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I. ImTRODUCTION 

I. Ma.DT authors (SchrOdinger, Wigner, G1auber, Schwinger, Klauder, 

Sudarshan and others) have elaborated new fruitful approaches 

exploiting coherent states in many branches of quantum physics. 

(See refs.ll-2l/ and further refs.there, see also pioneering artic

les and some other related refs.I22-'J9/ • ) New forms of quantum 

theor.r have arisen /l,ll,lJ,l9,2J,24,JO-J2/. 

Quantum theory may be represented entirely in terms of coherent 

state expectation values. We call such a formulation the coherent 

state representation (CSR). Below the relativistic field theory 

is presented in CSR (we follow refs./2II). Equations of 

motion for a field operator and for density matrices are written 

in this representation, and problems on causality and determinism 

are discussed. 

2. Now we define the coherent state representation, the CSR-1, 

CSR-2,CSR-1 1 and CSR-2', labelling m6difioations. one possibility 

(CSR-1) is to define CSR as such a form of quantum theory, in which 

ever,r operator is represented only by a set of its coherent state 

expectation values, i.e., only by its diagonal matrix elements. 

Non-diagonal elements are superfluous and can be calculated through 

the diagonal ones. 

Other possibilities arise when operators ~v ( V being an ex

ponent) are applied to these expectation values (for the definition 
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of A see Appendix A). This corresponds to using of decompositions 

into alternative ordered products. We use onlf two of the continuum 

of possible decompositions/lJ/: the N-product decomposition (YaO), 

CSR-1) and the symmetrized product one (Y--l,CSR-2). CSR-2 distri

butions ooinoide, in fact,with the Wigner distributions in a phase 
IV( space see Seo.4). 

CSR makes~e quantum theory language close to the classical 

theory one: the commuting coordinate and momentum both (in fact, 

the coherent state expectation values of the coordinate and momen

tum operators) are used simultaneously. Equations in CSR-1' and 

csn-2• , besides these variables, contain the derivatives with 

respect to them ( in quantum field theory those are naturally 

functional derivatives). The Planck constant \ enters into the 

theory as a factor for these derivatives ( like a •coupling 

constant•). For example, the quantum~echanical Hamiltonian in 

CSR-2
1 

is (r-i\~)'- + \'~+i.\:~) , 
){ = i.m. 

(1) 

where in a many-dimensional case x•(?,-.t,.),t·l~·-r .. ) and the summation 

is implied in the first term. For another examples see point 7 

below, in particular, eqs. (45) and (46), and ref.I2Id/. 

J. The coherent states we are interested in are written in 

quantum mechanics and in the scalar field quantum theory as 

follows 

;,tt_ r<.t)x(t) -ll<.t.) t-lt.~ ~\At: Kt.)x<.t.) lo> 
l'l<r>- e. lo> = e. 

(2) 

\'f):: e:1tl~,~) \o)., (!f,Q)=~~Jox~l~)'14 ~<..JC.)c-\.\A"K.1{!t)~(l.),(J) 
(~7 .. ~ .. o,.'!.q -lf~ .. ff), 

"' A where l'.~) and ~l"') are the quantum mechanical coordinate and 
• 

Heisenberg operators, rtt.) • m ~(t.') and scalar field free . 
"" ~ (!'-"' are the oorrespondill8 momentum operators, and 
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. 
~(.t.)a("f\ ~6:)\!C.f>'> ' rtt)c:<.l(.r \ ~Ct)\K.f~' ~ ~)::<.tql~(l.)\'f')., \f CJI.):::<.'f\~(IC.)\'0 

are the correspond1118 •classical'! counterparts, the expectation 

values of the above op4;1rators in states lxr'> and llf~ x). 

These coordinates and momenta are independent quantities xx), so 

that the initial values J<.(.t.') _, p(t.') or ~(X",t') , ~(.~,t.') 

must be given simultaneous4 am •7 be chosen arbitrary at any 

initial time t' 1 lilce in classics. 
x:a:) 

These initial values define the coherent state and therefore 

the coherent state expectation values of all the operators. 

In quantum mechanics these quaDt i ties are functions of two 

variables J((.t.') and t>lt.') or, equivalently, functionals of one 

function Ht.) • 

In the scalar field theory they are funotionals of two 
... ) .... ) ... functions '9l~,t.' and 'f{.x,t' of )-argument x or, equivalently, 

funotionals of one scalar function J~) of 4-argument xr 
(the latter is more convenient due to covariance). 

With all the conceivable initial values we obtain a complete 

( in fact, overcomplete) set of the states am all diagonal matrix 

elements of all the operators, i,e., all the operators in CSR...J.. 

The completeness relations are written as follows 

(t1rt)1\.&~,..cl'1>" \11.'") ~l'l-<t~"-)i ~d$x clSt- ~--1 IX\'"> <)(~1-1 
~ bt.~ 1~><~\:. ~$l~ f\1 1'9><'9\ -1 ( 'bl.'f -'bit''~ Jt'!t)) 

The well-known useful property is 

.. .. ' "\ (.Kp\ ~ X(tt) ... Xlt .. ,: lxr). =: X(t.t) ... X(t." 1 , 

(4) 

(5) 

(6) 

(7) <~I: ~(--.t)"· ~<.x ... ): l'f) • ~V't) ... 'f(lc. ... ) 

~x~)~D-u_e __ t_o the free equations of motion the exponents in eqs. (I) 
and (2) and the states themselves are conserved in time. 
xx)Unlike the mean squared coordinate and momentum, whioh are 
subjected to the uncertainty relation. 
xxx)or values at aJl7 other fixed time • 
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where :: denote the N-produot. For other properties see Appendix A. 

4. The evolution of the coherent state expectation values for 

the coordinate and fields in the free case and in the oases of 

simplest interactions is given by the following equations. 

I) The free case 

ll.(t) = nt.Dlt-t')~, ll.(t') 
~ (.y.) • i.\cl?> y..C b,_(X.-Y-.1)~ \f(_)l.1) 

'f(Y.) .. -iv?.y..csl~~.-,.•)y~,"'~) 

(- -M \cl~ D(t-~)tU.)) 
( =- \J"'i-A{x-'})J('t)) 

( = \A4'!~(?r.-'t)~l't~ 

(8) 

(9) 

(IO) 

(in parentheses the definitions of functions t(t),'l(ll)and ~(K)are given), 

2) The interaction of the scalar field with an external 

current l(/c.) ( for the electromagnetic field analogously) 

'f(Jc.):«fU<) + \}"'t AUAlY..-~)lltt) • (ll) 

" ..... Here t:§'(_l() :.<.~lt:f(~<.)l~·f'> , tf(]l.) is the Heisenberg scalar 

field operator. 

J) The interaction of the spinor field with an external 

electromagnetic field Arl.zt.) 
11/(-x.) = <.t>l"-) -ie. \t,4"~ ~-wt(ll-';1-)~ ... ,\l'(<j-)'Vl'!)· (12) 

Here t¥~)--=<.lfi~U<)\'t'> , -¥ ~) 1s the Heisenberg spinor field 

operator. 

