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, .' , .. ;. _1.Irtrodrctio~ .. · . ; ,'·. .. . . . . . . 
Usually,,rnvest1gatrng.the ,topological effects in quantum m~cnanics, 

' , - . ' '. . . ' '\ 1 

orie studies,the scattering:of c~arged particles on,the space regions 

. ~here electromagnetic. strengths, not potentials,, are equaLto zero. 
4 . ' . , . . : , 

\ . ' '• ' ' " . ' : . \ ' \ 

.· There are 'known the ·magnetic Aharonov-Bohm (AB) effect 'when the par-
- .. / i, . l -,' ·;, .. i , ,I , - · .. ··, , .. - - . • ' ,. ' . .' -" I • , 

, :.Jticles are·.scattered on a static ·magnetic vector potential (VP)/. 1 /., 
, ,, : ' ' - .. ' ' .. ' ' ,· ' ' ' .'' ' .·' ' .· '. ', '. ' . ' ' '\'' ' ' 

'and the electric AB .• effect when the phase of particle wave function . . ,, . . ·:,. . ;Ts . \ . 

is changed: by the electric scaia~ potential '/ 2 /. '\ 
. ' , ,, ' ' ' ' ' ' ' ' '' ,', ' ' ' .. -
Here we propose 'to change ,the aforementioned phase by the · . 
. · .. y : ' ' . , ,: ·., ' '.' ' ' . '. ', ' ' '' ',' 
time.c.dependent magnetic.VP~ The pl~n of.our.exposition is 

'as follp~s. In§ 2 we study the -pr~perties of 'the ~agnetie fields 
, - ' • ,'• - .: t .'. '·· ' . '; ' : ' • ' ' -

' · originatig , from· .. · different·; cho_ice.s 'of. magriet~zat_ions. · The. 

physical meaning of the scalar 'functions e~t~r:ing into tll~ }1eumann- .,· 

. 1 . Hel~hol tz . parametrization'; of, the·, cur;~nt density,. i~ cla~ified in § i • 
- '. <• • / ' : , - I \ • ~J ·, ,, _: • , • - : ". • • . .• . • 

It turns out that the"selectivity of the.interaction:to'the time 
'· . ' ' ' ,,•· . ' 

depe~denceof an.external.electromagnetic field arises for.a 
'! / .. -' -, • , .. , ' ' . . '. •. ,. . ' 

specific choice of th~se functions. This .can be ~sed for _the 

. storage and ciphering of information. The time..:.dependent AB < ·· .··.·. · 
1 8'ffect :i.s studied, inj· /·F~r thi~1we construct the.ch~rg~"'."~ticle .· 

• \ ·,_, • \ • • • ,. • • •, •, Tl • ~ • / \ • ·, , ~• 

·, configuration having the· property' .that the magnetic field strength , 
I, C '·. ' ' .; ' ,·/ ' ' f.·· '' ,' ' ',' ·.'. . '• ' '' ,, ,, ) ' 
' differs from: zero in the space region: inaccessible for• the incoming'•~/. 

_, :·' •:: - ' : . . . ' ' . '' ' . ' , . ,•' . ' / ' ' ·, . ' -, . 

· charge~· partic~es while . the 1time~dependent, magnetic VP differs from_ 

zero everywhere •. The' statlc electtic field' differs from~zero >in thl 

finite space' region adj~ining 'the ~barge-current configuration. ' 
' ~ j ' 

Al.though charged particles may ~catter-,on, this electric-field, the 
;'1 I ' i·', I : • ' - •• - • ·, . • ' ' . '·' ~ - ' -_.,.,,. 

.... latter: contributes only, to the static. 
0

background. -It is the. time 
"'·:: : ',' '' _' -, : )· <. _i_ • . ' ' , ' ' ,, -• • -.:·' ~- ·; ,, -.. . _;_, ', •• 

variation of the magnetic' ,VP ·that changes. the phase of _the wave .. 
·, 

· function· and the observed interference, picfure~ 



, • , I / 

a new channel·for the information transfer~ As far as we.know, this· 
- , 

is the.first example.of the time-dependent:Afl effect. In the.physical -
. , f , ~ , · l ' 

literature (see,e.g.,-·; 3 /,') a quite·dfrferent_physical effec~ is. 
, , '. , , , - •· . . , ' .,. I " • '. - . • . 

known under the same title, when one studies the time evolution 
' , . ' , ' - -

of the wave packet in the field of the< .usual static, magnetic string. 

\'. ' 2.Magnetizatio~ and toroidization 

' C~nsider the circular current lying in.' the .Z=O 'plan~ (the upper p
0

art\ 

of fig.1): 
. .~-- _:,;, : ' ,, .- , , .. . ~; _;,, . ' . . ' . 

- . . J = Y),i -i ~\p~ol)~ CtJ= f-i;h; :.~ (~~JJ.- &'(G -[ ). 
', ., • ' • • '. , '" I • , (2.1) 

As1div J =:= 'o, the equivalent magnetization':; 4,5 / can,be used instead 
.of'J: ~-" f-f' 

~-1:: ;t,ot, M,J . .· . , _. .. · .. - . . . , \ _ . ··. . , , , , ', ,, ... · · , (2.2). 

;;M/ 'l ~i -:b
1
(g) :·Q(cl-J) ::-1Y1e } .8(&-i~· ~{G-fJ,\ _- · 

, • . ,, . , , .. : • · ... · · ;, '. •, < / 
1 

_ _ . ( 2. 3) 8 l')l). 1-s}~e step f!.mct'ion ~ _ · -

<This relati~rf. is a mathematical expressi01i°' of the Ampere hypo-'., 
• '·,.: ;_•_' , ',, 1'' •• ' ' ·,, •• • ,.: ·• 

thesis according to which .the ·.closed 'circular; current. is equivalent 
.· , J • , , · ... ·. ' . . . .·· - . ,., . , I" .. · . . , . ·. , . , .' 

to the magnetized sheet. The ·magnetic 'field can be calculated __ either,'., 
', . . ·. '._ .. ·. ;, . ·-.,. ,\ ._ /,' } ' ' . . ' . \· : . ',' { 

from-(2.1) or (2.3).Forexample,. the' magnetic vector potential'is, · 
: .' , ' ', , , ', : •,· , , '., -~· , ., , ' ' 

given' b~ :~ :.. _' l 1'i ~'. .i;,' Yt~:Stj'-J)S (l').<A\! 1 ~ 

.. ~ 

. , .•. C. :: > , , , . o\ "L -::: 't; { . r ' . ,: ' 

· 1- .\:i\1 _,:f1 
- / M. · \~ ')_ ;1: v·. · 1 

- - . . . --: -, '.> . ,I . ··. (A . 
. C : ' \ t;.:.. t(, l : . , '' ·,. 

., t, '•, . \.· • -· 

-: I 

( 2. 4) I 

.. for· an infi~i tely small d, · :the current·· J in . Eq. ( 2. 1) is not well . defined 
c: ,'' --i",•• .-. ,' : •'•·,• :>,,•_ •,• '• ,'t ,, .", 

0 

•' ', 

( tile vec~or n ~ 0

los_e~ it~ ;sense.·at. the, origin)~ On the ot_hE:r hand~ 

,tile magnetization M,in Eq.(2.3) is well'-defined. In the limitct4 0 
' :. . . ·1 ,_' '. " ' ·. ', ', ·:., ,' ' ' • • -:' ·- - . . •· • - . ' _·- .: . /~• ' .. ' -~' •· ·: 

Eqs.- (2.1)-(2.3) mean that the circular _current of,an infinitely 

·:I 
., ', 

,, 

l 

r 

' . -
' 

-, "i 
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.. , -, ,, ! '. l-/ 
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· Fig. 1 : T,wci rriag;et~zation~ ,-M t. . ~nd M 1-' corresponding .to th~. 

same current.J 
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• Fig. 2 ·: .The poloidal .current J flowing on ,c,the torus surface is 

equiv~lentto the,ma~eUzation~.which in.~urn·isequivalent 
';, • "••c < • ~ • ,.,:,/ ' .::.~ •, ' • ' -.., • • , • 

to the·toroidization T. 
, __._ 
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,\-..._ 
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✓-

sma·ll radius is equivalent 'to the magnetic dipole. More complex 
. - '• ·. , - - . ! · .•.• - ., __ , .. • • . :· '2.,, .. z.., 
· -c~se is the_ poloidal current flo~ing on the torus s~fac~ ~-Jy)-t-2~= R . 

