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Introduction · :--... 

/ The role o{ the isotropic har~onic osciHatw is ;ather well know~ hi physics. Many real physical .. 
. • problern.'s in their. '.'zero"· approximation lead to a problem of harmonic oscill,1:t"or or a system of 
, ihteracting osdllators .. ,Moreovei, the problem hf isotropic oscillator potential is one of~ small 
n~mber of exactly solvable problems both in classical an:d quantum mechanics. Therefore, it is 
naturnJ that this pr6blem found it' ow~ place' almos~ iri an text-bookd of classical a.'nd quantum 

. physics; and nowadays it is one of the best studied problems. . .1 , .. 
!Though the problem of isotropic oscillator is' irnport~nt and characteristic, its s'a!utions: 

have been studied only in the simplest. systems of coordinates (~uch as spb'ericaI;~yHil.dricaf 
'and Cartesian). At the begi~ning ofthe eighties, the problem of isotropic os~Hiator has been 
• tlioi-oughly. c'ansidered in ref. [1 j ii1 the. prolate' and oblate spheroidal an:d. elliptkal cylindrical 

.· systemsof coordin.ates. In contrast with the simple coordinate systems,' these tluee systems 
' have< a:C dimensional. para~eter R ( which is "pure kinematica.'L for a. potentia.'! of a harmonic'', 
osci!Ja.'tor) which turn into si~pler ones in the limit R = ~ arid R·.= O. ,' '. ; ·. : . . : . , . 

,, .,. As is kn:own [2], in the three-dimensio~al Euclidean ~pace therJ e~1sd1 6rthogo;;a.'i ~6~;- .• 
-; cjiriate systeins admitting a complete sepa.'ration of variables in the Hamilton_:Jacobi equation:· 

or ,in the II~lmholtz equatiJn. It is also known that an isotropic oscillator isthe only potential' . ' 
✓ admitting a .complete' separation of variables in: the Schriidinger equa.'tion in eight:of ~!even 

. ', ,:systems of coordinates. These'are'e!lipsoidal, prolate spheroidal, oblate spher6idal, spheri~al, 
' cylindrical;Cartesia.'n, elliptic cyiiridrkal and spliero.'..con'ical systems of coordin:ates. ·.·· ' . 

. ,c ,In.the present paper, the problen;i ?£an'. is<?t_ropic o~cilla.'t~ds s3Ivedin th,e eHipsoida.'! coor-
' . dinate system. . ,. , .. · , . ,I 

'. It is obvious that. the' most general and complex of all 11 system of coordinates is the 
'e!lipsoidat'i:oordinate sys.tern. It is 

0

aless' degen:erate system.as three families of second order 
I ·.· , ·'· i ., . . •• , , , 

confocal surfaces are the coordinate surfaces. Iri contrast· with all simple systems, the ellipsoidal,• 
.. ~oo~dinates are characterized by two dimensional parameters Rf and Rr When the parameters' 
: Rf a.'nd R~ ten:d to zero or infiriityfrorri' the ellipsoida.'!'syste~, all the rema.'ining 10 coordinate , 

·.. sy;tems are obtained in tne limit [3}. In this respect, the solution of.the problem with' tlie \' .. 
, ; ; , ,potential of the. isotr~pic oscillator .in the ellipsoidal system. of coordinates. unifi~~ aH s~ven . ·. 

b~ses, and therefore, is of special'interesL> ' '' ' / . '·. ' ' ' ' '. ' '' ' > The paper is orga~ized as f~llows. The seca'nd section contains-formulae r~levant to the 
.· '· ellipsoidal system of ~oordi'nates and t~ different .degenerate cases that appear as a result of the · 
.:.limiting transitions of the par11:meters Rf and'.nr· In sect. 3,· the separatio~· of variables in the 

:Schriidinger equation is given, 11nd it is shown that the problem of determining the ellipsoidal · 
ha.sis of the isotropic oscillator is reduced to the solution of the gep.eralized Lame! equation 
with·four singularities; ·Sect.4 contains operators· corresponding to•two ellipsoidal separ~tion 

. (constants which with the system Hamilto~ia.n form a fuUset of co~muting opera.'tors' for the 
ellipsoidal basis. By the limiting transitions of the pa.rarn:eters Rf and ~ we have derived all' 

. seven nonequivalerit sets of commuting ~p.e~ators corre~ponding to the re~afoi~g types ~f bases 
; .. for the isotropic oscillator.· IrCsections 5 and -6 we have· derived the sohition of the ellipsoidal 
.. equation a~d constructed 'the ellipsoidal basis o(the isotropic osdllator: .s~ct 7 cont~iriS'the 

1 

l explicit form of.the ellipsoidal basis for some small values of quantum numbers,.'• . : " 
. ,· ' - ' . \, •. --- . ·. ·,.'' •·: . 'J \ ' . . ., . 

. . . . , I , . .· . 

The ellipsoidal c~o.~dinates 

•. Let us cles<!ribe the
0 

ellipsoidal coordi~;te. system in whi~h the S~hriidhiger equatim; for the ' 
' is~tropic oscillator potential admits a full separation of variables. ' ; ' ' ' 

hv1tc~~}.i.ill JiK~·z:r;o 
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The algebraic form of the ellipsoidal coordinates has.the form 
• • • I • • • • • 

. . . \ .. ' 
2 · (p1 -:- a3)(p2 - a3)(p3 :_ 113) 

X. ·= 
.\ •, , (a2-,- a3}(a1..:,. a3) · 

2 • • \ : (P1 .:.. a2)(P2 _:.: a2}(p3 - a2) 
y = .. • (aj-a2)(at:--a2)· . 

_i2, = • (Pi':.. a~HP2 "'."" at HP;~ llt) .. 
(a3_..:: ai)(a2 - at}·,.-. 

I. 

. (1 )' 

. where the p~ameters ai, % ~~ entering into definition (1) re~tri~t th~ regibn ~f variation of the '. 
ellipsoidal variables pi, P2, p3: . . . . · · · · • · , · '· , , · · · · . '. ·. . : . ·· • .. , > · 

I .. ' . • • . • ·'. . '. . .. . • . 
. . . . . . :, ... , . . . ' . ·, 

0 $ a1$ Pt·::; a2_$ P2_ $ li3_$ p3;<, oo, 
. , - ,1. . . .- i_ .. ' • ,. °:-'. . . ' ; . . .\ .. ' ., ;_: ~- .I '. 1\ ',-', . ~ '.,.' I :·.'. i • I - ·, ' . . :· 

'The inverse dependence of;the ellipsoidal variables on the Cartesianon_es is determined by 
a third dfgreeequation with respect top; (i = 1, 2; 3), 'and can be derived'fr~m .the following 

- system of thr~ eq~ati~ns,. , ' · . > i , ·. •· __ . · , :. · . , --~ ·• - ·. < : _\ ; · . . 1 , 

. ·,. .. · ' ' ·.· ' 2 i 2 . 'i 
(Pt+ P2 + p3)"'."" (a1 +•a2'+a3) = x + y + z ' ,_ .. ,··. . .. . . 

·, ,<' ,, ' : -..· .. •, ~ • ,,_,,' '"'' /·, .'• , •, I_ : ·2· ' . '•_ 2' ,,,J-/ ' . 2 1 

(PtP2 + P1P3+ P2fJ3) - (a1a2 +,ata3 + a2a3) · =; (a2 + a3)z + (a1 .'+a:i)1f. +.(a1 + a2);z: 
' '. ' · .. , . . ' ' .. · ' 2 · ' 2 . ' 2 ' ., ·. . ,. •'. 

