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. Fischer .used the simplest generalization of.the Schrodinfer (Klein ~ Gor- · 
. : 'don-:-:- Fock) equation describing the scalar field of a particle with the massµ ' 

,, ' I; ·, ... ··(•, \. •. ! • 2 2) >· . i, , ' • . . . 
. ; · ·; v~va\. µ_~. U= -4:ir:F 0) 

:.. . . . ·,: -h; .. '•· .. i', 

in the case whenµ = Oi • . 
. .. The. c~~respo~tling . ~aterfal 

·· \, . 8n K ·· ·v . .· · . · 
tensor , for .-. the Einstein ' equations 

· G := -:--:--'4 T . has the form . 
•µ; I C ' µ ' 

\,.'• 
TV ~·1- .. ··(v,uvvu:_.fovv uf:au .. )·.,' '.,, 

µ · 4n µ ·2· µ a , .·. 
< J ' ,' /, •'• •" 1_,' I.•- : ,, e ' : , : '_,.•' ', 

. (Formulae from (1), to (24) are the same ~sin the Fischer paper).>,.· 
'1 1 '. , , ' •.· ,·•., "·. ' I:,_·. ' , -· 

·. .·: The static spherically symmetric metric was used:_ .. ,• • . · 
1 

,_I'• ,•r I ' ' ' 

, , 
ds2 ;,i (r)(cdt/ ~ ,l-(~)dr2 :_ ?drf,, 

' ' • I :··.·,, "" ', • ' -

: ·,·dn2;;, d02 + sin20d;2 • . ·• 

Outside the source.of fieldsth~ Einstein equations give 
' \' . ' ' ,,_ ' ' '· .·•:,< ' ... !: i' :: , -: . : , ; ' ' ,. 1·, 

· A' . ·. 1 (' l A) o, • ... k(. U')2 -;:,-; ~ri_. - ~- .== .~- c4. , 

/ , • ·/ ,., ', ' > •· .' • • 

V, . J • ' A. . ·K ·· 2 .' ' -:: + 2 (l ~ e). =, - (U') ., · 
r · r. , · · · · c4 · ; .. · 

v 1 ·1 -(v.1 -''A 1· ···v•1 ·•·· : . . .,. -'··K ,·2·-
._ + · · + -'-·(v' - l') = - . ..,.... (U) , . ' ' . . . 4· .. 2 ' 2r ,' . 4 . .. C ' · 

' ,I ·1.' 

U" + ·.(1·+ v'."-:l'.) u;'~ 0,, ·.·. · 
. _r:; . ' 2,. '. . .. ; . . 

. ,I 

·(3) 

<7a> · 

(7b), 

(7c) · 

(10) . 

, . th~ prire·~eriot~s fr· The last·equation for the ~calarfield pot~ntial h~~ _the . 
solutioti ' . . . ' ' .· . . . .· . . 

, " ,,. "'• 

;·\,.,1,- ~ -; ..• ' ~· ,,; 
.!' ~~nr,~~~t~n .~1(·~ n 

· ~·.· ... ~. tJf!iWL' ttcc,t10:1at .. ~. I{ 
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G (,t-:- v)', 
U' = - 2t?XP -_-- ' 

r , -,,2 , 
(l I)\' 

7 

,' which , tends Jo zero at spatial infinity. If one .uses a 

Z = r ex,p v;; ~, orieob;ains fromequati~ns (7,11) 

/ 

.v.+l 

(Z2
)' -=:=•2r eV, Z' -. e~/ 

V ZZ' 
e =-

- 'r.' 
l rZ', 

e =Z' 
G 

U'= - rZ' 

- and the ,main equatio!l, fo,r metric 'functions 

or 

- . 2 

Z2z·,, - ,cG Z' 
r - 4 . ' 

, C 

,,-(rZ,''.-'~)'_+'(~)·.~·o,. 
. - - ~ ' 

·( 

2 - , ,cG2 . .a·= --
·c4. 

' '• \ 

convenient variable 

'03,13a), 

(15): 

(16) 

(18) 

Upon integration, ~nder the_. condition of, -correspoQdence with<• the 
·. Schwarzschild solution, i.e. 

