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1 Introduction 

It is well known that symmetries play a key role in modern physics and have a direct 
relation to universality hypothesis. The power of universality ideas comes from the fact 
that they relate the critical properties of a gauge theory in (d+ 1) space-time dimensions 
to those of a classical scalar field theory (or spin system) in d spatial dimensions and 
allow predictions of critical indices in theories with continuous phase transitions. 

The lattice gauge theory with one-parameter representation of the action was in­
troduced by Wilson [1]: 

S = -f'L, ~eUp , (1) 
p 

where UP denotes the usual plaquette variable, the product of link gauge fields Ux,µ. 
around a plaquette. The critical behavior of this model depends on the dimensionality 
and the gauge group and includes both first- and second-order phase transitions. 

The enlarged lattice gauge actions involving new double plaquette interaction terms 
were proposed and studied in 3d and 4d by Edgar [2], Bhanot et al [3]. The 2d version 
of one of these lattice gauge models with Z(2) gauge symmetry formulated on the 
planar rectangular windows was investigated by Turban [4]. This model with pure 
gauge action has been reduced to the usual spin-½ Ising model on the square lattice 
and the point of a second-order phase transition was found. 

In our paper we constructed the Z(3) gauge m9del on the flat triangular and square 
lattices with double plaquette (window) representation of the action. The choice of 
this mixed action allowed us to connect it with the Hamiltonian of the spin-1 BEG 
model [5] and receive the line of the second-order phase transition. 

2 The BEG model 

The BEG model plays an important role in the development of the theory of multicrit­
ical points. Its Hamiltonian is 

- f3H = L [1 sisj + 1< s;s}] - ~L s;, (2) 
<i,j> 

where S; = 0, ±1 is the spin variable at the site i and < i, j > designate the nearest­
neighbor"pairs of the lattice sites. This model exhibits a rich critical behavior including 
the first- as well as second-order phase transitions and reflects interesting phenomena 
connected with real physical systems such as the phase separation in 3 He - 4He mix­
ture, multicomponent fluids, microemulsions and so on. Its phase diagrams have been 
investigated by means of mean-field [6], renormalization group [7] and other approx-
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imations. The exact results have been obtained on the honeycomb [8, 9] and on the 
Bethe [10, ll] lattices. 

As to the exact result on the honeycomb lattice, it is limited to the certain subspace 
of the exchange-interaction constants 

eK cosh J = l. (3) 

This condition permits one to map the BEG model to the usual spin-½ Ising model 
and get the .X-line of the second-order phase transition. 

In our previous paper [ll] we solved the BEG model with condition (3) on the 
Bethe lattice and found the tricritical point of the second-order phase transition for 
the lattices with coordination number greater than 6. 

Now it is interesting to apply the results obtained for the BEG model to the gauge 
theory, because of the deep interrelation between spin and gauge lattice models. 

3 The Z(3) gauge model 

The model is considered on the flat triangular and square lattices in terms of the bond 
variables Ub which take their values in the Z(3) , the group of the third roots of unity. 
Let Up, = n bE8p ub denote the product of Ub's around an elementary plaquette i. 

The action of the model is 

Saauge (/J2g, /J~g, /Jg) = Sp p + Sp , (4) 

where 

Sp P = - L { /J2g ( bu,, ,1 bu,, ,1 + bu,, ,,bu,,,, ) + (]~9 (bu,, , 1 bu,,,, + bu,, ,,bu,,, 1) } , 

<P,P;> 

Sp= (Jg L (bu,,,1 + bu,,,,) . 
p, 

The first summation is over all nearest-neighbor plaquettes ·and the second one is over 
all plaquettes of the lattice, z = exp(i¥'-) E Z(3). 

After introduction of spin variables S; in the sites of the dual lattice such that 

the action ( 4) becomes 

S; = bu,, ,1 - bu,, ,z , 

S; = bu,, ,1 + bu,, ,z , 

s (fJ fJ' fJ ) _ ~ { /J2g - fJ~g s s /J2g + fJ~g s2 2} ~ 2 
Spin 2g, 2g> g - - D 2 i j + 2 i sj + (Jg L., S, 

<i1> i 

(5) 

(6) 

in which we recognize the Hamiltonian multiplied by 1/ kBT of the BEG model (2), 
where J = ½(fJ29 - fJ;g), I< = ½(/J29 + fJ;g) and ~ = (39 . 

