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· Qne ~£ the'inte_resting probl~!Ils of the black hole physics _is a ~icrosc~pic explanation 

as th~ state; ~ounting of th~ Bekenstein-H~wking entropyof the,black h~le which'is in 
- -. "" - ' ' ' . - . ' ' ' -

four dimension; propprtional to ,the area _of the h~rizon; In :quant~rn: field theory @e can 
,, ... , I , - . , - - - -

, · define the'" geoJnetric entropy" ~ssociated with.a p11re ;t~te and a geometrical regi@ by 
,,,,,--, -- ·, , - . ~ " . -- . . . ~ 

,cons\dering the pu;e state density matrix; tf;cing over-tli~ field v~riables inside the region· 

" to for1;1 the' ~en~ity, ~·a~;ix'whid~' describ~s the st.1te -~f thefield outside :the reg~5m [1-3). 

Taki~g thfs region t~.be ~_sphe;~ in the flat sp~ce-;irrie; the recen;'~umeri-~afstudy {3] 

sh~ws t~;t the cor;~sponding• entr~p~ sC:1~~ ~s th~ surf~ce ir;a_' of th~ ;phere; Th~s, ,no 
~·.:·_,; __ '. ···:.', _~,• ,·,_,_, _"';_:~·-,•. :·:•,•·:· • .,-','.--' .... .,.··\v,:_,_ ·,·- ~·, 

gravity i~ present but the entropy thus defined behav'es typically for the bl~ck hole. In [3) _- . 
... ·_:_)" _-·; --~ .-~ -~-- _.- - __ --- _, --~:.-_ ---- --_._·--<·, ._-:,. -- _:~- :~ r--·· ·:. 

,it has also been obst!rved that .this quantity is quadratically divergent when' the ultraviolet 
• - , ' • •s.,. ~ r . '-...._ - ,,-1 .~. 

~;_;_toff(the size ~fth~ lattice), t -/4 o.}n hvo dimensions [3;5~8],.tl:~ geometric entropy is· 
,-__ :;-, •,\ ,·,.-,-- ' -., ', - \, ,-- _;-; ' -·,; _' - ' ·, -; 

log~rithmically d!':'ergent S = ¾ l~g:~, 'where I: is the sizeoCa box to elimin_ate infrared. 

prob~ems: 

'\Th;; some~h~t i~lated· 'tl~fini,tion 6{ the' bla~( hole e~t~op; by tra~i~g 'st~tes outside·~'~: 
. ..• • . . . 1• "'.,-1 

the, ho~iwn has b~en suggested in_ [4), 
'' ' ' ' ':'' •· - ' ' /.' >- .-_ ,, ' ' 

, · -.:It .has been argued in [5] that ,quantum mechanical geometric entropy, is the first_ 
,·;'··~-· _-,,- .~! •. · .• ~, .. ,· .• :.-.:_ •.•. _,•- • .. :_·._··,.·:_·.~·:~-:--·· ·:·., ~--.· ._.\.'.\·-_,..__·r•::~·-_:: .. :_· '.., -.-.·.--·•·-

. quantum correction to the. thermodynamical_ entropy. · In_ flat -space,• the appropriately 
·/ : .. . - ~ ~-"-~ "· __ ·: .,·;.••:·• ·~ _·--. ,. ___ , ' . ·.: ·._ ,. <: .:_-_-._. --\>' < .:""·.~- ~" ~,-',._·:i . .:- ,' -.--· - ~-·' :::_j·.. ' 
d'efined geometric entropy of a free' field is just the quantum correction to the Bekensteiii-
. - :_~ .. •.<· .·. __ . ·.· •··::< .. - _, : / --.· -_\:· _,- ... ." :.-·:_· .·· ~ >, .. ·i,·-- . ;·-·: ... _:.·· --~- ... 

; Hawking entropf of Rindlei: space [5J:: Iri the_case of the black hole, the fields propagating 
'.'\'._: ·_, ,.,~ <- .. -~,: .:: ;_,_.:·._.'·~1.·~;_ ·r·:>~/~·->. -~- ··.:::,·:~:~-- ·. · ,_- .. ~.;:: - ·_-·. -··-'.· ---:- '..,--; ~-. 
in the region just outside the horizon give the main contribution to the entropy.[1).:For 

' - . -· / . . . . . . ·: . . . . - ;, - . ·-.. ---- - . . ' :. .~ . .. - . . ' . - ~ 

•.• -< v~ry massi~e black" holes this region i; appr<>ximated as flat Rindler -spa~C: Therefore, ~ne 
. . ,-, ~ ' ' ' ~· "" . . . - . . . ' ' . :. . .... , . " ,, . . . 

~ is 'essentially the same as f~r Rindler ,space: , , > _. _ . -

'.-., .... - , > -- .... ·", - ,, - , __ · ,_ , , - ' •_:c,;7_, '·, <, l_ ,. ,,,-:'_ 

<. dn [8] it has bee11 shown that all these results can be obtained by using the kncJ1~n' 

fiU:te~temperat~r-~ e~pr~ssi:n f~r the ren~rmilized<n>:in\h~ Riridler'spa~~---.' I ' 

_ T~e ~ai~ goal of this ;aper -is to calculate th; 1 uantum co~~ecti~~ to the Rindler -. "'· . . 
, and biiclt hole' e~tropy by means ~f the ~a'th integral appro~ch ·of Gibbons and H~wkhig 

. . .. . . . ' : . < ~ . \ ,: : ' ,:_: /. . '. ,. '. ' 

. [9]. We c~nsider at first the two~diniensional case and e~tend theiesults obtained to four_ 
<;- - . . - .. ~ _. . , ,_ .. · ~ .· l . i •. : :.<·. :;._ - ,, : .,:. ', . , , .:· 

-dimensions. The one-loop effective action for_ mattedn D=2 _ arid its divergent part in •., : >> . f :;. '. ~--,·- .. • ,,'.' • '_:' : ··_ ·-.,.._,,-.'_--> ·-<: .·\ ..: ' . .;, . ;:::_; . 
· D:;=:4 ~r; well known and expressed in: terms of geometrical invariants constructed -from . / ;,.·,.···~. - ..:.,- ··~,. '. . ~ .,/. ,: - . ,, ,._ ,, : ' .' ... ',,,>· 

:--~:;;:-:-,. .. 1-:.._.;:';:"' >< 

,· . f.. l..~_\• :~-:_;:,~_•;·.,. •~~~W.:- ·lti~:~•~.t~ 

,, . tl ~t.<;!!li,!1. 'f;CCJ:~Z.O~UU 
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I 

. ·' . ' . . . ·. '. ' \ . ~ 

curvature:. For general finite temperature 'different. from the Hawking one there appears 

,th~ ~ell known conical singuJarity in the cla.ssical solution ,of gravitational equations. 

Therefore, we are faced_ with the pr~bl~m of. describing' the ~eometric~l invai-i~nts for' 
< :., : ·' • ! '\ . - - ' '. ,. . ,,,. • 

manifolds' with conical ~ingularities. Fortunately, f~r' t,he' iases under consider~tion this 

can be perf~rdied. ,Th~ ex;tens'ion of gravitational acti;rr to' the' conical geometries can 
• • - '·· ,- .- • ., ~·, . !, ' ,. . . / ~ 

also be found in (10]. · 

. Let us.consider· th~ can~nical ensemble forithe ~ystem of gravitational field (Yµv )-and . 
. • ·, ' - J,"'-~. : ' . • ·. •. : • ' ' . -: '.· .• • . ·' ' ·~ ·_ .. i' ~;·.·· . , ~ . : • . ' . . • 

·matter (cp) under temperature T = 1/21r/3. Then; the partition function of the system is 
• ' • > , • • • • ,• • ' •• I • 

given as the:E:udidean ftinctional'i~tegral 
' ' / ',, 

0

Z(f3{~J [Vcpl[Vgµv]exp[--J~cp;gµ~)], (1) 

. where theinte~ration is taken over :n fields ( cp; 9µv) which a~e real in ,the'Euclide~~ sector 
. -• . ' - - . ·-:~ . 

aiid pe;iodi~al 'with ~~spe~t .t~ imaginary timecoord;;ate r 'Yith p~~iod,21r/3. The' action 

'i~t~gjil.tin (1) isa SU~ ;6£ ;;r~'iravJtational a~tio~ 'and action 'ofmitter fields:.'; 
\ . - ' - - . . -

. I(rp,g) = 1;r(g) +J.;.,,'t(cp,;) 

. I~ the stationa;.y pha~e a:;~i-oici~atiiiri,:eglecting cciritributi~n of th~r~al gra~itons, ·orie. · • 
/ ',·- ,, ' - ' '' , - - ' 

, quantizes only~atter field~ considering metric as clas.sical. Then~ inthe o;;e-lo·op appr~x~ 
-:~:-- ·, -i --~-_ .• ~~~;-'"":·'-.', , -,,_.:; ' .·-', f, '.~·-, -.1. ·, :~. - '·, .; 

"-' imatioir one obtains: , . . , 
>: '., ,.' '._ '' - . ( ' ' ' 

. _ :·.Z(/3)= ex~[-19r(g,/3l::- 2 ln.d,et!:-.9] . . . . . c 

.• ;he~e,the l~adingcontdbutiiiri'is given b; the l~~tric.which .. i~ a clas~icalsolution~~nd-
.. . -- ".. ' ,., - •.' . . i-. ,. .. · ·.. . - ' 

pJ~iodi~al with p~riod 21r/3 ~ith iespect to in1aginary timer:. For arbitrary ,a'.thi~ nietiic 
"0 •• • • - '. •• ' ,- .;·¥·, '., > ., -

• is k~own to have conicalsi~gul~rity' 1 '.-Therefore, in g~neral, the integra(ion iri (1) m:ii-st 

i~dude the ni~tii~s· ~ith, conical ~ing~l~rities as well [{ 1 ]: A~ it is .well k~~wn; fh~r.e exi;~s . ~- . ~ . . ' ; - ' ,. . . . . ... ~- \ . ' .. '-. . . . ' . . . :' _.. ' 

speci~l Hawking inver~e temperatu~e /JH fo;. which the ~oriical, singularity.<lisappears: It 

s~e~s to he r~asonable to cal~ulate thermodynamical qu~ntities ~s energy·and .e~tropy: 
•· • . ' •.• 1 • . , ' •. ' -• • • ._ ,- ' 

for arbitrary /3 ·and then take the limit /3 -> /3n~ ·. 

, ' . Wit~i~s;e~t to ~~rtition)un,~tion (li°o~e ~an define the ~~eiageifthi energy: . ' 
··: .. ·,, :, ·; :: ' ''. , '...... .:,:1 ,'. ·•· .... '·.·· .• '. • '· ' ... - '·.- ,' 

< E >= _:__813 In Z(/3) .• : ', i(4) 
' ' ,, ' ' 21r '' • ' ! .. , ·: ' :. ·. 

--;1--In-t-he-,-s-tr-ic-t-s-e-n-se-,,..t-h-is-m-e-;i-,i-c-is-,-n-o'-m-ore thes~l~tion of th~ Ein:tei'ii ~quations: N ;v~rtheles'!_, ,it still 

gives th~ main ~ontribution to the functional integral (I) in the ~lass or'metrics with conical singularity . 
• " ........ •· i" . . • ' . ' • 

.l 
l !, .· •. ' and entropy 
c, ... _) • 

r 

I 

S = (-dfJJ+ I) lnZ(p) l . . , 

Hence; for the Hawking temperature we hin·c·· 
.,..• • I • • 

/' _(5) 

\ ' 

sBJ; = (-;Ja3+l)lnZ(;'.:J)l;~B1r (6) 
_,,_.--·· . 

As it follows from (3),' in the stationary pha~e approximation Z(/3) can be iep'resentedby 

: the effedi,:e 'action -

_:,.,/ 
h1 Z(/3) ~ -9;;;(gf 
9~11(g) ~J1r(!I) + 9,JJ(t;.); .. . ~- (i) 

where. 9eJJ(!:-.) = ½ In dclf:-.g is the one-loop ('()Ill rilrntion ~o the eff~ctive 'action dtie to . ,.,, ' 

·•· ina:Ucr fields. Then; froni (6) \~"C obtai11 ,' 
• 1 '- • 

I 

·,Sm/= (J.-liJ,3-' I)9,11(Y)l,i=,,u .· , (8) 
I, I • - . ' - .. ,· : ' ' •• . \ . 