--.. ., P1P2P3 ;- _ata2a3 ·. = <a;a2x .+,a1a3y, + a2a3z. , · · '· . (2) · 
f . ' . . ' . . / '• . ..·' . ' ... 

•. The sec~nd order su.rface_s ci~ which p; = const: represent'. complete fan'iilies of codfocal . 
. ellipsoids and o~e • _and tw~sheeted hyperboloids whose equatiotis are .written, respectively, in . 

· th~ fonn . .· . . .· · . · . : : ·. . ' . · ·_.. . · · •· · ·· 1 
• . ·.. · • , , • 

f.,, I· 

.,! < ·-X~- _· ':i/, '.y2.. , __ \,;~,·: '/ 
--+--· +·-.--

. p3.'-:-a3· .•p3-·a2·•: 'pj-at 

·';y2,._· ~-- ;2 .-:.>~ . 
'P2 "'."" a2 ·• · P2 :... a1- aa -:-..P2 

'1: ~.'._. y2:, ~-=::_ =•l 
Pt -:- at , a2 .7"; Pi _ a3 - Pt.· 

.. Jt:iinmediately fbllciw~-fri>m formul~ (3) th~t-_the-~llip~bid~I ~oordiri~te s~stem has;1distin- . 
guished ~is z: Fciur-Io'cuses of the ellipsoidal system are.on.the axis z with the·cocirdinates · 
Z = ±Ri = ±Ja2 --: at and 'Z ·,; ±R :d ±Ja3 - OJ, ~nd two focuses ~re on the a~is lJ with 
. the coordinates' y .""' ±R2-=:= ±✓a3 :- _a 2.-The quantities· R1;R2;R are di~~nsional parameters 
deterrrii~ing the ellipsoidal coordinate system and connected by i si~ple relation ' :: ' I 

\ • ,, • ) , ,, •• l ,' • ' • , ' 

R2+~ -R2. 
' ' /. , , l , ,.' •. 1_ :~~, ", ' // . , J, , ,, , ;, 

which results in that only,. two parameters of the ellipsoidal system are independent, for ex• 
ample Rt and ·R2 • Clearly, a choic:eJike that isv not :unique and. is.connected"with-con'crete 
parametrization of ellipsoidal ~oordin~tes. ;' 

1 
f .. / . '[, '\ , 1 , ' • , .;: , 

Relations (1) and (2) connecting.the Cart_esian and ellipsoidal coordinates are not in the 
·one-to-one.correspondence asp; (i':"' 1,2,3)'.depend only on (x2,y2,z2),and, consequently, , 
take .the same values at :·eight point's' (±x, ±y;±z). , To obtain a 'one-t~one correspondence 
between. the. Cartesian and ellipsoidal coordinates, one . can introduce uniformized variables 
'Y' µ, V determining the position of the point inspa!'.e by the followfog n;l.itions: . ' . 

\. iP1·= a1 +(~2 ;·a;)cos2 µ_'. p~ ~a~;+. ~a3-i2)si~2 v; . p~ =·a3+(a3 ~ a;)~in~2~:' ' , (4) 
•' ' •• \''\.-'.· r ', • , ,. • 

• I ,c 

\ 

:1,.· . 
.. 

... , ', 
.. ,; ~;:· 

\· ,~-

: ! 

. ~ \' 

, Using (4) one.can write dow'n the ellipsoidalcoo1di~ate system in th~ tiigo~ometri~..:.hyperholic 
·form · ·-· : . : ., · /-... . , , · , --~: - ,·., ·' '.-· ·. ·,.. 

/ ,. wher~ 

· x, == R~i~h7Jl -k2cos2 µcosv 

y ==. f!J~12 +sinh~-ysi~~sin-v:, 

z = R cosh -y cos µJI - k12 cos2 v 

() $ V < 2ir, 0 $ µ ~ ir, Q $ "(< 00 
f . - •. • /· ' 

(5) 

· ·k2 =.a2 - at.~ R:, kit~• a3 --~2 -:: Ri k2 + k,2·:::1 · . .• : a3 - at R2 . a3 - a1 R2 ' · . • .• 

The trigo~om~tric-:hyperbolic .for'iu of the ellipsoidal _coordin;te syst~m is ·not· u_sed in1the lit
. erature, _Note' thatalongside with the algebraic form (1), the,param~rization through the 
•, cllipticalJacobi and Weierstrass function~ is.used in'the mathematical Hterature [4]. / , 

It is clearly seen from formula (5) than in particular _cases k2 = 0 and k_2 = 1 the ellipsoidal 
c;oordinate system turns. into the oblate spheroidal coordin_ates with the symmetry. axis along 

. the axis i and into the prolate spheroidal ~oordinates with thesymmetry axis along the axis 
I_ . z, respectively. If _the para~eter, :n will fu~ther be tending to ,zero or i~finity, _we can ~btain: 

. either a· ~pherical or a cylindrical coordinate systems, respectively.' The. li~iting tra~sition ·to 
the remaining coordinate systerris can easily be tra~ed from the system of eq~ations (2) in terms 
of. the variable~ P; = p~ -'a2• 'Now_ if we let 'Ri and R2 tend to zero arid the ratio Ri/R if, .put 
finite· equal to· k2, then one can easily see that _the ellipsoidal coordinates degenerntes into the .. 
sphe;o-conicalone ~nd upo~ substitution k2 == 0 or k2 =1 tU:r~s into the spherical coordinates,· 

· Fm'ther, _asR~· ..:..· oo we arriveat'the system.of ari elliptic~ cylinder, whoseparticuiar cases . 
are the Cartesian_ and cylindrical coordinate syste~s: :Thus; ~ne can obtain all seven pos.sible 
degenerate forms of the ellipsoidal coordinate system (see the table) without shifting the origin 
of coordinates. ..· . ' · · , .. .. · .• . . _· . . ... · . , . . · .. : 

If the center of the Cartesian syst~ni of coordinates is placed at.the f~cu; of the ellipsoidal' 
syste~ ofcoordinates Ri, i.e. o~e make. translation z' ~ z ~ R; i~- (1 ), )hen in· the limit. 

. Rt; R2 :-+. oo .we obtei_n t_he p_ araboloidal coordinates a particular._ case _of_w,hich is the_rotat_1.· ona_l ._ 
-•• .t • C '• .... ' • < 

parabolic and the parabolic cylindrical coordinates. : -:' . . i ' · , __ ·. . _ _· ·· . : ' 
The. volume element and the La.placian iri the ellipsoidal c,oordinate ~ystem have the form; 

.. ·D.~4{···. -~ · C-a_JP( ._-.):;·,_·+··. ···, _ /4r :'ii ✓P(.\,)' a,· , . 
. . . . · Pl ·' . . ... · · P2 · 

• '. ✓ (pi - P2HP1 - p3) 8p1 . ·. . 8p1 : .. (p2 "'."" p3)(p2 - Pt) 8p2 : '. 8p2 
. ' . • . . .. ' • . . • . '• ·1 .· . 

. ,.· .. vP[i}J· . • a ~P( )~-1 .. 
. + (p3 -pt)(p3 - P2) ~p3' _P3 

.8p3 • 

1 (P2 - P1)(p3-'- P2)(pa - P~ 
-~ · •J-'-P(p1)P(p2)P.(p3). 
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· Table: ·_The degenerat1o~s- of the ellipsoidal coordinat~-systerri 
. - .. ' - . ' 

prolate 
sphefoidal 
system. 

