C . . . (3.9) 

where W(*) is the linear combination of the basis elements {6Q, pi.rtn - r,, ...InJ} for m < k. 
(i/(o) is the universal enveloping algebra of Q dunned by (3.2).) 
We note using (3.1) that Lie algebra Q is the sum (as the linear space) of two subal-

gebras: 

G = G®0~, (G = •• 1шЛ/. G = кегЛ/, C n f ) = 0) . (3.10) 

If {e,} is a basis in the Lie subalgebra Q: 

Mr., = 0 (3.11) 

then it is easy to see that the linear operator П: 

П(Ь„,...„„• <!(,...,„,) = 0, ifm > l , n | = i d , (П:М-.М(о)) (3.12) 

is satisfied to the conditions of Lemma. 
(In the case if the condition (3.11) does not hold one can show (by induction) that 

operator П can be defined as П = Ф°° where Ф(Ь0|...оп -e,,...,,,,) = fcoi...<in 'в*,...!„,_, -iM e j m , 

ф| = id, ( * : « ( „+ ) ) - •« ( „ ) if" > l . i f a e W w then VJV > к <tN+,a = Ф^а 6 M(0).) 

The proof is finished. 
N o t e Our aime was to give a pure algebraic proof of the formula (3.6). However 

we want to note that using the above algebraic statements (Proposition 2, Theorem 2) 
and the formulae (3.10-3.12) one can give another proof of (3.6) which is based on the 
following fact yielded from CH-formula (1.1): t ' is decomposed into the product e re* 
where i € ImJW, x 6 кегЛ/. 

4 .Appl icat ion 
The statement of the Theorem 1 can be used for investigation the problem of the con­
nectivity of the Feynman graphs corresponding to the Green functions in Quantum Fields 
Theory. 

In Quantum Field Theory it is well known the Theorem about the connectivity of the 
Feynman graphs corresponding to the logarithm of partition function (PFLC Theorem)— 
generating functional of the Green functions. (See for details for example [4].) 

The Green functions of the quantum theory are the vacuum expectation values of the 
time ordered products of field operators: 

G ( i 1 , . . . , x „ ) = < T ( « ( J - ! ) - - - * ( x „ ) ) > , (4.1) 
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where the classical theory is defined by the classical action S(tfi) —the functional on the 
classical fields ф(х) corresponding to the fields operators ф(х). 

The Green functions can be collected together in the generating functional Z(J) (par­
tition function) — a formal power series on the ''classical sources" J(x): 

°° 1 t 
Z(J)= £ f7i G(i, x.K)J{x,)...J(xN)dxl...dxN. (4.2) 

N=0 J 

In the case where S(^) is the action of free theory 

S«i) = S(4)„„ = / (^о(х)К{д)ф(х)\ di (4.3) 

where A'(d) is some invertiblc diflcmiliiil operiitur (for example A' = d7) the functional 
Z(3) can be ensily calculated: 

' ZIJ),,,.. = - • ' " • l - i " - ' 1 " » " ' " " ' . (4.4) 

where Л(х — у) is two-point Green fimrtiou «if ihr free theory which is obtained by inverting 
operator K{d) 

In the case of full interacted theory where 

S(o) = S[o)u., -f 5(o)i l l t 

the functional Z( J) is given by the following formal expression 

Z(J) = es>Mi&Ztm. = t
4"«i&*tf JlriM'-*)JitiM'. (4.5) 

It is well known Gelt-Мали and Low fonmila which leads to the perturbative expansion of 
the Greens functions in terms of Feynnum graphs [4]. To every monom in a power series 
expansion of (4.5) by J correspond Feyuuian graphs connected or disconnected. 

P F L C - T h e o r e m . In the functional lug Z(./) give contribution only connected Feyn-
man graphs. 

(The analogous statement is in Statistical Physics where to XogZ correspond the 
free energy of the system and in the Probability Theory where to logZ{J) correspond 
semymvariant [5]). 

The standard proofs of this Theorem are based on the recursive procedure of the 
Feynman graphs investigation. 

We discuss PFLC-Theorem using the Т1ич>гсш 1. 
We rewrite (4.5) symbolically 

Z = r ' V \ (4.6) 
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To consider T and Л' on an equal footing we rewrite (4.6): 

Z - П г ' Л (4.7) 

where UA = A\ and A' is the operator of the multiplication on A' (compare with Example 
2 of the Section 1). 