.- . ·_-~- . , ·-_,, ,, . ·_,_....- .. - -. --~- ''_. I., .--, ; ·, 

,:,vhere 9eff(!:-.) is considered in the backgrouiul classi,al .metric with conical sing1.1larity. 
;,. ·-:--~. • ' _, '• ' '- ' ', ·; : ,. - ,, ., j • - ' • -

·: Insertin,id7) into (8) WC obtai1~ that the totar~:ntropy 

\ ' 

·"::' 

i~ a ·s~rri of classical 'entropy: 
r , .. , ' _,.:.. . 

• and quantiim ·corrections: 

$BJ1 =:c S~'ii'+·stu. 
. , / ,, ,. 

',, 
clo.-. '·' 1 • ., · "·· $1m = (;3D1, - l)l;,r1 . ' '" ' . "· 

I 
:-:Shu = UW,1 ..:..:J )9,JJ(~). 

'.1.,~.-

{ 10) 
·,. 

jll) 

'using this general for~ula/ lei.' 11~ ;~11si:lcr thl'.. case \,r t WO. din;ei1sional iravity int<:r- ' 

icti~g with scalar conformal matt.er: . ' . . ;· 

-/ 

: ··1•j ··"1• ''l 

,,Imat =; 2(Y9) :J!d_=, (12) ... 

,, Then, WC g~t ,that 
. . I ·.. . 
9,JJ(ti) = 2111 di~- □.), (13) 

,':where O '= /il µ'v'' is,the:La~lacc:·oiH-'rator (~fiticd,~, .. i,tf1 'respect t;,: lllCtric with conical 

singularity. ~ 

..: 
3 

'~ 
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In two. dimensions 
1
the:description ?f rna'.n!folds with:co:_1ical singularity is essentially· . 

. simpiifiei We begin _with \he con~idera~ori ~f the siniplest exampie of a surfac~ like that-_ 
. ,. • I . . . . , . . 

des~ribed. by the metric: . . _ 
. . . ·. . . 'f ' ... 

ds 2 ~dp2 + (--) 2 p2dr2 

. . /3H. · (14): 

:This spa~e ~~n be consider~d as an ·Euclid~~~- variant of2D Ilindle~ space-time. Assuming 
..•... ·.·, ·• . . • .· .. ·. . / __ ..... •. •• _> . 

that Tis periodical with period 2rr/3, let us consider:the new variable t/>-== t3-1T which has 
• ' .- ·• j ' • ' 

pe~iod 2rr. Then, (14) reads 
I~ ' 

,. ds2 = dp2 / ";2 p2 d.¢>2, .(15) 

where o: ~ (i F✓Itis the 'sta'.nd,ard \o_ne. iith sing;laritj, at p = 0. :When o = 1 (/3 ~ fJH) 

the conic;! singularity in (15) disappears. 
. ,· . . -

'-H~ving calcul~tedthe scaiar'cu~v~tur~-Rc~~ for the_conicalni.etric(i5) letu~ a;proxi

m~te [12]. the cone by a regular s21;fac~ det;~m_ined i!l 3D Euclidean s~a~e by ~h~ equatioii_~; 

~·= o:pc9s t/>, y =;:·ap-~i~ef>; z =;:VI-:- o:2J1;2.+a2; ~ndwithth~ metric .. 

·-. ·> : p2+~a20:2__ . . :-· , .. 
ds2 =·. . .. dp2 +o:2p2d¢? 

·;._p2+a2, -. ·.' 

Ip the pmit a...:+ o, the m~trit(l6) c~in-;;i<l~~ 0ith the ii-i~~r,ic of th~_~one (15): Caicul~ting 

c~r;atur~ ~or (i6) ~nd°i~king off th~ regulariza~iori' (a:..... o) £6; the scalar curvature 6£-- -
. < ·_ ·,,_ •... · ..•. • .. ',_·:·:._·'1.,···; . . · . .- .. ··,.• ;'-- ..... ' 
the cone (15) we obtain (see also [131): . . ' . . . . 

- '. ' · .. "" 

.- ·R,. • ~ 2(o: ..::_ 1)
1
,'(--·). 

con-: P, .. ,, 0: .· .(17) 

- wh~re i5(p) is the delt,a-functi6n\iefi~e<l with respect.to the measure: 
••· ·: ' ~" .r ' - ••• • ./ ' - •' •• • ~ "' _',. \ , • ..-:,:, . . • .._ ; 

. 
_.{:oo,(5(p)p~p-~ 1 
lo .· . ..-

... • .. This r~gulariza'.tion ot the cone allows us to use the re~ults obtained fo/determinants 
/ •.·' ·. ·•' .:·· . .· . . ··.· . : . •, . . . : ':.·.·.,· . . 

of elliptic operators on regul~r su~faces and' then, taking approximation (16), to 6btain 
'-. ·_ '._._.'-.,··-:·~- ·.:_::·:,: ~--_: -.···::},'.-,' ,'·"._:_.,._ .. ·, .. --·, 

the. relevant exp;essions for the surfaces -~ith conical singularities .. 
'• _· - • •• •. ,. -.· t" . ·- • 

/ - - -- - . ' ' . - ' . 
On generalground~, the one-loop effective action (13) contains_the divergent and finite 

• '' - .- < - "-- •• ""'- -. • .. , 

pa_rts [14]: · ~✓-

.. >:-9e1J( □ )--~- 9;~1(□) +o;in( □),, 
. . . ) . 

~ ! I , 

\ 

· . .__ 

. fo; which, neglec.ting bourid;ry terms, we have 2 : 
;' . . . ' . 

'J 
; 9;~1(~f = -1--.. J•RJ9d2;log(!!_? 
: . • .. --•· , 48,r _ .. ·. !L 

. . (19) 

·•~Jin(□)' ~ g~,r j R□-1 RJgd2~ ·: (20) _ 
,\ .•• . ' l j 

/. 

/ wht!re Lis an· ultraviolet cut~off. L~t us ~rnceed with the conical metric {15). · Pis it follows• · 
- ' - ; -. ', \ 'j 

from (17), the Euler Ii.umber for the' coil~ is tlie folloi,in_g·: '. ,, ' . ,, 

,: ,·, . Ix= !_ jR:onV9a>; =·(a - 1) 

:', '., / . , . , • '
4

7r : ; · >' ' ,· ,· 1 

and, consequently, for the divergent part of.the effective action we get 
• • •~ • I ., • ' '. • ' • ·/' , •• > ' - • ' : ' , -: - • ,. 

' ' :. I 

~ , 1 · c L 
:m!(□)= 12 (0:-J)log(µg 

(21) 

: ... :...;,,_ 

;{22) 

I \• 

iln o;der to c~lculate the finite part (20), let us consider the function ipc~n'which is the 
l. ·' . ., .· .. : .. --·_:• .. , ... 

- ~- '. 

._,,., .. ,·, 
□·'· 'R . . ' ·2( '1· 

'1-'cOn= c~n,.;Rca~-.= a- ' 

Eq.(23) cin b~ r~written as follows_: 
• ••~ , •,. < ; .I • 

. ( --la ( 0 )···+,' {1 .. a_ 2)<,: i' 4;(6i- l)i52(x ~,)· 
P. · P P. P · 2 2 1> 'I-' . ·. · · · , ' ·•. 

' \' ' ' - : . < ·~ ' ' ' ~ .P " ' < o:: I.: .. ' 
where i52(x,x')is the two~dimensionaii5-function satisfying the condition 

,'. 

' ' •, ' . ' -~ ' .· '. ;~/, . ' 

··1··2 ... ··i. +,;.; ·... ; ' ,, 
•·• .. def> · :52(x,'x')pdp,~ 1 

.. ,·.' • '•. 0 '· . ·' 0 .• ' ' . . -.· . ,. 

One c~n see th~{(2-i) is just _the' equation for the Green' function.' Th~ '.s6lutioi:i: is ~ell 
I l , ) . -: •: I ', I,.. ' '. ', \' ·,, ) t/. _' ' ; ', , • ,•; • 

known:,, 
. 2(0-1) ' . ·,, 1Pcon = . '. lnp+w, ·l 

(25)' 

";-,\ 

J , --~, !·-, ·1··· a , _:· .. ·' , 

. whei-~ w is a harmonica! fui{ction /□~'=:; 0. Taking in.to a.c~ount (23)/(25) we obtain the. 
• • '":' • • < • I \. • ' • • ' - •• • > • • 

followin.g for the finite part (20):' 
_.-, •• •• •--._. I _- . ' '• 

.·· ' ·'1 'ff 
gj~~(□) ~- 967r, <Rc~1Pc 

i(d~ 1)2 :, · i ··. 
·=- . Int+,-(< 

, .12 . o: . , 24 · 

2O~r convention for the curvature a_nd Ricci tensor is. R0
fJµ• =. 8µf 0 

,_;.' ;• • •; ,- I ' ••:::••• ,,,,,,._\-• •/", <C • ..,•. ,•. 
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/ 

where w(O) is the value of tli~ function w at p = 0; One can s~e that the "finite:•: pa;t of , 
1'' • '.' :' ... ',•,' ·:·"'. -- · .. / .. ' ' · .. ,' . . ' . . , ·, .i 

· the effective action is really divergent in'the low lirriit of the integration over p. Therefore.· 

w~ introd:~~d· the regularization:. t~e dist~i~e f to the top of the cone. i~ th;~ limit i --+ 0 · 

. (26) il logaiithrriically dive~gen~.: T~u:s, the compl~t~-o~e-loo~ eff~~tive action on t~e cone 
( ' ' ,_ : ., '' ' ' : ' ,,, . ' ' ' .'. ' '' . 
takes the form' ' ' ' ' ' . ' ·, . ' , • I ~ - ' I 

~:., (:□)·l(a~l) 1· .(I,)~ .l(a.c.,1)2

1 ·'(.a.:_1) '(0) (27) 
lcleff - --- og - + -~---'- og f + .---w J 12 ' µ .. , 12 . a · · • 24 · 

1 

, . 

. We ~ee _thafth~re ~re two. typ~s of diverg~n~ies .o~ th~ cone: The firs't is the ultra~iolet • 
· 1 

/,:, ' ,. · ,, : , . i •. • :'.:·, ' \ ' • ,· 1, ,, <' .· '.; · ;: _'. , 1 ''. ,•,: .·.: r , ,,_,•'. , 1} , • , 
divergency related to the cut-off of Feynman:diagrams ori the energy L (what is equivalent,' 

' to 
1
the' inti~ductio~ of some ~inimal 'di~tance;L~~). Th~ oth~r di~;;g·~~cy lrise/when th~ 

,·\ ,· . r, 1/,_ ,,.'./ ·:·<· .','. ·, - ·::• .. ·. ,_. ~ -:· , ,•:· <, ,•,:_,·.'· •• -'''_,.,:, ,,.·,, ·,,,',·". 1,\· 'i;-:,_•;•., 
distance. to the top of the cone goes to .zero.'. One· can expect· that· in the self-consistent 

'··/'. · .. ,' _.r-__ ': - •• -~--- .: .·., . ._ ,' \:: '_/ ',' -~- ' .·.·, •.· '·., ',', ·:_,,.':;':.,\·.,.· ·'i -~ .Y_, ·. .,I\ 

renormalization procedure all the distances cannot be smaller than the fixed ultraviolet . 
. "/ ... _., :: . : . '. ' ,' ' . ___ ;·. , '' ': .: ·. \~ ' ,,,, , . •.;·" \ ,' ,. . ,.'- ,·,, •, _ ... ' ·;•··; ,· ; ''. ·;· ',.' ., '.' 'i:-:·:' ,' \.' ' 
scale L-:1• From this point of view, the identification· f =· L-.1 idairly naforaL Moreover,. 