The above equations differ from the corresponding ones for 

operators only by absence of the "' , Of course, it is the case 

for expectation values in any other states (in the spirit of the 

Ehrenfest theorem). However, only for the coherent state expecta

tion values the above equations become quite classical ones, 

solutions of which are defined by arbitrary given initial values 

( e.g., 'Yl~,t') and ~ ~,t') 1 or equivalently l~) for 

equations (9) and (11)), the equations themselves and their 

solutions being of the manifestly causal character. so, the solu

tion of eq. (12) may be written as follows 

6 

"'(It) =-i.\ 4~,.. ~~ (!c.,x.') "'" "t'<lt'). (lJ) 

It is remarkable that according to a coherent state expeotatio n 

value theorem ( see below) only these coherent state expectation 

values and the above equations are equivalent to the original 

operators and to the equations for them, One can re-establish 

the operators, using only their coherent state expectation values, 

Therefore, causality of the above equations exhausts causality 
/2Ia1 b/. 

of these theories ( the signal velocity does not exceed the 

light velocity), 

5. The coherent state expectation value theorem: every 

operator is determined by its coherent state expectation values 

( i.e., only by diagonal matrix elements!), Let us show it in 
/2Ib/ 

terms of the relativistic quantum field theory • Given some ,.. 
operator Q. ( e.g., s~atrix) by its decomposition into the 

N-products 
" - \ " .1. Q. ""L. cl."~t ... A" I(. .. KL"-t ... " .. ) ~ ~(.1(4) ... ~~ .. )! 

l\."C() 

(14) 

Then using eq. (7), we obtain 

<'i'l ~\~>:;t \!""-i···!"xl\. \((llt ... xo:)~'="i)···~<lt .. ) • 
After taking fU:otional derivativesll)of arbitrary order with 

(15) 

respect to J~) and equating ~ =01 we find 

~x~· ix.1~<~\~\'Vll_;(:i)n.~\\l"i''ltx._K(lt .... "~A~i-~ .. ~X..-~n) (lG) 

This is the most general matrix el. ement of ~ with n.. external 

lines. The theorem is shown, since each operator is exhausted by 

the set of all its matriX elements with all possible numbers 

of the external lines ( i.e. 1 of the initial and final quanta). 

For the proof we have made a transition from CSR-1 ( the set of 
" all possible coherent state expectation values of Q ) into ... 

the :rook representation ( the set of the matrix elements of Q 

x)For the operator interpretation of these derivatives see eq,(52). 
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between all possible states with definite numberaof the quanta). 
,... 

Any operator Q and its coherent state non-diagonal matrix 

elements are explicitly given in terms of its coherent state 

expectation values as follows 

0. = : ~r (x. lt'l{l<.t.t') + ~lt').; lLt•O<)<.fl Q\)<.r>\xtt')•r<-t')=o= 

... : e)(~~l<e~~ ~+c.~~:<.~~ot\Q\)<.r'>,~,._o (!7) 
~ ~ 

<.lC.~..r ... l Q.lxt t1> = 
oc.i.. ';$ ~b ~,... 

=<.xt.\'t.\'lltl'~"> ~ n\ Xul'tt)···){u~ ... )1 ~,···"i£', ~1(-t~) ... 'b~ .. )~riQ\x.~lt=O 
(18) 

Q = ~ e:l(r\!'lox{~<!t')~.nt. ,, + ~<_,t•)t~~)\: <.'fl Q\~\ • == u..,~ ..., ) J 'f(.~,-e)::'f(i1~)=0 
=: CJI.t(t ~~'lo'j-~(lJ.f~.13los-~~<'fiQ \~>1:\=0-

00 ... \A'!. ~ A - ....,_. 'S 't, /, l"tl/l 
.,~0 -::r} 'k··J!.'!n.~ ~(~t) .. ·~l1 .. )~o1it'''dM h(~) ···~)'t.f Q v\1:0 

<.~J Q\ '-f1)= (19) 

/, 1. '-~ ;_n.\h 1'!. ~ ~ Ci; b ,., 
=,~~~~7~tt\ Cl 'k·«~ '!,'i'u('lt)·M'f'lll'i .. ,otlt'"lltt~cffi;f' &l('i~~l).\cfi)\J:O .(20) 

The functions ~ ti (.1:) and <gl.t Ut) and the scalar products <xtf\l~1f") 

and ('ftl'ft'> are given in Appendix A. Equations (I9) and (20) 

follow from eq. (I6) • The last row of eq. (19) gives the exact 

meaning to the preceeding one, the times being non-equal. 

6. The following three classes of theories are of interest: 

A) Quantum mechanics of the one-quantum states. The CSR's 

are constructed by means of the states l"-f> • The theory ma,y be 

entirely reformulated in terms of the coherent state expectation 
,... 

values <.xf I Q \)(.\"> of all the operators (CSR..J.). They permit one 

" " " to re-establish <.,x,_l't.l Q.l"-1f1~, <;~~o"lQI~~., <.~•\ Q..~') and so on. 

B) Quantum mechanics of the n.-quantum states, when the 

ooservation law for the number of quanta are valid. Here the 
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"CSR' s • based on the n-quantum states \"'-!f1···X,.f~·rfQ11f1)···~(!l .. p .. )\O) x) 

where each of n quanta is in the coherent state of type \xr> 
Then the theory is exhausted only by diagonal matrix elements 

<.~f1 ... l(,.p .. \Q\~'1f1"' K .. f .. > of all the operators ( and, if one likes, 
-- --, .... , ....... /·" fllQ"\' ''--0 ne may reestablish <.x1f1 ... )(,. f, Q. l4f·f"X"p"/' '1(.1 ... )(.,. )(1 ••• )(,../ 

and so on). 

To support the statement that it is sufficient to use only diago

nal elements in coherent states, let us give the following analogy. 

In classics a system with n degrees of freedom is characterized 

by 2n variables such as ~\ 
,... 

mechanics each operator Q 
and r; ( i -. i •• .n). In quantum 

for a similar system is also charac
" terized by 2nvariables, for example, <.)1,~ •.. '1(.~\Q\x~···X~) 

/ • "I A\ I '> in the x-representation or ,p1 ... p .. "''K1 ... ~.. in the mixed, 

x- ' r- representationx:x:)' and so on. The same is val;l.d for the 

coherent state expectation values <.~<1r1 ... l<.,.f., \ Q\X1f1 .. ·)(..,f,.) 
too, in contrast to non-diagonal matrix elements, depending on 4n 

variables. Contrar7 to other above matrix elements, the expectation 

values are real quantities like olassical ones. These arguments 

hold in the theories A) and C) too. 

C) Relativistic quantum field theory with nonconservation of 

the number of quanta. The CSR's are constructed out, using the 

coherent states of field \"f'> ( which are superpositions over 

the number of quanta n ) • The theory is exhausted by the coherent 

state expectation values of all the operatorsxx:x ) • 

Thus, in any case, choosing suitable coherent states, we may 

represent quantum theory only in terms of diagonal matrix elements 
x)For definition of ~·(!c.~) seei2Ie/. 

~)Such a representation for the density matrix has been 
considered by Blokhintsevf40/. 

xxx)One can continue this list by transitions to D) with n-field 
states llf1 ···'f-"'> and to ·E) with the superpositions of those over 
n like the above transitions from A) to B) and from B) to c). 
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I\ 
of all operators, inclUding the denait;r matrix f(x) • The diagonal 

I\ 
matrix elements of flt) alwa;rs are probabilities ( or probabUit;r 

densities) unlike the nondiagonal ones. Thus, 1n CSR all the 

" density matrix elements <.x., f 1 ··· x.,. P•tl ~(.t)\Xtf1 ···X .. p .. ) 
A 

or <"f\ flt)\'f') are probabU1t;r densities aJid have meaning like that 

of classical phase space densities. 

To obtain usual transition probabilities ( i.e., the diagonal 
~ 

in n elements of the densit;r matrix) 1n th• case C) alao it is 

sufficient to know only the expectation values (lC.1t1-xtt\'.o\f(t)\Xtft-··.1t._p.;> 
of the same type as those in the case B). However, knowledge of 

only such expectation values with all possible n is insufficient 

to re-establish fully operators noncommuting with n, namel;r, to 

find their non-diagonal in n matrix elements. In particular, this 

1\ " ' concerns y (t) and <'91f(t.,l'9) • 
1. Non-linearity in the field operators (of the current, the 

4-momentum tensor, equations of motion, e.g., the equations 

#(t) """L~) + ~cb DtW.(t-~) F(.<f.1) 
t.' 

i~1 =-~{.!~.)+ \ !"'i AU4 (.y.-~) j (~t't)) 
t.' 

