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. I _:INTRODUCTION': 
I 

', , : '' ,, ,' ' ,:_, ' ·,, , ,· , , , ' .· i 
· .The basic can,onical structure- of Hamilton dynamics is carried by a sin- '· · 
-,.· ',.,.::, ~· i~'·,· •• :··, .... ~. ·~ ~ '· .·· ·' ' _.:~·- \ ,; ; }-\ ,., 

.. gle canonical pai'r of variables of even- dimensional phase space:where for'· , 
l: i. '; .~· ·\ 'i ·-: ,_· -~- :·: ·· ·., .- '." .: :·,_ ·; /· .. _· ., , ,, '._ '. ' _; V. - ·: ·:1 ,I ,, . :",. ·-~ ; • 

1 . a given space coordinates one.has to put in correspondence tHe coordinates·. 
: '. ._ -'. ;· ;-_· _, --- , . - -. ,. -- .. , . ,_ - I·:- - , : . -·. -:. : •.-
of momentum.In: t.hat_ sense the phase space of. mechanics is characterized· 

' : 1• •• :, J • I ; • ' • • • ,l > ': ' . • , ., . •, ·. • .. • ~ . . _.: I ' \ • ;• t c : ii 
. ast\~o- dimensional space'. Two_:__di~ensionality of phase space is one of· 

'the, basic st~tem6nts of H~niilton dynamics.·, In'-1973,Nambu [1] ,see also''. 

I [2 ~ 6] ,s~1ggest,,ed the ~at~ral way -~f exlension of Hamilton equations' and 
I • -. '·--., - • • • 

proposed the dy1ia1~icaLequati~ns iii a thre~-dim~~si~nal pha~~ sp~ce. Ac-
, ' ' : ' •• ., I • • • • • , , • 

corcli~g to I'fa'mbu _{o formulate d;n~i'nic equation~ in· three-diinension~l 
' I Ir , :. ' ~ • i • -

phi:t.~e Bpa~e it isneces~ary'to introduce two kinds ofHamiltonian. But'the 
_, i • • • - • ~) ': '• •, :• ., . •- •' ,-. ; • •, •,' C 

" ii.1pposed form~lis~ i~ quite g~~e;al to: use it in physical ~ystern~. To con~ 
,_. . • '.·/ 1 ·• \ ' . '. ' . • . . . ·: • ' 

· struct the theory of.mechanics we,need at any :rate the notions· of trajectory; ; 
: : '.-, i . ', ·.. '. \ . ' ' , ,' ' ' .- , ;' \. ·. '.' ,, . ... · __ : : ', ·, ·_ ' ," :· ' ' 

velocity,force, work,enkrgy or its analogies. Otherwise we need of physical and 1 
,_, ,I 'l, 1 , l ',, ' • ';½ \ / ,, , 

.geo·metrical iiit~rpretations of dynamic variables of_n~wme~hanics. · _ ,_ 
''. ,,_~ '·;\ • ,, I ,, I ' • • i ,1 ·. ' ' ,i•, .. • • W ' • • ' : ' ':, : '• • ~. - •. , ', •. 

-In #esent paper we develope the way of introduction into three:dimensional 
I . , . , ·-·• . , . , . .. . . . :" / .. , , .• . ' . . , 

phise sp~ce. a~nouncedin [7). Our approach ;is based on the eUiptic deforma-
•• • :• ; .' • • , I, ' ' ' ~ , ~, ' ' ' .• ' ' , ' ' • ·, , , ••I' , , • . / , , • 

ticm of two dimensional phase space. This kind of deformation we call "el-; . . .·' ' ' 

:liptic" because oscillator of deformed ine~hanics is desc~ibed by the 'Jacoby ·. · 
-: ' i . ; - - ' ... ' ' ' , ( . > ,' \ j ~ ,, ' .·_ :,·) ': • , ~ ' ' 

, elliptic funct.ioijs. Th~· the~~y contaii:is a· parameter µ oLE!_nergy ~imension-
:,-·' /1 ___ :-··· ,•·'.-,:_.•:.'! ,,· ,',, './ '•: ~: , \.' ,' ·-.,~ ..,_ ,: -•,.:,i.r , ·<· /_'. ,\!, / ') 

ality,· so that for 11 -+ oo the deformed dynamics. is reduced to the Newton 
' • . . r ' 

