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1 Introduction 

The conformal anomaly first obtainc-cl by !\I.Duff [I] plays the important role in the 
development of string theory. The existence of this anomaly is the main starting point 
of Polyakov's approach to quantization of two-dimensional gravity [2]. Trace, or Wey! 
anomaly exists also in all even dimensions, and continues t.o be an object of investiga
tion.' This article is devoted to the considerations of the following fields in that subject. 
First, we consider the construction of the analog of Liou ville action in higher dimensions, 
and obtain some exact expressio~s, particularly the closed form of that action in four 
dimensions; next, we investigate in general form the well-known possibility of mapping 
the Wey! anomaly through local counterterms in effective action into the anomaly of dif
feomorphisms group, and obtain the general prescription for that mapping (the resulting 
diffeomorphisms anomaly actually violates diffcomorphisms group only partially, main
taining the volume-preserving part of that group, (2d case sec in [3])); finally, we consider 
the general structure of trace anomaly in all dimensions and make claim that the ·struc
ture, suggested by Deser and Shwimmer [4], is actually the consequence of \Vess-Zumino 
consistency condition. Unlike the 2d case, at d > 2 the Wey! anomaly is not enough 
for construction of full effective action lV(g,w) of confon;1al matter field, because the 
parameters of local symmetry group: 

W eyl 0 Dif f (2/-:) 

do not cover all components of the metri~. But mw has a possibility of construs-tion of 
the finite variation of effective action on 'Ney! rescaling of nwt.ric: 

S(u,gµv) = IV(cngµv)- ll'(g1,v). 

This local action corresponds in d = 2 to Liom·ille art.ion [2]. This action S(u,gµ,,) 
has a property of being 1-cocycle of \Vey! group, and may be used for transition from 
W(gµv) to Wey! invariant effective action li1 (g,w ), th(' fin ii.<• variation of which under the 
diffeomorphism x" -+ f"(x) gives us the 1-cocyclc of clifft'omorphisms group S(f", 9,w ), 
(2d case see in [3]). · 

The organization of the paper is as follows. In section 2 we consider the transformation 
of measure of conformal matter field under the \Vey!, or Dif f(d) transformation of metric. 
We derive the cocycle property of S( u, g,,v) or S(J0

, 9µv) and define the local countcrterms 
for transition from Weyl to Dif f(d) invariant effective action.In section 3 we consider the 
finite variation of d = 4 effective action, which we call d = ,I Liouville action. In section 4 
we discuss the extension of this construction on higher cw•n dimensions and im·estigate 
the connection between \Vess-Zumino consistency condition [5) and structure of trace 
anomaly. 
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2 .Cocycle and Effective action 
. ·-!'"'" • • , • • - • 

Let-;s consider now th~ proble~ of the change ~f th~ mea~ure in the functional integral for 
. conformal matter fidd ~ in external gravitational field under.the Weyl transformation:. : 

-· ',, -- · 
1 

• 2-d 
9;/3-+ eu(x)Ya/3; · ,-cp -+·e.-cp, 

Themeasure in the functio~alfntegral ch~~ges i~--th~ foli:wing w~y: . 

{1) 

n,;c,i
9

cp = D9 cpexp_S(u;g0 /3); (2). 

This type of i~I~tions . is very. im;ortant, being the starting point of DDK calcula.ti~n of .. 
the critical exponent of 2d gravity [6]. . . . . _ . .·_ . . . _ . 

· The action S( u; g) in (2) , has to satisfy so~e conditionsf Fir;t,in the case of infini- • 
tisimal transformation ou(x) it has to reprnduce the 'trace anomaly: 

S(.ou~~))Ya/3)~ I T:ou(~)Vg~
2k::. (3) 

_. : Secori'd, S( u; g )has to satisfy the -f~llowjng prop~rty, which follows foim the application· _ 
of (2) t<? the composition of two :Veyl tran~formations uf and u2: 

! ·\< 
:. ,1 . ·r •-•, 'c 

S(~i"+ u~;g)~ S(;1 {~"2g)+S(u?g), - {4) 

.whi~h mean~ that i(u;g)-is the 1:co(ycie of the'grotl~ of Weyl 'transforn1.~tfuns.1 .-On the 
other hand, the action S(u;g) cbiiicides with the finite variatio_!! of anomalous effecti_ve 
action, dueto t.he property (3): . - . - · · \: . _ . , .. _ 

1 
•. • , •• .• ,· • 

W(g) =:= Inf Dcpe~p{~.§i;;g)} . 
. . . . . .' . . -. . . . . .. · . '··. 