(21) 

(22) 

where F and j are implied to be non.-11near) leads to the following 
three difficulties ( i),ii) and iii)), 

i) Aoausalit;r. After iterating eq. (22) infinitel;r •&DT times 

and !-ordering ( to calculate coherent state expectation valuea), 

one obtains that not only the causal functions A~ enter into 

coefficient functions, but also the no.-oausal ones ~(~ , unlike 

theories i)-J). In general form this has be.n shown by 

B1al;rnicki-B1rula!I
5
/b;r means of functional aethod (see jpp.a). 

r1 The solution. We introduce an operator '' ( for an explicit 

form of ~ see Appendix A and refs.121 d/ ) which operates on tie 

above initial value arguments of the coherent state expectation 
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(:tl 
values, and removes the A ( the acausal free dispersion), and 

gives a oausal. result. We oall /2Id/ 
this the CSR-2 , For example, 

~~l~(t.)\'11.~'> and 

<~I ~("It)\~~ and 

flt) -<'IC.t\flt)\)(..f> 

~(t) -=<.~\,(t)\lf) 

and 

and 

~-~(11.~1 ~~)\Xt>'> 

1\-1<. ~I~ Qt.)\") 

ytt.) = k" Q." 'itt) \lt.~"> 
f(t) = ki ('"9 \f(t)\~) 

(2J) 

(24, 

(25) 

(26) 
A 1\. 

are the CSR-1 and CSR-2 for ~(t1 , 'f(l!.) and the density matri-

ces 1n quantum mechanics and in quantum field theory. 
A-1 

The operation '' corresponds to replacement of symmetrized 

products by the 5-products without changing coefficient functions. 

Therefore, the coefficient functions in CSB-2 are those for the 

symmetrized product decompositions. For the latter the theorems, 

like Dyson and Wick ones for the N-product decompositions, can be 

shown by induction, and now pairings are causal:x) 

" " -t f:' " ,t'\\. ' 1 r:' " :t ~ ( '~1)M·If(l(l\)-~\\."<k)· .. 'fQl>l)l + L TM.r.{Y.t.J(!\-'l)\1."9(11.~ .. ~)!1 + L- .... + ... 27) 
ol\t ~a.~1.ll\~ hlo tAL"-.. "~' 

1'~(1t1).M~.)-~t~~., .. ~ .. )\ +~Ji.~~~f'llt\~,~(.l(~ooo~~+~ '''"'"'" (28) 

1Phere ~~(!c."-llt..)= t ~ux(.h-'IC.,_)+~A""""Qc1-x~. The ll.c.-n 's 
arise, when we decompose s,mmetr1zed products into N-products: 

. i f ~ A 1._ A " " l.t1)t, \ " "' ~ ;il..~C..~· .. 'f~ .. ) s= :~)· .. "~"):-\-L ra ~,.xr"'-': '9~~· .. '9(!' .. )~+ "-··+ .. · (29) 

and this leads to the usual p&1r1ngs\.l (t-\Y<.t-~;, and-i'k!+(l(1-lC:t.) 
The decomposition, inverse to -..(29), is 

" " 1 A A "'\;"{ .!.) (i){, ~ 1 f,"" A '\l ' ( ~'f(lt1) ... 1f(!r. .. ): .. to! {'9(~1) ... 'fl~1 + L'\ 1 ~ 11'1-'ll.11{rl-~\l'f(~t3)• .. 'f(y..,,.S-\-L"' "'""' JO) 

It is useful to introduce "primed" operators, for which 

i\-1 <'9\QI'§'> =<'fiQ.1\'f) (JI) 

for example, 
x)Slightly changing the Dyson statement, every product is 

identically equal to the sum of its symmetrized constituents. 
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f." A ~~ A A ~;_t, · 1. A A ' \.'f()(1)"·~(~ .. )J: ~ 'f(~-t)··· ~~ .. )l +£-f'U.\.l(.j'l{~~~(~i) .. ~(/(. .. ): + L. ... + ... (J2) 

('T'~(~) .. ·~L"'~~ -=:~()(t)· .. ~(!c .. ):+L.E-iii)A!olj..kr~:~i) .. ~{.r.,.): +.L··· + ··· (JJ) 

(-1 {A A ~ A A 
~l'f(l'_.;') .. ·'-9("-.. )\J::. ~'fl"1) .. ·'f~ .. )~ (J4) 

For some quantities such a substitution of the N-produot for the 

symmetrized ones was, in fact, proposed in bookf4I/. 

The N-product decomposition of the S'-matrix and the CSR-2 
~ 1 .... .... , 

representative of s, f\- ('f\ U(t,t')\'1) =<"I U (t,t')\~) , are given 

in terms of the functions A$~Wl. , instead of /l+ in the S-ma.trix, 

(see Appendix Band ref.I2Id/). It is noticeable that the S-matrix 

in CSR-2 is constructed in terms of the half-retarded-half-advanced 

functions like the Fokker-Wheeler-Feynman •action•/421. As to the 

N-product decomposition of the primed Heisenberg field 1'(x) and 

the CSR-2 representative of ~lx.), A.-1('9\~(x)\'4>•<.'9\;'(lr.)t~ these are 

constructed only of the A~functions (see Appendix Band ref~2141. 

The h-independent part of the latter is a Neumann series of the 

classical equation of form (22). 

The operations A and ~t have operator equ1valents/2Id/ 
A AA A A ' \ - A' A Q = "Q' "1 = Q' ~ it\. 41-~~.t [ ~( .. •) 0~ [ '9(1,(,.•) .,Q' 11+ 

+ -h (.i.'t{ J~~~.· J>x' [ ~tx·)i" [~lt}(r.u)[~·n~[~Nl,.'),Q'1111+· .. 
1. ·"" ) ~ 

(J5) 

where a is an arbitrary operator, and ~(l)(x) is the Hilbert 

transform of ~ (x) ( see Appendix A). For example, 

( f A A 1_ 1!. A A A _ 1 , 
(J6) I 1.'i'L._.t) .. ·'f~") s =- t\ ~ ~(1c1) ... !f(J!..,): f\ n. i 

When operating on a linear functionals, !\- and 1\ reduce to 
1-i unity. Therefore, in theories I)-J) with linear equations 1\ 

gives no,th1ng, ,applied to the coherent state expectation values of 

the fielda and to equations (8)-(12). Bow.rer, it operates nontrivi-

all;r on quantities, which are non-.11near in fielda ( the enerQ

momentum tenaor, the ~trix, eto.), 
12 

Thus, all the theories (linear and non-linear) become manifestly 

causal ones in CSR-2, at least, more causal than usual ones. 

The transition to the primed operators and to CSB-2 may be 

interpreted as a transition from an "analytical signal" (A C.-)) to a 

"real one" (A ) / 2ld/. 

ii) Abaenoe of closed equations of a simple structure for 
~ ~~ A ~ ~ <'f\ '9<2<.)\'-f) and '' <.~ \ '9l)() \~ _,. , expect for the 111111 t case 1\ =0. 

iii) ~e latter is a oonsequenoe of the general peculiarity: 

in CSR-a and CSR-2 it is not eas7 to indicate a representative for 

a product of two or more operatorsxx)~ i.e,, to write coherent 

atate expectation values of products of operators in terms of ex

pectation valuea of each of them. If we iuvolve the non-diagonal 

elements, then a solution is given b7 the•matrix product~ ~e non

-diagonal elements are representable through the diagonal ones 

accordin& to eqs. (18) and (20). In principle, the problem is solved, 

However, auch a conatruotion is cumbersome. 