,/ /' :.' '. •·,'' ·'_r. ·,. ;,,'. '1,,·; __ :, '·._.'.'\ "''., .• · .. :_.:,:_:· ~:,:~_··.'·\<'·.:,.'·:.'.:,':,;---·,,·J'·.·•.••',,\, .::'::,: '·;••; 
'· .-: thi!l.id~ntification turns~out,t? be necessary when.we compare (27) 'Yith results obtained: 

' . ' . :•, ,°,_ ·:.' •·:. ! ' \_I"\·. ' J' _., ·,•: '\. / '<;'\ '; ! ',, .i •. i: { \. i . '_, ;\_.••, ,\•• \ \,.'. I .., . ,.. ,:•:.- 'I 

· earlier for determinants on the cone by means of the (-function [5) (see also [15)). Indeed,, 
' • ' ' ' \ ,, ., • 1· ' ..... ,, • ',,' 

'a~suming f =:= 'L .:.1'. in (27),,v~ obt~in . 
'•, ' : _·,, ', . '.,' ::: . '\ 

·.'. ,'' .1 1 · 1 ' . 'L 
900(□) =-(a:.:.. -)log-' 

. · / 12 • .a.· µ 
' ' ' 

that coiridd~ with th~t ~fobtai~ed in [5j;' . 
\ ,•,. ,, 

_ , ': .~.{ ; \· :.., . : . ·• ".·.. ·.· • ; '.·, .. · ·.. .. . I, ,, . : .. :· . , , ' •. ,1 i•. • ,. 
1. Now w~ can'. calculate the' corresporidi1.1g: cor~ection to the'' ~ntropy. Inserting (27) 

> 0 ' •; 1 • .• ' : •• , ' ,', ',, • :,, ~--: .' l ' • ' I ·, ( • ,. '' ·,: ••' '. ' ',.', • .'' ,'. ~' ', •' '~ ' • ':, ,'• '.'. • ' (" ' '. '•,' •' : • :,•· ,, '' . ' ,,' 

mto (11) we ob.serve t,hat the second term m (27) d.oesn t contribute to the entropy (for 
'' '' " ',: ';• ' ' .\' '' ; " ; "' ' .. ''. ''. ' ' ', ,, ·:· ' ' ' ,, ', 

1 j, ~ /JH) a:"nd th~ firstterm i~ (27) leads to ·' · · ' f , · ··.· ' · · ; •· ' :., , · 
1_ ' ,, •• ' ,.· ,, ·,_'. ·,\' - ( • 

. ·, 1 ' · .. L 1 .: I: ., ' ·.·. : · 
S'bi, = ,'.-

2 
l~g( ,;-)2 :::C -

6 
lcig .,-', . \ '(29) 

, , .. ·-1.· . ./:., ·-·;,f,. ,.,,,,. 

, ·. , ., ,·:'.(•,, .. ·. . ... .- . l-:: .. :.. ·, ,, '. .. :,,,·· -· ... ··, ,-.. 
where .~e assume9- that w(0)_ = 0; ·This coincides. with !esylt_ previously obtained for the 

! 1 • ' ' . • -- • '.' ' • ,, ' • ' • • ' _, '• • ' ' ·• ... ' < - ' ·,: '' ' 

quantum corr~ction to the ent~opy of 2D 'Rindler sJa~~~ti~e.' ' ... ' . . . . . 
. ·'. ' ' ' : . ,l .\ ··•. ·,. ,' '. . ; ', ,, ..• ',', . I ,,f 

' ' . '\' 1_'' . ,,,·.,! . . ,' ,. : ·,. ,·· ' \, ,' . . ': ,' 

•. , Some remal'.ks. concerning. the' ultraviol_et. divergency of entropy (29). are. in. order.•. Ac~': 

,'' cordin~· t~ :~enera~ recipe; of r~normalizati~n in ~h~ q~;a~t~~. ~d~ 'the~ry.' ~n~ rrmst add' ' 
1

. , , '· ,,, :'•'. ,, •_., - • •.· , , ,, : ... ,-· "l,, .\ ·, •: .. ·· ,· . ' .. ·. •,· ·.", ' . , . , .. ''.. ,•.··' : 

the releva~t counfer~terriis t~ th~ ~liare'; -a~~i~ri in ord~r t~ ·~itncel the' dh;Jr~e-;cy: in our' 
•::, •~)•,,•••, :'.,: '• ,>;,:.-:\, C ~' ,,:.,:: ,•, ,•-,;,.\•,•,:,,: .... ,::' ;".i::\I~ 1,'•.•• ',' 
case one rriust add the following term to the'classical adiori: · 

·' .', 1:·<·~- ,:>·' ·:,':··\'/ .. ·,·· ·,_·,''> _·, .,·.\ .·. :·~ 

I',·' 
I 
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/· 

; :1<1r :Rfod2~, ,· 1·' 
./ 
: 

' ~ . 

which doesn't affect ,the' ~lassical equations of im~ti,on but contribute~' to thi eff~ctive: · 
• • .. • . . · I . . .. . . . . 

actiori: fl9eJJ :;:;'s(a - I) and entropy: t:.S.=.s·. The total entr,;ipy·occurs to be finite 
' /. ' . ·;.,_, '· :. ' 

. but iindefined. All this- procedm:e seen1~ to _be reasonable .. The entropy. is determined 
. . - . •·. : , ' .' - . • '~ . . , ' , . I, • : ~ :, ... 

)jj · ... tip. to ari arbitrary constant .. 1hc 'hove ~~ncell;tio~ of ~h·e div~~gen
1

~y ·means o~ly the 

,: ' .. · renormalizll,tio~: of thi~ .~dditive ~onstant ,whidi does not,in~u~~ce the :p~y~ks;,~nd jean 

·1 .. not be,det~rmined from the exferiment. ' ' · '• 

' · On the other ha~d, int1;od~cing u;; i1ltraviolehtit~off L in statistical descripti6n of 

.· . · u;, ,;,tcrn "° inlrdn,: a ~min ,,~le Le'. f h;, """."' tha, ,re ,,.;: an ,1,ri>~,la,y ;;~te 
1, ' of the system ~haracterized by t:he size f = L ..:i. The ~itu,ation iooks similar to th~ cine 

I ~• J •'I I',:,.,,_ • • ., ' ' ,, '. ' • ,'j '' • . ,I 

1 I 

1 I ,· 
j 

i 
l ; 

that we have in the classical statistical physics [16). Quasidassically, one can ·define the 
. ,,:, ' ·"/ , . . '. . •. -·.· .. :· '\ · '· ':' \ - . \' •', ';. . ~ ' . '' ~ ' / . ,.. / '. ,_. ,"' ' 

.. : , number ~f state; iti ther~gi~n o~ the p/iase ,sp;{~e (p: q) as t:.r ~ (~;~)~ ( s is nu~ber of 
. / ,r . \ ' . :! . ~ .: ·, ' ,. .· :-· \ ;_';, . ' .. . "<.··. '. . '. . : . _'., ,. .. ' -1 ' : • - ; ,, 

freedoms of' the· system) where c. =. ( 21r /,) is a scale ;characterizing .the. elemeptary· state 
-:~_.t,., ; .1··: ,.'. ~--·, ,', ... ·_, ,; , i ! ~.':_ ·' -:._', •. \'. ·._.. ,..,,," _':,'. ':':. • • "; -· ... ·-1-·,~ ·. : _,;. ·,, \ 

of the system. _Then entropy S = In e1f .is .qivergci1t ,,vhen _the 'Planck constant Ii --+ O . 

'(~•~' ~)- 'Tim;,' the 're:u1t (29)can l~~Intcrp:·~t_ecl' as a':i'i1i'~lic'ati~nt;1:t·there' ~1U;~' ;xista 
~··:--· ' ' .:1' .,:' ·•· '·. >,:. ', '·,'._' '. ;', . '., " . ; /·~, :.1:.· .. ,,.,:·:··; ': J·: ." (·:~•.; ··:.,. /\ .. .:' 

. fundamental scale which plays_ the role of ultraviolet regulator and naturally characterizes 
,, , ' t'- . - . . ' . ' - ' . . 

'(like\he Planck ~onst~~t, n'i~ st~nd~;.{i ~tat is.ti cal iiy;i~;) the size of el~JTientar; ~tate of 
' ' t ,' , ' ,'. • • :_ £~ , - ' ' ' • \ ,'· ·... • • ,· • • j ' ' ' . ' 

q~antum ~~avitational syste~11 iii pi1i;1;e ~pace ( concerning tl~i~. see.also [I 7)): . 
·:t •\'' ,•.,.•, , .. ,,••'·\:• '.:,_';,.:, ;' •, ,i _.,, .'.•:,, •,, ';\•'>- -: '.:'• '·, .. ·~~ ~ l•"_,., •>' •, 

'· , .. , i '· ,j ;', ,• : ·: ·'. '.-. : ·.• ,- •. ,, .: .·: ' ,' '•,,. ·~ ' ' 
Let us now consider the 2D black holc'with nictric written in the Sch\varzschild-like · 

: ': ' ' ) 
/ 

', 2' ' ' ,: ' 2 \) 2 
. ds = g(.J')dr: + --d:r 

' • ' .· , .✓ ; ' , , ,. g( X) '. . ' ·. . . 
'·The metric is supposed to be~ymptotically flat: g(.r)_~ 0 'if,i: ~ +oo/We assmi1c,th~t 

:; in (30) is periodical with period 21r/3. Co1~~ide1: the new angl6 coordinate</>= T / /3 ,~hid,,,< 
·'..,:\'~•",_.:, .·,·:·\ \, -'i ;' .. : ,·'· ' ,\·:.(~ ,:,,,;--., .. ~ _I.:' ·,, .. '.•• 

· has period 21r. If one.introduces'a ri'ew radial C<?!mlinatt· p: · .\ 

"-· J
' ,ii ' 

<fl=' ·JgG1. 
'·, • ,J.· • 

\ (31) 

the metric (30): takes the form 
"' ' ''._. -: ' . : '. ' : ' /. ' ' : 

, d~i'= \j2!;(;;~j<P2 :.+ <1/ 

7,-
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. Let the metrical fun'cti~n g(x) have' zcr~ of the first order at the.point X = x:: Ih the 
,. • ' • • • ' '. ~ \ ,' •• ' \ • • -, , • • • ,' 0 • t • l ' •' '. • ! • ' ! . ' •.' • • ;. > 

Minkowski space this point is event·horizon.,_Nea11 the horizon we have g(x)·= g'lrh (x-xh) 
' I < I 

'fpi the ~etric functiim., For. p-(31) we obtain , 
,/'' 

I.' 

.\ 

p =. 2 : .. : .. 
.. -· tg'(x - x~)1f2 
, '! ~xh , 

-~ (33) 
.,_. 

in which _it is ass~med that the horiz~n. is located at p = 0: F~~ the function g(p) in the 
•. • ' •. I \' I. ' • ' ' ,. ', ,, s ~ • > 

vici_nitf of this point we get:; 
. ·, . ' p2, 

. l i 
- g(p) ~- /32 . ' 

i.; , : " • .. ,. :._' rH_: ,·• . 
. ' where ~H = 2/ 9~~. Th~ metric (32)' cah;b~ ;e~vritten in 'the form: 

. . . . ,· ,(l '. ' - ' ' ' - i, ' '~ . . . ', ! ' • 

.. \ · · .. :· ds2 =d( L)2;2/rp2 + d;2] + f (p )drp2 · 

(34) 

; . ' .. ·. /3 H . .. ·. ·. .' . <' . . . . . . ' 
: .. , ,,~ -;· ~ ,,·.:-. ·:. ·.'-_<·; <·._:;:·:, .. :·- '.· -.',,, · -: _/,:·-· :·:· ·, _ ·.· ... i_: :·•,,\·•· /.•.·- _ -~- .:./-/, ,, l:1·· 

where we directly extract' the :cone pa1:t of the metric with, singularitj''at. p ~ 0, 'The 

• fonct;~n,.'J(;) ="='/j~g(p) ~.(fn)2/·near'theipcii~t p. ~-•. 0 ·b;ha~es ;s f(p) -~·p4:'.:!-{ow 

~~ may r~g~l~~i;~ tl-i~ ~o~
1
e:~art\f\h~ me~ric {35) as bef~~~ (16),·c~Ic~fat&t~~\~~l~r 

't. :.,.'•.'•:,•,:.. ,,_,,,,_;'\,,','.!; ~~ ,:•:-:• \;•,·•.;·.',_ . .' :•,~ __ i· _';i ,• ·•:i' :,,
1

:•• --,,., ,,,,.-,.:._:/', •::,'-:~_'.;.~,-•·:'!/•,~;_-\ 
'.· ... curvature and then, take off the regularization (a -:>. O)? : , At t~e end, w~ obtain _the 

f~llowing ~~sult for th~ 'c~rvature: . ' \ 
V ·,' /,:"': .. -"\ ' . ; .') ;·_., :',. .' '.!.~\ , .. ';· ,._ ,. ' ' , .. \:,· ( I 

. _. l(a ~ 1) • : .. · .. , . . . , /3. , :· lt= . , 8(p)+Rreg,, a=r··' 
" •· . • ,, ' • .. :;: Q ' ,, \ ' t) . '. . ' ' . 
where,the first terin is the contribution due to the conical singularity, while.the second, 

' _.;: .. _. ';' ,• • . ::!• ,-. 
1 

, - -. ;;·.·,·>.'/ ... • :: , .-- ' ),1 ,', ' ' ,._ I , • • L < '',.)_' ,' ·, 

. regular, termtakes the form:•· . , · 
. ' '. . . ' i ' ' ' g; 1 g; 2 

Rreg'=.- - -
2
(~), 

\.. g· .. g: 
i , _ • • •. . . I. _· . , . , . . .. . , -. . , , ;'i ·,1 . t,. 