·oblate 

spheroidal 

sy~tem -· 

·Spherical 
system 

Sphero· 

conical 
system. 

Circular 
~lli~tic 
system· 

Circular· 
polar •. 

X = ~✓(e2 -'- l)(l--=-7721cos </> 

y·= ~✓(e-1)(1_-112 )sin</> 
R - ,_ - . 

~=2e11.:: -- · ;· 

x = reif 
~ = ~✓~a-2_+_i_)_(l----TJ2-)sin.</> 

z :::· ~-✓ct+ 1)(1 ,..· 112)cos </> 
. - . ' ' ' . 

x = rsin Ocos </> _ 

y = rsin Osin </> · 

z = rcosO -

f = rcos ;i/ (!_-, k2c~s2 "if;) 
y ~ rsin tf;sin tp : · 
z == 'rcos -;pJ(l \- k12cos2 tf;) -• 
' •\ . ..: .. -

I. 

-~ ,; ~sinli'µsin;. 
y = ~cosh µcos ;, 
z=z' · 

R2 '-+ 0 . 2 . 

R? = R2/4 

R2 -:_. 0 · 
: 1 . .. 

R~ =-· R2 I 4 

Rf-> 0 
-Rf-> 0 
m/R~ .:-=:. 0 

•. 

P1 -~· Bf.-(112-_: I) 
7h'--> R~ siri2 </> 

.,_ R2(t:2 1) p3-->:r., - . 

p1 --->·-Rf si~2 </>. 
. -2 

Pi_-'-> f¼-(1 - 112
) 

PJ--> ~
2 (1+i\ 

p1 •:-' ~Rfsin2 0 
p2 .---> R~s.in2 

</> 
- . 2 .... 
p3 --> r .· 

Pi::-::> -Risin2 "i{; _ 
p2 -->~ R~sin2 ~ 
._p --> r2 . 
• 3 . . 

~ 1 :-+ (z12 
_:_ R?) _ 

- . : R2 2 • • p2 --> -cos v.,:· 

.P3 __,·t co.sh? /l 

P1 c..:.· (z12
.,...: Rr): 

P2 4 R~ tosf </>-
_... 2 .. 
p3--> p 

'•To separate vai-i~bletin.the Schrodinge(equation in the ellipsoidal coordi~at~ system, a 
·potential is to be of the following f~i-m: : ·,. . . , . . . . . . . 

V( . , --) _ Vi(p~) · .. _·+ .· ½(P2) +· ·,· .- ··- ½(p~) 
. . P1,P2,p3 - ( _. ')( ) ( )( ) ( )( ) - _.·::, t ·:. P1·:c:-P2 P1-P3.: P2-::-P3 P2-p1 _- · p3-p1 p3-p2 

•·In particular, forthe isotropic oscillator potenti1J.li_!!_theellipsoidal variables we get the followi?g •· · 
expression: 

- . mw2(x2 + Y2+ z2) 

- I -- 2 - . -
V(x,y,z) 

• mw2 {.·•·. Pi(p1) ·_ + : . P2(P2) • . + .. - 'A(p:i)· ' . -·} 
.· 2 (pi.:... P2)(p1 -_p3) c (p2-:- p3)(p2 -.pt) . (p3-'--' P1)(p3 - p2) 

It. is to b; emphasi~~d that" if th~ Schrodi;ger equation ~ith th~ potential V(:i,, y, z) admits.· 
· separation .~f variables in the ellipsoidal .coordinates, it is ~iso separated in all seve~ limit-· 
ing coordinate· systems (this facfdoes not :cimcer11 boundary conditions imposed on'.the wave 
function). ·- ·. .- . . . . . . . . . . . 

-· 

, .. 

ii°' 
. . 
),_ 

cl. 

3 - Separatioti. of variables · 
. . ·, ' '·, 

<!'---....._, 

\_ ' - ' ...... ; . . --- . -

Having 1wi-itten dm~n the Schrodiiiger equation for the isotropic oscillator potential . 
' • '.!' • • • • ~- - • • - - _ _. - ~ • , • • ' - • ,, • • 

-. 1-it/J = --{-:_~{ + mw2r2} ip ~·_Eip 
· · 2m 2 -

.. - ( . . .. ·. . -··. . . 

. in .the ellipsoid;!, coordinate sy~tem (1) and. uslng th~_ identity .. 
2inE - _ 2rriE_E. ·. ,: -pl_-' .....• -- _ 
7 = 7 i=I n!=I (pi:__: Pn) ._:. 

. . . 

we arrive at the following equatidn 
/.' 

. I, , ··E rJ3 (;- - p){1Vi'Waap•·•ifftwaap·. + 27:2El;-' m:~2P(pi)}t/J = o, 
t=l n=l • - n i ' i . n ,· 11, . • ~ · 

' - .•" - . - ... : . :i ·_ . _.-

which after the substitution 

' - :::. . .,., ' . -- . ' .·~- '·- ,< , .f - -

t/J(Pi, f!2, p3; ai, a2, a3) = ip(p!; a1, a:i, a3)ip(p2; ~1,.a2, a3)ip(p3; ai', a2, a3) 

and int~oduction of the ellipsoidal separati~n ~on~tants ,\; a~d A2 is divided into three identi~al 
. . - differential equ~tio~s ' ' . . · . . - · --- - . . 

•- - _..._,. ', '.•~•,. '• _,,, "-. ·\. • . ' ., :• ,• ,, . ·, )I"/ 

~ d -.- ~Pf )dip;··+·{ 2' -_ 2 .. ,· ,\ . 4p-( .-,)·}·'· . -. , 3 
4y r \flit dp; '! f" tPiJ dp; __ 2a_0cp, °7 111p; _- 2 - a0 p;, _'l-'i =:_0, iz = _I, 2, 

I -~. , 

(6) 

· or·iii~a ~ore stan<la~d form ~P "". p;) .. 

'<fl;;i i{ ·. _r . j . ; : 1 1 _ .. } dip l{. 2a5;p2 - AtP - .\2 - atP(p) }-~ : O · -·_- (~) 
dp2,+2 p..:_ai+:p-a2+ p-a3 .dp +·4 ._ (p-at)(p-a2)(p-a3) . = .. ·: 1 

·-.: _ ... ~- .r ,-,-~v- _.··- ' ' .. ;--":--:,-_ ·-,·-, .' -_ '', ~.-- -.··-s-•~ .: -, •. -

. where the notation e = E/hw anda5 =: mc,,,•/h has been introduced. _ . _ . -·-
' Equation (7), derived by separating variables in the ellipsoidal coordinate, systein, falls into a 

class of the generalized Lame' equa.'tions [5] 'and has four singularities { a1, a2 , a:i, oo}; moreover, . 
the points (a1, a2; a:i) are elementary ,singt1_!.irities with indices. (0, 1/2J and a.' singularity ai. 
infinity is irregular.. Apart "from· the algebraic form -of eq'.(6), like" in_ the theory of Lame' 
equations:· there may exist either the:Jacobian form or the Weierstrass form.. - _ 

. _ .As w --> 0 ( a0 -:> O, a0c f- 0) cq.(7) turns in,to the differential.equation for the cUip~oidal wa{'<' 
fu~ctions (4], _known in die mathematical physics, (this ~quation is derived after the separation _ 
of variables in the Helmholtz equation in the ellipsoidal coordinate system) . 