It appears that an operator realisation in spirit of the Dirac 
/43/ 

representation theor7 (applied, however to the expectation 

valueAxx) 1a aore conciae than the matrix one. We mean that opera

tors are represented as those operating on the initial value 

argwnents of the coherent state expectation values ( suoh aa If lK',t'), 

'f(.x,t.1)or 'l(lc) ) • So, the repreaentatives of the free coordinate 

and field ap erators, ~"- (.t) and ~ l"-) , are given b7 

.... .... - J (r.~\)(.IL(t)Q\lf.~') . (+) C) b " " " \ l =. ( '1..'1-('c.) ±. 1.\}j!Ll (t,~) ~ b-' '!a' ('J(.f\Q \l!.t'>:: ( ) 
(ll.l\Q,lt) ,.;.~J ' "Jt\:'1 J7 

=~ (""-lt)t \\ ~~"(t)JK~<"rlQlxt> 
x)Opposite assertion in ref,/2Io/ was incorreot (aee ref.12Id~. 
xx)See, however, ref/IJ/. 

xxx)Dirao oonaidered. representations such as z- or P-representa
tiona where diagonal matrix elements are insufficient (see Seo.J), 
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I< A 

(<.~\~(!r.]Qillf> l .... (~{lc.) +t \!\t4-~)~-~)\ ~"1/,.:"<.~\~\~)= 
'li IY. '9(.K) '-f> 5 .,.,.) ) 

t.. ( • t. b '\ ~..-( " = ,,,~)±t-;:~~)}1\ <.~\Q\~) (.38) 

" where Q is an arbitrary operator. 'lt'he CSR-1 1 and CSR-21 (left and 

right) representatives are in the first and second parantheses. 

The prime is used to distinguish these operator forms of CSR. In 

eqs. (37) and (~) there are used the relations 

t... , .. -t t <.-tl :L b ~ -D' ,1._ <b "t!-t' 1' "''J(k.(_t) + "'!. Dlo.L(i:ii.)o!. S'~) (a) t~k.(t)- '--t-~J~s. CO~,.U.) (b) 

(, ~ (1 - (J9) 
1\~<t-' t\1 ~'%r-)+i\1\B-")~-fsa:. ~X\) <a) bl~) .... ;, _r!o\~~-\1\ tx,) (b) 

Equations (J9.b) and (40.b) are valid, taking into account n 

structure of objects, the operator ~fbJ~) operates on. 

(40) 

... " These representatives of )l.(.t') and '9 (l(.) satisfy the cor.unutation 

relations 

[ lllll(t)± i\:lt,..(i:) , )C.t~(s.) ± '-t~'\"(s.) 1: t \. ii SIMM'I)(i:-S) 

[ ) ·t 'il . t 'b 1 (41) "'"'(\: * '1:' ~t ... (t) , ~ .. (t) _, 1.. 'iit.,C.S.) :.() 

[ifll) ±i\ ~~) 1"9('t)±~t ~'9<.'l) 1=±~ \iA(.ll~) 
l ~~)~' 'i ~~' , ~t'}) _, l ~~)}=o (42) 

Note the equal-time (SohrHdinger) CSB-I and C~R-2 ~epresent.

t1ves of~~~.·~~~' ~".p"(t'), ; {X). -i<i,t) and ~(x)• ~ (l,~ 
)(. + ~ t(t :L + ·l.'l_- t.. {.., • ·"" '}__ \A.-1 

k.. t.. U.l>l.t.- \ 1. 11t'l.- ., '-"t.- l"'t:'lp; }" 

b "' l. ") . "\:\. d " { h - • t.'L '\t..-1 
rk. + T"'lcLl~t~'T~l(lt=- \.rk.+' t."'ll(.k./'' 

(43) 

"~)•i:\A\&"\K-r,o) :'f(.\> ± 1. ';_ ~~~> =f\( 't~) ±. 't l~<.~;)K-1 (44) 

u,l ... ) \.{1~ ·,;.(t\-_, ... ~ b - ·t 'b -A. 1.· 1-:of) • 1; 'b :\~.-t , " -yr \Q \."--1-,o, 'b~ + 't:: ce."f(t)- ''\'-'~ +1. ~ ~" 
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The knowledge of representatives of the free field operator (or 

the free coordinate operator in quantum mechanics) permits us to 

write all the quantities and equations like those in the usual 

operator theory. So, the equations of motion for the Heisenberg 

coordinate and scalar field operator representatives J(k(t) and 

~(~) are written in CSR-2' like eqs. (21) and (22) 

,Xk(t )=l'.._(~)+ ~t ~i"tt) ~ \,Jc;, D'td.u_~S) F(.. CX.~))' 

<Pt"-) • 1.9(lr.) ~ 1.t~ + ~A\Au.t~-'.!)j(cb('i)). 

(45) 

(46) 

These equations differ from the oorrespou:ling classical onas onl;r 
.i\'b .;.s;__( 

in the quantum te:nns \. S: 'iit"-~) and t. 'L ~ besides that the 

Planck oonatant enters into eq. (46) only through the Compton wave 

length) • .All the results, using solutions of these equatioaa, are 

defined b7 initial values X.k.(t.') 1 xk.(.t.') ' c.q(~,t') and ~ (.IZ',t') 

like in olaasios. Bquation (46) leads to oausa1 results in &Jl7 

/2Id/) order of perturbation theory (see • 
In CSB-1' equations of motion are also of forms (45) aDd (46), 

but instead of lC."'(t)-+ i\ ;t ... l;l:) and lf(K) + i \: ~'J(!<~ the;r oontain 

the above CSR-1' representatives. The origin of the aoausalit;r due 

to the •aoauaal free disperllion" ~t~l(K'\-xt.) 1s the following 

~~\ t.<.-)<r--,) ~ ~'l<.~) .... t \a~, [ A<r--\)-\~'\\'k-~) 1~ ~Jl\) =-

=-if.~+(!~, 6..(.'\)fv..-')~ ~ "'· \ • (47) 
!... \:-s'l<_~~.) l .., \,; , " 'b 6\.{,)} 

Bquations (45) and (46) are equivalent to the follCJWing 

differential equations w:l.th the initial values 

m.i."-l')-= F11(X.lt:)) 

X~lt•)-~,Jt:')-ti\: ;P~~> ., ., X~t·) ~ ~cle)- t \: ~<k(<,J (48) 

(a-~t.)0l~') =-K(i)<_,r.)) ~ 
b - . ... t • t. "b ( 49) {)(t,~)=~lit,t.•)+i\- t~1_,..,,, 1 

<b<..i!.,~)-~li!.,t:)-, T"b'Yti!,t!) 
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For the CSR-l'and CSR-2'representatives of ordinary products 

and T-products of the f1eld operators see eqs. (31)-(JJ) in ref~td{ 

The left and :d.ght CSR-2 1 reprcsentat:l.ves of the S-matrix &Te 
t: 

U(t,f;+)=U(t,~;'fl'l)-+il i1<!t~=-'T' ~r t}f"x.c.J."f(-.)+i\ ~%~ , (5o) 

t 

uct,t;-)=uCtt;~1)-'-t~~~,..,.~r~l~~"r.t(~)-i\ ~J&~. (51) 

In CSR~ 1 the only distincticn is in the form of the representative 
"' ~ of '! (.~<.) • 

The CSR-1' and CSR-2' representatives of the mult:l.ple commutators 

(~(llM) ... (~(x.I),Q1· ··1 and anti commutators { ~(lc.")···\~(1(").,~\ .. :~ x) 

are clear from the formulas 

<.~l[~(lr.~[~(lc..._,) ... [~( ... 1),Q]. .. l1\"9)-=(it.)"' ~3(,.1)'"· ~XK .. )<.i\QII.f), (52) 

~~ <.~\t~(x~{.~~n-~· .. {~(xi),Q \···1\l~= f\~(1t1)· .. ~('1.")K1{'f\QI~). (5J) 