' 
:: equations. 

l , 
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· .. · 1. ELLIPTIC DEFORMATION OF NEWTON EQUATiONS 
' I '. ,•, •• • • , "• .•' ; J / ' . , j , ; ' - ,_ 

We postulate,the next' system of dynamic equations . 
'· • ' I 

'L· 
I· 
1. 

dp . ; dV(x) q 
. -:--- =··----, _,, 

dt dx µ 
',(1.1) 

dx. · p ij 
'dt =,--,. mµ· 

/ / 

dq dV(x)'p 
dt = -~ m 

' • • J / ' • 1 ' , ' . _· 

\,. '(1.2) 

. (L3) 

.... ·· 

/ < q 
1 il 

Let us. examine some properties of. that system.The equations are forrnu~ 

. ·1atecl•in three-'--dirJ~nsion~lspace P, x, q:· :Orie may easily note t~1e s;~1~e~1:y. ,·' 1 
het;een p, m arid,: q; µ)n th~(syst~~-;, . , , :.. .· • . .. . . . , ' ; 1 

, :_ . , . . ; __ /· .. ' ', , • ·-· ,, . ' I' .' ,, , , . , . >:"· :··\ . .. , I 

We need in the interpretation.ofthe-riew dynamic variables p,·a;, q. For_· j 
/ • / • < • ,•1, • 

·, that purp~seconsid~r the limit l -:-t 00. ·1~ th,~t- case 'l. ~ i 'and. equations 
. . . . :.... ' ' ... ' _,., ,,. . . ' . ' . . ' µ . .:,· ·' 

(Ll)-'-- (L2) a~e'r~duc~d to:Newton e'quations 6f ~otio~ ' h 
- . ' . .. '' . ~ ' . . ·. 

·j. 

dp . dV(x) 
'dt =-~, 

/. \ 

/. 

\. 

. '.dx p , ... 
- = ~ ,(1.4) 
dt. m · ·, · . , 

: .As regc1:rds .(L3) it is 'transfo;fued to th.e equ~tion f~/kin.etic,ene~·gy . 
'i ' . i, ' ' • . ~ ' • I ' • • , • 

.':dW · ;dV(x) p; 
dt==-~ m . (1.5) '. 

. ' ' . ,· '', 
because the asympthotic expansion of q : , 

•• # • > 

I 
··.1 

. . 

I 

. . • . '· .· ·!w1· • ... · 
q = µ+ w + -. ,_ + .. · .. 

'µ . 

··., 

-- --- ---·----------------------

, ~ ', . _., . 

./ '.· . ' ·" . 

' Thus according. the. last. ~quatio~ the variable w c~n be, interpretated a~ 

kinetic enei·gy:of the· JJarticle iri the 'N e,vton mechanics.This reduction gives .. 
. . ' .. ,· ---: . .. . . "' ' ... ·' - . ., , 

the next dimensions of the variables: .. 

, ·/ I • 

. dim(p) = dirn(momentu~i);dirii(xr=•dir,i(length),·dfrn(q) = dfm(µf~ 
di;;1(epergy) .. -- .c..· . . ' • . • _ - .• . 

. . 

,/., • ' '• .. ~.• ••.' .·.': ~ 'I •. ~.·F '. " • ·• •' ,<, :2 '·,• ., • 
The_systemp;l)'has t_.vo ~onstants 6f .. motion.Th,eyare H == f,;- + V(x),-

- . .· . 2 . - ' .· .·. . - . . . .- - : . . ·•, :_ . . '; . · .. / ~ - . . ' 

a1id N7't~+V(i). By ush1g thes~c6nstantsinstead 6f(l.2) we get 

'' 
dJY == ~J(H-~V)(N- V) 

·dt ... ~ .. · ,.·.•· -· ·• 
•- C • • - ,• • \ > 

(L6) .. 

. which straightway gi~es th~ integral· , . . -'.' 

, '. ~ '• =-fl✓ (H ~ vt;;w ~v< xJ) ·..c 
<.i ~(L7) 

For .. tl;e c~se of oscillato1: pot~ntial 
. ' ·'' . ' .. , . - / . I· 

I 

V(x) ~:mw
2
x

2 

. ,. ;, ... 2 <'. 
-..:. 