(see fig~2) .-To parametrize ;J it is .convenient to introduce the 
. coordinates :jZ /\.( , ·_ - > - - . 

. - ·-· . ----· , __ , 'v --

: "L = ( <A* R C-0)1\lf)Cos~ 
1 

· :~::: ( J~ R eost)'.~ i ~ 1; · c = i<- -S V-- 1f "'_ 
- ' . _'. 

. ' ' - . 

In these coordinat.·es, r--1 If) ) 
1 

- -9 · ~ ~ ( R,-: K. . - Q 6 
1 

~ --·~ :: -0~ -·(i\ t- ~co~\\f Rx.- o1 . -· . <2~ s> ~. 
. Here -V\1( is-the unit vector tangential to 'tll~torus surface; ·; 

- ~ Y\ljf·:::- --V\?; tc~o/ - V)y~_ih'\f,- - ,·._ 

jt. lies in the t=~v--$f 'pla~e and defines !he' directio~ of J. The 

factor R'.l..,- -in the d~nominator, o/J is introdu~~d for convenience .and 

may be absorb~d:'into .J. · As_ div' .j :,,; 0,- the currerit .J ;may b~ expres;ed 
' .· _----~. _, ~ - . '/ "_ .. :, ··~·- "•- , ",. --~ ._,·" 

through-the magnetization: J = rot M • It turns· out that M is enclosed_ 

inside the tor-us~T- a~d has o~~ythe -B' .' corilponent: . . ' . -

.·. 'f\::--~~.--~~o_,:n_·~---·. \·N_ v.• .. 0., (R-:RY _ _ 
~. - ·· n_G\,. , _. J.+R<:.,o_s • .. -· :· .· .c2.6)" 

As div M _;,,, O, it can be-presented as M; rotT; where 
. -- -"t- ,--,-, : \ .. ;· ~ ' · T :: Y\ V ' \- . G O . R, ~-, -':. 

~' ·_· - / ., . ·-

. . . - - J - r\(),.,: 0 ~ 
Here ,~. -. , f •. 0\ -:- • • ,, _. r; . 

\. -~ .- ~ -o\:fJ·~~;-~'2--, 

inside the torus hole (_ K ~ _'.£ f }<- j ()~ J~~ dh2 ~~~- i{ ) (:~:) 
_ \': Q;V'\ ~ ..... _-· . _ (2.9). 

-·. . o\ + ~ 'R ~- t;'J,;. . -' . - ~ . ~ . --
. inside the torus" itself ( .. ~ _:- t 6_ 1'2-, cA-fR~-?: 'J.-.=:J = o\ +-J r, 'l._ e:1 ). 

_. . ' ' ' 

.•Iriother ·space regions T ;,O. _In analogy with .the·magn~tizatio11 M, ._ttie 

(2~7)'i 

;", 

-
.< .~ 

... 
>·() 

I distribution::T. may _be caned the toroidization. It foll~ws from 

·- Eqs~(2.5)-(2.9)that· .- '· I . 

.J = rot rotT~ ( 2. 10) 
-· , •, -· ' . - •. . .. :·. . . --f' . , , ' 

':;.' - _, . .._.. _ .. ~-. ·,. J', _rn\ (-<.() ··Jl{': _, ~ -r, _.. - . ' .: - - IS 'l, . 
. a -:: Lu!, \· \tt) + .l ~1,ail \ ~-1''·\ ' _ ... ·. --- . · -· 
.JI c:, ... · c. , lt-'t .· . · .. , , (2.11) 

l .· 
r 

. - . 
. The magnetic·. field strength differs from zero only·. inside ·the· torus : l\ -· _ _ 41'(- -: ~ o · · J_ : , - - . - -- ·-.- , · .. 

Y .- _ c.. , -tA Ru . o · .· 

', 

. : . . . . ._- _:·- . · .... -:-1 . . . , '· . . . . :- . '. -. . . . ' 
· .. We 9ons1der now the case when._t~e torus d~mens1ons d~R tend to..>ze_ro. 

' ' ( • - ' ~· ' ., ~ ' w 

Since R is always less•than d we let to tend R to zero first and d 
.·, ._, _ ·,,, __ • ,.·,~,_.,.._: \. : ··~: .·:~ • f __ ·,-:. , __ .. __ • __ ,:-··. :.., l -~. '_,' .:·, . 

later. In the limit- R/~ o the current J, (_see fig._2) becomes ill-

i .,· 
.I 

defined>-on the other ·h~l'ld, M and T -remain well-;--defined:: 
. ..,,.. . ·4 ~ .. - .. . . ..· .. '· .- ' . 
M ➔ - O.g ·~ X :-b<.Clc..J):6c't) ·_ •. . . . - £..\ . 0 ... J .. / 

--1' 

·--it .' .. , ._ '•\' ~ \ , . . : .-·· _, 

i-a-i\i.~. ~ ~ --•··_ II Jo ._0 .. -. c.· J-.P)·.~_-( c-_·)·' . . - cc.t2···_•v•. ·.--. 
When, d gois t.o zer·o: the m~g;etization M·. b~comes ill:.:-defined, 

··-.::... 

.. _ for<R ➔ .. O, 

.\ - but the v_~ctor. T .. is· still:
1
welF-defi~~d: · 

-'I • ~ ,,:;..i . . . . • ' . .· ' ·-f'.. ' - - . -f .. . .· 
l 

'j - . -
-~--.\---~~n ~--r ll't)~_ I' =·""'111- 0

\ \l'_,'l-.r(.tt·J.·· -- t: 'l,0 <ic ··. JJ , Clo -~- (2.13) . /.·, . •-.:~ J ·/ :· ·-,· ~j ' .··, .' '.· ,. • • ,: ,.~'-··, ,', , _: 

I•., , 
I 

l The VP_ corresponding to this toroidiza'tion is given· by_ - . . 

(\ .. ·· __ .b ft ~j O Jl ?:-) f, .. ; ~ ~ r. ~ ~ o ~ ~ .. n ~ \\~ i . L ~---\e-~ 1S. 11 ~ f -fti); _ 
01:X:.~ : c'ts- J'i"):- t.'7.? 'J"ll . Oo c.'-C" ,-':)C. _o~ _': 

,,,. , . -· . ,... ' ·/ . . ' ,. ,. ·. J 
·l : _ . We C(?~Sider now ~he··-se~~e~ce .of to~oidal solenoid~ ~afh turn of·which 

·-1 .. ' ~ :'~. . . . • ·,.. ~ . . : . ' .. : • . . . • . 

•. ·. is again a. toroidar solenoid.·. For the case shown .in fig.3 :-
_.,. . . . ---<' -:'· . '. -·- · .. ·. . . ·, 

.1 :· '.: ;_ l 'lot (> _ '\_ l t ! / " · .• / . · 
1 

. • 
1 - ~- , 

Sr-= ½£ 'lot. T (rt). . . _-. 
· - (. · · · . -- . · . ( 2. 14) 

We see t~at for thi~ current both :the vector pote~tial. and magne.t{c\' - . 

• , fi~l(differ from ze~o in those: space regions where :1' :f 0 . · ' ~. 

-. D- >-

:..-- .. 
,_ 



·_;; 

When _the space region in which :f- t O is contracted to ~/point~-_ . , ,. -. ' - . 

the.vector potential and·magnetic field differ from zero in that point 
' . . . . . .. :--

only. Now ·we clarify h~w the t_reated current distributions interact . 

· wi ttr an .. external electromagnetic· field_-
-- ~~ ": . . . --f ..•. ,. .. 