The coherent state expectation values of any operators are 
/2Id/ obtained simply by applying the representatives to unity • 

The transition into CSR-2 and CSR-2' removes the free dispersion 

and acausality and simplifies all the quantities and equations. 

a. Now we make some remarks concerning calculations of effects. 

a) Eigenvalue spectra of operators ( e.g., the energr spectrum 

of hydrogen atom) are, of course, independent of a representation 

and of using density matrix (When we correctl;r formulate boWldar;r 

c ondi tiona). 

b) The Planck formula. Two different wa;rs give the same result 

for the statistioal sum 

t, .. ~\!~~.Jr<'~~rli'P.H hr>-~!x clr kt<ll•\ ~"Hixr'>· :l ,(54) 
tw 1-~xp(-~\w) 

The first expression ( in CSE-1) is olear. As to the ·seoond one,the 

rule to use the CSR-2 representative as the integr&Dd· is confirmed 

x)Both are sJmmetric in~, due to the Jacobi identitT and the 

identit;r {CA..{ e.(.\\ •\.C.\.11.(.\\ +[c..t~o..l)· 
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"' -tH 
b7 direct calculation (using the Fourier transform of <.JC.f\e. \Xf) 

/2Id,e/ ) 
over x and p) or b7 •ana of an;r of the identities x 

(lw\rltl\A" k(l'~'t'> <."'r'- lr') <.tl , (") 

~-t.r~ ... v~ k,. \xt)<"'t'- '"'><.xl , (56) 

where the3n-d1mens1oDal oase is implied: \"'f>•\~'Vt···X"f,\>,tlx•tl~ ... ~ .. 
and 1\l> and \¢ are the eigenvectors of momentum and coordinate 

operators with the eigenvalues p ... (11, ... f .. ) and )( ... c_K1, .. :X~) 
' respeotivelT• For proof of the identities see Appendix c. 

o) It 111&7 be shown b7 means of identit;r (55) that the distribu

tions in CSR-2 over the momentum expectation values coincide with 

the distributions over the momentum eigenvalues, and, therefore, 

reproduce an;r usual transition probabilities and cross sections for 
/2Ie/ 

an;r reactions (e.g.,for the Compton cross section) • This wa;r 

of calculation includes •summation over initial and final coordina

tes•, like one does in classical problems on beams of particles. 

Bote that in b) and o) we deal onl7 with the states \X1f1"'""''"') 
whatever the oase might be A), B) or C). 

The last form of the completeness relation (4), which corresponds 

to CSR-2, follows :l.mmediatel7 from eq.(55). The use of the CSR-2 

representative does not change the normalization 

~""f~" ~~ ... clt ~v\9 lKp)=(1.t.fl" \Ax At ,\--t<lr-~ \ ~ \ x '> . 
\'b1 ~<.'91 ~ 1'9'>- ~'bt~ l\-1 <.il ~ l'f> 

(57) 

(58) 

/2Id/ 
For more detailed exposition of CSR~' and CSR-2' see ref. 

(CSR-1 and CSR-2 there). 

x)The third •justification•: when integrating bT parts, 1\" 
reduces to unitT• 
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2o CSR DYNAMICS 

In CSR there are applicable all forms of dynamios, elaborated 
for amplitudes (cf./35•361). 

Schrodinger picture. Evolution may be represented 

differential or integral (Markovian) operatorsx) 
" .. 

{ 
<"rl .Q.-.:H(*.-i!) ,.\.t!) ~iH(+.-~)Ixp> } 

f{!-pt) = " .. == 
1\~l(.t\e..-iH(t-t!) f(t.') ~il-\(t.-e) l~t> 

-i.~~(t-'t:!)(lt.-lt_+) ) 
=.Q. fC!tt-t' -

= ~ dl(1Jp' G.(xpt ,,._, t't.') y(x' t't'):: 

by a 

(CSR-I) 

(CSR-2) 

= ~cl"'.lr'clt.' 4x".lt''Jtq G.,(x rt,x" 1>"~~ K. (lc.• ~·t", ~~o' t>'~) ~(x' t>'t!) , 
(59) 

where we do not fix a representation (CSR-1 or CSR-2) 

<:r(v.rt .,x' r' t:')-: e l~-~) e.-;. kt(t-t')(1t-1t+) ~(lc.-x ·)~Cl--t') 

•i.-1(:l t.') l'11 . '1H) ~o~tt,x.'p't')=&lt-t1)e._,_ - .fiLe-~ Sllt-x')84>-r') 

9 C.X tt) == .Q.- i. t.-~ (i:-t•)(1l.-lt.t) ~ txrt.') = 

= \·h· ,l~· ~ .. (x rt ,x'r't.') t(x'r't') 
( lt., is the free Hamiltonian, X-'Jt

0
-+'Ji

1 
). 

(60) 

(61) 

(62) 

The densities satisfy the generalized Liouville equation with 
and without an interaction 

[ .1_ + i k~ ('Jt-lt+)] y (.lltt) =-0 ~t. 

Ck- + .;\-i (lt .. -lt~)] ~(!crt) ..,o 

(6.3) 

(64) 

and the kernels G and G0 are the corresponding Green functions 

x)The many-dimensional case is implied: f(x.rt.) ..... YCX1r1· .. i.,p"'t)l 

blx-x•)SCr-~>') -~~t-~n~(K-~) ... 1;~ .. -'i~)~tr .. -F~). 
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t.~t + i~-~{lt-'lt+)) G-~rt.,,.·~·t•) = 'ii~-t!)o~-l(.·)~<.t-t'), (65) 

(~ + ;.t.-1 l'lt.-1l!)l'-.l"-~tl'll.'r'~)-o(i:-~)'O~-""')S4--\>'). (66) 

One can transform the differential equations into the following 

integral ones 

f (~rt:)- ~"' tt) ~t.-i~!~•clt' ~t! ~o~rt:, x'r'~) (lL.c1t~) f{.x'~'t.'), ( 67) 

\:rC1-~t,"''~>'t.')-=G-.. ~ptl~,·t.•)+\-1 ~"''clt"clt"fzbrt.,'ll''f~~Uf..(X.~·,•tc,"''~t~. 
(68) 

which are oonvenient for obtaining the perturbation theory 

approximations. 

From equations (6.3) and (64) we conclude that 

L- ~-"'l'R.-'U..,.) - ~-~l~-1tt~1t"-ltt) 
) 

(69) 

Lo- t•{ (1t.-'lC) 
l L1 = ~- 1 (1l"-llt) 

are the generalized total, free and interaction Liouvillians. One 

oan convert the interaotion Liouvillian into an integral operator 

For the free motion 

t ·\\-1('K-'U.+)= (~+\~=lp-)tll.... •f\ h 'Q f\-1 (CSR-I') (70) 
~ -u.... -..;:- 'iit.. ' 

L=\-~ 11l-K+)a..h..L (CSR-2') (71) ~ m. "i'i'n.. ) 
and hence 

(t-t!) (p +\:A1;.) ... '1.. 
G.("'tt.,x.'t-'t') .... Q~-t!)e.- W\.. ~"' ... 'H."--x')o(r-r~== C72.a) 

1\ -(t.-~).l.. L. -(t.-t!)ti ~') ') i; (i:-t!)'i£. 0 
•Q(t:-t!,~a. "' 11~ e. G ·~ti e..~I"Vbll."&i r(!r.-x'Yb(f-~~ (72.b) 

=n-;Qli:-~) ~a. 4).(x-" '- ~lt-t!W·-~)\t.(r-.-•f ,\-i. , (csn-I') (72.o) 

-(t.~)~ 0 
&.C.r.rt, ,.•,•t•)~e(t-t!)e.. "'~ ~~-"'')b{f-r')= (7J.a) 

= ~-t!) b(li.-K 1- ~(t.-t!)) b(t - f 1
) • ( CSR-21 ) (7 .3. b) 