- . . i . 'I'- ·".' . \' ·, / :; - -

.. integral ( 1.7) is, recluced to· the elliP,tiC integral • 
• ·' • \ •• '"--c 

.', 

j • · ,. 7 to =J (1- y')t~ - k'y;;, 
~ .• . ' . :1 

where\ve have. put·y ~ fiijfx and k2 = J:' Hence the·_solutionof defor~ed-
1 

.~·; . ,. ' . -- \ . . . ' ' : ' . -· . . . -~-, .· -· 

~ oscillator, is 'represented by·. Jacoby elliptic function i 

. . ' .· {ui"-.- ' : b Iii 
· · x .= V ~sn(w\t - ~o)y-;-;;:,v 70)-

' -~.· 

·., 

.(1.8) : ·. 

2 ,.s •. 
,: 

~ i · .. : 
.. , . lj ... : -

" 
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, --
~ 

· Ti111s in the deformed ~~chanics-the trigonometric·dependeµ~e of dyna;nical _ 
,. : . . .. / ,. . ---

. : va~iables i~ defor~ed to J~coby elliptic functions: , 
/ 

- , -

· '{2H .·: - -:{'iif' . ·ff· 2N··-fif· : 
p = v~--·-_-2cos(wt) -v~---2cn(wt -_ --"VN)' -

-. _ mw . - - _m:w _ . µ . • . . , 
. -· 

. (iii" . · · f2H -JiN- -fii 
x = V -;;;:;;zsz~~wt)-+ y~s_n(~ty 7, V N),• 

~ ~ ' '. ' - ' - . , 

: On makil}g k2 =· i·-·o we will_~btain the ordinary ~scillator_model. Hei1ce . 
<-: • '~ ,' \:• ,• ,,,:•_ :~:'"• •,,f'' ~• •;•• •, r••:••••, S~-.• -•-:• 

for-small values of lor for' H~--None m~y use thepewto11-equations(l.4). 
. . . . . ~' ' '. ,, -. ' ' 

Buff or high en~;gies;a~c:01:ding to the pr~sint theory ,the system ( 1. 1) :- ( 1.3) 

. is more ad<:!quate. ·<-

If we ~ake use of the f~nctions H =-~-(p,·x) ~nd N ~-·N(<j, x) ~.s Hamil--~_ 

-tonians ;of the nei syste~ ~e ~an rew;itethe system·:(1.1), - (L3).in quite 
' . ,- ' - - :, ~· _-. ' ,. 

, general form · 

_, 

, \. 

-- dp -- 'dH.dN '..dH•f!N 
. dt = d,q ~ dx - dx dq 

dx dHdN dHdN~ 
dt -=:==. dp · dq. -;-.. dq ·dp 

d , dHdN dHdN;' , -2. =·-·----'-=,-:- -·-. 
-:dt . . · dx dp 'dp•dx ,· 

(L9) 

_ Ittu~U:-iout_n6thing but the Nambu~quatioris. 0 • 

. · Due to the strnctti;e of eq~ation (1 :2) an.d the\nterpretation x = x( t) · as 

'trajectorywe·ar~ able.·to intro°duce th~ ordi~a;y-definiti~ns offor;e.R: _, 

~---. d2x m ·- .. F 
·dt2 =· 

~ 

;'' 

..._ . --<" 

--. 

.. -

l 
··r 
Ill 
-il, 

,! 

I' 

-- J 
·.I'\ 

r~ 

\ 

-,,·, 

/ 
.... __ ,, .. -

/and th~ work A performe;l l;y: that force: 

2' , 

A= f Fd._i_: .. Ji , J ' 

. (.1.lOr 

·_ ( 

Let lrn calculate t.he integi·a \ of work, equal to -the ci1ai1ge of Jin~tic_ energy . 

of the particle ~ll _the 1;ote11ti~I field V(.r). \Ve.obta~n-_ . t .· 

_-_-.' ·11,~cF-i' . 1 J,: bd(pq). ·,·/. ~,_ --~ .. , '. 
· -ll. = m. _ -~d:r ·= :_ . -· --d:r =E1;;,.(:r =b)--:- Ek;~(:r =a): 