,. 
equation (18) gives 

·z ·- 2km +· .-·• -when -➔ 1-~- ... 
·. · r '· c2r 

r ➔ oo, 

· I .. _. 2. 2Km ' 2 ' 
· -rZZ ,:::: Z .+-2-z,- a, 

C ' .\ 

_,, 

I 

(19) 

'" .-.-
and upon the second integration -

IZ - Z I i-'Ptz + Z ·1l+p,= r2 
0 . _. ----. . ,1 _. : ' 

(20) 

1 . I 2 2 · - 2 . , - - · - - Km 
Zo I ~ ~ (v IC m. + KG_ +Km),' p =.' .. • c ,_ · .,. ·- .,.,/22+G2 .. _ • . I · .. - __ ,__ __IC m•. IC 

(21) 

, : · 1·, ., I , • 

On omitting symb<?ls of absolute values -(20) rriay be rewritt,en 

: .(z_ -_2_- + 2Km_Z ._ '.~2) (z + Zil~ = r __ ~. : , --2 -z·z· -', ,,,.,_,, .- ·-', C - , . ,-. 0 ' l 
\~ ~ -, • • ., •• • > • -

' : '. ' ·, .. , ..... / .. ,:.,;,2'. ' ' . ,, 

(22f 

·l 

T 

'I.! 
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·, · 4i' I 
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: 

I, 

) : 
) ·' • ; • ' ' •• ' _. '; ' • "· ,. > ' • .. : • ' 

Whcri,ca2 » ,c
2
m2

, Fischer used an approximate ·equationforZin the form of a: 
:hyperbol~\ : ( · , , · , 

-. -2 am - ··• · 2 •, 2· 
Z + -- Z - a = r ; (24) ' 2 ' ' 

C ., . .. '• 

Z means Z approximated. 
\' . . ' . . : ' . ', 

Here some equations [2] follow which are absent in the Fischer paper: 
, I . \ ·,· ·, / .· , ' ' , , I 

Z , ' · 2,cm , ,c(;2 2 ~',n,cG2 , , , . , - = I -:: ,,-2- + ~ f 
3 

. 6 3 : . + ... ; z ➔ co, , , : (25) 
r Jc r_ , 2c r :c r, , 

.(· ,' 2) : ~; · j_ _-·1 +· - , '·(. 2) ~~; :l_ ·-' , . .I!.£_;_ ._ -. - 1 - · p •pc _ I - .. ---· ' z_-Zo=· 2 .,.r .P·--1--.. ~ , r .P+ ... , r-:+0, 
. , . . • Km · . . ;· •," .' - p. £11.m . - • - , 

-'.' : ' ) ,·,. 

, _ ·( / ;)-2(, . 2 ·2 · -G2) .. ' _ .,-:l~._ 1 -rv.· l_. Km.+,c , .. ,,., 
. e , . , , t ,2 .. • ~-,, c4f2ev , : ,, 

I 

(26) 

·(27) 

a~d'13f -; ·, !1 
~ \ ' 

, - - .' V . .. • . .- _:. ', ,: • , 2 , 
Z , __ 2,cm; vvi+<f+_2Km -2(~-I) :n-;--:-r_+-· ', 

1
:_

0
'. ;.~,cG (

28
'):,, 

•r V - -_-2-, e ,, · :- . .-
2
-, e . , , · V 1.-r- o, - - , u = ~/ 

c, c.r· Km, 

.- . Res~lts may be. picttired in Fig: I. . ._ · ··. ~. , . , .__ . 
' - : ... No~ we turn to harrftonic coordinates using the meth,o_d by Fack [ 4], wh.o . _ 

,has investigated theSchwarzschHd prnbkm. From coordii:iates ct, r, 0, cp we are _I. 

going· trn. coordinates ct, R(r), 0,. cp, :which cclr~esporid to ·the rectangular 
liarmonic·ones.' Let us write . . . -. , . . 

Z(r) 
-' -

•\, 

/ 

) 
rzschitd: , .. 

,I f 

•·,.., 

• 1_1~e'-··-~-- ,_•· '-.. ·-._ ·: 

,' .. _,-·,·. :-._ ·. -- -~•~ 
. _'. ' ._' .. _-· .-- '--) ' ' '' ': -,_' □ l~i---
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ds2 = e*)(cdt)2 .::. i(r)d,;2:~ r2d02 = 
" . ,..., 

'' ' . . . 2 - . 

··= 1V
2
,(~)(cdt)2- F

2
(r)(1r) dr

2
-: r

2dQ2
,= 

.'. r i . 

,:, ~ V}(r(R))(cdt)2 ~ F 2(r(R))dR 2
·-: 

1

r2(R)dQ2. .(29) 

Then the harmionic condition.is [5 J :\ -
., 

.j 

! 

which, . using -r- as 

- ,, - V +A' 
Z ' == exp-. 2-, gives .r - . . 

. _1 JL :(vr2(R)). , _ . · .. 
FV dR · F ~·2R =: 0/" (30),' 

an. argum~rit and 

' ',\ . ··, -1 
' · . .· : 

1 V· (dR)' , V--;11., r · _ 
Z= r,exp-2-_ = p dr ' 

-· 
.!L: (r.-.z- dR) 
dr dr 

== 2RZ' 
- ' 

I 

(31~ . 

· or 

(rZ2R/)/'= (r2R) ; . ZZ' . r : r •,' ; (32) 

Firstly we c6nsider the case of~~ very large s~al~r c~nstani~G2 >,>,c2m2 and th~ 
Fischer hyperbola (24)approxirnation; for which'',. , . . 