When ~(~t-x•) ll(.p-\'') being represented by Fourier integrals, 

expression (72.b) does not exist (in fact, because of involving 

the "bad" operator A-1)# For a oorreot treatment see ret. 1441. 
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In CSR-2 1 G
0 

turns to be t-independent and ooincides formally 

with the corresponding classioal Green function. The same holds if 

we take oscillator motions as zero approximation (see Appendix A 

and ref,/ 2le/), 

In quantum field theory we can write analogous equations: 
" -i\"'(-l-~)(1t-'U.*) " 

~-1<~ \9lt11i>- .e. K1<.~1 jlt')\i'> = 

=£ ~bt.'f'b[~!ft ,'§'''f't!1k"<'f'\t(t.')\'f"> ' (74) 

v!here {~ t) 
<;,( ~" t 1~' 'f'.t:!l=· elt-t!'e.-d.-\t-t')Vt-lt " .. f\_ .. k'fl'f''>\!.. C75) 

( ~t~'f k .. N-1 \<.t.flt.f''>\t.=-i.., 5'll'f K .. t(• l<lflt.f'~1 Fllf,'f 1 = F['f','i''~ .(76) 

This Green function satisfies the equation 

C:r[ ~!ft ,'f'~'t')• Go['f!ft, i'~'t'1 + \tt.~· at•b..[~Lft,lf~if"~jt:b-[~t"!f"t• ,~'if'dC77) 

Interaction picture. 

S'lM (t):: K{<.'i\ ~~(_t:)\'f'>-U(t,t!;+) u-1(_t,t';-) ~W:(t') . (78) 

Accordine to eqs. (50) and (51) 
i: 

U(t,t';+)U-\t,t';-) ::o 'r £.1(r i \~~" [Lxl'f(j()+i\: ~~}.t,~~(K)-i t t){.<~1.C79) 
Equation of motion for evolution operator (79) is the Liouville 

equation in the interaction picture 

~it-+ i. t;' \ctl'j( [.L i""')+ i\: ~ »0-.t1(~(.1'.)-i\:~3(!r.~)1u~,~;~'tr[\,tH=o. 
(80) 

CSR-I differs in the form of the field representative. 

Probabilities of transitions between t\.-quantum states follow 

from (in CSR-I) 

~'Jl'i1) ... ~j(1 .. ) 1f(t,t'·,+ )lf-"(t,-t! ;-) ~~•) ... l'l'(x,..) \('f\'!')\'-ll'=J'=O = 

-(-1)m ~~·f·~x'1.~)U(t,r·,+)V-\t,t!;-)~~~i"· ~~ ... )1<.~1<>'>\\1•0 .(81) 
For details see Appendix c. 
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J. ON DETERMINISM 

1. An attempt is suggested to describe an individual 

pmrtiole by the density matrix ( see /2Ie/ ) 

~ii:'f' == /\-( \~f><$fl (82) 

and a beam (•ensemble•) of particles with definite momentum by 

the partial density matrix 

~ r -ct.!.,.,\\!,){ J\-1 1 ~f'><~fl csJ) 

( the latter according to eq. (55) ). Hence the beam may be 

described by the state vector \1>, as is usually done in standard 

quantum mechanics. This is the origin of amplitudes ( see also the 

footnote on the next page). 
A 

Given f(t•)=t\-11x'r'><x'r'l at an initial timet' • Then 
/2Id,e/ H) for the phase space density in CSR-2 we find 

(84 ) 
f (xpt!) .... 1\-~ N-1 I <.1<.vl ~~ r'>l t.=(cm\)1"' &("-x') &(r-t') 

(85 ) 

f ~rt) =- Q..-iki(t-t•K1t -'Jt+)j(xtt~ ·lt1fW"' s~-K'-~t-t'~b{r-r') 

the latter for the free evolution, which turns to be the same as 

in classics. The same holds for •free• oscillator motions 

(see Appendix A and ref. 12Ie/ ). In all these cases quantum 

corrections appear in CSR-2 only due to interaction (they are only 

a part of all corrections in CSR-I). However, the relativistic free 

motion of state (82) 1s modified by quantum corrections (see 

Appendix D). 

») In many-dimensional case .,.. 
~ (l<-ll'- ~ (t-~))5~-r'): lJ ~(xr~!- *(t-t'~'b(fi -1i) 

21 



The usual predictions •) 

f(xt):: <.x 1 fLt)IK> = Ct.w)-~"\A r 1\i<"rl f(t)l~r>) 

f(.pt)- <rl f lt)\ p> ~ (twY1n. ~cl "' t\i<ztr\ y~)\1(~>, 

(86) 

(87) 

being partial distributions ( i.e., integrals over some oanonical 

variables) are "indeterministic• ones. 

If one likes, 
~ 

they are representable in terms of the usual 

amplitudes. The evolution of such partial distribution is represen

table not by itself but either through the total phase density 

evolution ( aooording to eqs. (86) or (87) ) or as a results of 

the evolution of the amplitudes. This is a pay for the loss of 

information~) , i.e. for the incompleteness of sets of variables, 
H) 

The density matrix, e.g., <.~"\ f(t)\~') may be found aa :follows 

qn \flt)\f{) .. (t,~'r'")~ x .. d t1~ "~~ l'..(f"I'A .. t~~ .. p,J f(t)\~p~~ .. r .. lr'>, 
where it is implied that the non-diagonal elements <'l<.s.tt.\i(t)\X .. f1') 
have been reestablished according to eq. (18). Usually only the 
diagonal elements are of interest, add the rule (87) for them seems 
to be more elegant. 

HH)Only the density matrix as a whole <x"'lf~)\x''),or <..t.,l f(t.)\t'~ 
( i.e., with the non-diagonal matrix elements in these representa
tions) contains all the information: it involves the complete set 
of canonical variables and undergoes the Markovian evolution .. " 
<"-11 If (t)\x'> -=<.Y."' I e \ H<.t-t.•) ftt') ~' H (-t-t') lx")• 

• c.-i.H
11

(t-t')H.H'
1

(t-t'\x"'\ flt'>t"") lH"• (~~)'-+\/~"~ 

" unlike the evolution of the probability densities f()(•t)=~"lf{t:)\X~ 
( the direct transition K•-.x• is unrealizable). For the states 
f(_t') -=\lll)(~'l ( or lt'><..\"1 ) the above expression is factori-
zed and the evolution of the probability densities is given in 
terms of the pseudo41arkovian evolution of the amplitudes as 
follows 
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which are usually used to characterize states ( e.g., only ~· •, 

or only p1 ) • 

Both the density matrix (82) and usual state \f > give only 

idealized descriptions, details ( uncertainties of real objects) 

being neglected. However, it seems that one oan relate eq. (82) 

to an individual particle •) • 

Such an approach is a refined formalism of wave packets. 

2. In CSR the quantum theory may be formulated entirely in 

terms of probabilities ( the coherent state expectation values of 

density matrix) without necessity to appeal to the amplitunes. 

Here we have some sort of determinism, because a complete set of 

•canonical• variables is used simultaneously, and there is no need 

in ~dden variables". In CSR-2 quantum theory becomes manifestly 

causal. Although all this takes place in terms of the expectation 

values, the theory stays to be complete, because we change only 

representation. 1\11 we. -;,a_~ h<lr~ col'\ce.I'I'I.S. on1'J tkA. \1--u. c.as.~. 