On~ can, s~e that Rreg ·(37) has at p ~ 0 the finite _val~e. determined by,the term of.the · 
• '. • • • • '- ·'' j t ' 

4-th order i~-the e~p~nsion'of g(p)°.(or f(p)) .. , · . ' · , ; \.• 
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' , ,,_.; ', , • ',' \' .._s.' '•• ',, ~•,,~;j',_ ,,'. ' ' f /_ • _;_ '\ ' ' , ' .-' ,,;• ' " , .. , \' /~ ·:. '.{ , • '; ,,, 
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' ! ',\ t 

. In orde\ to find one-fo<?P quantum ·cor:ections i~1 the b~?~grci~n1. metric (30)', (?2)~ ~e l 
. ',. ~ .. ' • ' ; • . ' /. . ' •• • ; ' • • - • : ( • ' 1, ,. \ '.' ... ' ,' ' •• ·. • '': .' ·• '. - . ,, • '. : : ; ' .••. ,, ' • , 

have t~ fi_~d the: ~u~ctio~ ip satisfying;thf,equ~tion: · , , , . \ .

1

, 
' 2(0 .:'._ i) • • I • 

Dip~= . .. 8(p) + R~eg _ _ : (38) · _· 

... · .~At this I:-st stage, the importan; point is t1: b;havi:r .oft~~ f~~~-ti~~ j;p)' t\4:-.nue to i{i{:th~ ·' . 'i .; 
cross-terms hke 6(p)f(p) and 6(p)/'(p) do not contnbute.. · - .· · ' 1-. 

,-.c__c,_. . . ) • , . : .. ,· .. · :,·.•-:· · .. :-::: <·.1.··_- 1.-., . J 

·l 
l 
' ] · 

/ 

·, <tt 

·/ 

,··~,,-!/ 

' ' ' . . i 
where the Laplacian □ for. the metric (32) reads 
- - , , • ~ \ . /· , I 

• I ·1 • I . 
□ =·i:? · !!_a · ·_; -02 -

p + 2 p + f32 q> g.. 9, 
: (39) 

Assuming th~t: ip is indepe~dent ~i-¢ ~e· get that out of ;he p6i~t /= O the g~ne~al 
. ' ~ . . ' . . . ' . 

~olutio~ of(38) is ·u;~-~oll;wing "' . ., 1 , ·.• •. • • . • 

- . :'-:. ·_. ,·,." A' ' 

.IP = In + b: f '. dp,' , ·, . :. : 1 .- ( 40) 
.. 9. '-}. -,,jg''· ',, .. 

': ., -; .. ·, . . ...... · ... ' ', ,::J'. : . ·.: . -.. i· : '). ;,.·:,: __ 

where b and A'.. :=;.: 0 are stiU arbitrary constants .. In the _limit p --+ 0. the Lap_lacian (39) ; 
. '. ,.,. . .:· ,, , • ·• ·,,,:' • . :: •. {, ., '' I .. I ' i - • • '_: •• ••,; ~· • ( •• •I •·· ;\· ',.-: ·,:.:;,.: . '/ '' ·,· .'•, . ':-, ' . I 
· _coincides'with the Laplacian for' the 

1
cone (24): Hence, in order to obtain 

1
the 8-sin_gulai:ity . 

in the r:h~s.ofeq.(38)'th~ tp ( 40) has'to coi~cid~with t~~ ~orresp~nding soluti~n for th~. 
I • '• , > ,,; ', • '.; '_'•, .- ' ' ' ' ; ',', • : ' \ .. ' ' ~ 

cop.e,' 'Pc;n, in the limit p -~ 0: 
, - ' ~ ,, • \. • : ,' > '/ 

"" 
, . , · 2.( a - l) ' ! ' 

· 7P.:-c-7 'Peon.,~ : , a_." __ In\ 

-:· .......... '.• >-.> ,,.: ::-- i _,,.-,_.,. :,,,. ··.; ' 

Due to (34) y,e get for the leading terms of (40): 
\ ,·- ,;:- ' ,:.,· ··,. ' ' ·. - '' 

. . ... ~ , . :.~ .,· .. ,·, ', . •;.'. '-::. 
,-Tne condition ( 41) gives value of the constant _b = 2//3: 

, i ·.. , ' j J ' :<,. < Ii, I \' t A'.· • . 
•. I f:~ In'g(p) +-f .:.., 
. /_ ··. ,_ .. - ' .... ·,,_, '.,-/3Jp, 

'or, equivalent!;, in terms of thifcoorcli~ate xt,:.; ·' 
,<· .. 1 \'. . ._ ,' ' , .;/ '1 ,.. . ,. ,·· . I, -1 

.'· ( 

'f =:' Ing·~-~ r :dx 
'. • •• .I . /3 },, 

.. , 
It is worth observing that the.renormalized energy density of th~ scalar field in the 

spa~e-tim~ (3~)~ as'itfollows frbhi (20), .. is: . . . - .. · . : . · -· •. . , .. 
,_ . . _. - . . .-

, •-~•'lg· ;~en:, 4!ir (2~~- Lg:tp: ~ ~(~:/) 

, . , -1. · ··;,· , 1 ·, 
>_ ren=,

4
-
8 

(2g., - 2 (g., . '' ir . .. g 
1,, .. 

·. 9_ 

(45) 

( 46) :: 
'} ~ '. " 
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This expression can'be obtained by integrating the conformal anomaly [18]. Fo~ b = 2//3: 
' • • , • ' '. '. /, \ <' > ,'~ ', ':/, ~ , •:• •: •~• / / /' • '~ ~ • .1 , , I \ ,-.- '. • • : I 

. this energy density at the space i~fi~ity (:1; ;_, oo) . 1. 

. ' ' 0 1 1 )2 
r • ~ To >,.~--+ 241r (fi 1 

I • 

coincides with the energy density of massl:Ss bosons with tempe!atur~ T= ;!1r 
It shoulcL b~' noted' that the ch~ice of constant b in (40), ~eans th~ clioice of t'h~ . 

. ' '. . ' ,· ' ' ' ' 

, (47) ' 
i, 

quantum state of the scal~r-field iri the space~time of blick hole .. Therefor~, th_e 'fad 
• , ~ . , ,, • . . :, , ,. • : : • . , ' : '.. • , ' \ . , , , . . \•, . , '.; , , .' , ;-.' ' I r . . , • • . , . ' , , , . , • 

that this constant ,is related to the temperature /3 of the gravitational system seems to , . 
,},.'.: .-, .. ~. ,;· ·.,,- ' ' .. • ·!. __ r ·,-, ~-~/·... ::·,. • •• · ··<·.·• "·.' I , , , ,: , ·;·· •• , ,·::'·:., •• '.:'.· , 

.· be natural: the thermaLstates of the _black hole 4 · and quantum field in the black hole 

: space-t,inrnarn' the s~~~:.>{_ ·. ,.I ' ' ,' . : ' . ·.· . ' ·. :, ' .. I \; \ ' 

On the other hand, we can see that (46).is divergent at the horizon (x ~ xh) for general 
•.• '\ \':,·:·,' ~ ·, l '. °', .. · .·-.< .·: _., ' ,· l,,: ... ' ,, ,\.•··\',,)'/ ·.,..:: ·~ ',:,_ "-,_: 

/3 ,and becom~s regu_lar only. if /3, = /3.H (see also [8]), Thus, the __ Hawking temperature 

' f3H'is di~tin~~ishe~' also ( in' the' se~-~e.u;~t. 0~1; for £his te~perht~re; t'i~~ ;.~norm,~li~ed 
>· ·,;'.' ',:.;· ·.', <- ',_ .. ,· ·: ,', >'•., •1 

·\ '," ,, \:.' ,·1•,', _;· _' .! :, ·.·•.·:1::,·,'' ·, !' /··, 

energy density 'o( the quantum field,. being in th{ thermal equilibrium ~ith ,the black : 
• ,r:,•,' ' :.'/ ' ' i .:.,(:/•••·: '.. •,, ·,': ; ' •,••, ::! ' ;:'.•.':: j 1•, :•'., . < '_.' ,'• ••;: !,' ,' /. • •.•', ,'.•>":I ,'r ,•: • .. •,1. <'•'' '1 f( i\_.' ' '•,.'.!) ,' 

. :',hole, turns out to be finite at .the horizon. Really, the infinite energy: density·mearis 'that 
; '.:, . ,,-·. . .. : ... ·'1. ; • ,' .. ,· 1 }' ,: ' : '• ,• .~.) ,' .·:. ,•.,,. ' •• • ·« ·; :· . ,,\' ··, ·., ,::. ·, .• ·' '. ,,· , \ 

sorriethirig singular can happen at the horizon when the backn,action is taken into account. 
! ,::,• ,;)•~ ~:• .' ,~', ~•~; , :,.,•.,•,•,'I,,-•\,'•, '.: < ~,, •,,•'•,•::• ' I ,..••>,',\:•; :, ',,:_, ,' ,:_' 

Therefore, for f3 # f3H _the backreaction I?USt he, essent\al ,for justifying, the_ semi classical 
._,_,:·•./·'•• •.. :_ .. ·•.-· ·- • . :,,",,· :,, ·., _ .... ,.·_ .. ,•,..• . .:,'.·/' ,' ;,•f."1 '' ' .. 
approximation (when w~ consider_ (3) instead of,the functional integral (1))'. .· - · 

• • ! ,,• ' ' ·, - ' - ~ -'' •,.,'. .. : ., ' '' ,' I '·. ' • ' , ·, 
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' B~foie cal~ulating.t}ie ~u~nt~rfrcorie~ti~ns to the,~ntropy 6f the 2D blackh~1e;'cine 1 " 

I ·,

1
1 .--~•.-.' • .. ;': ~ / •t,:•. ',, ,:. •:<"·. •i-"'.', :\'. : :', '_.,•.'·,:. , .. ,: :-'•·', •,.~.',' ',.-,. :\ ·,",'\, ,i,,'•':i \'· 

would like, to have'some concrete description of 2D,gravity. ·The simplest way is:to,use 
•:. . .: ,. ' ·1 ' , ;'_ . . • . '• ,, :· ' I ', .: . •• , • '• ,, • ' '' . 

thestring-impir~d dilaton gravity with th
1

e following action [19]: 

... ,- . · .. fw~ -f;zvu),-'\-L~(V•)'.~ ~')+1'1•(>c"f {'' . , ('sj 
' , . '. . ' , • , . . • ', , ' l: 1 , ~, , :.',, . , , ·• ,\ . , . ' · , ' , 0

; 1 '•. , •. ~ · ·; . \ 

where the last, boundary; term is·add~_d [20] in order to th_e on~shell action ( 48) for the flat , · 

~pace-ti~~to ~ati~fythe~~~di~ion: [gr(/= nlon~,h~/1,,,; d. The~, from the field eq~~ti~n~ 
•. ~ ' . . . ,, ' . . ' . ' . ) ',. ' - ' ( 

. •·. . 1 · .. ··:. _; . -, ........ -
ds2 

::'g(x)d,T2;+ (x/f2,•g(:i) .~ l~)me~Q~ 

. . ..~+ r·.•···· ·••·. ·.·· .• . ·. .· 
4This state.is fixed whe_n the integration in (1) i~' pe~f~rm~tl'over the Eudid~an n'ianifolds with'. the. 

,cyclic Killing vector Br:with-period 2,rp_,,' , . , ' - . . . . . 
I ,',.-. ', .,.,. .'• '1,·, ··~ '., 
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• • • ' ,, ' . :- • . • . / . • _· • ✓ '·, ' • , • ' ~ ... --. • •. • ., ' ~ 
The action (48), considered ordhe solntion:(49). takes the form [20] '•- · 

, . . ! . , . J' ' \ ••. ,·' , .,.. / 

/>= I dnl,;[D;/ e:_2~Ux9 j/ 
' . , '. 

(50) 

. Assuming~that, Tis periodical with peripd 2;/3,for (.so)we obtain. . ' •; ' ,· / __ · • • . • ~9 •, -2~ • ' ' . . .·. ·. ';, ~2~ ; I 

Igr -,;--1r,B[e _ Ux9J+e<>-:;- 4ir /JH[e · · ]x,, 
,• . 