•''. " dt , Jl (I dt , , ·. ·. ,, . : ' 
/ ._ ~ ; • ' . .· l , • l 

where the value 
2 2 

-...:....• 

'•· , JJ q 
'·, ., ' - . --.~2 

/',kin - 2~~1/l 
(1.H) 

_ "'.e natura.lly_ i11terpret..aski1{<"t.iC euei·gy. To: find the. pote11tial.par(of. th~_ 

. energy let us 'calc11l;~te 'ti~'c iut.egril (LIO) usi1~g cquat;~~'is of mb,tio11° \ve get . 
. . ' . . ,,:. ,,. -· 

'..1·j\- d1;- __ dq .- · •··1:
1
,baV:p2 .·q2 _c:_ 

. -: (q- + p:--)(h-= -~ , .·.-.. ( :-:-:-. +-.-)d.r _= . 
Jl ,, dt - di: . _.. fl a 0,1 -m , Jl . . 1 

j I / _ _, , • .o ', I. -· • , , , 

•' . ·. b rJF . - .· .. --. - .· .. ·. ,, ,. 1 - -· · · : -;' · ' ,•. ' -; ;; 1 ·· .a~·:(2(N +_ll):_f\f 1d:r = 2-;;~(~VfH)( V(b);7\-'( a))"-( ~l
2

( b )_- \,'
2
(a)) ): 

, 'r .. _ .· . ,,_ ·/_.- -- - - (1-P-) 
. -' -· ' _ .. -~ ' 

_ "'Thu;. t.lie potential pa.rt of tJ1e energy is.-. 
~/ 

' , ', 2. . , .. '\ 2 
- Epc,t = -((N+ H)V(:i:) _.:. V (:r)),. 

: •' i: 11,: ,, . , ' ' , 

- . . ' ~- . '-: ... ·- . : . , . ·. ·-, ,_ . . ' 

wherell,_N ;-i.re conptan,ts of m~timLOne -finc~s· thetot.al energy b~;- t.hc Slllll 

oL two parts: 
' ::-~· 

. •) zl· c 2 . - . , . . . 

E . E' +E· - 1 ·+((/\l"l
0

JJ)\'() '\'2( )) · io_tul = 'kin _ '7,ut_ = -,~ 1 ,; .-. :r ~ · ·-. :r ==; 
-:;. . . . fl -,.nzp . . . . 

Tl 
j 

., 

------
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;., 

2 ·•1/202 .· 1i2.: . <> ... 
--:(_,_ .. ·· +V(-· - + __ ,) + v2) = 
µ 2nip2 · · 2m ·· 211 · ·· · · 

. · /!_(?
2 

+T](.q\+Y). 
µ 2nr · 2p ··.... . . 

J . 

! . 

Hence the tot~! ene~·gy is tl{e product ~f·tla1nilf~n: Nambu,fr~;1c.ti~ns: 

. 2 J . . -. . . : . - ' .:'- --

E= -JIN. / (.1.1:3)- ··;
1
·• /L • . . : . . 

. I, 

~etus_ note that in the previous expressions the valuer. = P! has playc~l the.. ji 
-~ . • . • . . . •. . . j 

role.of 1nomentum.Moreoverr. and£ obey the genei°ill formular_· ... . . ~ ' ~- . -

·- :vibr ~ dE. ( 1.1 <J) -

:;.._..,. 

(2.2) 
dx: pq_; - . 
-'=. ,-'. 
dL j(p2 +m2)(q2+µ2) ·. 

-
. dq_. dV(x) . ·P 

dt = dx · ✓P2 +m2 • .• 
(2.3) 

. Tlie system has two constants of m~tion ~- - . . . 

-··•~ H~Jp2 ;m2 +v(:i;),N=)~~-+µ 2 +V(x). ·.- - (2.4) 
• , , r • • ,• • , • ••- • f 

r-- , 

There is the pri~cii)al difference . of that system: fo comparision ~ith no;~ 
, ' . . -~- . 

relativistic syste1n (L1) .:__ (L3):_ the:(2.-1) -;(2.3rone may reduc~·,to the 

· ordiriaiy (non-de;or~~~) {elativistic eq~at,i~ns 6~ tn~king. use' of.'.the ;limit' 
. • • .·· t , • . -·- . . 