The above considerations are close to those due to Moyal/24/ 
who has investigated the quantum-mechanical phase space in terms 

of the Wigner distribution funotioni~)/In fact, the CSR-2 coincides 

with the Wigner representation ( see the next Sec.) and, therefore, 

suffers from the same difficulty: the phase space density is 

not positive definite far some states (see re~24/and Appendix c), 

unlike the CSR-1 phase space density. 

t(x--t) •<.Y-" lf(t)\ llc) --l<.x"\ e:-' \-tl\:-1!)1,_-)lt. =I ~iHu(\:-t')<.~"l,r.•)lt. 
HOwever, from other point of viewf45/ the non4tarkov1an 

evolution of usual probab1li ty density '(x".t) and representabi
lity of it through the pseudo~arkovian evolution of the amplitudes 
is a consequence of the pseudo-Euclidean space-time metric, 
•) 

For instance, let a particle cross three counters. After 
measuring times of crossing of the first two of them, one can 
predict time of orossirig of the last counter. 
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4. EdUIVALENCE OF CSR-2 (CSR-2 1 ) AND WIGNER REPRESENTATION 

The equivalence of both representations becomes clear from 

the relation 

K11'1lr'><llv\ .... t.) \~ C1. e. -i~tt.l 'It- \:4.-:> <~~~a..\ = 

( id:. 1; t 
=t.:t. 1Ake. l~-"£lc.)<..~-+~k\ 

(88) 

~ 

which is shown in Appendix c. In turn, using eq.(88) it is easy 

to verify some of the above relations: the last equality of eq.(4), 

eqs. (55), (56), (57) and (84). 

Consider the evolution of the phase space density matrix 

in CSR-2 

Y~~t)=-"-1 <~rl.fltH"'l''> =~ \~ CL i"'rcx..<)(+\:Cl.' !t~>lx-\a>-
. ~ ~ 

= ~~ ~A C1. e.-ipCl.(.."K-+ \a.\e..-i~'t*-'f)H y<.t')~t.oo4(-l--t) H lx-\~ ... 

= t.~ \J cs. .. -ir:r-. i'a,-'(t-t•)(Ht-H4) <.x+ \a.. I ftt') lx -le1.> 'C 

.. e.-iki(t:-t•)(lt-1t+) t~ ~J cs. £ -it>Cl. <x-+ \a..l f(t')lx-\«;>-. 

.. e.-it.-1(t-t!)('lt-ll+)J>(xrt') , (89) 

.... "t. "' 
where H "" ~ + V ( ll ) , (90) 

Ht--itw~(~- t~)+V(x-\o.), H2. .... 1~(k-+ ~~'-+V(x+\<Y 
(9I) 

and 'Jt is Hamiltonian (1). By the was 1 we see tba. t in the Wigner 

" ... representation the representatives of the operators ~~ and t>~ 

·t:L -1;~ are lln,±.\"['b~n, and tn+'lTWM 1 respeotivel71 i.e., 

the same as in CSR-2'• 
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CSR interpretation of the Wigner representation removes 

questionf24{n distributions for non-commutative variables and 

makes clear that the Wigner phase space densities are diagonal 

matrix elements of density matrix. A possible solution of another 

problem, that the Wigner (CSR-2) densities are not positive 
/24/ 

definite for some states ( see ref. and Appendix c), is to 

turn into CSR....,l, where all the phase space densities (xp\f\~t>> 

are certainly positive definite ( but, however, the above causal 

properties become implicit). 

Note that every CSR-I distribution is the convolution of corres

ponding CSR-2 one with the normal distribution (the Weierstrass 

transforu/441): 

J\{lt"t) = ,\yt{x.t't)•'li ~M~A,c_'dt g_-t_-1("VHl')l-+t(1(~-1'')2-) ft("-f~lt) 

(~I f(t)\~"> -c. \b1
"' e:tr~\.'" 1 ~d'x ~·'! [:- };.(X"-i~O)(~(.t)-19'(i'))( ~(i)-~'c~i)+ 

+ A(1'tx-iJ,o) (~lil')-~'(x~(~l~)-~'ci))]J tt\.~'lf(t)l~g') (92) 

(some sort of averaging over vacuum fluctuations) • 

Note that according to Appendix c for arbitrary v ~-1 
'\1 ( ·._,. V+1 \ ~ Cl.t t\ \'(~)('ll~\:: '\:.~ ... )A'iJ~ ~-'r- ~-'I · 

. {~~+i)t) -lf ~e.tf..)"'t e - '-"!1)\i;~~-~)i. /V>-1/1 \~J-tll)~-l«-~= 
'b C.."---a-1 I v =-1/~ (9~) 

• ~l" ~A'\ c\k e. -iik e.- ¥t. k1
kt.. 

·{('lf~+i)\)-~(d.u~st e.- tv!i)\ fs\i(P-1)'1.. /V>-1 111 -\k><: +i.k: 
b(p-") /v•-1/{ 1 ~ 2.\. 
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APPENDIX A 

I. Coherent states (') are defined by the minimal uncertainty 

condition and the normalization one 

~(-'\(!!.) \") -~'="'(~<.)\~) ' 

<'fl'f'>-1. 
Those states may be written also as follows 

(A. I) 

(A.2) 

-1\'(~l-) ~t~-t.""(~+l ~t+~)\ - .f( 4.fH ,tf="l) -1\'("Cf'l ~a-'l) 
llf'>=e. , ' o>= e. e. 1 to>=-cA.,.a) 
~x(J ~(-'l+lq,~)) I "'"- -~ \.t~1cl"~ ']~)~·'(1-t:)J(~_) \-\a~. ~Nt"'"bt.)•~ = e. o,., - e. e. w • 

The vacuum state IO:> is one of the coherent states: (A.,. b) 

«9<.-l(lc.)\0)=0 • The-·quantity 

ii'(lfl-.,"l-')) = ti\S A"" .l\1- ~(/l)A_t•)(ll-~)1(1) (A.4) 

is the coherent state expectation value of the operator of the 

number of quanta. 

From (A.,.b) it follows 

~l·\~)\'f'> = ~i'n~- i. ~ \.l"~b.t~)(ll.-'!)1(1))\"):: 
:: ti" ~J<i'.) + t'f(.+)(ll,)- \'f'--)<zt.~l\f)= 
= (t ~(.+)~')+1\ ~~1>\j\'-+\K-t,)\ l:K;~I'i') (A.5) 

and this together with (A.I) leads to eqs. Os). Note the relations 

<<9\{.A'f~),A'f<.'i-HI'9'> ... -h ~1>~-'i)l A~<l') w.~("-)-':9~) (A.6) 

<<fr. \ ~~)\"-t'> = "'-1U4)<.'fr.l\f1) ' 

<l.fr.l: ~Qc1) ••• ~ (lt,.) ~ 1'-l'-t> = ~ .. ,lll.-t) ..• c.q21(1c,.) <4'r.ll.f-t) ' 
where 

(A. 7 .a) 

(A.7.b) 

"Vt.-c (.11.) = c.q1l-l~) + 'ft+)("-) (A.S) 

f
1 ..-1 

_ t ~l-., .ol-')) _ "7<oC:-l ,..t•))+i.-4( o.Dt4 ut(•)) 
(~~~"t):: e_ \,: 1 t' 1 "£\.'">t. ,'1't._ II \."lt. l'"~t -

_ - ~\"""""i'l1~)-J."'))~"U<-~){l1t1)-'l,.<.'1~+ -h~A""!~';il~.~)t.(~)J-4)< ) 
-e. • A.9 
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Here the positive- and negative-frequency parts '(+~x) are 

defined according to the Sohrodinger equations 

O'l~t+)(2c_)=. +~-A+M'L 'f(.l.)(_)() (A.IO) 

and the splitting into those and the Hilbert transform are given 

by eqs. 

~(.+)(ll)=:. ±.-.6-( tJ.s. . ~~~s.)= 
-"·) -·~\f. 