\ • •. '. ; . ;,_ --1,' • ' ' ; 

Z == V K2m2 {a2 + ~2 
- Km, (c =·1): .(33) 

A~ a2 » K2m2, it is pos~ible to ~se ·a slightly cr~der appro~imation and ~ake -r. 
, . , \ ·, '-·. . ' 

Z = v a2 + r2
. (34) 

For it ZZ' / r ; 1, and after integration of (32) '~e ha:,re the. eq~ation 
I . I. -, 

' 

rZ2R' = r2R + C
2

, > -
'/ 

the general solution ofv.:hich is 
I - . - -

R .. ". = .. V a 2+ r2 [c2[-' ' 1: ·-'.-. _-_· .. .::L ,',' v_ a
2
'+ ;-2 +' a 

, , . 2 
2 

. , . 2 . In 
.. , . - - a .· v + 2 - a , _,, 2 2 

-· . · . -- '· - a_ -- r. -/ v a + r - a 
, . . ./•' ( - ' i ·• ' . '. 

)+ci]- (35) 
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/ 

Z( r l / 
l, - , 

. -~ a2+.r2' "/ , j/'<;d / 
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·, The condition of'correspondenc~ ~ith the Newton·theory Hm· R/r ::d.1, r·➔,:oo, 
give~ Ci = . i. ; In, an~logy witli the case· of the s~hwarzchild problem' [ 6 ], -the 

constantC2 remains arbitrary. It maybe defined when a general (internal and. : 
• ' ' \ • I 

external) problem is treated. . 
{' .. ,, . -'· .. :_. ·. ,., ,. / : . . ' . . ., 

· / If we take the simplest assumpt(on C2 = 0, like that by Lanczos and _Fock, 
we obtain .\ , , •.. . . . ~: . ._, .- . ·-·.· . - - \ 

'-- ,,, ' , J' 2 ' ; KG , 2 . 
R = ~ + r . .- ,-

1 
<36> 

. >\:·' ' ' .. -, ; : , ' , c.~: , / :, '' ,', . ', L , ' ' ,' ' , • 

,It se'ems more interesting physic~lly ·to be the case of a very sniaU scalar 
< .. -· ' • ,,'2 - I • . -· ' \ - - ' • . '-_ . 

. constant KG2 «x2m . Now we may use the Fischer solution asymptotic~ (25) · 

-_·. and the [.anczos .::_ Fode coordinate R for the Schwaizs~hild problem, namely, 

_: R.sch. =, r-: K~ as' th'e ~<zero» approximatio~. Then t~eh1rmo~i~ condition 

(31) gives · 
.' 

C " - , 
t 

·: 2 ' '2 _ ' 
sc _ _ Km KG .. ~ KmKG, . · ➔ 

R - r - - 2 + 4 + 6 . 6 2 +✓ ••• , r - oo. 
c 2c r c.r 

(37) -,, 
·' 

(A consideration fike that may be applied to a more general case, when 
c;ch .t: O,arid we have [6] · - -

' . !'l • 
., , · · ' . 2 2 

sch. Km sch K m R =r- 2 +C21 ~+, ... , r ➔ oo). 
C ' · \ Cr ' 

' 

. 5,,: 
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• 
· ' · Now;. using(37): (15) and (25), we fitid expre~siohs for. metric functions 
, (29): :• . ' • . • . ' , . . . . ' .· , ' ' , " ... · ' · . .'. . I l ' . · 

f 

; 

' . . : . ' 2. . . 
. · · ,cm · .. ,cG . , · . , 
r(R) =: R ;+- 2 -:- .-4-.. + ... ; / (38) . 

c r ·2cR I .. 

_ dr T :.:.. . .!!!:_ , _ .!!!:_ , :2.. ,cG · . • _ 
FV- dR_ e -.dR Z -dR· 1 _·· 4 2 + .. _; -

· . v+l. ·. , (· .. · 2 . ') 

· 1 · , ··2c r · 

: ( f . ' ,cG2 ' . 
1

• <i· 1·( ·, : ~d/ · .· ·i •. . . ..( i)': 
1 

• 

= .1 + ---.rz +_ .. _. 1 -:-·---.rz +_ .. '. = ~ +o 3 , <39> 
, ;, . 2c R ·· . · · 2c R · · · ·· · · . R · ·. 

i ,•: ,- • ,' • '.,',' I '.'';' ·, ';•·'' ·:,, ·';, ,•, 

· . A.-; · . . ·. . · ; · • "2 2 .. 
F ....:. dr 2 :_ dr L ._:_, · 21Cm : 2,c' m ·, 
V~dRe · -dRz·7 l.+-_-2-+-.r-T+ .... 

· c R c R 
(40) 
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