.- 'j= :. - l totf\ /f / V -;: ; .· >-' . I 

Let J be of .\te for~ . 
. .,.... -

'·• 

where Tis either confined to the finite region of space or decreases 

suffici~ntly fast ~t -infin! t·y., Theri .. _th~ i~te~;~tion. energy i; 

proport~onal to ~ - ., 
.;' 

~ . . . \t\...1"77 • . -+ ·, . ' vi I \ :: . • . -·u -~ ~--Jii~c~ -~of)~\ 'o\V_:;ST-bo-t)· ~ .. ([~~( c,\ V --. 
- '/ ' • -, - 1\· , 

The final- ariswer is differenJ for n· eve~ and odd.! ·fr \t\= 1_1.._~1- ,<then 
, . -. '. · - \"· ·t •~- ' ·( ,1 'cl \1 ¥--. ~1- ,· iy· ",¼- '.'-' .l-1)_ - j ._I -- c, a-\:Ji ,~,·rlfl.?'.-1= _"\ _: 

., For° V\:::· '1.k\-1- one-has 

er:__ (~Ii•· .. ~ t:c t tr··-r~"-~.J..v. 
Thus, we obtain the sequence of current configurations which:i.nteract.· 
" . . , ~ ~..,.,-- -- -- - . . ' . ,,, 

w:i th the. time-dependent magnetic or electric field •. For· example, :the 

current ~oop sho~n iri n~.'i interacts: with . ext~rnal m'agnetic ' 

· ;ield.- The pbloidal curre~t. presented· in ng. 2 interacts. wi th·the . 
- ~ ... ' • • • - • ' -"'" ..... > -~ • _,.: • • 

first derivative. of-•the 'electric .:field .. · The current' configuration of . 
• ; C • • f • • : • • ' ~ < •-, • ~ • ' • ~ : , • •• • - • • ' , ' 

. fig.i interacts with ·the- second derivative .of the ~magnetic 'field,. etc. 

' ·s. Magnetizati:~ns a~d Heimh;;tz-NeUllla~wtheorem -.:.... . . . 

Accorciing to the Helmhol;z-Netim~nn theore~. an arbitrary ~~ctor func-

tiori can be repr'esent_ed.in the form. . _ . _ _ 
""7?. ' ... · . . ·. . . . ,.·. ,. • ' ~ ·.· 

·j;:~'1,~~Vi·-_ ~/co·~ t·Ft¾f~Y+ ~~{:1.0t t.fl:l\fi). ___ . . 
· ·•·· · · · · · · ·(3.1)· 

"-• 

..-comparing this wi th"-Eqs •. _ (2.1) ,(2.2)_· we get 
' , ' '• ·, - • -· ,;-a 

't'~. C 
" . 

.-
()/ 

I' 

/_ 

.. 1,r _,J,(' -·o -,-., '.~ l. l~(iJa).Q~lt·~el. 
'i' I - ~ - \._\Jl., (._, .. · ' • 

The •~orr~s~ondin; magnetization :is given by., 
' • ~:•r' -~•:. ,• -, ,' ~ : '-,. _•_,' • 0 • • .•.••• ••: ••• 

M.;, = ~1.,' b lt1<A) -8 C~-0). 

(3.2) 

1" :, 

( 3. 3) . 
I ' -

_ This-magnetizaiion covers the up:per•semi-sphereof the rad:l.us:d·. 
- • • :I - ., ,-··\ ' • . ';. • - • '• '__ ·•. 

and _is dir~cted along/its.'radius:· It is certainly <!!ff~rent: from .f 

' the magnetization (2. 3). This means that the current representation 
-, . , ,. .·· ' .... - ' :····. --.. ., ' ' - '", ; ._--_ '.,\ ' ,; 

( 3. 1) •although being correct does not'~ describe . the sequence - of 
• , • ,,.,.- ...... ✓- ' ' .. • ' /. ,. ~- • • • :.," • ' •• - _. ''t " . 

· toroidal.distributions discussed in the previous section~ The, 

' mag~etizations M I and .M~ar~ conni6ted by the gradi~nt -

transformation_; . '. . ' . ' 

·. M :--Mfa1,ark'X·~r,·.·r,,--~:G\~~ri.).>8Cf-e')> -_ 1 

. --

I 

J 
I 

, , •l,_ - . l_ • ~.) ' 
1 

• • ) • ~ ,. ~- :_ '\:?, 0
• > . ')... 0 (3 °4) 

·i.e;~the}unc~i~n :y. 'diff~~.; fromzer~ 'inside--t~e,~~P~I'-Se~i·--sph~re~ 

·This- equation means th~t the magnetizations bl and M <iespite theiri, 1 
: ~ . . . ,. . ' :··- ~ ' . . . - - . 

/ - - f' :...: 

different functional forms lead ·to the same observable effects.· __ 
, _.. . .. .~ ~ ' 

. Th.e reasori for the app~arance of. different magnetizations is tb~t th~ · 

equation rot-:?.!'.= J does.:not fix ,M uniqueiy •• We note in passing that ' . 

:-m~gn.etic 5.t~dn-~~h H satisfies 'aiinost the 1~me equation rot'. H · = 4[. J .. 

f'-, '• /.but' with the additidna1·condition div H = 0~ These -~W~ equations. 

h-

j .' are s~fficient · for fixing. H._ In general, ·:the coJldition div0 M =: o 
J - . ,· . '· ... ; . . . . . .- •· .. ·. . .. :. . 
. 1 is'~ot}~posed on M. As_ we have said, the requirement' of:M disap: 

i pearance ... in the ·nearest i vicinity of J .does no.t fix M, unambiguously-. 

1 · ~- N~w ·we;are able to claii:fy the--physical m~~ning'·of. thef~ncti~ns V ·. 

i 

l defining_ the current -density . .J. For this_ we consider .the interaction 

\r ·. -·. of the __curre~t J .. with an e~ternal_'electromag~tfo ,field_ ~efi~ed by the l 'scalar potenti~lcpQ.it and v~ctor, potential fh'.l~~ '. ; . . ' 

-t:, 
·i ... , ; . 
1 

I 7 

' 



/ 

.· . :--" . . ~ 
· 1{, ~ S SiQ;kc<\ ~ .a\ v· 

-Substituting hereJ, integrating·by parts and assuming that, JQ,1.~ 
. . 
0 we get: ·_ does· not overlap with _the ;pace region S where J t 

'lX; -iA o:. + u c,l + t( t , -

u~ = -i s (\)~~~ •W, ol v) 
-c• , ' - •' -

u~.= ~i-~\Q:tt:•¾totV, __ 

·U t· ::- ,\ i .1~t.µ~~~ -'45'~ (JV: 
,/' 

'-·(3~5):-

.Here H ·,;; rot. A . is the m~gne·ti~ strength 'Of .the external field. and 
' • ' - • 1- '."" - -

the dot above the letter-means the time derivative. Let the dimensions • I ,,,_ _.. ' ~ 

1,-' 

.. :of s· be. small as compared with the dist;nce -from the sources of _the 

;i-

- / I 

i 

f 
fr . 
;,;r 
·' 

external field~ --Then, .the externar_fields varying-rather slowly__pver S · -

·can be apprqximatef by, th~ir values taken at soine. point . 'to 
·, c • , •••;•• ••, ·•,-, >' .~,C ' , • ' -•• ' ' 

lying inside s. ·Thus; ·. : . ____ .. 
__ -- 'l .- (\) .-.. ,_ A. / ·lD-) c ,,;< . .1v· ---

lAQ.: ..-::,-:-_ e 'i'Q:ll!: . ,· ::i 'Y, C)l 1° . 
' • w• , • ', , ' - • • ,~ •, ,- ~ • ' 

.1,(t\ ·-.-- '\7 ~,- i_/0: ) .. <'11-_¥ Xv_-.- ·ul~)-=·{ot H,Q_'.)({:(l)J -f{_\tcAV._ . 
v\l( . -:- . ::=t Q.'X_l,-\ J ' ' 1: )· t . ·. . , .. 

Here - ·: l 
( 3. 6) -

-C\}~it/9\~ C\)Qjlt-lfo Y. r 8Qx~-(0} =•,.~tQ~L~< L~D t 
• -. I . ( • 

It· follows· from this that .. 