Eqtiation (7) can be considered a.'s ii: degen";rate form of the 'Fuchs eq!lation ~\'ith seven 
singularities [5]. It is a gener_al enough equation that can_lead,_aftcr,differcnt limiting trarisitions 

, of the parameters a1, a 2, a; (or confluence, of singularities), _to ·many second-'-order differential 
equations'knowri in the mathematical physics. . _ .- . - _ . . . . . 

'Each of the separated equations (7) contains apart from' the energy(also two constants 
.\1 and .\2 <lepending in the general case i:in three diricnsional parameters iii, a2 , a3 (or Ri, R2 ) '. 

: determining singularities of the given equation. Therefore, unlike the standard cine-din1ensio;1al -
.. spectral problem, the main problem consists in ~alculating sim;1ltaneously (or tjuai1tizing) th~. 

energy spectrum of the isotropic oscillator· and ellipsoidal separation. cor1stants.. . -
. . ... .,::, • _ _. . ·. ,. -- : • ._ . ' • 'c_ . 

----,. 
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'4 Integr<:11s of• motipri 

I:et us expiicitly writ~ d.ownt~e-operators (ellip;oidal integ;ais·of motion) ·Arand A2 \vhose 
eigenvalues·are the ellipsoidal separation constants ,\1 anf .-\2· . Elimina:iin·g the. energy from 
the system of ~quations (6); we derive for A1 and.A2 as functions of the parameters ( a1, a2, a3) . 
the following expressions in the ellipso_idahariables p;: ' . 

• ( !_ ) _ • 4(p3 +p2);JPw_ a ~P(.) "B • 4(p3 + pi)yP{pJ .. B JP.( .) iJ ·_ . 
a1 a1,a2,a3 .- - ( . )( )B V~\P11-0 .- (. · . )( ) n -- P2 -B .. . . . p3 - Pl P2 - Pl Pl . Pl . p3 :- P2 Pl - P2 Op2 .. , P2 

4(p2 + pi)'vfP[pJ B J P(p3)~ 
(p2 - p3)(p1 - p3) Bp3 . • .· Bp3 

. ._ + at (p5_- P~)P(pi) + (p~ ~ p5)P(p2ft- (p~ _:_ P~)P(p~) _ (
8

) 
(p3 =-- P1HP2 - P1HP2 - p3) : . ... . 

4p3p2..fPG0 a·JP(pl>'_i!_+ 4p3p1j]z,;J _ B JP(p
2
)~ · 

(p3 - P1HP2 ;._ pi) Bpi · Bpi c(p3 -. P2HP1 :- P2) Bp2 , •.· . Bp2 

+ 
. 4p2P1~ . B JP( .. ).!!;_ ; .... 

. ~ - .. 
(pi -,p3)(p1 _: p3) Bp3 . ' Bp3 . . . ,· ' 
a◄ pjp2(p~ - p3)P(p1) + p3p1{p3 ,;_ pi)P(p2) + P2P1(P1-" P2)P(p3) 

A2(a1,a2,il3) = 
'. ,•· 
. •,,--~-,--

(9) . 0 . • . .• (p3 - pi)(pi - P1HP2 - p3) - . 

Passing in (8) and (9) 'rrdm the' ~ari:3-bl~; p: to thtCartesian ones; ~fter'Iong and t~dioi.Is 
·• calculatioris we arrive at the following exptession'for the'ellipsoidal integrals_of motion: 

-·-. ·. ,•'' :·•·-2··::-'-2···-i '•-,_::-: ... ,.---;- : __ ·-,·~, 1 '·:;_ ', •• 

• A1(a1,a2,a3) = (L1 _+L2 + L3) +. (a2 + a3)S33 + (a1 + a3)S22+(a1+ a2)S11 
. " - .' · . ·. 2' , ~ ·. 2 · 2 ,. . ' . ,· . . --- l ' '1 · -' . ··. ·. 

_ A2(a1, a2, a3), _7; -a1L1 - a2L2 ":-_a3L3 -.a2a3S33 -~ a1aiS22 - ci1a2S11 .. (10) . 

where L; are the compon~rits of the orbital moment ·operator; and' S;k, (i, k ·= x,y, z) is the , ·· 
·~, symmetricJerisorjYu-.N.Demkov [61) that is an .additional integral of motion for the isotropic 

' oscillator: - . . ' . . - . . ... ·, ' ·'· -

. · : : r . ' . . . . . • B. ' i a-,· ·' . -> fp -. . . '. ' 
L; = -t;k1Mk1,' . Mkl ~- -i(xk-B - x,-B. ).c ·S;k =_:_BB +atxiXk 

2 -. · X/ Xk. · X; Xk · 

- [L;, 1i] 7 [S;k; H] == 0 

. [Mkii M;;] ~ ~M,;liki -f- iMk;li1; '- iMk)i,. ~.iii/lik; 
0 [s;~;s;,1 = ia6[M;;li1k+M;!li;k'+Mk;li1;+M1li;;]'' 

'[S;k, M;,] = iS;Jlik1 + iSk;li;i+ iS;1lik; +iSk1¢;; · . 

. fost~ad of the ~yst~m- or'op~r~tors (IO}°jt is rn-;;r~ co~~enie~t to use ·new -◊peratbr~ j and .. 
µ th~t depend only on h~o·param~ters Rf and Rrand ar~ connected ~ith th~ old A1 and A2 
according to · · · - · - · · 

·.· •. : , · · :, · · · - 4n'! ._- ' · · : · 2m 
,\ =: A1(a1;·a22_ll3) - a21i2 7!-, . . µ = a2A1(a1,ai,a3).:!-A2(a1,a2,a3)- a~h21{. 

Tliu~, a compiete set of c~~mutin~ oper~tor~ ~or;esp~nding to th~ ellip,soidal basis or' the· · 
isotr~pic oscillator is,the system of the fol1owing three op;rators:. ' . - ; ' . 

. .. ' -· . . ,. . . . -. - Ti,2. • --• ·. . ·, 

·1{ =. -[Sn + S22 + S33] · · · 
2m -

·--·· 2· ·2 , ·2 -·. 2 · \., i _;,_2m: f _..·;· : .. 
A(Ru R2 ) = L + R1 S33 - R2Su +:-T"(R2 -. R1 )H 

. '. . ~; 2' : . • : •.;. '.i'- ' 2 2 --. 2 ~ ·.Ti ' ; ' : . ' . 
· µ(Ru R2) e=:...R1L3 - R2L 1 +R1R2Sn 

/ 

--· 

J 

i 
) ' 

1j' .. 

l 
1 

··!" 
-:1 . ·/ 

' :~ 

J 

'f 

·f 
! 

_;~-~ .. 

},> ... 
'i' . ·. 
r., -,_ -

- "t>I, J:. 

! 
l ., 
l 

From the system of operators (il) o~e can,easjly deriv~ fo~ particularV,alu~s of the pa
rameters Rf _an~_m all the rest o~ possible (or .equivalent tctthem) sets of diagonal operators 
{1_:{,.C1,.C2} corresponding tci different bases of the isotropic oscillator; 

. I.The: case m--> 0, R.? = R2 /4. _Prolate spheroid~Lbasis .. 