_,,. 
(51) 

• .- • ·- • f 

whe~e xds the p~int ~ftl~e horizori;}(.rhh= 0~ and 2/f3H ,;,;[8xg];~ = Q. However, this 
, I: •'~ •..:.. ;', - .• _. ,, : • . . ; '' '• '', •,, ,'. '.. ~•- :. ' " , • ,' ( :, C ; • ~ - ~. • ' '., •.. '•, ', • 1:, < 1 _: ,: •' • •, , 

. naive calculation of the action doesn't take info,.acc6unt that for '/3 ¥_ f3H there exists • 

. a conirnlsinguiarit; at x = .r~ with COI;t'rib-n~ion ,(36; :t~ the curvature: Th;s ,;~~<ls.to . 
' ... , . ', ,. ~· ,· ,' '-:. . .. ,\ ' 

· additional te.rm in' the·action: 

' i'J ... ' ' :.i:.i~: .-: ·. 
.J1r(/J1i ~n[c • ],., . 

Th~refore,. tl1e acti@ ( 48)b~ing considered on th~ class,ical metric {49)with /3 =, f3H 
:,. ' ' /i ' - . ' ' . ' < • .' ' , ' ( /, ,, • ' •• :-- '.' • 

, iLi_s JoUows:: · -
· ·- ··-24' · ' : -''/' , '':-21' 

lg~ = 21r/3[e 8.,.gJ+,x, - ·1ir[c, )x,, 
\.' 
· (52) 

,Thus, the /3-dependent' terms, cakulable on the-horizon; are n~utually canceHed in, (52)-~-
' ' • ; ' _.;,..-• ~, • '. •' • ', • • ' ' • • • ' :, ' .' ·,. • • '( ' : ' ' , , : '.· - , ' ' I - ; -' 

· .. ~nd for the ~las;ica] entropr, bf.the black' hol~, [20,21 ]. w~ get:·; 
• I ' 

c/-;;-S<': _.,, , r·•~~2<f;]•• I ' "\ ', '' 

S .. -:= •lir c, ,. ,..,,= ~irm I . · (53) 

2mQ '. for -:the 111~5~ of. t'he. black h;;-1~: , llence, the, 
• f ·:·.. - .,. ' ·,· -.,. 

WC obtain;/lf 

. :entropy (53) can he;., written as: 5cfo, -~ 21r/3uAI.' 
' . , ., __ , ' ~ '• ; ' , .- ' . . ' 

. ' Now let us ~al~ulate qua~ttll~ COIT('dions t6.(53) accoiding to. the abo~e i:onsidei-~d. -. 
: .l ' ··,.: .·. . ' ,, ' •:. . ,· '.. . : ,_ ·. . . , . ' I . . : · ~. ·, . .'' . . ' 

_ pr?i:edure. , 
. . . ' . . .. , . . . ,,,... . ' . . . . .. . .. 
From· (36) we obtain that the Euler number for the metric (30), (32), when /3 =f- /Ju,· 

. is the sum . .. ' , ' \. ·.' .. ' ; .. 1\ .. . ' - :'> . . ., .. 

'
4
1 ~1R,/grz2; =\con,+\~:,·' , (54) 

,. .. ( ' . . . ·,.-. .1:. --.: . ,:.. . , . . ' . . .. 
· \ . , whJre the.'fi~st terrri on the r.h.s. ~f (5,1). is tlw'i:011trib11ti01; due to the conical singularity .. 

' 
1 

,1 , , ' '· .' • , , •• , • , ~ ,J I C ' ) ~•- .. '•' , - : ,~ :. , -~ _, ! 

', while the se~nd terin is a reg11lar contrih11tio11. As,befofr, \~·ehav<> that 

J 
. -- •(, 'µ--~I) 
\con =,.t3

1
j' '- _. 

11 

"' 
•. (55) 



' : /~ :, ,. • ' .' _,.,, ' ,7, .i ·' .1 I - ,·, ':'.-, ., _!' ,, ,.'' ' I ', .. • _', ~ ' 

To calculate the regular· ~art, Xr,;; it is convenient to use .metric. in the form (30):, Then, 
', , ·,, , . ·, ' \ ' ' ,' 1 ·,.,,: • , . , ., ' '• .' , ,i ' , . . ' , ' ' . , 

we obta.in R,,9 ;,.4, for the c~~yature. Copseque11,t.Iy, for the regular term in (54) one 

.gets '/,; 

I 

' '. 1 /' ' 'xr;!J = -:-'.. g"dxdr 

·=·-1-t, ,,-• ,·, 
' /311 (56} 

. and the tot~! Euler irnmb~r (54) tu"ms out to be in<le;end~nt'or / X = -L The divergent 
. ,' ,_'."'._.-I~-.:•'' ~/,'1 ,,/ ,", •. ,',:•·•·.;}, 

part ~f the one~loop' ~ffective ~ction (19) is a~ .follows: . . . · · .,·. ,· .·. · .. ·· ' · · ... 
. • ) . ' ,_l '. '. ,' ' \' -· ~ ·• ·, ' 

. · .. • :' t' .L 
g. 1( □ ) ;,·_:__log(· -)2. 

. in . l? . ., . 
'' ' ... ' . - ' ~-'· 

For t.h'e' finite part ~f the,~ffective action (20 )' we get> 
,' I j' 1 ' ~ ' ,:, ,' ' ..., 1 ',•, ,;, ,:\ :, , <•. ', ', j, , 

:r;;~·7 ·9~7r/ k~-~~,/gd2:i ·~' 9~1r-XRip',/g12
; 

'.:= 9con;+ 9re; . ,! ,· 
J ' ! ( ' 

· where g;"n is a~ .foll~n~si 
, r. , .. · ·~ .. :· - ,-·· I ,.. , , 

·gco,; ;'!c;~'1)• i~00

8(p);
1map .. '. 

·. ·. ,· ~ ,. lo· , :< •·.,., ,, ., .,\- >. 

The.integra~d iri'(59) is non-zefo only at p, === () ;,her{ip = ·tf!~on and ..jg= f3~1p. 
. f •. ,,·: · •, ,''. . /' ,, , ,. ,' ,, -·.,:: ;!, , .,, ' . I , . ' •• , . : .,· ' , ' 

' 9con coincides with ~ne we h~d for 'the. cone (22): · . 
' ' . ' ~ .- . . . ' ) ·- ', . ' ' ' . . 

• · ' i 1 ·. ( ' .:.. 1 )2 , r. .. a . I ~con= ,12., .' ., . Il€ 
·> :_; .. ' ..... ~ .. ··\ 

. ;here the reg~larization,. dista.nc~. ~ fiom the horizo~·; (p : "o).:as iritr~d~2ed: · 
.' < .. ·.,i,;,•_:,,;'' '- .. ,.' '•.•, _ _. ,·t~·:,-,·.,•, !~',\". ·'.t_j .' .: :.·-

The regular pa.rt of (58) 
• I • •' .\• I.,• ',, ' . . . •'/3 .: {<+oo. '. \ '· 

9reg - Jx K.e,q1pdi. 
\ ' ' : ', • ' , i '.i '.' , ~. 4s : ~h; .. , . ' , ' , ' ,• ' • ; '• '.• c', , ;I ; /\J , 
does not contain diverg'encies in the low limit of the iirtegration ( the terms like dn ~ vani~h •·' 

'i~ the limit,f -+.O)'. In (61) ~~ us~ thebla~~ hoi~metric i~the f~rm (3~). ,;or theconcr~te·: · . 
,_ :· \ ' ,• -, - '\ '1.1 · ''· ,· ' ,·. _·. ,~, ·:.' ·:·: • ' ', .·: ,'., ,, ;·; :, __ ,, ,·- '-. _:'. .' . ·,, :•, •• [ .·'' . ', ; 

. metric(49)wegetthat ''. ,'. , •· <·.: •• .. •:· .. ; •': , , : 
' .. . , -.. ,, . ·, 'l ·. r dx: =J_/3ulnnfx)~'x:+.';I 

.. ; 

'! 
1 

;I" 

I, 

(. 

I 
arid'tp(x) {44) take~ the forrri 

' . :-. I ' .. 'f· - i 

' .·,, .. ,, ·.' ' . t ' ' 

. \ .. · < 1• /hi · · . 2x : 2· ... · QA : : •• 
' 1 · 1/J={l--)lng-:-+-· -In(e ;..:2m).·· ' ' ' '. ·, ' /3 ' /3 /3Q ' ','. ' ' . 

. ; • . J I '! 

\ . ' . . , , , ~ . I \' 

Inserting this into (61), after the calculations:we obtain ... 
' , • < C • ' ' ,_ I .' • . ' ( ~ .• 

,·: (62)' 

· . . •i::;,· ·' ,1; ·. ~QA,_ 2m 
Qr,/~12-'12,l~( 2m ) 

'·i, . < 
{63) 

1' ' ·,(' 

;,-'C ,Collecti~g {60), {63) and (57), f~r, the effective a.2tion we finally obtai~: 
' '! ': \ ," .... < ' . ·.· ·. ' > ., .,· ; . ;~ . .... . : .- ,: ' '· .. '.· .· ~(' ·. . 

·. ,·1,. 1:,£ 2 . l(a.-l) '·' a .,,1···eQ .:..-2m 
9•n(□),== c12 In(-~ + 12 · J~€+12 -12 1n{ :2 ' ) .• ... ,,. , , .,µ .. . ,. a. . .. 1 • ,, m _. 

·., ' . ' . ' ' ·. ', J .. ' ' ... ' • ' ' ,, • '·, . ' . . 

· .. wh~re· a.== fir; Identifyi~g ~·= :i-1 .1f<;>rsthe }nfinit~ part \>f th~ effed~v~
1
actio~.~e obtain: -: . 

' . ' , ' ,, • ,,· _, . .' ·i " . ,, ' " 

l , '{64) 
, 1 '; ,' ' 

t' 
: \' 

'91(□)'~ 1 . 1 (a
2

+.1)1 .L 
. . ,I J 12 ·a .. n -. ' µ 

.; ,I 
'As.'.one c~n se~, the'infinite part does', ~ot depen'd on ,t,he concre'te fo;m. of the black 

·. -, __ ·i·~·.··.,'· ,, ·· .. '<.:::·:· ,'\.· ,:!";•:.·(: .,_ :-~. _;:.:_~ ... -,.· ··: .:-··>··~·- ,·.•.~··\··'. 1 ',-_'.·.r,·;·_.,11".·-;. >_ 

hole. solution. /Probably, the result {65) is worth checking by'rpea.ns the the alternative·· 
·• , ' ;. 

1 
. ',. ·, , ''. ' '. , .' ', 1! ·, • '. 1,. l ) ':, ·: , , , , ' ', • : ( :, ~' : , ' • , , ':. '., ",; . ,,. • : ': ) . , , ·' : , , ' ' • ' , 

calculation, for example, with the·,help of the (-function. 1For the quantum 'correction to · 
".'., ·,,·',} ·' 'i'.· _~· ,, '··:. :: ·,_.' ·-:_. <:,.·,_,:-'/.,'•,<· .... -.:"~\: ,,) : ·.~. ,:,. ',.',::i'.<:<,,.· 
the entropy (53) for ./3 ~ /JH'_we obtairi: •. ' ·. ., . . ·. ' ·. .- ' . . 