, OuW(g) ~frfici(x);Jgd2
kx, 

(5) 

(6) 

where Sw(cp;g).is classical W~y1 and diffeomoiphism i~variarit a~tion for-matter field;. In. 
other word's . . .. . . . : . . .. . . 

s·(u~g) = W(e"g)..., W(g)- .. (7) 

and non:triviality of the cocycle S(u;g) followsfrom the fact· that W(g)is ~o~-lo~al, • 
Dif /{2k)-invariant functional on 9a/3• ' . . . -

· Let's now consider· the new non~local effective action: 

(8) . lV(gj ~ lf{g)+ S(o:;g)1 · . ~. , . 
. . . . . - . . - .· . : < . - :~-½~vs . : ·:~ .· •· ',.-.: . . .• 

· 'where dimension of spacectime is d = 2k. It'sieasy to see that .due to the group relation: . 
( 4) (cocydic. property) this actio:t.i'is. Weyl'in~ariant, but not_ diffedin(?rpliis~ invariant. 
Let's now in analogy with (7) calculate the finite variation of W(g) under.~iffeomorphism· 

• transformation: . . . ' 

.. , , .-., ' ':~~--. n, , ~---. ~ • · · -
1
11 .,,.. __ ..,.,"' t 

~~· ~ A~t ~·,~b(.11 .. ~i,,s-:"~1 !l ••:\1 
-q.,i.ni , . .,. .,,· ,; •.• """'~uir,.• } 
~, ~r:.:h4A ·- W:- ~ ~h,,M.-,w,~p~~~:: ?.1· 

61"- R1·1-T;;::f.t ,,. ·· :, • vi:;, 7- U i;;. ,.-.,·.·.'·.ce·1,_. 
- ' , ' ~----- -



/. 

..... 

.. 
/· 

. W(f~;);.. W(g) = S(f;g). - (9) 

It's easy to see tha(fromJ4),(8) a~d frorfi 
f , I . 

/ 

In J f*g(x) = In V9I/) + In~; , (10) 

whe;e 

i. ~; -~ d~-t- Bj"(x) .. 
,axfJ '•' 

(11) 

we obtain 

S(f;g) = 8°(u;ga~·/_(§)1fk)I . : 
. -' ,-, 

, ,_ 1 ••• _.· ~o---rln.6.% 

(12) 

Thi~ action_ ~as a co cyclic property for the Dif f (2k) group 

S(fo h;.g) = S(f;h*g)+ S(h;g). 
, . l 

(13) 

Therefore w~ can define the change of th.e' measure for Dif f(2k) transformati~n in the 
. / case when'"we use Weyl invariant reg~larization: ' · ,. · - · · · · -

. , ' . '. 

, Dr9 ~ =_D9 rpexp S(f; g;/3); · (14) 

~here S(f; g)"is defined in_ (12) and h~s the p:ope~ty of,bein~ l 0 cocycle of Dif f(2k) .. 
g;ro~p. ' ·' · · • · - · ' · · ' · · · · · - · - · 

.3 - Liou ville .action in ~a. = 4 

Let's now consider the· application of our construction to the cases of 2 and 4 'di~ensic:ms~ 
'l'he tr~ce anomaly ind= 2k is ;ome polynomial A(R, k}" d~gree ko11 Rieriiann tensor:. 

r;: = A(R,k). •(15). 

· In two dh:nensions A is si;_ply 

. - , C . 

A(~,?f=:= 487!" R •, . (16) . .._- " 

•. wh~re R '... 2d Euler chara~teristic's density .. The four~dimensional anomaly has much more. 
complicated form [1] · . · .,,, · 

' . 

.. 1 . ·. , 
1 = - (2ir)2 [aC2 -t, bE]' (17) 

here C is Weyl t'ensor, E is Euler ~haracteristic's density . The co~fficients a,b,- are given 
by·. ,_. . . . , , 

;·i -~ 

' 

'' 4 

\ " 

', 

-Y\ . 
'il .. · 

,, 

}I·i t -
1\ f 
': I 

! 

·,."-:' 

;....., 

/ 

' 1: . ~ ' -·. - ·• 
a = 480 (No+6N1/2 + 12J':'i}, .. 

1 ' . . ' ' .. ' . 
b =- -. -(No+ llN;/2 + 62A\), · 

1440. . ·.·· 

..... 
' 

\ 

(18) 

where Na,'N1t2 and Ni are th_e number of real_ spin ·o, · Dirac.· spin -i/2,' and real spin: 1 
fields,respectively .. If ,we look . -for the· general solution of e'quation (4) with condition' 
(3), we have to take U2 = u and U1 ='. 6<T and get the differential form of ( 4): " 

' . . 