:~ . As distinguished from th~ us"iial. ca,;se \\re CO\ild not de fin~ the cxplic:'it d~peu- /.: 
., . f . • 

jt,:--+. 0. to fiiid .the total en~rg§ and mo~eritu1::11 we shall use of thirelation 
~ ' , • • --:, - • , • -:: • ' /' • :_' > < : • ' ' : ' '. 

( 1. 1'1 ).Integrating this relation. we get the expression for the work 
- : denceE,=;= E(r,);:istead of_ that we_gotj~,(1):1):the ex1;iici! form or'.ti;e 

• , ' < 

·, 

function:-£.=, E(p.1.q, x ) .. 
,• .__ ,· .. 

··-

2. ELLIPTIC DEFORMATION OF RELATIVISTIC EQUATIONS OF 
• ,• - ' • -- -'. •' • .-•> • ' C - - ~ < ,• -~ •• -' / , ' 

MOTION 
., ; 

..... 

Since the d~form~tior1 par~meter k b~corries essential for high value of 

energy, of necessity we have, to put into co1:respoi1d~nce_ of ·our deformation 
,,,- . - ·,. 

n~twoi·k with ·relativistic'•mechani.cs .. To obtain e_quations of 'motion in'.that 

cas~ we shall keep to_ tlie principle of-·syinmetiy hewe~;l the sets of values 
'. 

{ H,p: m} arid { N, q;)1 f.It g~ves then~}St sys_t~rri-of eq1:1ltions 

~dp , .. dV(x) .. q. 
dt = - d_x·· ✓q~+112 ' 

(2.1) -
_.__,, 

'--
. ··-~ .-----... 

,6 

. . ... ., .. . . ' d1r : . C \ • '. ? . : ~ '~ . . . 
·,1 = J.-dx = .jvd1r ~J:dE=-~2 .;-: E{,. 

dt .. _ •. . . . . 
(2.5) 

. ,, 
' - ~ -. . , . ·~ ,- ' 

. }Vhere,E is .the energy _whic~ ·we ivill defi_ne in the next,forJTI 
. ~ 

. . .· 1 •.·. ·: .. · 1 · · .· .. · ··.· 
~ . , · E'=,_:_HNorE = ~vp2 +m2/q2 +µz. 

> .. · , m ·.· ·. · m .· .· .. • .· · . 

From_ (2.2hve get . 
pq ~ mEv. (2;?) " 

:on.making use- of the equations of motion (2.1 ), (f3). we ~bt~i~ · 
~- • • - • • ~. - , • ' '. " • < ~ 

.- . d1r · av ·. · . .· < · · - · 

. dt. ~- ox(J(q2+ µ2)·+✓(p2,-:J- ~ 2
)). 

. .. . ,_,_ . 
(~.8) 

) . . S,ubstituting this expression to (2.5).and using.(2.4fcalcul~te the-i~tegral 
. t ·. ' :·. . . ·, .· .. · ·_ . . . . 
1
) 1

• :.· ·• (~.5) and fin cl the potential ;partof, ~he: en~rgy. Wege: .. 

"j . 1 · -
\ ! ' . · _c.. -_Epot = -((H + N)V.-= V?). 

.. , . m _.. . 
(2.9). 

\ . 
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·, 

i 

1[ 

:t 

. ',,,-' 

··-

.. • . . . . . .,. .. ! . . . . . . . : ·. . . 
Summing two parts of the energy we find the formular for total energy: 

. .,. . ··-- - .· ' " ,,_ ,, ' - ..,. 

" 
/., 

, E= 2(J~2:+m2+~)(Jq2+µ2+v} 
m. . , . . - ... 

(2.10) 

·· '3. QUASICLASSICAL QUANTIZATION 

I~ thaCsection let ~I'> "clevelope the quasiclassical quantiz~tion of tl1e de~ · · 
,-. I, , , . . " . : , ·. - , i , . . ~ ' ~ . . / 

· formed osciltator mod~~- A,~cordirig to_ the we!l-:-k1w,vn B~hr qua.ntizaticin · 

· coii.dition the energy le;els of q~antui:n oscillator obey 
. - " ' ' '. . ~ 

1· < ·. . .. '. il · -f pdx:=.1r(n·+.-) -'.•, h . · · · 2 ' 
; . . .. / ... 