. • ~-- > . 2 -··R2 : mR2 . 
· · .C1 · = . .-\(R1,0) = L + -

4 
S33 - - 2-H, 

. . ' ' 21i 
t, = µ(Rf,O) ~ L2 ; 

2 ·.•·•-.· RL·'•·:.3 

.-' 

. -- . .• ' ' - . . ~ -- ' 

IL The c~e R?--+ 0, m = R2/4. Oblat~:spheroidal basis 
f ~ , _ • , , • •, a , . · : • _. .' • 

•.. • . . 2 .. : z R2 . , -~R2 : -
.C1 = .-\(0,R2) = L ,-T~117+ 

2
1i2 H, 

.C2 =· ;µ(~~),=Lr. -. . 
. 2 . . . 

•. _IIL The -c~e Rf-+ o, R{-;-+ 0 ;nd RU(Ri +RD::= k2
• Sphero-conical basis 

- - .·' '.•.' ': ···-.' - ' ;.,. ' . 
. . .'. ·, . .• • '. :i -

. .C1 '=:= . .-\(0,0) = L,, 
-. . . . . . ' • (R2· R2) •. ·.c· .. ..'.... 1· ,-_-µ 1> 2 

2 · -_ Im 2 2) 
Rf,o (R1+ R2 . 

·k2 L2 ~ k'2 L1 . 
3 .,. ---~-·; .. . . 

IV;.The .c~e Rf: o,m--+ 0 ind Ri/ Rf~ o: Spheri~al b~sis 

. . . - .C1 = iJ(ci:o) ~-L< .. • 
.c·.- . · 

1 
.. µ(Ri;Rn ' .. L2 , 2_:.=· Jill 2·. = 3 

-Rl-• R1: .. _ -· -~-· 
V: The case Rf --. e>o'; m = R2 / 4: Circ.;Iar elliptic basis 

. ,''-• . ·. '. ,.·- .,,, .· ,,' ·. ' ' ,, - - : , 

· - ... '(R2 1}2) •- .. _ ·--.-_; · •• 
. . .. : " i,•<-z .. . : m ,. . 
_ .C1 = .·hm R2 =§33-

2
1i2H, 

-~~-~ ,_ 1-,. ,"". ·• .. ;" ,·· ,, .... ", 

, ; . : µ(R?, m) ·; · R2 •· ·_.· 
.,. Inn . . R2 •. = L3 + ~s22 .. , 

. Rl::--oo . , . l · • · • 4 ·· 

VI: Th~ case R~ --+ oo, m --+ 0: Circular polar basis 
' - l' •, . . , . . - . ~ • 

... 

• . 2 . ,: .. - __ , .• 

.c. C .::._·_·- - '1· ,.-\(R1;0) -= s-· ·m 1{. 
l - · lffi --- - 33-·-

, .Rl-::-oo RL , _ 21i2 
.·.' 

·.c· • _: / ~(R~,o) -i,2 
2- -,- Im . R2 --~. 3--, 

R~-oo 1 .... 

vu: The ~i!S_e Ri .::.. oo, R~ ~ oo ani m/R~ """ 0. Cart 

·.c1 =. \im Ii~ 1(.iz~;Rn _ 
~-oo Rf-co , Rf = S 

. .c; = lim . lim µ(R~;'.lzn . 
2-ooR~~(X) '· Rlm ',_ = 

i 



-·· 
/'' 

" - • ; ' ,, ' . - • ,- . '. . . . ! . : -_ -- _:-

Note that other particular cases, for instance Rl -+ ·o and R~ --:+ oo· , do not lead to ne,v sets 
of ~iagonai operators as these cases either' dkectly or hy renaming th~ axes ·reduce to the c~es ; 
mentioned above. . . · ' ' . . . . ·_ . . ' . . . . 

'Thus; oy' means of different limiting· t;an~itions of the' parameter~ Rl 'and R~ . we have 
obtained all seven.nonequivalent sets of operatorscori-esporiding ta' separation "of the variables 
in the Schriidinger equation for the isotropic oscillator \n- simpler coordinate. s!stems. 

\ -
5 , . ~The· s9lutioh of the el~ipsoidaljeq~ati~h · .\ 

,. . ' ". , \ f . - ,·:, - . 

. Choosing a· wave function -ip(p; a1 , a2, a3) in the form 

1/J(p;a1;a2,~3) ~ ~tp{-'- a~
2

iz(p;a1,a2,a3) 

after substition info (7) we a'rrive at the equation for the function Z(p; ~i, a2, a3): 

:nz .. . 1:·{· --~. 1· '., ·} dZ ·• 1·{· 2• 2.:2 .' · ,· .· " 3 ·'4 }' ·_. ' . 
-a· · , · > 

2
·2 · · · aoE:P '7:/\JP-./\2 · . ao. · : . 

dp2 + 2 ~ (p - a;)_ - ao_ -dp +-:1 (~-- a1)(p :-:- a2)(p ::': a3) - -~ (p - a;) -~ O (l2) -
• • -~· _, ·,, .'- • , • I ·-. ,· __ ,>--· _. ~ •-~ ... · • .. ":- -._,.:, 

The solution of eqqation (12) js sought for•~ a power series around one of the_ sirigulariti~s 

\,.~, 

•." z<~1:";,a~)(;;_a.1, a2, a3) =. (f - a1ti12(i1- ~2)";12(p __;_ a3)"'12 f bl"';a,,a,)(p ::_ a2); (13) -
. ' . t=0 

wh~re o;((~ i; 2, 3) ma~ take one of the valu~s (0.1).' Substit~ti~g series (13) i~to equation 
(12) we derive the four-term recurrence relatioiis that are to be satisfied by the coefficients b1 

,, ~ ' :_, ; r < - ' '- • • ,r • • ' 

-~. 2 2 · - . . : · - ., '. 2 ; 2 . . . , 
1 

: • • • ~- • ·_ 2 . ·. "".- ~ · 
R1R2(2t + 2)(2t + 202 +l)b1+1 + (;1 + 2a0ea2 - a2-\1-: -\2)b1 + (81 + 4a0 1::a2 ,- ,\i)b1_1 ·-
. ' ' - ,, . : ' .\ 3'' ' • . ',· • ' 

+ 2aw::...2(t~·2)-Lo;.,.-3/2}bi.:.2~.o .,.'.(14) 
• , I=!· -· 

· · .where 

it · R~(2i+ o; + ~3)2 -' R~(2t + ai+ 02)2 ·+ a~R~ R~'( 4t +'202 + 1) ', 
' 3 ·' ' ., '3 ' .·· . . 

81 = ( 21 + ~-o;) (2t ~a+ [o}+i-C2aH~~(2t + ~2 .+ o~ _c: 1) 
·:.._2a~{R~(2H;o2'+ai- l) ~R~(2t.-t;o1 -f: a2-'- l)} ·, 

Using thf: procedure 'of studying series c;oii'verg~nce; sugg~sted i~ ref. [8], one s_an ~ho~ that 
) se'ries (13) ~ill be fin'a'e ip the whole region_ of the .variable p only if they are truricated: · _ 

. Let all the coefficients of the four-term recurrence relation {14) starting from bN+I be zero_ 
at any integer N, i.e:, the following condition is fulfilled: ' ' -- :::.. . 

, . -- '. ' . .. ~. ' ' , . " ';--- -

'' • ---b~+i =;= bN+2 =.bN+3 =·.-:.' ...... :·= 0 

Substituting t = N + 2 into t_he reci.iire~~ relation (14) and taking into accounUhat bf.{ -f, 0 , 
we·have · · ,· · " · ·· · · ·' ' 

3, 

-......., 'e = 2N +La; +?12·, Nb 0;1,2, · :. 
i=l ~-. 

8 

.... , 

,_/:. 