Tlw corresponding parti t ion fu nction of the> modc> I (4) on the triangu lar lattice is 

z~::~q:gular ( J2g, (J~g, (ig) = L exp [- SGauge (/J2g, a;g > Jg) l 
{l;J 

(7) 

where> the s11m is taken over a ll possible configurations of the gauge variables {C} . 
T his partition function can be rewri t tc>n in te rms of the spin variables S; defin ed in the 
sites of t he dual lattice (honeycomb): 

zTriangular _ 3N/2 z ll oneycomb 
..1Gauge - Sptn , (8) 

when• 

Z fl oneycomb _ ~ [ c, ] 
./Spin - ~ exp -,JSpm · 

{5} 

A fac tor 3N/
2 has been incl uded in t he eq uat ion (8) to take into account t he difference 

bc>tween t he numbc>r o f gauge {U} and spin {S} configuration s, sin ce for each spin 
config urat ion wit h N sites we have> 3N/2 ident ical gauge ones. 

T he condition (3) in terms of t he gauge couplin g const ants ta k<'s t he fo llow in g for m 

c>xp(/J29 ) + ex p(/J~9) = 2. (9) 

T herefore, we can a pply t he exact solu t ion obtained by !Ioriguchi and W11 [8, 9] to our 
gauge model a.nd o btain the line of t he second-order ph ase t ra11 sit.ion 

ex p(/J9 )=2[v'3exp(/329)-(v'3+1)]. ( 10) 

In t he same way as fo r lri ang11 la r lil t t. icc we can red uce t II(' part it ion funcl ion ,>f 
our model defi ned 011 the sq uare lattice to t he part. it ion fun ct ion oft he BEG model 0 11 
t he d 11 ,1l latt ice : 

zSquare(/J f•' I< ) _ 3N zS,1uarr ( j ,j' j ) ) 
'-'Gauge 2g, /J2g, /Jg - ..JSpm J. 2_q ,,. "2_q ' f !.I • ( 11 

wh<'re t he fart.or 3N t.akPs again in to acco1111 t t he d iff<·re n<T bet W f'C'II t II(' 1111111 lwr of spin 
and ga.ug<' configurations. 

!•ci r t he BEC model for mul a.ted on tlw square lat.t in· wi t h rnndi t ion (9) <1 11 a p­
proxi ma te result. has been obtained by Tang [ 12] usin g a frec- fe r111i o11 approxin iii l ion 
tec hnique [13]. Apply in g t his soluti on to our model we get th e cri ti cal line· of l hC' 
second-order ph ase t ransition 

exp(/J9 ) = 2( v'2 + I ) [exp(/:12q) - ./2] . ( 12) 

Th C' cri t ical li1ws ( I 0) and ( I 2) of t hC' sC'co11d -order ph ase' t r <1 11 sit ion se•para t ,, I hC' 
(f-'2,,1 , /J.,i) pl ane in to two rc-)gions as is show n in t. he fi gure. \1\/c ha.vC' the ph ase· t ra 11 si­
t. io11 from t he ordered (Z(2) broken) phase whi ch corresponds to ro1di11e•11 J<•11t Io t II<' 
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disordered one, since. confinement in the gauge theory corresponds to ordering in the 
spin system. These transitions belong to the Ising type and hen ce they have the same 
critical exponents. 

+oo r-------------------------------::;;;;,,,:, 

disordered 

I\ 0 
ordered 

2111 

-oo'-..LL---------------------,-------------~ 
0 

J3 2g 

The plane of the coupling constants (/39 , {329 ) is separated by the lines of the second­
order phase transition into two regions (ordered and disordered). The line 1 (2) corre­
sponds to the triangular (square) lattice. 

4 Conclusion 

We constructed the Z(3) gauge latti ce model with double plaquette (window) repre­
sentation of the action and showed that this model is dual to the spin-1 BEG one. 
Using the exact solution of the BEG model on the honeycomb lattice and the solution 
obtained by the free-fermion approximation technique on the square lattice, we found 
the lines of the second-order phase transition. 
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The constructed action gives possibility to transform the Z(3) gauge theory de­
fined on the generalized Bethe lattice of plaquettes [14, 15] to the BEG model on the 
usual Bethe lattice for which the exact solution was obtained (10] and receive exact . 
expressions for the multicritical points and construct phase diagrams. 
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