_i1C\ 7 \ i!fl.rJV 
-· . , .. 

and- : )Xt =- ftz, 4\ di V 
- ' ·., --· • , •. . ·- ' - , ' . .• . ' j 

are the magnetic dipole and .toroidal / 6/ moments.resp; The •next ;\ /. 
·, :'I' 

-~- y 
term;· in tlle devel~pme~t . of· u ,J_ ,. .a~i : . ' . - .. ·. -. - ' • 

u(l) ;_ .c)\-li:lO\ jJ' ~--·: . ?-:· ::S°f'JU')(\~-r~1·~~'t2.)lf2..cAV 
d - •. ··. <) ~\'): - ' 'L l'i ~' . ' ' \ \'-. . . . - -~- . • .. ·.•. . - ) . -~-

,; . ] 
~ ... , 

,, 

-.\ 
- . ,' ' ' __,. 

. l'!>) , "~ 11 ·lo: • · · 1· '. "di.H(or·~'0 -) 
11 - ~- »·. + ~ . 11,i\_, 
v\J-: i oX,._'d-j~ ,~y., __ \Gl'.l.., ~tL ~ · v1 

/ 

,/ J~i~\\ ~ ·~--- L'.X( i1\·'fi _:_- ~:C~~c\Jc~ ~ ~-c~·x ~ ~~Kj JC('\ lJ_]~rll-~. 
- · .... · - . . . . .. ' - . - .• . . .· 

· ll.)__ C - 111.,1,'\ \ ( : 
~c\ -: )1,L,'t;i...0\,. 

j ., . 

~/ ( 3. 7), 

Obyiously,)J(s .. a~dJA(iK ~oinci_de with- th_e '.QU3'1d1::upo~e anq oci°~pol~ 

magnetic _mo~ents, resp. Thus:-the. funcHon -"¥:t. . describes the-set of 

magnetic moments of different multipolarities~· Similarly-: one ot>tains· ... \· 1, • - ' . - . , . ~-

.. the. next terms in th~ expansion of lA-t -
- 4 / '\i l1-) ·:: 'd .. t. '.10-t H lo) 1: · t ~ ~ 1 · :, 

f - t d '.X.1'\ · - . ·.- . , .· . t'J° -~·:· ·. ;_ ....•. : ·-, ·1-~·:!,:-f_::;·('.2.) 

.'U /.:,: LJ .~\~ [1o·t \-\ (ei )] L :t{\',f +_.IQ (c:. ct-C\ £· fat:. , · 
.... · .. , ~Xl'-0)(d .. __ ._ .,. - · _ - __ .. _ · · , 

•· •. 1 •. , I • • ', , , ' 

.L _- r t. f"\f' . x· . ·, ' (· .., 'l. '\ f J v· 

_"LL\~-:. ). JI..( ,,-.~ oi I'\ 1.. ) -i:-,, Cl ; 
, - ~· _.,, ,- . ,. ~ ,:-.. , - . 

/' 

-~ 

:i(~~: ~l ?~t:Xv-_Xj: -~-\~c,i:''.X'<lr&tJ '.)(;-\-~;i x_;_\:=J~.0~- . 
·. - ¼ \l..'\ -~- .· . ..;; i~. JV. . - ·- -· -• . . 
. JA-t - ~1-} . ~ . - . _ ·<3.s) ,· . . . . ... r . 
This means ~hat the function '¼3 des~ribes;t~e toroidal .moments:, 

of higher multipolari tie~·./ 6 /; Their'. physical_: realization Nie!_ • 

the. toroidaf solenoids ~nciosed int6. e;ch .'other ·.ha~;-been· given in 

,. ref / 7 ;; ' 
' . . . 

- In what follows-we consider the statiohary 0 current distribution for 

·. whichl\-f_:: 0. (~;-cl'iu_~=l'.·1-\f ~ -~ ~-F/at).-' Let' ~;_; be of the form 

. Then, 

{\ - ~ 6 '\'Jf(t\
:'\-'l,; - .. ; :\1:t., ': '; 

:'· 

-r 
l, 

( 3. 9) ' 

·t 

~----



- --- > '•' \ -

1. I' ; _:.. J: ~/: H ~'.ib to\ . -~ t wl\\ \·v· . 
· ~ rJ.. c?:· · •,<l t:i. · · ' · · 1.. c, • (3.10) . 

ass~ed. th;~ q{(h) or. ½f/l,\,) ar~ ~onfin~d to the finite space regio~ 
/ . - - , - . . - . ' .. - . ' - . . .· - - . . 

_or that they decrease sufficiently fast.for large distances. This is 
it follows from this th~t' sucif a ·current oonfiguratfon does not 

interact.eithe~ with the stationary or.with the linearly.growing 
:, ' ' , _, '_, ' ' "/ - -

with time· external magnetic field. ·rt fnteracts with the magnetic • 

. -•· fi~ld whichgr~ws. not -slower than \:_u ' . F~ther; if . w ~ is . . . - . . . . ' 

· presented in the. form ' ., .-' 
.. 'Lr = . ( c;.·\h-- 1. r:t~\..· · 't''L ... "\11., ,· . , . . -· 

< - _..-,,: 

·,,\ 
( 3. 11) · 

then - · · ·· , •· · . ' · .. · · . · · _.,. 

· .tA··.· 1. =: l·:l ~ .··\~~ H ·· .. lo'.~ :r.LV,··, c~L,·v.· ~\ · l C., (J 'G- ·· · > r 2.'ll\:- , ) . - . L (7\ , 
\..-• ' •_ ' , I :, ·- ~- • '.J - •~ ·• .• ( 3~,12) 

. Such a current distribution interacts with: the magnetic field which• 
.... . . . . : . c ;· . . . 1,j,v .. . . . . . ; . . ,, .. . • . . . . 

. grows not slower thar1c t, .· . ., .Now , we turn to the· tcyroidal mpments .. , 

Taking_into'ac~dunt the_ Maxwell eq~ation•;~d the fact that·: dQ.1l; is 

; not overlapping :WHh S~we rewrite u t- .. as . 

•... tric 2t · \ ~ ;rlc: -i: lp~ J\( 
No~ l~t ¾J,· ':< be · of the form ·· · . 

(3.13) :. 

•-'lif . i_ . 11~ ·· ·\V, l~) , 
.. ') ' . .~ .· . ;' .•·"' 

( 3.14) .. 
Then . · · .. · ·: · ·. · . 

· -.~~t." (iJ1c \''"lf~,(t-lo) fi 'lvf\A\( .. 
· · .· .. . · · - (3.15)--

Ttiii' m~ans .that this '.curre~t configuration intera·cts with _the . . ... 

.. electrfo field wllich.gro;s not slowe; than ,t'l.~+\ . · Obviously ,such a. · 

selec.tivity of inter~cti~~'. can be used for. the. storage and ciph~ring . 
. ·. '. ' . . ' ;'._ ' - ,_ 

of :·information~ One pre~autfori:is needed;however.' :_When': pr~se~i:ing 

·. 1µ.L· . or 45:. . in the. fo~m ( 3. 11) ( .or--( 3. 14 ):) we haye lmplici tly..; 
. . . -// _. . . -· . 

' 

I 
I 

-L 
j. 

\ 
I 

·1.''; . . J' 

)-: 
i . 

. -\l . 
•·' .. :[ 

\ 
;,t. 

i 

• •• •' • , ' ,• ,F •~•• 

. 'needed for the disappearance of surface integrals, arising ·when 
' 1 - _- - ~ ' • . --- . . , . . ' . . , . ' ' . 

the transition._from (3.5) to (3.10) ,(-3~12) or (3.15) is performed.' 

In fact.every.function V can· be .repr;sented in the !orm'\-'.::.L)i. 

·•·· . r-.. · = - .
4
1 • t' • -'.. --,\·_·'\\f. (i\ cl V 1,, -

.where 

} . ·. ·. I\ _.j \"t:_'l, . .. . . . ' 
. ) 

. b~t the:re ·.1s no guarantee that. ~ f ·" ··. decreases. sufficiently. fast. 