, 

1 

and consc~uently, arrive a~ the formula for the en~~gy spectrum of th~ i;otr~~ic' osciliator ,;hich 
is well know~ in_ the lit~rature [7] . . ' . . . 

_/--

. . '.E =: hw_(2N +to~, +~3/2) ~>hw(~ + 3/;), 
. . .· . 1=1 \ ' '· 

' .. ~vherc 71;, 2N~+Z:::~=1 O'.; is the p~incip~l quantum nuiuber. : : '' ,. .. .• . ' : i .· •• 

. • . Thus, we finally· get that the expansion 'coefllcierits b1 satisfy the four-term recurrence rela-
timis .. 

RfR~(2t +2)(2t+202 + l)li:+1 + (-Yt .::.µ)bt + (8t -,\)b1..:1 +.-1ai(N- t +2)b1.,.2= 0 (15) 

which ar~ to be added by' the condi,tions b~2 :"= b-1 = 0 and bo ·= l ' The cinsta~t~ µ"aiid hie_ 
determined by the relations . . . . _- - . 

, • ,- ! • '_1 r <' ', ,, .• , 2 C ., 

,\ = ,\ 1 - 4a01::a2; µ = 1:2-\, + -\2-:- 2aica~ 

and. arc cigenv~l~c~ ~f tl1e oper~tors in for;nula ( 11 ). ' .. < ' • 

'. If S\)rics (13) arc truncated, the·fo11r:temi recurrerice relation (15) tur,is into'the system of· 
(N + 2) hoinogeni·cius equation·s_ with respect' to.(N + 1) coefficients (110 ; bi, ... ,Ii,\'): . 

-,........., 

( . , .. • . • . . r 

. (;0;_11)bo:-t· fJob1 • ;='O 

J81--\)bo + . . e;·(;1-,µ)b1 +, . , ,f3ib2' . :.;... , 
4a5Nbo + J82--\)b1 ,+-· •. (,2~µ)b2·-+ fJ2b3 

.... _i•·. ' .. 
, I ~• 

,: .... 
4a~--3bN-a<t-. (8N.:.1--,\)biv-c.2 :t- ('YN-,1-µ)bN:-I ,+ ·-· ... ,:,fJN-,..1bN 
· · ·· · · 4a~. 2bNC:2· +:;' (8N - ,\)bN..:;, + bN .:cp)b,;;, 

, ~a5b,v-;1 · +·;(8N+1 :--:-\)bii, 

Consequently, the latter is 'overd~tem1ined,' and. th~ corresponding mat~ix is r<>'dangular: 

,- 11 .. '~·-o - ?. _•,' . p -<l 
81 - ,\ ,; '-:-11·_ 'fJ1 
4a5: JV. 8! _: ,\ /2-:-- /L 

0 ' . 0 
0 

/ 

0 
o· ,,0 ·O 0 .. ;- 0 

0 
0. 
0 

8N~t:...: ,\. 1,V:CJ ~-/! 

1ar2; - liN - ,\ 
· 0 4a~. 

o. 
·o 
:o 
'. 

f-JN-1 
·,;v -)1 
/jN+l .:C ,\ 

As concerns a' lwmog~neotis 'syste~] ~f equ~ti'ons of th~t typ,< it is' known that a nen;ssary 
and sufficient c~ndition for·the existence of a'nmitrivial solutio11·[!J] i; cqua.lity t,; ZP!O of all

·deter~in~nts ofoider (N:t 1 ). Asare~lt of this,procedur_c, ;e ~rrive at the sy~temof ( N+ 2) 
algebraic equations of tpe (N+ l)th degree from_.~hich cige11~alucs of two separ~tion rnnsta11ts -
,\ and µ are determined .. Using the exclusion theory [IO] for the systen1 of alg<'lmiic, ,:quatioi1s 

•·· with ma~y unknowns; the solution of this system of algebraii; equa\-ions with two unkn1iwns ,\ 
and"1i can.be reduced to the·solution·of an algebraic equation of degree (N + 1)(N+2)/2 for 011 .. · 

. ,, of the variables aiid one coupli~g_equaticm for,\ and /l. As a result Wt~btai1; (N + I )(N +2)/2 
. pairs of diffe~ent solutions {,\, j,}. Now let q1; q2, q3 be integers eqiial to themnnbcr of z,;ro,-~ of 

tli~ eHips6idal, wave fund ion (13) in. the_intervals ( a1 'a2),. ( a;; a;i}"and ( <i;i, 00 ). As £hr !;<'Jl(•ral_ 
i111mber of.;eroes 'of the polynomial .(13) in these intervals <'quak N, .tlii; ,;llipsoidal 'qua1itu111 
inimbers q1, qi, q3 _are connecte<l with each othe~ by.~ si;npl,: relation . 

,_ \ ~ . ' 



, I .-, ,· 

.--, . 
and can be cho~en t~ enumerate th.e ~llips6idal sep;iratio~: ~onstants {A~ m,93 , µ~,92 ,93 }. 

, Thus, we have obtained eight types of polynomial solutions of the ellipsoidal e,quation of 
the isotropic oscillator: · · · · · . ' 

/ N , . . , 

" i}0,0,0)( '-- )' 'uE;;:2q3(p;a1,a2,a3) - n=2N L, t . P a2 , 
, t=0 , , 

N, ; . 

E2N+l(.. . ) · _ 
c qiq2q3 p,a1,a2,?3 -

I: b[o,1,o)(p...: a
2
)1~1/2~ .. n=2N+I · 

t=0 ' , ' .• , 

··. . . N . .. , , . 

E·2N+t(. ) _ 
s qiq2q3 p, a1~ a2, ~3 -

,::--::-"' (1 0 0) ' · : I · 
VP ,-.u1 L.)1.: •, (p-,- a2) , n =2N +1 

t=0 

N . 

dE2N+l (p,; a1, a2, a3) 
q1q2q3 , · , 

r::-'-;:- " (001) .· •' ' . . · · 
Vl'.-C:.",3L..,b," (p-a2)\ n=2N+l·. 

t=0 . , 

'·' ,·N· , . 

,' E2N+2( . ,, ) 
cs 919293 p,_a_1, a2, a3 -

1 
Y P ~ a1 I>l1,:~>(p :_ ad+

1
l
2
, ;! _':" ~Nf 2 

· · t=0 , .• . · ' ' ·, 

d 2N+2(' • ,•_.· , ) 
c E9,9293 p;a1,a2,a3 

N 
··• · r::--=-p _ a "b(o,t,t)(p. _:, a)t+I/2. 
: . VP.~ UJ L__, _ t . 2 . . . , 

·: ~ . . . t=O , ·,' ... ,. , , .. 

n=2NfL 

·, . .N . ·•« 

2N+2( ' ' ·' ' ). sdE9,9:, 93 p; ~1, a2, a3 J(p ,:_ a1)(p- a3) L bl1·0•
1>(p--: 'a2)1, 

, . 1=0 ,, ' 

,. , ... N 
2N+3. '· ' ' · ) · csdE919293 (p; a1, a2, a3 J(p--: at)(p -'--,a3) L b[l,!,1)(; ,:__ ~;j1+112: 

l=O, 

·\ 

6 The ellipsoidal basis 
·-✓ ' , •• " ,,,,, ,-· ·,,' \ 

According to the afore~s~idin sect.5, the ellipsoidal oasis of the isotr~pic oscillatoiis divided·· 
int6 eight·cl~ses: ·: ':, / .. · · , · ··: · · · : · .. • > · ,• ·· · ·· · 

(o,o,o) ' 
\JI N,919293 

(t,0,0) 
\JI N,919293 

,T,(0,1,0) ., 
'i' N,qiq2q3 

- · (0,0,1) .. 
\JI N,919293 · 

• (1,1,0) 
\JI N,919293 

\ . ,T,(1:0,1) 
'll,N,q1q2q3 

·c(o o o) s·. ;;., '(.. . ·,. · · .· ) H 2N · ( · " ). H- 2N ( · · · ' ·) · · · u e9; 92q3 P1.i a1, a2_, a3 u . e919293 P2i a1, a2, a3 u e9,9293 p3j a1, a2, a3 _; · 

=
2
N :D= (N+l)(N+2) = (n+2)(,;_+4) . 

n · ' · · · .. -. 2 · · . · 8 
·c(1oo)'H··2N+1( '. ,)H'2~~1(· .. ·, ,, )'112N+1( ·:·.- :)'.. 