( , '' ' . ' ,' . ' :' ··:.. .. ; \, ·', ·-,;,;,; '/ii.~ 
·\ 

'/' 

sq· = l1n·~ ..!..i (eQ1-2m)'· 
I{H , 6 € ,+ 12 n , 2m , 

'.• . .: ,· ' · .. ·' ,; '·: . \· •.:' '·.:,:'·,I.., i:'.·\, ·,;, ·> ·'.·: ·, . ,' ', ' ' 
Tne, div~rgent pli.rt, of (66) coincides with 'the quantum correction;to the entropy fo the 

• :· ·, ;,, .: '- :, ! . '',- '· :" _,,.,., . . ,'.. _: ' ' ·,. • '. •. ' ' '.' :,, ~ ', \ j· ',, ;'. _'! ., '. ' {: :·;· ·,, ''.: •,' .' .:. ,: ,,:_ ·i : f • ; ·,,. ,·. ': •• ' i; 

, case of the Rindler space-time {29). Obviously,,this justifies the:approximation of the 
,'•,>j( ,·:',·,,.,'.,,. -~_;'"-,1~-·' ,, :1 /:,·,·. ::,_· 1··,.':..·-::·,::'1-.,.,; ',. -,, ';I. _:··.':--".'·._:i ,'. ...... - 1' ~ ,·:;,_.: :, 

black hole space-time near the horizon by the Rindler space; which .was considered earlier· 

[1,;.s).<··: '.: : ,,.:, · .• '\','. ·,,:: :/ ;\,,·:•:·.·' i .. '·· ·,, -':,.:.:\: :
1
,, 

. In terms cif the classical niass Mand the' Hawking temperature·.11H·the total entropy,' 
1 ,. ' ' ·, ·.·, · , '', ' '. ', , ·,' ;-,, · t-- , .' • .-·-, ...... - '- '; • ·,,. •· • ' 

,
1
', (9) can b~ written as follows: 

' ' ~ ,. ' -
· '.'\ ~ -: ·,. ': :, -. ' _· ~,: 21/-- .·•: .. ' 

S ·.2:. /3 ,·,M, 1 ·1· [({J~)e,PH .-:-',Ml., 11·· E 
BH = 7r H + - n ' '+ - n -.: , 1: " · ,12 ... . M .· . q \<€ 

',.•· : ' \ ' - ,•,', " 

1., '. I~ ~om~~ri~6n with thl Rindler ~pa~e, fo~ the black' hole'case · 
;• ,:, ,;•>;,.. -.,' •., •,, .. , ,i \:• :,' ;•:, •,'•. •:•:t 1 

\•~,• l .~-"_:.>"',•,,,,.'.;• ,',._ > .-<_".';• 

;: correction to entropy {67) which logarithmically,depends on:the bla, 
I •. !~•·,,_:_~•-:;~--1--. L'~~~\ J.1.._\'_::~~--> .::•~~·:"•: ~>•~-~ , :.~••.' /•·,,, ,:I 



I 
'-s.· 

!"< . :i 
. . . ., . . . . . ) . . '. . . . . . ·. . 

more TH but possesses sorrie corrections. This can ,be considered as an indication of that 
. ) ·1,, -, .' - , ' \ ,/, \ .. •. \ '_..,,', ·, -.,. -. ' . 

the. backreaction must be taken .into account. · Indeed, the· classical.· black· hole· solution 
", •• •,: 1• •••,,: c .~•• t,•,:••1- •,: ' ' ~·•,.'. \ :, • < ' '",'/',: ••~• • • • • - •~ ✓ 

• , does not give the extremum of the semiclassical statistical sum (7). The configuration, 

. \. whichis the ·:inimum of the ;ne~l~op effecti~e action 9.1 brii~;t be wns;d~red. Ge~erally, ' .· 
' • ,~. r ' • • ' . 

this quantum corrected config~~.i.tion may ~ssentially differ fro~ the·clas,sical ~ne [22:24) .. 
-. ' . ~ . , 

.. fo any case, 'such therrri~dynamical quantities as temperat~re f3H, m~s M, and entropy . ·- . 
. ·; , . )- . ' ' '. , 

i' 

l h~rizon. (p = 0),, The pa;i. ~f tl~e mctd, (71) in' \h~ pli1ie' ( </>/ p'j. coi~cid~~· with. the 2D 
, ' - . . . .. . I. . ··.· 1. .. . : 

metric (32), .(35)." R~gularizing' the conical singularity at p ~Oas before·,ve obtain that 

'th~ complete.Ri:m~nn te~sor is a sum of the .re~ular p'art '(w~ich·i~,~~n-~i~"g~l~r in the 
' '

11 
• • ' • \ ,,\. ~ • • ' ' • ' ,, I I 

limit ,a·:....:. 0) · an·d the part coming fronf' the cone: ~ .. 
> ! T•• , ; •· ••.• "/, \ 

-I . - . 
Rµva{3 '=. R~on. voJ + R~~g; vo{3 

. ' . 
·; (72) 

•.. · inust be' re-calculated: Unfortunately, in general the· quantum. cQrrected field "equations · 
. . . 

.a:~~ not ex~ctly solvable. Recent1Y[25-27), thishas•benn ~~nsidered for the RST m~del 
. '· . ' . 1· ; .'. (· ·,. ·: ' ·' /,-. ,. ' ' ( ~ . ,,. . . > . :_. '.·: . . '.,'' . ,' '._ .,:. . 

. where the exact so_lution is•known. It should_1b~ noted, however, that the backreactio~ / 

may_ ~hang~ o~l~ithe finite part of _the entropy· while·its diverg~nt pa;~,,as it. foll~~~ fr~m.c, 
,. I •• • J ,-' ' ' ' ' . J •. ' ' • • • ( , ' •,-

our consideration'; r~mains uri~hanged;-- . 

Let us now apply our method t~ tl;ie 4D c~e. Assurri~ that the gra;itational field in' .. ' 
'_,,'-,_, :~, '.,::./ , • ••;••, -',; •~,.•-~:> ") ~.\, 0

0
,:. ,:.-:' - •• •,' I' ,1•,•:, :•I,_'.•,.:' > •,)• ,_•' ; ',._" 

four dimensions is described by the'standard Einstein-Hilbert action: .. . · ... ,_'- i--: ·. : ' - .·-·· 
, Jg, =:~.fd4~.jgR<4>.+:, boundar~ :t~rm~,., 

-·,. ,. 1t"K i ,_··.: , •• ·_,·' '"-, ••. : --.,. :' ,,, . \ 

~l:ier~ the gravitatiinal co~~tai::tt II: has diinensio~ality of i~ngth' sqhared [12); 
. .- . . ' , ,' . ,, ,• , .. • ,, . I ·1, -

:Th; Rindler spabe i; four dimen~ions is desiibed by the metric 
. . . . .. '.' I . . • . '/32 I ,• ' ' • \ .· . .\ ,,: -

ds2 = ~def}+ dp2
, + dx2 + dy2 

' /31 . . 

:; 

which for' /3 #~H can; i;;-;e~r~serit~d a~_a direct J~~d~d of the tw~-diriiensional cone'(l5) · 
l : ' . ,_ · ., - ,, , ~ ,- .. '; I •,' . ., . ,: 1 ,'..: •. . . ' i, .', '.(:/ ·"' ';, , - •:_ "',--, . ·.' . _ ~ , ,,\",' 

., on tne _2D plane: G2 @ R2 • Applying the regulatizatir:mr,iocedure (16) to the cone part' 
J I ...... • ; • , - ' ' j, , • 

. of the metric (69),\ve obtain that the.4D scalar ~urvature
0 

for (69) in the'limit a ,'.:'./o 
. , · , '. , I '. . ·, .· . ' . • . . . . i_ \· 

coincides.with the curvature of the 2D cone,(l ~):_ ~ ., - ' : 
' . t' ,; ' .·. ', \· 

':'R<4l == 2(a -J) o(pJ; ;;, == 'JL 
, · · . . a . ' . f3H 

. \ 

. ' • . . .· . ·.- . . I ' : .. · .•.. · .. ,'. . . •, · .. , .'. ' . ·••• .,. . , , . , ; . i ' ) 

.We ·are also· interested_ in• the spherically. symmetric rn,etric describi~g t,he 4~ ·_black 

·~ 

' • \ '' ' • - ·,, .:•.': '._ ' ' ' -·- ',, > • \' ' - • 

'. The_'only non-trivial component of the contribution fro·m the_'coiie in (72) is· the following· 

,(forfinitea):' i ,,n - . ' 
. ' '. , . , r ;, . . :' _.: I, 2(·1. 2) 

;R<b .' •·, .. •a. ,::-a, , 
1 

, conp<f,p_ =t(·p2+a2)(p2 + iz2n2); ,'. · 
', 111'• ·•,, , , ·, , , . ' ', • 

THough, the whole consideration can 1;;. ge1wr}1Jized. we sti1dv here only the c.ise ,whtin ' 
•/ : ·,·,, f,:,..::-z ::, -,.,·'····' ' : :' '·., ' . \': ) . '~ :<' < 't <,: .:: ··: '. :::_ "', \ ·,, . ". ·.,'. . ~ I ·.::_'_,'I: ~; 
th~ reg.ular part of the,m_etric i~ Ricci-flat (R~~1 ,~ O);' i.e. it is,the solufon of the Einstein 

I·/.,.'.· ',-\~i· _'(' ,:•,:_' ·,.1. , :\,: ,·1._ --·•/·'', ,.·,' :·~. ': •• · -'. ~ ,:;,.:, '.,_\;·,·'. __ ,•.: :.-,' \' :•.·:'.],. ,_1 

equation in .~acuui;n: •·Then, :we obtain ,from (72);. (7:3) that thi?' scalar curvattire. for the 
• • , , , ,. -''., ',· ' , ' • i •.'' :· .• ,I ' 

!iletric'(7}) in the.Iirnit a,-+ 0 is al~c\givei1 hyexpression(70). 
•. ,l .( •.'. '/,,,.- ." < •.:\•i: ,; ' .. •, / ,, ,,• :' .,; ' I, . ~.••, ,• ~: , .. • ,; '-~ : . .'.:, ., ~:- ~: ; ,., ,, ·, ' _ , .,· ·,I 

Thccii~ergent p~rt of th~ o~e-loop e!fcctivh adio~ for'scai~i- fuatter de~~ribed by the 

(73) 

-1,(vipr•.' _ga .· •)'; , V 

b:undar;)e:·i1~s)'.t.... __ ···- ·-·· .. ,v~~, ·-· ~-
,' • • • ~ ' f ' 

= 2(Iog <{d □H, . 
·,. '. 'i. ,· .• ' · .. ··. . 
· __ . -

2
(130 L'.+132L2 +13., log( 

· . 32ir . · , , · . , . . /! , 
•, ••\ \:•', ,:' :.-'" :."i, •• -• '•:i • '._ > ,' '. ' ':\ ' ' i, • ' c ' ~/ J.~', ;:! .: • \••: > '• • ,,: ,''' 

ei cut-off .. Tile rnclfkieut.s lh in,(7,1), take the form (we1omit t 
. . ; " .. ,• - . <.. . : . . : .\ -- . 

t coefficients dependent 01i.the type.ohi1a1.1,;,.' 
/ ' " - ... ' . . . ' 

· hole. 

i1; =: f32'g(p)d<f>2 + dp2 +~2(p)(d0\+ si~2 0d>f': -
.l. ' , . :~·: . ' ' . .._ . I ••,_ .' _:; '. ~: .• -.. ('.: '_; <.· .', ?_- ·:---. ' . '.' . -, 

Near the h~~izon ~e have: .. g(p} == ".ii and r(p )~ ~h + ;:, ; ~here rh is the· 

•radi1is; r at the horizon: Fo'r (3 i,'. f3H.ther~.agair{e~;~f 0 
• ·' 

, . ,, . ,. , . ·, I,· 

- ' . I ·1·. rngd4x 
- - V:J.,., I 0 - : . 'J J ' 

., 2 .. '; ' . ': 

. ,r ~!J· R(4l;,jga ,i: < 

6 : ; · . :· ·, .. I , l "'"' - 1 •. ,•·l, ·n mw ',. ~· r-.'1 '' 
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)• .. ' . 
. ' . 

Considering (74) on the.Rindler backgrou~d (69), imd,'Using (70) we obtain 
' ' ,:·· I. '·' . • \ . • , ; ,• '., 

'l' ,." · .. 2·, ·.O:; 4 ."· .. 2 ·· •. . :L 
9;,;J :c= 

48
ir (a - _I)AhL -;- 64 ir? V L +,(a-,: I) AhT(~,a)Iog µ . (76) 

wh~ie\4.~-~ f dxdyis the a~e_l ~f ;he Ri~dle~ ho;;~on; V is' the_ ~olume of the si{ace (69) 

. if /3 =c f3H- As one can see, B4 is q~adratic in curvatllre. F~r finite a it gi:es the,last term· .. 
1
· 

. . . . . ,, . . . ( · r . . ,, , ,. .•. '. . ,, .· • , . -> . . . •... , ., 
· in.the effectiye action· (76). with the function T(a;a) •having the form. · .. ,, ,' ,. . , . ', \ . ._ ,, 

.·, ' >'} . 
,T(a,a) ==,2 T(a) 

,~• A • , ""a • \ 
(77) 

where T(a)is a nonsihgular function which takes finite;value itt (Y =.-1. Th'iis,,we obtain 
_, \' / , - \.. ,• ', • . · .. / ' ! ' , ' • ,,· J • ~ ' •• _; • ·, ' ' ; , ' -. • • : ·.' ·.'. ' i - < •• ' • /1 • 

an additional· (to the, ultraviolet) divergeni:y when \Ve take limit a .:.:... 0.; Fortunately;. the 
\ ·" .: • ' • - ) • • - ' ' • -- •• - ,,, •• ) \. , '. " ', • < _! _,· • • '·. •• . ·, \ • ·., ; • , ... ,' 

last term in}76) is:proportional to (a~· 1)2 and'does not contributeto .the energy (4) or 
' . . . '. ' .. . . . - . ,,.' ,. . : ' 

·, entiopy (6) calcul~bie at /3 = /JH.' 
I '_ - •• '., 

, . F~o,i:ri' (7~) ~/get t~~ quii»tum_forr~ction to the _e;itropy: ., 

sq :_c :__!_ Ah ·- ·· 
. BH -: 48ir f 2. 