As a result~'Eqs.(3.10),(3.12)and (3.15) are:valid.forthffvery. 

specific c~rent "configuratio~s;' ~e elu~i~ate ~ow which magnetic field 

c;rr~sponds'i~ the .. cll;ice.pf '4[ ·. f~ctfons in. the form\3.\~) · and 
. . . . . .. · .•. . . . . . .. .. . .. \. . . ; 

(3.14).·The convenient;parametrization of-VP~correspondingto the 

sta tionar:i curr~nt density has' been fotind:-:iri ~ef~'. ;, a\ ( see 
: '. ~ . - -/ .. ~ . ,•:··. ~· - .. ' .. : ,, ' / -

Eqs.(3.rn)· and (3.B)'therein) •. Substituting the current para-

metrizatio~ c';/1) into it. we get outsid~ t'heRipace r~gion S towhich· 
• ' '> ·' • • • :·'- • • ; ~ • • --- • ' ' • ' - • 

the current: den.si ty is co_nfined . . . . . .. 

•·· i ·= ½.G':~ J__ ·~rt~\ (1 )1-V\\/~ l -.ttV~~l\l:-o\V .. + 
. Ji . e, L 'U.-\-! ; ·. · J \~ ~ ' 'e. .... :t- ··· · ·;. .· .... :- . . .'.. ·• ·,,.· ./ .. :.. . ·. ' . ·-:.. .. ·• . ·_. 

. . . . .' n . . . e.- I M. . . n y· WI -'/; i . . ·v· 
. • • ·1 L.1 \\'. ·2,··~ .. (. .. ~· ":" :-:-:-:~'(i :. (.-,_,· ~. . . tv:. o'\ · .. • 

T - · '\J, 6 J · l, · n. ~ I, . /1 . ~ . 
·. C...·· . 'Lt.+.J . ·. ·~ ': ':-;··· ~ . ' . : . 

... f 
J, 
. ) 

• j 

! . ,f 
.1 

• < , • \ '· - • - • • (3 •. 16) · 

The magnetic fi~ld H 'disa'ppears if 
'•· • • -· ✓ ·'· 

c:~tv~~ ~·· cAV=•::Q .. ' 
.~.. . \ ~ " . 1, - . · .. 

(3,'17). 

This rela1}on is . au_tomatica11/ · satisfied if ¥IL- . has the:" 

form. ( 3., 11)., The condition for· the disappearance of A is . -

~c, e: S.J""-.>1:-1, r ·. ,\V·;· ....... 0. ·.•-.~ t1 J e ... ~,is l,\. . · - . . • . 

.Pb,?iously • this .. i;'sa~Isfied 5.f ·.~•·· 
;... -_ f< , •• 

·has· t~e_form_(3~ 1~). Thusi 



the simultaneous fulfilment of Eqs. (3.11) and (3.14) leads to the 
~ • ✓ ' • 

disappearance of t_he VP and magnetic fieict outside
1

tne ·space region s 

to which the current configuration J is confined. Thi~ fact. has been 
' - - - - - - . . - - . - . - '_. - : - \ 
interpreted in / -6 J ( see Appendix C therein). ·as .. a ."loss of- toroid -. 

momen~s" __ in the multipol~ expansion. Our- viewpo,int differs irom that. 

The representation (3. fo) of VP, which is ·,valid only outside S, - -
• ' ' ! - • - • •' ' '. 

disappears for the specific current. distri.bution.s; defined by 
• _· " ' / .'. ' ' .:,. ' ; :_ • . .• _ _j .- '. • : : - • - . ~- " • - .. < 
,Eqs~ (3.,11) and .(3.14) •. This does not mean. that VP vanishes: everywhere. 

' . - - . - - : - __ ... - - ' . 
.. Inside 's oner should use eith~r general.. formuia .. 

I , . . . : ~. . . 
·-r - - . - I \ \ --- · ·_ ---ri - · -.- I . 
J1 \~) :: C. C)· .. \tt-il\ ~\~)) d\V ·., 

. _._ - -. 1 - . -

:<as_ .was done in -§ 2) 9r 'its dev~lopment over :the vector sphe-

,'\ I 

rica1,.harmo~ics. The-1ayter ,certainiy'cliffers from (3~ 16) insid~ s: _. 

It follows frq~- this 'that' no e;periment performed otitside s (inclu-

' ,ding Aharonov..:.Bohm· like). can 1give informaticm ~n -the current 
. / ~ . ~. ; . . ' ·. ~ ?-,, _' . . ' -•. 
distribution inside s. To this' end, w~ have .. a ,wonderful electro-

.) 

magnetic object with: a. number of interesting_ ~joperties. It does. not' . 

act on 'the. test charge -or. magnetic needle •. On ,the other hand, _it 

intera_cts' wHh\' a '.time.:.ctep~ndent. extern~l ;ele?tromagn~fit field •. The' \,' 
- , . .. , . ' ,· ·. ,· 1 : - ·, • · .. ', • - . < ' •• • ' ' •• ,- • 

difficult.question on.the/equality:of,action;arid-counter.:.action Hes 
• \ .' .. ,· . , . :· .. :- . j ' . • .•. -' ,: . .- . ' _,' ·,·- ..,. .' ,. ,' r ' .,· . '~ 

-. beyond the scope_ of-present, consideration. The question arises· on the --, 

·, ;tactical realizationl of·'this· object.: One· of t~em ( see § 2) is= the 
• - • , - ·- ,- - • -- . I , ' -- -.-

family,of t~ro:i.dal. solenoids built into-each, other '(.each turn of such-. 
' - < • / .•. '\,_: • '. • • • -· ,· ' • • ·_ ~ - : •• 

'a solenoid is' again toroidal solenoid). The ambiguity ~ii the magneti- , 

zations choice.( 'see'§ 3) i~plies ·that.this re~llzatfon is not unique. 

. 4. Nonstatio~ary c~rent configurations::and time-dependent 
~ . . . . , \ . , . 

magnetic·Aharonov-Botim effect 
• - ,,_ ~ ~ ~ ' \ • • '. ·, > ·,. - ~· "'-,,,· '. \ 

Consider at first thechafge..;.currerit configuration·enclosed into the 
' - ,-· . . i .._ + ' 

finite mul ticonn~cted space -region S_ and periodically _ changing with ·_-

/', 

_12. 

< 

\ 

\· 

ti~e~ _If s does nof include Jhe ... origin, then the conditions ·for the 
. - • ' __ / ...... - j ~-,,, 

disappearance cif electromagnetic field strengths outsides are/ s·; 

.-- . _.· ~- ~Q'Yt' ~-¥~ ~ \/ ~:C ~ '(\~'(~Iv-~ ty;_ ~ V =-.- 0 )'.' 

.. I i{Yi*tiv-,,. tn.f·"~J.V ·~·o,· 
_.. _ ,· (4.1) .. 

Here ~~ = 1 Q_ l \L,, 1 ) an~ \~'i ~- V\~ l \~ 2) are ~he spheric~l Bessel·· and. ' 

Neumann functions, k :::: -~:_W / d •. These conditions 'are ~obviously 
. . / .. , . . . . 

satisfied ·if 

• 1. I"' . ( - 1.\ Y\~ ') irJi,..): 
~ . . ·, - . . . . . . . . 

·1, r - -. · · i h 1.r (k:) · · · , · -· 
lf:i..=-: /1-t\< ) '-Vi .- . ) __ '-t'~ ~- _l_ti:+ \4--) · ~::> . " : , 

. -, - · -- -,-.(4.2) .-

Outside·· S . there are: electromagnetic· potentials (p. -;-nd J) .. ' . " ' -

pefiodically changing with time . . . -' • .. , · 

(i'I·::: ·~ f-4f11~l I,_· -_.. __ ·y ~--_( -\ ·- v'IM 'If ~tv: ':~,v·_ ·._ Q)~O(-=iw t) .. . --r- .- . c. _. _ . .... hsi. ~ _. ~ <H , \ e -- . _ , <1l _. f. .. > . 
· .-~ •,· -,- <,..,. -: 'l~ 1 .:.'\/h_r_ · ,>~v . · · · - · ·t\ -- n~= _ ~ \:{11 t.'"' \/ L~Q ,~ <~ ·\Q. 1Q\ ~·cAV, Q.)l~(-\~ .J~ 

(4.3) 

'He~e \Q_-~ hi l~_t) i~ t_~e SP~:~icalHan~~l ,fu~cHon. 