· ~here •P = J2m(En_ :_: V). ~ · ;, -: , 

(:3.1) 

In deforn1ed model ,the left si'cliqf this expression is deformed to the 

f6llo;ving int~grai : 

\ 

r-

•. ·.. 'f ;· . ·~·· 
I(p) =:-h pqdx, .· 

,.· . µ . ' ': . 
(3.2) 

which is adiabatic invariant: .On making use of the constants of rnotioi~· N ; ··· 

·and H ·one, gets the integral 

• .. ::_::~.2 .. -jmµ· mµf /(H .. -·.·V(x))(N.-V_(x))dx. I(µ) - . hp . . . . · .. :. . .. -- (3.3) . 

\ . .. ~ 

Let us .. conside1' the case of ·oscillator· potent~alV ( x) == mw;~2 
· After corre-

sporiding. labels. we get tabl~. integraJ .. . - " . . \' .,· 

I(µ~a, b) =j= a·jJ(~~•-- .x~)(b2·~•x;),, 
',, - ,· .. . . : . ' 

-(3.4} .. 

8 

:,_·, 

·, 

-

where o = /f!J;/ '. ~i
2 = .~~2', .b2 ~ ~~;._ Tl~<: i.nteg·r_a;id fui1ction .. has four 

roots. According.to thesc·roots tl~e'interval ·or _integrati~n is compose.cl on 

tlirecparts.ln.result w~ get two kii1ds ofintegrals: real and imagi1iary. The: 
• • ; - • • •• - ➔ -·•· < "· • 

real integral is .equal to 
-:- -, 

.5· 

·. la y(a2 - ~:2)( b2 ~-~:-2), == 

~(((?+[/)EC~-·,,:)~ (a2 ·- 1/2 )F( ~. /,:)) 
:.1. ~·.· ··.· 2· _ · ·:~ . 2.· · 

~- I 

. ; b.. 
I,:= -

.-· a 

The im,1gi11arv imt of.the integral is.equal to 
.· : .., ' ·'·' ·- ' , 

r ✓ . · .. 
k:(a2 ~ ;r2)(;r2 __ b2) ;; 

.. -f:(((~2~--b2 )E(i: l:') ~2t;f(±. /,-')) 
3 . · .. · 2 · · . 2 · - ··•v JI,-.-.··. •.,--~... . · ··~2 .. b2 •.· 

· .. •-· ·.ft2_.·'·_· 

' .. where we have u·;ed the'nex:~~wcH_:_knc;wn elliptic integra.ls-. 
I, , c' ~ • " •"' _ • ~ • 

.F(~·kj.~·af" · ~ . dy .. · . . <:-E(?!_ k) ~:.1"~-·r:.·=· ==d=y=·=·=··=· = 
?' · Jb J(a2-~2)(y2-:-;b2)'· . 2' ·• b: J{a2.:....312)(y2~b2)\. 

· ... Ja2 -.b2 ·>·· 
,k_ = •. a2 ' ., 

Summing these r~sults we postulate the next-i1atural geriera.liiation of Bohr - - ·- .. . ,,, . . : ' ' . ,, ·- . " 

quantum condition ' 

··11····•···1 ·, 1 
-
1

. pqdJ:=;,(n+-)-+i(m+-) . 
. l/t · .· , . . 2 • , . 2 

... 
-;- ~ . 9,. 

/ 



' ' 

,\, 

. ·. ·•:, - . ' . ' . " -'. .'- .- 1 ·. . . . , - - .· . - _,.,', 

:-".The· quasiclassica.l wave.fo11ctioll hayi1ig 1doubly-pei-iodic pi·opert.j· is the ;~1° 
,- • ' •. -:.. < • ,, ' ' , ••• 

Jipti~ f\tnc.tion (S] •. · 
, .. ·: . lf . ' 

·.\.lf =W(:_
1
· /,, pqc_l.r). · 

· , ljl , ' ,. . 

1t points that the qua11tizatio~; of deformed in~chanics leads. toti'1e qi.1,u\= · 
, . : . ' . ' . ., . ·:.' . . ._ ,,, : \. 

turn mect1~riics with wave fundio11sbelongin{i;the·eiliptic ru:1dioiis. 
- - . . . :-, . . : '. - ' .- - ~ ' . ........ .. 
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