::;::: ~ .·',.'., __ c .. ~q192qJ P1;a1,a2,a3 c eq1q2q3 P2;a1.?a2,a3 c eqiq2q3 p3;a1,_~2,a3' 

. :_ N"' ·. ':_:·D,;, (N +J)(N+ 2) { (n'.+·1)(n +3)' ' · ' 
. n -? • +. 1, . . ·-•• '\ 2 . ' - ,·. < 8 . . 

C(o;1,o) H·2N+1.( ." .- ).H 2N+1( ·; ·· ) H 2N+1(· ... •·. · .· ) 
. . s ~q1q2q3 Pt' ai, a?, a3 ~-. eq192q3 P2, a1 ~ ~2, ~3 s ~q1q2q3. p3, a.1, a2, -~3 .' 

..•.. ·.·.N".· ' D. (N'.·r'l)(N+2) '(n+·l)(n.+3). ··• · ,.:· ·· 
n =. 2 + }, . : =, 2 =;c· ·s ' ,. . . . . 
'c(o,o,1jd.,H 2N,tt (' · :"' ·. • . · )dH,, 2N+t'(' ·. '• ., .' · . )dll 2N+1 ( '. , ) / = , .· eq,ii293 P1,a1,a2,a3 e919293 p2,a1,a2,a3 _. e919293 p3,a1,a2,a3, 

n=·;N+.l, ·n~ (N'+l)(N+2)'~-(n+l)(n+3) · · · · ·· ·-
". . ., . · _. . . 2 .. _ •. · ·· - .·. :S , _ _,, . . . . . , ·•,. 

= c<1,1,0>csH e!~;9~ (p1;'at,a2;a3)csHe!~;9~ (112; 'a1, a2, a3)csH e!~;9~ (p3; ai, a'2, 03), 

,,,. =
2

N 
2 

.. D~(N+l)(N+2)=n(n+2) ... •.· 
n · +.' . ·· . 2 .. ·: · ·· 8 · 

. '11,0,1)· H·2N+2('· · )"'d·· 2N+2<' · .. · · )'dH·2iv+2(·· - _ ... )·. - ,C .. cd c9, 9293 p1,ai,a2,a3 c Hc
9
,q2"q3 p2,a1,a2,a3 c e919293 p3 1 a 1,a2,a3, 

! . - . ··- ~ .·' ' . ~.....,:; ' ' - ., ,. ' ' -

io 

I. 

f : 

, I ·. . . 

. .. ' .·· (NfI)(N+2)' n(n+2)· · ... 
n.= 2N + 2, .· · D = . . = -'----'-• : .. · 

(0,1,1) 
IJIN,q1q293 

.•.. , : · · .. · ·.,. · •. 2 . , .. . . s· .:. ,_ -J . .. . .•· .; .. 
C(o,1,1) di/ 2N+2( ··. ·.) dHc2N+2(p. · · ·. )'.dH 2N+2(p·· , ·)·. . = , . --. , .,, s eq1q2q3 P1 ,.t.i1' a2, a3 s q1q:zq3 2, a.1., a2, a3 s eqiq2q3 3, a1~ a2, a3 ' , 

'_:
2

V· 
2 

D,:__(N+l)(Nf2)_:n(n+2). .:..:_·, ·.·. ' .• 
,,1.- -1· + ' · ... ~ '.: 2 ._·. ,-·. · ·s ': 

,,.1,,1,1i'· · _ • c<1,1,-1> ._, ·d· 11·- iN+3( · :_., · ) • "di/ 2N+3,( _:. . ). •d.H 2N+:i ( ·• -,: -)· · 
..,N,q1q2qJ - /~S _ eq1tnqJ.P_r,,,a1,~2,~3 ,cs '.~q1q2q3 P2,,.a1,:~~,,~3 -~s _rq1,i2q3 ~~:a1_,a~,a3, • 

•=ZN :
3 

D~(N+l)(N+2)=(n-.I)(n+I)' . .. . . 
.n ·. .+ ' . 2 . '' 8 
/ , , ·. :"'. . ' ' l , ,. ; , 

.. . . . , . , ' . . . , . , ... .• . . ·.. : ' . · I 
Herc by, fl e ,vcdcnote, polynmnials Brnultiplied by a factor ex'p{ ~2fp}; and Dis the number 
ofstatcs ofa giv~n pdncipal quai1tiim null}ber ri. The multiplicit~_ofdegcneracy,of energy 

· · levels of the isotropic oscillator is determined by a· sum of all states' of even or odd. fixed 'n ~nd 
·is correspondingly equal to'(n + ,i)(n + 2)ii ··. < O < · ; . · · , . . . · ' V,'. 
. ; The' coefficients c!i,i,k) wh<;re i;j; k ~ 0,' 1, m, ,determin~d fro\11 the nonri~lis,ation condition 
of the ellipsoidal basis of t)l~ isotropic oscillafor / .. .'. · · · '. · ,'.: ··. , ,. · -'. • · <, . 
. . I . . . •· . . .. ,, 

'·~:· {";ii' ."'··1· ,,,;[;u:;\> .·.(· · .'.' >: 1121/~2)) 2
· (P2~P1)(p3'- P2HP:i -pi) d' d . d . ·=•; 

8 ]~ :. . . ,,N9,9293 p1,p2,P3, 1', 2 , ✓. P( )P( )P( ) ,,Pl_ P2 p3 , 
"'. .. ~I 1 •2, a3 .,,.,, ' ·· " '. i•' ", ,-;-: · P.1 P2 P3., c• " : ",",'.. '. 

•,·· The ~oniplex £~rill oL the ~Uipsoidal basi~ of th\) ·is~fropic osdlla'tor fi;1ally depends' onth6 
degre~ of algebr~ic equations from \vhich eigenvalues for two scpa~ation coristaritdi 

9
,~, (Rf, Rn 

and /L~9,;;;(m,R~)are determined: .. , ' ' . I. , I 

,., \, 

us w;;t~.d~w~ ;ei~~;l~~l~es ·~f the ellipsoid:! s~pa;ation con~t~;l;S a·,id tl1c ;llipsoidal :b~si~ \' 
of the isotropic ~sciJlal.or for the lowest quantum numbers 11 = 0, 1, 2. . . . . 

·. · i'. n:~·<( .' N,'~ ~;,.·.:01 ~t:::a;:~}:
2 

\\; • (/':: '.) ··,, , .- .. . 