The criterion for the' VP observability is tlie .. nonvanishing of the 

i~tegral § ~tol '.e:. ~. ' : t~keh alo~ithe- ~losed pa th ~ly_ing out~~de ~- . 
·- -· . . ' . . ,. . :· . " 

and . encircling the magnetic flux. Regretfully, we-_ ha.Ve riot. found 

. the co,~crete :realization -of. the function 'l\.f / - ... meeting. these 
- . 

_requirements. 

Instead~·We consider n~w the'poloidal~ current,on the forus 
- ~~fa'ce' (L_S>-c-l \ 't. 4- i-"Q; .;. -~ ~-- ) which growsli~ea'r{y with 

1:: T. :t> ·~:-f < V\ ·_ s cit-fl.) ~ .-~--J .- d O , , f cl~ - _,. l{f cAtRC:0)'\\f R'L-- -

time: 

. . - -- .·. . ··,._ 
It turns out I 9 I that torus-oniy the .. electric . -
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Fig.3: The famHy of toroidal;solenoidseach turn of- which is - . . . . . 

again toroidal solenoid ( only, the partkular. ti.ir~s _are shown) ' : .... -. \ , - -,.. 
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Fig. 4 : · The poloidal current J · Hnea:r-ly grpwing with time _is · 

equivaie~t · t~ the doubly charged layer ( the -~pper. part of· fig.' ) . 
.· .·, ~ \.~· ;., :.- ; . _,·. . . ·,.' •i. - .. '. .. _. _, ... · ~ .. 

. The lower- part of this fig.-.• illustrates that. the electric field 

of th~ current may be C()mpe11sa~~d by\hat :o;_ the doub{y ·,iharged' . . . . ' . , . 

,: ·1ayer. 
/ 

/, 14 
• l 

• I 
I 

~r 

. .,., ~ ..... 

," ·' 

-" '· 

' 

r 

str~ngth i ·differs from zero.-· For simpl:lcity we consider· the 

infinitely thin torus. The following -~epresenta~ion for. the' VP is 
' ' . , . ·. . .. 

valid;/ 10:; 11 / : 
/;,c 

·-
..• ], ·•· -·· (P, t'- 'd2..J. - ....... > <<\) t , i~ I ' 

- ___£___ '--- • . (\ . - .. 0. . .cl, 
~ - .· i-v . . . . . 2... ) / J1 ~ -- ~ . ' . I")_ ·) . . _ 4.,\. . ox o c- ,-. - ---- , 4 Ct:_ - o_\J a c .. 

;,qc-= ~ <Dot (-di~+-. q)·. 
4 \\ ' -- \ °3JL'\..- ' .. (I 'j .. ' (4. 5) 

Here . . .,,._ 
--...:... 

Ql . I j ,..,,-'l- I . . . ·: ~ '-• IV\ .I \J I 
.' ·-.::. :.. ~-. ~I) . . _d ::. . (AJ\. CA ::J .• 
- 0 o\ C., -. ) · · · . Ft'_ . ...,,_-,_ I . 

. ··.•· .\1..,-:L,\ 

_The. integration in J is _performed'~ver~the __ circle./t;c:._O), J~ o\ .. 
reoiriciding with the hole of tlie fofiriltely thin :torus. It was shown.·. . - . '. . ' . . , "' ~- .. 

· iri / 11 /:that VP 'has nowhere singularities except for the ··line 

. t:~ o_; jY:=:r~ -.--.f·; ··in;o which :torus.T .. de~enerate~ ltse_H.· 

· O~tside this line th~ electr6magrietic·. strengths -are given by . . ·:.-,; ·. • -· m··•. Al. I, -· . · . m·- -,.;~·, .. ··\-\ - O· ,. r: -- '+'o- .• _o-_d-.-_ . {;' . .:.;_·~ -~ , 
- - > ·_l:,')c-~t;"c..: -~:x.~?:- 1>_ 11 :-: 1..1"c: i~a~J. 

/ ·-- -E•-~:w~~(-• ~~:r-~ eiJ.\_.-.. . 
-•. 1-.-.4«c.., ox►.--~~~•· 

. - . . . - . - -, ~ 

\• 

(4.6) 

. On tpe other hand, .)he electri~ field produced by·'~wo.·oppositely 

cli~rged.layers CPf'J·, 'f= t t.) is given bY · · - • . · -·- -· 
.. ·· .· ..... ·1 ·i-.·. ·'o iJ,. . .. ·. __ .· .. ·./) f'. ''a 'l.'J_ t -· Q_ ""·· · • E -· ,<_Qi=. • -
-:_::_'.K;: . trcl~'-c):;>('dc-: >:,,> \.\.= ,\\cAa. •a'1o'c,.J - . 

· £_ =_ -'l.~£ ~l.J :: 2_o. E-i r:; <)2-J. __ ~JJ._ ·\- -~~fstc)-€}(«-:f). 
'l- .• . « rA'l, o?:'l-- . \rrcJ... \; _ o'X.I).: .. · <)'j; .... J...'J.- .· . ·_ . 

.. " ,. · -.. - .. · . · - · _·- _ _ L . , -· ·. _-- . __ : {4._7) :-- -

vie see 'tliat_E't- .•. _·11;~> singularH~~on the ~i~~le i; ())j)f~ 
. - ' \' . . .. . ~ . . ' - ' . .- . . . - - .... ~. . , . . . ' 

Froni.-comparison-of Eqs. (4.6) and (4~7) it follows.that the 

. electric field ~f th~ linearly . gr~win~ poloidal . curr~nt. coincide~_ with.. . 
•' '- ' . . -·· . . . .. . -- . ' . . . . ' - ~ 



that of the double layer everywhere except for the position of the 
- -

. . . .• I . ,_ . 

- layer itself ( the upper· part of .fig. 4). ·Thus~ ,,,the electric field· of -
' - . . \ 

the current (4~4) can be compensated by that. of the double layer,;. ' 
• • 1 ' - • • • ~ 

everywhere except for the layer.position itself ( the lower.part of' 

. /fig.4) ~- Consid~. the sc~tte~ing of_ charged: p~rticles on:·such a , 
I< ./, • • • ' .". _•. •. _------......_ , '.. •• • ,f" 

charge-current configurat1on ( to prevent the· particle penetration. 
;' . . - . - . ' ' .... - . . . . -- , ~ . . 

into the solenoid interior, it·may be·made impene'trable)~·outside it 
•• '·· • -~ • , • s •. , , ' ·., ;··•. \· ; • , • t .. • . . '. • ' · 1 _·. ' '· 

the magnetic field H = O everywhere, the electric field is also ever';/--
.-~ .. _,,,. \·. ;· .- . .. ' ·_.,,, - , .. '-... _· ,./> ' ·: ._-"_ .--:', 
_where zero except for the singularity, at the torus hole: The VJJ 

differs from zer; everywhere·"and linearly grows with time. The;: 

in;egrcif ~- Ji i c\ t .· taken al~ng t~~ closed path passing t~rough . 

, the torus hole also grows linearly with time~ This means that the ·. 
" ~ . - - ' . ~ ·-· . 

ti,me..:.dependent interference picture will be observed. at the screen . 
• . - . . , -~ . . ~; ' : - .• "· < ·- . - t . ' . . .". ' . : , - ' ~ ,. . ' '\ 

i.nsta:lled behind the solenoid. Obviously, the charged. particles will 
. . - . - ' ,. -~ - ·, \ ' . ., ·. '-- "" .- . . . ; 

scatter on tne double~layer. within thetorus·hole,~buLthis scattering-
.\·: ' ' . < '' '· ' ' ' ' '' . ' - ' ", ' ' " . ' . . '' . ' ' ' - \ '. 
being time-independent contributes only _to the static,background~ As · I ·: - ... , . . . ,:· : . - . , . ·.. ', : . . .. - · ... ; - . -
far as we ,know; this is\ the first example of the time-dependent . . 

' ; . • J - • , ' . . . ' • •• • . • ., •. - . ~ . , . . :, :, I / - ' • ,. ' ~ ,, - •·: -:·. , •. ,,.. ; lo,,-

Aharonov-Bohm, effect originating.:from the time dependence of the 
,·-' ) ':'.' ·- '. -- ' ' '. . . ' '· ; .. , ' ' ' ;. , 

· magnetic VP. Al though the· toroidal solenoid with· a linearly growing .... 

current and the doutile chaf~ed layer produce the same ele~tric field ' ' 
> • • -, • • • • ~ - .. -

in·the space surrounding them, they in fact represent quite different 

systems. The following example. i~lustrates: t_hi~. Consid~r an: arbitrary 
---.: - ,· --~ .. 