~herttlie ultravioletdistance ~,;. L- 1 was introd~c~d, 

.Theresult (78) is ~xactly 'the ohe obtained for the geomet;i~~l entrnpy (1,3]. One-can' 
' . . . < .•. ' ' ' ' . 1 , ) -, : .", ' •. ', \ 

'giv~'this .the f~llowing interpretati~n:~Though 'we stai;t from the flat spa~e-time,' conside~-' · . 
, ' 1 • , i ,,_ '-. ' ' ' ,. , ' , • l, ' , ' 

. ing'system ~tth~'finite te~perature /3, we obt~in th~ statistkal system in the ~ff~cti~e 4D, 

,.. ', E~ciidean s~acewith' the co~ic~l ~ing~l~ri~y. Therefor~, th~ induceig~avit~ti~ii~I~;ects 

, 'of; the cur~~iur~ rlay ,the role le~ding. to the n'~~-tri;i~l effectiv~ action (74) and eJ:J.t;cipy 
,., ''. ' , : . ·'.'' ' . , 

(78). ; 

. Notice ~hat on!~ the contribution coming fro~ the scalar curvatu~e _R(4
) in the first, 

p~w~r in
1
e~e~ti~e action (74)leads ;o th'e quant~~ cori~ctio~ t~ :he entropy of the Rind!~/ 

i s;a~e~ ;'fhis t~rm takes th~ slime ;or~ 'as th~'dassic~l ("bare\;) gr~vitation:l action (68) 
' .. . ' . \ ·. ' . ' . '- ,,· ·.' -

b~t with· th~ £ 2.'.divergerit · coefficient. 'The. two-dimeU:sional exampl~ learns' us 'that · an 
. . \ " , , , . . ': .. ' ' ' I, •: • ' • . . .. · ' ', . \· 

extra ultraviolet divergencies (in the . .limit € • .:.:.. 0) can come froin the "finite" non-local.. 
~' ..---. _·-. - .•' •~-~- ~; .•,.-.~-,' ~-;·-: • ·c·~ - :~,. •.1.: '_~,•: .' .. ~. ::.' .~. ';_{: 

. terms.in the-complete effective action ,which are omitted in (74): These terms' are not 
. . : · ' ' ,,. ~ : ,,. -· •. ' • '. ' • . • . .• _:.. . • . _, : :.; '.\ . ': ~ . , • ',. ) : ·• f. '' • ,' " ' ... '• ~ .- ~ ', • ' .:- \ 

exactly known in four dimensions. By means of methods different from ours,. there recently., 
. '··. ' ' .":' I 'i ·. ·._ I i-.,'. ·. '• ·. ,·•,! ' . i ., ,.:. ·, 'i,; ,>·. ,··' ,·, '. I ),.·. 

appeared results on .the heat kernel asymptotic expansion on the curved cone (2~)- They . : . \ .•,, ,. . '/ ' . ' ' . . .·, .-' ,, . . .:,, . ' -'' ', . ' ' . ..,, ' ' 

~,ll<?WS one ,to obtain. ~ll diyergencies du~ t.o the cone sing~la~ity: 'which ~ould come both 
. . ,\ .. ··;. i . '• ··J·•.' \, '. •,, ,' _, '( J 

-· 16 

1·•. 
I,', 

frorii the infir{ite and finiie parts;of the c~~;le,t~ effec;ive ~ctio~. C~nip~ring ~ur' r:~ult/, 
, : ., ,' : / 

1 
• \ • ' , '· _ \. - '· ' , ' ', 1 ', . i: . ~ ' ' • ,· . , ·" '.' _': • ' ' . '• "j '•: I 

for the Rindler space (76). with that of [29] we observe' that .divergericy coming from_. 

·. thefinite par~ is:ptop~dion~~ to,(~--; 1)2 L2 .ierioim~li~ing ~h~ infin,itie; ~i (74), (76) we. 
• I •, ' . \,,·. \,' ' • . ,1 '..' • ' ' , '" • , ,_ 

_introduce the same counter~terms as for the manifolds without conical singularities. Thus,, 
, ''. , , . I , 

, ,,to r~nornialize the L2-di~ergency of (74), (76) it' is enough to renormalize the gravitational 
,·:,,•_'. ·.;/!'~; .,. •,, I ; .•,~.' ·I .. ,' .. ,. ~ • :••1,~ ' , . .'. ,: , .I. ·,: i'· ,'. ·.,• • '·, ,,': .•" -.', , . .:'\ ,_!, ·••• ' 

constant (30]: ' , . ·. 1 .• 

' ..:1 . .:.1 +·· · L2 
K. . = "'B . : 

.,, ·.1 --.'. 

.·, (79) · ·. 

·, ,-' • ',· 1 , •• , \",;, / ; , '.' , 1 • ''. ' '..,., l , , • " ·! <.•· ,: : •, ' •, 
'., On ~he other hai;id1 .we must ad,d ~ew (abs~nU_n th~;regular c~~). lo~al counte,r,~teims 

\ ,' ,\ I ,. ' I <• '' • t • •• ' ' _''' I _J ''.•.. '. :,: ,-,', ;· '' '', ,' ' ( • •: • :, • ' ' ' • .: 

' ;, ( cL .; (31 ]), determined;<m th~ horizon surf1:ce,., in order to .absorb,. the additional: diver-
'. ·~ ' \ • \ ', ' ' ' • ' ' ' • ' ' ' ' .. ' • ' ', • ; \ • • '. < ~ ' ' ' 

gencies ~~~ing fr~m th~ finite ferrris'.i~:the eff~ctive a<;;tiJn: Howev~r,'thi~ di~~~gencyis 
' ' ? ' • · .. '. . :· ', : .. ' ,' 'i_ . ' '; ''.· . > -~!'._.·, ', f ' , ,, ,, ' ,/ ; '. '. ,_,-'. . -. '-.--- ~. ,.· ·. • ','. :· ·. ·, • .' ' 

:, ; proportfonal to ( a :::-1 }2 'and h'ence. does riot contribute to the entropy. : Therefore, the: 
, . , ',:, :•".,'' ( . ',,', ', ''-, . , :," , : ·, <: \ .·'- ,'·,· , ,·, , . \ .. ./ ,i: ' ,'; ·• ',;. ••• , -• ,:, ,'. .:. •: '·, :,"· 

renorinali~ation of t~e gravitational constant (79) is enough to renormalize the. ultraviolet 
,,.,,..• ,, :: ',;':·":•.,. r :::. ', .',' • ·, :: •\•.,·' • ';:I,'·.• ,'. i' ;•:' ' ', ,' ) :;' ·;l: • /l',, .< ·'\ • ·.• ".~ .,, ' 

diveigency of the quantum',cor~ection,to the e~tropy (78); , , ' .. , . 
·-~·-,' . I·> .. _·.,;,, ; I'.., /. . ', : '. ': ··'\ :•- ·, ',., ·_' .. ':, ·:·! .. ,''I :, '.j: :' ,'···: >;,' : ,:' 1,· ,_' .. '·. I : ,, '.:: ·•.' .. 

In the recent interesting preprint Susskind and Uglum· (32Lhave also; calculated the 
'. •_.,/f,~'.,','';,·_·.,.,\, ·-;•,•>•.:,:·•· ', ,'• .•·.\ :-'.✓:_:.·:',,::-,_,, .:··-:.1.~-;·' 1 : • !·::.··•"l, -.~··•.I:>,'·.·_-_:,-'. ·., \, ,,:•_- ,t .. 

:quantum,'correction:to th'1 entropy of the Rindh;r-space 'Yhicl;i .they 'consider•as a)nfinite. 
.. -,,,' :: .;:- ,, .'_/ -',-.·,. ,,·, . •;>•·'•",•, •; :•:.,,,'' ';"' • 1.,,~' I .'/' :,· '/.· -,:-.': •~•,"1' ":: .:••" •]:·,.' ' ,_<· 

, -~ass limit of.the bfa.ckholespace-ti~e,_~n p1tr,tic11hir, it has al~o,_bee?obser~eg ~h~t_~11an< 
, ' .. ,. . 

: tum correcti~n to the e~tropyjs equiwi.lent 't~ the' qu~ntui:n CQ!rection to the gravitational 

ccmsta.rit h~ith~ di;~~ssi~n:~i this ~:oint,/seealso.in [~3]):· i .,: .. , : :\/ .• . , . ·. ,: . , 
"·-lJ:<·. i,, .. ~,. .. , :'.,·,,·.•·, :· ·;-. ~ ... , ... •:~•, '.' ;'._,, ,~:.~··:.;-, .. . ·.: ·.··, ,.'.· 

', The:·metric, (69} for a# 1 is sir.nilar·to 0the metric of a cosmic string; 

string'irit~rpret~ti~n of th'.e' ~etric ( 69) o~r ~~?·c;d11r~ ofregul~rizi~g th.~ ~oni~~d ~i~g~l~rtty '. 

has th~ :~ii.tur:.1 ph;~-ical j~stification
1

, I~ in~a~-~ th~t' we consider ~he stri~i ~ith the fiilite I 
: ·, ' ' '. , , ' ·." i .' -· ' ,, •, " ,_ • • •• ~ , ' ' ; , ,.•• 'I 

, ,i-aaius ·,., ~" .. ~f the kernel; Thii des~ription i~ more realistic .vhilethe_ infinitely.'. thi~ cosmic 
\1 '·. , .'•.,,,: . ,,·,. . : :·, -'·., _'_ ·· ··, , _:.;" ~ ;; - ·. . ,'' · ··:, :,:.~ , ·· , ,!\' • .. r.· .1-· '.· :. :: ; , ·:·,, '. " .. - , ..• ··~,' ', . I '•·: 

string (in the!imi~ a-+ 0)is an ideallzation; Therefore, ,we could c<:msider the'parameter 
:}·'·:. ,·-,,-,_,1,, : .-:,:.::•/ ~~.:·.,--·.-,;~ , \.··:':,;·•,i•,. '.'.\,,;, 1:',~ ,-._· :.:,·:,.:,-.''.: :,': 1,.,-;'..';,.'.'_\ .. '··;• .... '-\ l·, 

,'"a~ in our above consideration as a "phenomenological" one which is small but finite; This , .. : 
' , •. _ . ",.,. ~ ', , ' ' , , '. I ·. '', '· : ' ;'"- " _; . . , · • \, •. '.7' , , , . ', _ - ,. I . .._ .. ' \. . •- _J .~ ! '. •: . , _ ' 

assumption allows us toavoid an addition'al divergency in the effective action related with 
.:th~li~it:a~O., ,,,.•,,,··; .. •••···:,·.·· .. '·· ··••<;'.,, .. ·•' ·,.' • 

, 
1 Co~side~ ~~w-~he bl~cl< h~l~~d~~criheiby t~e S~~wa~z~~h~l~'.sb!~ti~~; 'Th~ ~etri~ t~kes ; 

< , 1 • > • • < '1, ,,. • , • •> ••\'C •. ,, .;, • •,. S 

,_.' N~~r· the h~~izo, ' ~, 



., /_. ' 

·' 
, , l/ , , . ,· < .,. .: , ,. ' • . . . ~· 

where f:lH = 4M; M is,the mass of the black hole. 
' . ,.,· . . 

The classicalBekenstein-Hawking entropy or"the black hole i~ well known: 
• ', .. ',· , . . "' 1 ,., ,• ' < • 

_\ 
-Ah 

- -s~'ii == 411: ' . . / 

/, 

(81) 

, •-' • ' :·• I ,• • ·.•• • .: ,' 

. ~her~ Ah = 41iri is the a;ea of the horiz~n sphere; for the S~hw~rz~chila' s~lution one has:'_ 
' - . ' t .,._ 

rh = 2M. • ! • 

. . Calculating the quantum correction to this entropy:we observe the new. point in com

. p~rfaon with the: Rindle~~ jis~: Th~ugh the 'regular· part oftlie metri~ ii; Richi-fl~t, the 

1 Riemann' t_ens~r Rf;g c,{3 is non-zero. From (7~)we obtain that the terin 
',' , '· . •, / ,' ,· ' ·",' ' 

· Rµv , R"'13 
· _ ,_rel; 'o:/3 con µ~~· , 

, ; (82)· 

contr1btte; hon!trivi~lly• to Brand to the 'effective,acti6n. The conical Riemlirin, terisor 
•. ' . , ' ' i, ~. ,;, ... · ; \ ··., .-., \ .·' ~<, . . _:·· . , .-' ... ·~· .·.·; : '.:,_ ·'.·< . ··i,·>· 
. in (82) is propcirtional,t~ (~_"-=:1) ~rid.henc~ (82) leads to an'. addition~! 