To every element a of the associative CH-aJ^ebra f A\\{T% А'),П) generated by Г, К 
and projection operator П correspond Feyшшы (*.-apl*s connected or disconnected. (For 
example to the element с = ПаОД correspond disconnected Feynman graphs if Па and П6 
are not trivial elements of the A\\(T, A').) From tlie Theorem 1 it follows that the PFLC-
Theorem is reduced to the algebraic statement: to the elements of the Lie СН-algebra 
(0п(7\ А'),П) correspond the connected Feynman graphs. This statement is right as far 
as to T and A" correspond connected Feytnnaii graphs (which takes place for field theory 
standard lagrangians). One can show it noting that to the commutator operation in the 
{Gll{T, K) corresponds the gluing of the corresponding Feynman subgraphs. 

5. Discussions 
To find algebraic reformulation of the PFLC-Theorem we considered associative al­

gebras provided with additional operation by means of linear operator П which obeys to 
the conditions (1.2) and the Lie algebras corresponding to them (CH-algebras). We show 
that these algebras have the properties similar to usual ones (Theorem 2). In particular 
one can formulate Campbell-Haubdorff like statement (Theorem 1). 

It is interesting to study noutrivial examples of CH algebras. Following to V.M. 
Buchstaber we consider 

E x a m p l e 3 [6]. Let A be associative algebra whith unity which is the left Я-module 
[B is subalgebra in A) and A admits the expansion A — В + Yik>i ^ a* m a w a v t n a ' 
"*fli — Ho>i tfttaq where b4

kl € B. Then it is easy to see that П: A —* В: а = £fc>o ^kOk ~* 
b\i («o - 1) provides A with CH-structurc. (Compare with 3.9 3.12.) 

One can show that every associative CH-algebra (.4,П) can be represented in this 
way using that С = кегП is the subalgebra which is as well as Д the Left module over tlie 
subalgcbra В = I m l l (as it follows from (1.2)). 

The interesting example of this construction is 
E x a m p l e 4 [6]. Let Л' be the Hopf algebra with comultiplicatiun b and augmentation 

e: X —* k. (Compare with R e m a r k after L e m m a ) Let an algebra M be left -Y -module 
such that 4x € X and Vu, P € M x{uv) - Y,, SUU) ' -rf < •') if bx -= £ , xj ® x j . (Milnor 
module.) The algebra A = MX of the linear combination;; (.4 Э « = £и*;г*, u* € 
M.xic € X) is so called Novicov's O - d o u b l e [3j. (The muUiplication is defined by (их) • 
(i't/) = и 53, x\{v)x"\y where bx ~ £) ( x\ :- .v~.\ If {t ,> \ is basis in X such that ££0 = 1 and 
~en = 0 for о ф 0 then the linear operator П defined on О-double MX by the condition 
П ( £ 0 uafa) — Uocu provides MX with natural CH structure. 

The CH-algebra IMX.U) is on OIK- hand the nahual generalization of the algebra 
described in Example 2 where X is the algebra of differentiations with constant coefficients 
and M is the algebra of the functions. On other hand this algebra arises in the different 
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applications. The model example for 0 double is the algebra Au = Л A" of cohomological 
operations in complex cobordism theory [7] where Л* is so called "Landweber-Novikov" 
algebra [7,8], Л is the V cobordism ring "for the point". The algebra Au is related to the 
differential operators on some infinite dimensional Lie group.—It was shown in [9] that 
if Diff [ft) is the group of the diffcomorphisms of the real line R and G its subgroup: 
G = {Diff Э / : / (0) = (J, / ' = 0} then -V is isomorphic to the universal enveloping algebra 
U{Q{G)) of the- Lie algebra Q of the group G. Л it* the ring of polinoms on this group. We 
see that A1 returns us again to the exmuple 2. 

It is interesting to study in iletiiils these and other examples of CH- algebras. 
Or. other hand it is interesting lo study how much the statements of the Theorems 1 

and 2 depend on the conditions (1.2) on the linear operator П. 
The considerations of the 4-th sect ion lend us in fact to redefinition of the connectivity 

conditions as the conditions of belonging lo specially constructed Lie algebra. It can be 
interesting to aj.alyze in details the relations between tins definition and usual ones. 
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