( perpendicular. •fo ·. 

(TS) with'~ ~urre~t 

-. closed curve c at each point ;of which we install - ' . 

·this.curve) an infinitely thin 'toroidal soienoid 

· linearly growing with tfae. The whole set of '-these sol.en~ids forms a 

'torpidal-like s~fac~' s. The magnetic strength is ~verywhere i'ero ' 
·. ·. . - , . , . . , ' . \. _, . ,_ . . . • - - ~ . . . , . .. I, 

except on.the surface S. The electric strength·and•time:.:.dependent 
' ' . . . ' ,,, . .. ' ' ' ,-· ;/ .. :; ., ' ' 

magnetic.VP will.'be different-from.zero only inside the·tube.T, sur..:: 
. -. , ' .. · .. I. , ; . . .· - . . ". . ' , 

rounded by the surface S. It seems at first that .this contradicts 
,• ~·~-. -, . I. , " c • ' • • -~ • • ' ....... ,':..:_ 

' .., 
...,. ;:--

/ 
16 \,.,· 

; .--~ 
< 

the vanishing of VP outside S (the VP should be everywhere 
- - " . - ~ . - . ' -

continuous). The reason is the same_as the _·discontinuity of the 

usual electric s~alar,potential_ on •the. surface or double· charged· 

layer: it turns' oui-·that ·'the ·surface s is an example of 'the' - ,. . .. - - . 

double current layer.·Thisconsfruction realizes a pure current 

· · ~apaci~or (-·the static ei~ctric fiel:d, produced by ihe time:..• 

dependent c\ir~en~,. is confined t6 the interior of the. tube T) •.. 
' ."" . '')' ' ' ' ' ' ·. : ' ' . 

If. the set. of the' charged · .. -J,ayers (·-instead of TS ) is install~d .· 
. ' . . 

/on the 3ame·curv~ C,the electric strength wilfvanish inside-th~ 

. tube T. However; the: nontri via.Ce~ectric induction will be different 

from zero_ there / 12 /. · , 
. - ~i .. - - ; '. , . . ' > - " • ' 

The possibility.to simulate-the chargedistribution-by the time-=-
• • -• -, ' - --. •• a, -•• 

dependent• currents has been pointed out earl.ier. in refs./ 13 ./ • 
• ~ • ."'· -- • ._~ ,: ,,,._ • ' - ' • J • ---~ ' - ' ~ -

wher_e: it~ is· 1:_!'erred '1:_o as "curren.t elect~ostatics" .. The _pre~en·t 

'i_nvestigatio'n rriay _be viewed_ as a concrete· realization of lhese ... 

id~~~ ~anci th~ir applicati.on'. to ·the t·im~-'-dep~nde~; Aharonov-Bohm · 
··, "· ., _'_• _·_--.- : ' - ·. :_;.....-< . ' . ' - ·: - ' .· . ,. . -: - . - _J ·:'. • 

effect.-. Excellent measurements of the.electric .fields· produced -

by 'th~- time-~~pendent cu~re~ts·•have -been descritied in- book: /1~/. ·. 
- . ' ' _/ 

5.Di~ussion __ .. 

As •.'fie have lear~ed'from ·a previous: section' it is possible to '.find -

cur;ent ~6rifigura~ions producing : s't-~tic electric f~eld. E, inside : 

ct_h~,tub_e T. As 'E isd~ejothe currents, so div i ,;,·o, ~~.it
0

can ·~ 

b~ rep~esehted in_ th~ form E · =.,rot Al~ The integral(~ E ~ s ' : 
taken over the tube 'cross::.sedtion differs from'zero. 'Then,'tbe 

·.stoke; th~o;~~ -i:\ EJi ~ = -'\ ~~aI > i(the linear 

integral "is taken along the contour enib~acing the 'tube-T)' ,tell~ UB 
,- ........ ' • • 'a_ • r • , •• '-.." •,_ • '- • , •• .- .. 

that Ji Q.. diff~rs ·from zero outside T~ Or, in other w~rds~ there .is a 
. . .-· ,, .. ~· ·--...~" . ·( ... ~~·,.,.,;.,_~ .. , ·'. ,- . ...· ·. . . ' --- ·. ,, ; . . . 

- nontriviaLelectric _VP outside,T._ This·was admitted earlier in 

ref./12/. Thedrawback.of·these considerations i's that we have'not 

t~ken -into accou~t, the 'sin~ar fields· in the'.oinfinitely-thin layer, 
. - . - • . .... . -~ . . / <. . 

~\' 



I 

" 
on the surface of T (where tlie,currents flow). H may:happeri that· 

~ ~ - • , • ' •. : • ·c 

· they exactly compensate. the .flux of E inside T. Then the total . 
J ' - • ' .• - '.. , • , • , _· • 

electric_~trength flux. will be, ze~o and .there will . be no n~ed. to .. ....,. 
. . ' . . ' . . '<l fl·· 

introduce the electric VP. The ele_ctric/field i~ giJen by E:: :" t ;)f, /- . 
·where A,_is .the VP of the clo~ed ·chain of TS, •installed along :the 

cl~sed curve .. C perpendicular .to it .. Thus.· we should· evaluate· the, 
. . -· . .· -_ ~· ' ' • .~ .. · -< . . ; , '' . . . . 
integral. - ,()(1)'.::. \ n ~- ,{1-~·CS)olt· 

. J7 Y~17 \S ' .. • . . - ·(5·1) ·-f . -·· • 

~ere R-~s; . l 'fi , 'to. t is the.- VP . of~ the particular infinitely thin ' 

TS with its center -_at the point 1u . · . The integraton :in ( 5;1);. 

is perfor~ed alon~I the curve C d;fin~d as { = 'i\ (<;) .-·For the 
· ' · · .. - . .· . · . , · .· .· · · -, · · _,. to\ · . · 

treated -~se·the time,~dependent VP is given, by Jl,s:: ~8-t-;. ·' .t, 
·where Ji~c<;\ . ls the VP'.of TS.with a'st~tic· current/9/. ~-· · 

However. we unable to evaluate the integral" ( 5. 1) '· along ari· arbitrary i 
'-'·. \ ',: .. ,. .· . , . - _"' '/,( . ' - ' - ' . 

closed curve: Instead, we integrate along the infinite straight line -' . '• - . . . ,~ . . ' ' .,__ , 

pa.r~llel. to TS' symmetry axis~ In the special gauge 'the· VP of· the .TS _. 
, , .·. .. . - - . . . ·• . ·.. .·· . . . ·- . . .. . . ~ to· . . 

w1th ~~s·:1:;is _P~rallel to the.~ o~e · is given· by /10 .• 1~1:-R T~ ::· ~ _. _ 

::- ~, \ , \r\?:, _, wh~re; T is 'given by ~qs_. (2. 7)_ an~ (2.8) .in ·which one: " 

should use: 1:_-'.t O :. instead bf z' ( i O; is the position of rs· ··cente~)·;· 

~::, (µ [i (;" ( vt~ f J ~..: ~~Yr1 • • and · ·.CV is the magn~tic 'flui inside TS .. 
0

. 

Now we int~grate.this VP along _the z ax.is:> 
n - ·(·(n·(ol\ -· 

. {'! 1 ( j)) . :.:· . _ J ·JJ TS Yt .<J to .. ·._ 
It turns ou: tllat Ji t=:cp · . . for ·j) lo\:-_~ • . • ' .. . ., . ' . .. ; .. ' s . .. . .,, ' .· . .·· , 

,,H1. ~ ·q) · r~ tQ~J . + i~ ~.--~t · ~~{~ ~[R~~)"' 
for- .61,~ R. i __ J)·<ol -Ct.::[ Ri,:_{J-d\:L]ih),, .. · . 