(ooo) (2ao),, ·. .·a0 ,, , · • • • ·· : : •. · · 

lli0,000 = _ ·. -:fi. , e?,{-2 ,[.(P1+:~+p3f-:-.(~1/ 02 ~· a3)]}' 

' ' ' . '2 2 ' ,' 2 2 ' , 2 . .· 2 .· 2 . / ~· ~ ; ,, 
, A(Ri,R2) =; 2?0(/l2 -_R2);, µ(R1,R2 ) = a0 R1R2 

N :' O; 0:1 + 02 -t Q3 = i 
, ,r' ' ,, -','-

,, '. ', 1,',.' ·<· . ' •, ' . ,", ' :·,, ",i ·,, .. ' \ . . . ' '• 

q,(o;o,i)L: v'8a~J(a3::,-p1)(a3-:-p2)(p3..-a3). { o~[(:'.+· .·,+·' )' (r. .. ·,. \).)}-'. 
· 0,000 -;, ,i[ir , , (a a)( ) .. , exp - 2 Pt P2 , p3 :- a1+.a2 +.a3 . . '. ' i. 3. - ~ ':a3 : a2 . · . . j . · · .. _. · · · ,i 

. J(R~,~~-) ~ 2 +2a~(R~..:.. 2RD, ',t(Ri,Rn =; /1.l+ o~RiRr 

(0,1°,o) _ v'8ah/(a2 - P1)(p2 -.a2)(p3':... a2) : , a~ , . , ' · ·· ·., .· . . ·' '. 
Wo,ooo -:-,• ,i[ir .. -. ( _ )( ._ ) . cxp{-,2 [(p.+ P2:+ p3) - ( a1 + 02 + a3 ))} 

.. ''i.:-.>>~~,",-a~.~,2i ~•-·, ·,.:'· .. ,-.:· .,· .. -.. · ·1. .-:, ·,· ...--
.. A(R~,RD;, 2+·1a~(R~ -·Ri); 1i(R~,R~) = Ri :-:-R~+ 3a~R;R~ . . .. 

(t,o,o) ~ v'B~i-✓(P1 - ai)(p~-; a1)(p~ ~ a1) .. , ar• , . • . .. . · 
Wo,ooo JVi_·., (a

3
-ai)(a

2
-'ai): _cxp{-_ 2 ,l(P1:+p2+Pa) 0 (a1+.02f.o:1))} 

,-'·\· P '•, • ' ,.'., I '. ·' ,.,·' I ' 

A(R2 R2) = 2+202(2112 -R2) , ,?' 1 2 _o ~l-2 1 , 



-, : 

III. n = 2, 
' ' .. ' ' 

N = O; a1 .+ 02 + 03 = 2. . ' 

i ,r,~1
0
~) = (Sag)·.· J(p1 - ai)(p2 ::- ai)(p3 - ai)(a\- P1HP2 - a2)(p3 - a2) 

' . ,.fir · , , (a3 - a1 )(a2 - ai) (a3 - a2) ,. · 
. ' / 2 • ;'' I ' • • • - \ 

exp{-;0[(P1 + P2 +p3) - (a1 + ai + a3))} . 
-.. • ,. • ',, > • '·'f 

:>-(R{, RD= 6 +2a~(3Ri .:.C 2R:), · µ(1!,Pii) =· R: -1Ri + 3a~R~Ri , 
' 

,. 

'11(1.~.~J =. -·(sai)··: J(P1 -ai)(p2 - ai)(p3--:- ai)(a:(-p1)(ai - p2)(p3, a3) · .. · 
,0 ,000 ,- ·, ,.fir , . . (a3 -a1}2(a2--'ai)(a3,:..a2) .·. · · 'J. · 

' -'. ,, - 2 . , . --~- ·. t' !- • 

;xp{~ ; 0[(P1 + P2·+ p3) ~. (a(~,·~2 + a3)]} . . _, 

>.(R:, Ri),= 6 + 4a~(Ri -Rn; '~(R:, R~),,; Rf:_ Ri +a~Rf Rr . 
;, •', .,•r, •, '••\: >•.••• i .. '.•,' ;:;.',, ·•>, • /~•-, .-•,~• ~;,:,:, ••/ 

'11(0,1,1) '·~. (8~~)·· J(a2 - p1)(p2 .c, a2)(p:i; a2)(a3 - pi)(a3 -p2)(p3 ;_ a3) 
o,ooo • ..fir. :·· 1 . ·, -, (a3.- a1)~(a2 - at)(a3·-a2)Z ; ,''. ,· 

,·/ . 2 . ': ' . ...._ - . .'_., .. '. . '- , • i,., ~ ,,·j 

exp{~ a0[(P1 +)12 + p3).._ (a1 + a2+ a3)]} 

· ,' ,2 2' ->~ :i· 2,· 2·--' /2' 2 ·, 2··, 2 ,,_ 2'·2'2-< 
>.(Rp R2L=, 6 + 2a0(2R2 - 3Ri}, µ(Ru R2 ) =:= 4R1 - R2 f 3a0R1 R7 , , _ 

0 
r < - • • • ''-'-. ~ • , , •, e :,, • < > , ;•' •• •I• • • ! I' : • ,' l ,• •• 

. I 

,_ • • •: ·. I , , : . ·/.' ··., : •, . l . i . ~•,· : , · ' , _ ·\ -- . • . 
' ' In conclusion, we wish.to express our sincere gratitude toRAi,apety1;n, L.S. D~xtyan,\V.M. ' 

· Ter-Antonyan and D.I.Zaslavsky for, numerous_ discussions arid µscful remarks: : . 
. - . . - . . 'f ', ' ,' ., .. ;~ ·, . . . . . • ) .,, 
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KaJIJIHC B.H ~P- E2-94-230 
3JIJIHIICOHJI.aJII,HblH 6a3HC H3OTpOIIHOI'O OC~HJL/UITOpa 

HaHJ(eHbI pemeHHSI ypaBHeHHSI III pe~HHrepa ~JISI IIOTeH~Ha.n:a H30TpOIIHOI'O 

OC~HJIJISITOpa B 3JIJIHIICOHJI.aJibHOH CHCTeMe KOOp~HHaT. IloJiyIIeHo SIBHOe Bbipa

::>KeHHe ~JISI 3JIJIHIICOHJI.aJibHbIX HHTerpa.n:oB ~BH::>KeHHSI 11epe3 KOMIIOHeHTbI 

op6HTaJlbHOI'O MOMeHTa H TeH3Opa .JJ:eMKOBa. IlpHBe~eH SIBHbIH BH~ 

3JIJIHIICOH~aJibHOI'O 6a3HCa ~JISI HH3illHX KBaHTOBbIX COCTOSIHHH. 

Pa6orn BhrnOJIHeHa B Jia6opaTopHH TeopeTH11ecKoft cptt3HKH HM. H.H.Boro
mo6oBa 011.SH-I. 

ITpenpHHT O6neAHHCIIHOro HHCTHTYTa S!ACpHblX HCCJ!CA0BaHHH. JJ;y611a, 1994 

Kallies W. et al. E2-94-230 
Ellipsoidal Basis for Isotropic Oscillator 

The solutions of the Schrodinger equation are derived for the isotropic 
oscillator potential in the ellipsoidal coordinate system. The explicit expression 
is obtained for the ellipsoidal integrals of motion through the components of the 
orbital moment and Demkov's tensor. The explicit form of the ellipsoidal basis 
is given for the lowest quantum numbers. 

The investigation has been performed at the Bogoliubov Laboratory of 
Theoretical Physics, JINR. 
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