·~ 6S(o-;g_),= S(;u; e" g) =j ~(~(e"g; k))6uV9d2k;;.: __ . . (19) 
, • , ' > - • 

The explicit form of solution -for twocdiinensiorial cise is famous. Llouville action 12 J 
. ·.· . .' -·/ ·. . _-· -·; - .---

. S2.(u,g) ~ ~ 1· -d~~,/g( !g0 f380 u8/J<i + Ru); 
· . 48,r . · .. 2 , ·. . . , 

(20) 

·· · In four.dimensions explicit form of S first . has been found in. [7] 
. : .. ' .· ! ·. ., . . . ·-· 

"•r· 

S4(d,;) '= ~-1· d4;jg(.i r)~_(b{ ![(V;,uV0 o-) 2 + ¼v:auv_·_0 uV2u 
27!" . 8, . - _ .- . . . 

\ . . 1 . ·. . . •- . . - . 
_ "c(R"/3 _'- 29°/J R)V auV_f3~1J + uA). (21) 

This expression sati;fies the co~yclic pr'aperty · ( 4) and ca'n be used as phase f~nction in 
~he Weyl transformation~{ the _measure (2). Therefoi·e. the, expre~sion (21) Jefine the 
1-cocycle of.Wey! group in:d =;: 4:·"Fina:Ily we can substitute (21) in (12) and obtain the 

-Diff(4) cocycle ·· ' ' ' ·, 

I' 
S4(f;g) = S4(u;gafJ/(Jg)112 )1 _, ·. -,--,·,. (22) 

---- -_ . ". -~, _ ·, <1-21~6.r 

The corresponding Di/J(2) cocy~lt:~as obtained in ref.[3).-I~ th~ next :ectio~ we discuss· 
the extension ~f this construction on higher even dime~sions: 

.- - '• ;F , '\ ' i, 

-" , . 
1 4 :Conclusions and ouUoo_k 

Let's discuss the conne~Hon betwee~ Wess-Zi:;_mino,consistency conditj~n [5] and structure 
of trace anomaly. in anyeven dimensions. The Wess-Zumino condi_~ion rrieans that 'the 

. second Weyl variation of effective action W(g) has to be ·symmetric.This !Deans. that · 
variation_ of anomaly expression: A( R; k) on· Ri_cci tensor, is covariantly divergen~eles~: · : · 

va·6A(R; k) ·•- .. 
6Raf3 =.0. {23) 

The Euler characte;istic satisfies this condition in. any even. dimen\ion due to Bianchi . 
> .identity:, So we c~n-suppo~e that in anydimension thegener~I form ofconfo;mal anomiily. 

'-, • ' • •::.. •- • I
O 

, •·••. ,.' • ' ' • /: r :---.•; 
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. is the E~l~r~haracteristcs density modulo Wey! invariant t~·ms' (like C2 ind= 4)[4].The'. 
-terms with lower order on R can be obtained as. variations ~Llocal functional~ and can _ 
be removed by. adding local c~unterterms t~ an (.!ffective action. · On the other pand, to · -
construct the cocycles we need only the Weyl noninvariant part of anomaly which coincides 
,vith the Euler chaiacteristcs density.Therefore we ca~ i.ise the known expr~ssionfor Euler 
density: - . . . . .. • . -
- • , - ~ :µ1v1µ,2112·•·µk&11,; -- , 

1 

~-1P1 02P2:-•• •-· 0t1i;-/11i;-, 

E2k-:- 2k!t: · . .... t:o1(31o2{J,--•o•f3•Rµ,v, Rµ,v, Rµ•v• • : {24): 

for c~nstruction of higher dimensions Weyl and Dif J (2k) co cycles. This work is now .in 
progress and will be dQne in near future. .. 
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IlocTpoeHhI KOIJ;HKJihI rpynnhl BeHJISI, CBSI3aHHhle C KOH(pOpMHOH aHo
MaJIHe:ii B 11eTHhIX pa3MepHOCTSIX. Ha~eHO o6m;ee npaBHJIO nepeBOAa 3THX 
KOIJ;HKJIOB B KOIJ;HKJihI rpynnbl AH(pcpeoMopcpH3MOB. O6cy)K,!J;aeTCSI CBSl3b yc
JIOBHSI COrJiaCOBaHHOCTH Becca - 3yMHHO co CTPYKTypo:ii KOH(pOpMHOH aHo
MaJIHH. 
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