. '· , . ·.··· . . . n ' . . .: ., (· .. n ·: -~ 2. ·.· · ~9 i- = · - -1, is -X,,\f\J +--1,~. S · -c)..Cc . ic,~ l c1_ + .-i·\'\ l/~3:-·) 
....... , : • ~.- ,·_: .:.~ . ,= ·~-._◊ ~· . 

for J< .~.:__p.L o\+ R<~ ; ~nd }1 c:: 0 for .?~ J+ R_,.1 ~ 

,, 
-....:.. ', 

"-. 

- :----- ., 
l8 

.I 

\ 

\ 

The fluxof . . , I 
5). 'is obtained by. ,the' integration over the cylinder . 

cross..:section 

· 
1 S Ri- ~0 J2 cl1·: = .'L11l, § o\ R~'r 

Thus,. we have proved that for the treated .current honfiguration 

( TS continuously distributed over.: the cy{inder C slli-f~ce) . 

the VP equals zero outs,ide C, b~its flux' over the cross-section 

of. C differs,from· ze;o.' As div], = o,' - we may.,put. R-=- iot G, . 
' ! .. ' ' • .', I . , ,. 

. Using the Stokes theorem one. sees •that there:is the nontrivial· 1• 1 
1
• 

' . ' .. -,-,. . , . , '. . .· ' ' .... '. ' ' 

. vector functio~ (3· . , ' outside'. C_ al ~hough':_ A ~ 0 there. 
• • • ·•, •( • ' •', ' ~. ~: ) i ' ,fll ; • : •:.':, , ,'' •. I 1 ,-;j , . • ,'' , l • I • 

The main :.problem is that B does .not enter into the Schroedinger 1 or 
,"' ; ' l, , , ' ' . . ' 

, Dira~ equation.'• Nevertheless, such a current con:figuration interacts 
, :,. ,· 1 , !, ) '·_ ,·,· ·•

1
·:-.: ;_· ,·· .. ·:·' ....... ' .·:·, 

1 
·.: ,, ':._,· ' (·\··' ,1'·•, 1 

with an external electromagnetic field,(seesections 2and 3) and, 
.' /" ':,". ;, : • •. • .. ''1 j •• • • ; ' '. ·'/ ,: " ,; .: • ••• •• ' '~ ''·. • ' ' ' :,':: ' ,i-' . t. ! • _•: :,.:: •• 

particularly, with that of the incoming_, charged particle.1 

•• ' ' ', ~~. j ', ' ',. ' • : t .' '; ,'· j /' 

. ". , 6. Conclusion >·, 

We, .'mention themain result; obtain~d: 
' 

· 1. We have investigated-how. the choice of magnetizaiion,inside · 
' I • • • •. ': • • , 

, i , • i, . \ 1 ' t .,. 1 - ' • • ! -.· '". • 

.. a ·sample affects its interaction with,an ext~rnal:electromagnetic 
,,, ' ', ' .' ' • ', • : ,, • r, ,'• L • ,. ' •' ',,,,'., .',', j '\ ,( ' .• . 

field.> Str6~g selectivity to: the time dependence o(the external .. 
, • ,. ; •. - ; :·,,.,, '_ ;_ . ' ., , , ' . ,

1 
,' ' : ,:, IJ, • ,' ,· .'' ·, '1' _:_' •• ,: ' 

field arises for· ·particular choices'of. magnetization~ .This.can . : .. . '/'\ ·. ._._ ·_, . ·, ·, .. ' '· , '·' ' ' . . . ' . ' '" .,. . 
be used,Jort.he"'s,tfrage}nd, c~pheI\~_ng of ,t'(le infor~ation~ · . 

:-,,2.·we have constructed the nonstatic charge.,..:current. configuration 
:. ' : ,; '·· .... ' ' '' ' . -, . :· . :: ' . :· ·' ' .. , ; .. . ·. ,., : ,, :" . ,, '·:· · .. ;, :· 

outside which· the magnetic field:_equals.zero .everywhere, while the 
_t . ' ,' ,· ,, ' ' ·• '. . • • : • ; ' I .·· . ; . '. I·' . . ' '' ; ;,, ' , \ ', :~~:_;.' ·.- . ' . . . . ' 

·· ·· static electric ,field is confined to the finite region. of space.:~ ', , 

. '' Th~ . nontri vi~l ti~e~de/pendent'' ma~neti:c, vector :potentia~ I dfrfers. i~om 
.zero everywhere. This' cbnfiguratio~ can.be ~ied for the' pe~formance, 

• i ,, . . . ' , • ·'·' : \, • ,· < • '· • • ', 

of time..:dependent :Aharonov:...Bohm-like experiment~ .The 'arising,:. 
"'-.~ ,,·,' ' • : ' ' '' ' <. : ' '. ',' - ; ' ~. ,, ' • ,' ,. • .'. ' I.· •. • ·:•: • • . , J • ! 

time-d,ependent interference picture may. be viewed :as a· newcharinel .· ' 
for: the irifo~m~tion· 'transfer. , . . . . . . , ' . ' : ' , . . 



',, 

3. Therearegiv'en examples of nontrivial current configurations 
, I , 

for which not only the magnetic field.Hand the vector potential'A 
• -•. , • I -: ' - ,:_ ✓ 

,· have•meaning but also the '7e,ctor ,B the curl of which is just the 
' .... 

vector potential. ' --

-~ 
~ . , I 
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Aq>attacheB r.H., He.n:hxn6e.n:h M., CTenaHOBCKHii IO.TT. 
B3aHMOAeHCTBHe HaMal'HHlleHHOCTeii 
C BHeIDHHM .:meKTpoMal'HHTHhlM IlOJieM 
H 3aBHCSiw;Hii OT BpeMeHH 3Q)(peKT AapoHOBa - EoMa 

E2-94-297 

BhlSICHSieTCSI, KaK Bhl6op pacnpeAeJieHHSI HaMal'HHlleHHOCTH o6pa3u.a 
BJIHSieT Ha ero B3aHMOAeHCTBHe C BHeIDHHM 3JieKTpoMal'HHTHhlM IlOJieM. 
IlpH cneIJ.HaJihHOM Bhl6ope HaMarHHlleHHOCTH B03HHKaeT CHJihHaSI H36upaTeJib
HOCTh K BpeMeHHOH 3aBHCHMOCTH BHemHero IlOJISI. 3TO MO)KeT 6hlTb HCil0Jlb30-
BaHO AJISI xpaHeHHSI H mHq>poBKH HHq>opMaIJ.HH. IlpeAJiaraeTCSI 3aBHCSiw;Hii 
OT BpeMeHH 3<PQ)eKT THna AapoHOBa - EoMa, B KOTOpoM H3MeHeHHe q>a3hl 
BOJIHOBOH q>yHKIJ.HH CBSI3aHO C BpeMeHHOH 3aBHCHMOCThlO BeKTOpHoro 
Mal'HHTHOro IlOTeHIJ.HaJia. IlpH 3TOM MeHSIIOID;aSICSI BO BpeMeHH HHTepq>e
peHIJ.HOHHaSI Kapnrna MO>KeTOhlTb HCilOJih30BaHa AJISI nepeAallH IIHq>OpMaIJ.HH. 

Pa6orn BhlnonHeHa B Jia6opaTOpHH TeopeTu11ecKoii: q>H3HKH HM.H.H.Eoro
JIIOOOBa 0115111. 

IlpenpHHT O6,,eAHHeHHOI'O HHCTHTYTa !IAepHblX 11CCJieAOB3Hl1H. J],y6Ha, 1994 

Afanasiev G.N., Nelhiebel M., Stepanovsky Yu.P. 
The Interaction of Magnetizations 
with an External Electromagnetic Field 
and a Time-Dependent Magnetic Aharonov-Bohm Effect 
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We investigate how the choice of the magnetization distribution inside 
the sample affects its interaction with the external electromagnetic field. 
The strong selectivity to the time dependence of the external electromagnetic 
field arises for the particular magnetizations. This can be used for the storage 
and ciphering of information. We propose a time-dependent Aharonov-Bohm
like experiment in which the phase of the wave function is changed by the 
time-dependent vector magnetic potential. The arising time-dependent 
interference picture may be viewed as a new channel for the information 
transfer. 

The investigation has been performed at the Bogoliubov Laboratory 
of Theoretical Physics, JINR. 
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