1
correcti~n to the. 

'' ,,, .,/' \ .. ·• · .... i \ ' . .' .. 
· entropy of the black hole. <· 

' :' - . •, /.,, ,· . , _', ,, . ' r ' . , ~- . . ' ,. ~ . : ,· .• _; , , .. , 

· In the Jimit_ ~ ~ o, th~ c'?,nkal Rieman~ tensor R~:n o,h .i~ pr9portio?-aflo the ~-f~nction __ 

5(pf Hence,·on'.ly the_value,ofthe re~~lar ~iemarin ten~ot at thi/ho~izon·is is~~ntial fo~·: 

,' cak~iating'the inte~~lci~er (82);: From (71) ~nd_ (80) we obtairi': ' l ' ! 

·u ;,f>_-,_. ·; >4r• . 
. -. R,,

9 
p,t,p(p = O) .=,(32 . 

. . . •: _.!: H 

'. .. ' ~ . '\, .. '. ,! ~ :. '. 'j .. ,,f·. ' '· ,:.: ,.;, \,:., '/ :- '·._·, " , '- .. "'. · .. -< 
Substituting (7~), (73),and {83) into, the expression for B4 (75} in the lim_it a.-+ !)·we 

t ·• '. .1 ; , · , ':• C I ' • -, 

have: 
· ·:::B• ._ 321r,Ah (1 - ~)(o:2+ a +l) (d- 1)2 T( ). .·B• ~: (84) 

.4-,- 0(32 ' 2 .+ 2· 0+04 · 27 .· · , .o .. ) .: ' a ·. · · · • . 
, .-r.. .. . !/:: ... -... ·,_./, :- _\·; .-/-., .··,:,. !~·:· =.\ ''.,-":,. .. . -. 

where B~ is. the'coefficient. B4 · (75). calculated for the Schwarzschild solutiori"if {:l = (311. 
,.',"':-. ·, < \,,,.,._".•,::·,•.,• ", ' \ \' /·".~' . '... -~'.:•-.: '_'.. ,'' '. - ·' ·,• _,, ·:..- ·• . .'; •\'.' '••.~:--- I.· .. , • . 

The infinite part of the one-loop effective action {74) _then takes the form: 

, .... \ 

••" ' - .. •••••. '•,~ ••.\••n~ •/,' _,' '. _ .. ,_ .'-• /_~~" 

··g. _(o,...:.I)AL2_oVL4 (o-l)(o
2
+o+l)Ahlo 'f:: .. 

. ' ' mf - 48 . · h ' ' '64 2 + . · 2160 . 2 · ··Af2 g, . . 1r, .. . 11"_ •• ,: 11"0 . . .P 
. (0....:.1? · ·· .• L. ·_ -~ · 'o . L. 

.t • a2.i T(o) l~g "µ,-:, l61r2 B4 l~g µ 

. · Finally, for'the quanttln: co~redion to ·the :e~tropy we get 
... /- 1 ' •,: ', 

1 
: : ;1~-~-~h.<~2~}+1~~:M2 l~g~), 

' -'<' \ ,· '·18 ,. 

) 

t' 
) 

: · .. ' . . . ,. '. ' .. , : '' .,· .. (. . ' .. :_. ' : . ,',. ' . ; 
where the ultraviolet distance 't := L-1 was introduced., Th\! entropy (86) is proportional 

to 'the,hori~-0~-a~~a as· before. H~we~;er,.iin c;m1~~;;son.\\'ith;tlieRi~J1er case we observe 
. ·.·: i ;,,: '.,'I,\·•_ : -. ; ... . .' ;'. ,1 • ·,.:_ ; - .' , •. ',, . -\ . I_'..' t" ,: ,;• :' ,•, :. ,. "','.: 

. additional, logarithmically.divergent, tel'm in (86) ,,·hich is dependent ori:the mas,s of the 
' ', '. ' ' ' 

; black hole'. \ I 
• I 

Co~side'ring' the' entropy pe;' the. horizon' ai:~a.' in the, limit of' ihe infinite black·. hol~ 

':ma~~·(~!-~ ~ ), ,ve obtain th.e ~~t~opy for tl;e Rimi!;; space. T
0

hii p;oba~ly ~ould ju~tify '· ,. ' . ' '• .. . -. . ' ',· ' . . '.,. '. , , 

' ·• the.approximatioi1 0~ _the infinite mas; 'black' hole by'th~ Rindl~i- space [~,32]:; ~owe~er, 
J f ' I ' ~ S • : ' • ' 

since the horizon a~ea f~r the Schwarzschild solution is Ah = l61r 2J\.f~, ~e' ob~e~v~ that• 
i, ! • 

1 
·. ;'• ' • .• 1 

. t
0

he l6garitmic~ily diverge1;t teri-ri in th~ c~1;1i,ieie'enfropy'·' . . ' .. ' 
• • - " . f, . ~; i', ., :: "· . . , . " . _, ' I, , ' , 

I ' ... '.' Ah ' I".: I: . 
• q ··- --+-loo--, 
SBJI -, I"' 2 ·•5 °~t · · u7!"f ct, • · 

(87) _/ 

'.d 

i is independent_ of the lnas~. It t~kes. the £~'rin \\:hid1 is. verv' sii;1ila~ to that we had in the 
• ' ! • - . ' .. , ' • ' • ; .• 

i,two~dimension~l case (s~e (67)). Tl;e· reasmi of diff~rent J'esnlt
0

~ for the Hindle~ siac~ and' 
:·. '·, 1:' ,.,. , ·\\' .. ·.,_ :.',, '.-·:-' ,; ·:·.•!, '··.,.) .'.,': .'- ,/.', \. ·,·, , ··:''_,: . ,!,>'· ,'"'' .. :i 'i'_: 

' Jhe black hole lies obviously in the differei1t topology o( these manifolps. The topological 
, <.· .,.i\' 

1 
•• •• :,·. , • /,, ,,' • ... : \, :• ·'. '.- ·.,\· ·-··. ,:._ .·',., , ,

1 
.... ',:,'I · , . , , '_r ,'· ·'_';,., '' ;..' . ' 

. numbers (like the Euler.one).vanish'for th~ flat Rindler space ~vhile they are,non~zero for ·::,·· ;,+ ,:. \:)i :, :·:,'_,,·,'. ., • ,' ·., ',., 
. the black hole andjndependent 'of the black' hole 11ias's,. :'· . . . , , . 

,::;', .', '.i·:,•··l.,, ·: " ... _',·>:·•, l'l, i:';•,' ,'_v· ,:: ·:.,·'.:·''.:, ,r ·,''{', .. -,. ./ _ ..... j .. l,, t·· , '· - .t, :;\.;:· ,' 

'.To renormalize the L.2 and log L·divergeucics, in (85) ;l\'e must add to the bare gravita- , . 
! - ••• • • :, ,' \ ,' :~ '. '.: ,, • ' - • ' ; ', 1. ", . ·: . '1_. -' : -, ( ·_.,_ '' ' - . ,- ·:, : . ' 

ticinahcti@ n~t ~nlythe.Einstein~like t.er1~{buthlso the teni1_h'.1 s:.. qi1adratic in,~urv~ture 

. : ~ithn~,· co~;ling :~o~st~~t · ;.~ ! The' c~1~1pariso'n wi~h _· the cxa~t r~~uit~ [29] sh~(VS that 
l: 1'•:. :: •• :•- >,' ·~\/,.-'\' ,,·-.~f·'.-•·;/,' . ..,.,','./~/': ,.-,·\,.''.\: ... :-,.···.·1 ' ~.·, ,- >_ ,·::s.,', .. ", .... \,.;' ·,' 

divergcncies {both :L2 and log'L ); additional .to {85) a11d coming from,the. ~finite'.'. terms 
·,, '.', \/':.,-,..' J :'", :','.,' .·' ,, · .. ' ., '. ~ '' • ... ::-·'.',' .· ,'\ ,\,· ! • .. • .. ,: .. .'';•<'-\ ·:'._. • .. '.' ,. ;,:,·, .... ,.,'r">. 
.in the compl~te effective action, iU'e·agahi proportional fo (a;~'l)2 and they donot•cori-

:trib~t~t~ t1~'eent;o;;,: Thus,' )v'e_;:gai;i obtain' that ti~;., infiuiti~s-of entr~py {86) (bttt: not or' 
•",'; ,. ;'(' ·I'> ' ,;, ':',-_ ·; _• . '·-_ .. --·. •,·,.:., ' .. '. . :' :· •. ' ,: • '. s,.'<.i, .,,'·,·. •,, .. : '. ':', - • ~ - .• .', , t . .I,'::,'\._.' .. ' 

•eff~ctive ~ction!) · are ren~mnalized by thi,·, rencn-m~lizat_iou _o[o_nly. the '.coii1'>ling const~nts 
°K iind'.':/,:•' ' . . 1 

' .• ,··. , • • 

1

, . ', 

,,·{ 

. "' . 1-' . . ' . '.·' " . . 
,. .· :Finally, sever_aLren1~rks are, in. order,. of t!i'.m1ssio11. As it.' has'. bee;]" 110.ted in [32], 

J •• :• ;,' ,' .', • : ".i ', ,;' •:.~• ,.'•;, ~ . ,_.,: .. '~- /, >,. -~ '< -• .. , ' , ,• >,<::• .. • 1'•; •. :' • _:._ :, ~, •:: 
only the. quantum corrections. but. ·11ot the classical entropy have· a··cJear interpretation· 

'. ' . ' . . ·~ '- ' - , •, ~ ·, ', - . ' ' '' ; 

i~ terms of the ~ounting th~.states; ,Tri ovei'/ome this, we I~ay start from a zero bare 
', ', , ",, - .. J -- • ,, • ' l' ·; . .,. ,; .. ,' ·. . '". ' ', l i' '· ., l I I ,, ' " ., ' 

g~avitatio;al. ~cti~n,.as~i.;~_ing that the .• \~ho!i.g;:,wit?ti1;1rnl:d~uaniiJ; i~ dct;rn1i1;ec/ b/an '' ,·· 
.-: " ,,,.._., ·;1, ·. '' '', , .. ; \\ .·' . - · .. -,·, . . ', ' ., 

· <induced matter effective action.- Thi·n, .roughly speaking, the whole entropy of the' black··· 
':-i'-':•::,:":_',·','i •'••,.-·: l \•\i••:'·•,:~r / ,• , l .:,i' ,•/:'• .. :_.,\ .. •-:· .1,,'• . .-,_,, ,:_.:_,:,•:"l_-•,••\\,.:(-{'~••, ''•'.-.'-<-/:' ·,,_•,,;, ·<: 

hole)s" a, quantum cor_rection ... 111 _i_nt.ere~5t.i,iig;_exa:rnplr c:r t.he induced_ gravity i_s gi,ven: by,. 
',\•/. ,·: / ', , <' I I•,. '.' -; '"• ," . ' !' ' ' .- • 



-, 

'\ - C ' • .• •. • ' • :. , ' :- • • • f, ,, -~ ' ·. ' 

the superstr~rig theory (see also [34)) which_ is probably'frcc from ulhaviolet dive_rgencies. 
- •,. : ' . ; ' • ' , . , - . ,r. ' ,. - . . • 

In the .string theory,. the space-time metric is not a primary object.· It appears in the 
,c . . ' ' - . ~ , , • ' . • ' 

low-energy approximation as.a ''.qu~ntu~ condensate" of;~tring excitations at energies 
- , ' . . ' ; . . . . ' .,. ' ( 

E << (a'):-½ (s~e, for example [35]). Therefore, conside_ring the low-energy effective 
. . ... . . . . ·.. . ··.· ·\, ·. . 

action of the string,· we obtairi that already the ., classical" entropy can be identified 
• • . • ' < ! J • _: ' ' • - ' • - • \ ' ' • ' ' , : :; ' • ,•· • "•,.. :~ ' ' .' -~ 

witli the logarithm cif appro;riatcly counted number of such string states. However, this 
.· , ,., . ,._.. ( ' ' ' . ' . ,. - ,,.- ' ,'· ' ' ~ -.. . \ . . ' 

· spe~ulation 11ee~s further:det~iled in;estigation .. 
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