(J.. ... +O) 

z i. \41.x' 1\.l+\"-~) 1J. '9l"') = (=- ~ c:\"1 b.<..+)("~)ll1~ 
-=1:0 ~ *J~~)=-i:tf(l() ':(: t'f(i)(!l.) 0·\:.J-A+Mi) 

'f(-t)~) ~ t p ~-t.":s. 'ili',!.)= 

=i. \A~"-' &•)(2t-x')~tf(l(') = (::- ~!"1-~(.-t)(lc.-1)Jl1~ 
: *'f{?'.); \.(tiL-')~)-"f(+)~~ 

(The Hilbert transform is, in fact, the operator of sign of 

energy.) In particular, 

(A. II) 

(A.I2) 

A"+"~,,.)=±..L( .1~ !\~,~), A""'~)=i.. ... p(_~b.~,£>). (A.IJ) ~ b\)t~+~ )~~ 

The A-functions are defined as follows 

(~~)Qc.), ~(.±\_1)1=- i:~\ f~ ~:tilt.~--&)., \,;_~l+){x-'1) ~~~~~+\01iJcA.I4) 

(~<ll),~l'i->l•it.b.~)., r.~a>~,~1)1=i~trl61.--,), t~<•1oo,~<1~!f)]. \iitWt-""1) (A.I.5) 

A.ra (,r..)=--e&:1A.(r.) ""A ...... <!') _i.t..(~~.) .. _. \K-It. "'"(:\kx) 
- (J""' 2. (J3,.'{o ~~..~~-\~k. 

A crJ.u(!I.)•Q~t.)~'! =/4 (lt) + .i.ta_~) -6 (.lltk_ ur(.i\L") 
.,.. 1. l"'-J· r ~+..1-+i£."" 

A .,_.(lt.)-=-1:£-(.~)A.~) ... i-(A~)+b. I l..;)\ 'C.Au-e(A4l ~'"") ~,, ~ ) k.'-+Ml'-

A+(,() ..... -Q(~)~-,CY-),...Q(:-t.)tf+'{li.)•A (.'K)+i.&.t\.-.... ,.._• l.ltk. Q.ll.p(Hur.) 
~?' "J:U ~' (jf1ft r ~r.t. .. HII-i£.. 

A (1.) =-Q{t)t}+t_)+Qt:t)b\--\r-)=6.~'1-~~"l<."') =---t (J"\r. gr<.i~) - ~"ft j k_t.+J-+i~ 

S,( -,(~) w: ('l4-WW\)A( )~). 
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2, The quantum-mechanical coherent states of form (2) are 

discussed in Appendices of refs./2ld,e~ 

They correspond to the linear equations: to the free equations .. " 
A "' 1\ 1:>.. p 

~ l( ... tt-) ... a, x "'t~) .. ""-Lt') +'\tu,-~·) )<." L-t) ... ll ... <t•)+ -'i!t; (i:-t<) (A. I7) 
I 

and to the oscillator equations (the linear oscillator, rotation, 

other Lissajous curves,etc.)x} 

h\ .ilL lt'-+ 1M ~~t) .... o 
(A,I8) 

XIL.(_~) =~ ... .<:~)~E:t.-t!)+ ~~) ~--~~l~-t·), Pk. ~\ c fK.~') c.nuX.t-~)-IMtJ X~c.~~~-t') 
l(l(,ltl "'~tt•)~t.1(.•, .. ~)+ ~~> ...:"'wlt-t.')., pl(.(.t)=t-... ~')~<..t.--t')--.w~t~~.&·~--e) 

A tl. In both the cases the exponent of eq, (2), ~lc.~) ~klt)-Xk(t)p~~,(t.) is 

conserved in time. 

The definitionsof D-functions in quantum mechanics are 

[x~~(t,,Xt.~\.s.)) ~ i.\D~\t,s.) , D~)(t,<> )-=-t Dkt("'-s) + ttf~(!:,s.) 
[x~~,(t1,~t.~H=itD~r.t.(t-5.)., ["~\t),xt~)]=il1l)<j,(t,!o) ~~:~~~ 

D 'tek(t:->) =- -e(~-~)btt->) CA. 2I) 
For the free case: 

DJ:t-~) --"Cu. 1<~ 1 (A,!!) 

])~~(i:,'»)=\\1 <!c-t\\_AXk.(~),~Xe.(!.)l\x~') ="-:e. +~lr.t. (\-~'!1-t') . (A,2J) 

and for the oscillator case: 

1)11.e lt-s.) =- bkL ~~~~(t-s.) , (A. 24) 

... c.,'· ,_ ,_1 ~w(t-t!)~--e)-+ 1\ s.O.hw(i:-el~w~-t.') (A 25) 
.1r lc.t. ,t,~,- "'~~.t. kt.. Miwt. • • 

1\ (~ "'(.~)(, ')~ 1\ A 
In both the cases ~ ... (t) • tw~..ukt \.t,t: 'w~t.tt?., 1\l<.~~,lt)=X~e.(l)-y) (A,26) 

f...• Lt.~ ll<~t \Ap"'(.~ b.~t (~')lllr )\\, /\1•C•ttl' \\(lCt\ A'l(k.(~·)~~~')l~p)\\ (A, 27) 

For other details see the above refs, 

In connection with eq, (IS) ·note the formulas 

x) The generalization lA)- w.., is evident, 
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<:>',_p._t ~ lt) \'lt_.f1> =Xu(t) <.xt..\>!.l~-~.p"') 
1 

X1o((~)-=.l(. f1 <.tH'K~+)~lA· 28) 

" " (.'K,_ft\; X(~) ••• x(t. .. '); \X-t.f-1)::. ~ul~1) ··· ')(11(t.,) <1Ct..t't,\)(1 f-1), (A, 29) 

~tt'.l"1 r"'> ~ e.,c.f(:--!- V...l"t1-Kz.'f+ ll:~~--rti)+ -\::\;·'l'r'\it-lt~~. (A. Jo) 

J, The operators 1\ may be written as follows 

f\=-~r(+(1(1 ~~+k~P1r)) -ur(-l:~~J= 
:. u.p (~ Ift-e~,)~ + ~~ ~tt~GK~;) + 1t.; ~t~J}) = (~~'-'sot') 
::.a."'"(i. L :t:n<:'1{t,'t1)!., !L ~ ('C" ,'t'• are arbitrary)(A,JI) 

I ~ &~(:t)O't, "" O;J~~J 1 

, lie!"•!" .,c•)t.• "[I_ ~~·~VJ> ~1·'S ~ 
""&~~) ~ }1.1 "-i'~&·)+ "'~~Cfl1.'l\~l')+ 0'tSo,'iU')}J= 

ft.C ~,. •A" ,(f14>r., ,.)s s 1,\l'A(1)"' • s ~ ~ , ;'\ 
-~'i) ~ I\! ,~ -t &'f(\') si(r) + ~ ~'"' ,tt-l ) n~,? t;a~t'>l -= ~.-1~-t·, 

( 
{ ... 1 " 

::ut' !·}l"~A,.z ~'l(~,o~A(1)(,-I);-~ ~~~ <~., 1. are arbitrarfl·.J
2
) 

Note the minimal unoertaint7 condition 

-~A~,A(1l(r--.:,o)i\(•>~-i,o)==6~-~), (A.JJ) 

simUar to the relation Au. t\l,"""" &" """' • 

APPENDIX B 

Using the Hori functional approach the N-ordered form of S

" ' "' , mntrices U(t,t) and U(t,t) may be written as follows 

Ul•,e)- • ..t(\~:.) • .. P(t ~!."''~• h) ""f(t-~. f..L~~ ... 
( 0 } (B,I) : =~lCpO' ~): Q"'~ \~&~'l. Cllf(i\fi~i)~~ ... ~·~_rtJ!"x~xt4l(~ 5}~ t.' '}11•=0 

U'(t:,~)=:~\'(~"h} ur(i \h~i)A~'t"~~¥r({ ~.l"x.f.:.:~~ (B,2) 
>) *' .,~f•=o 

The S-matrix in CSR-I and in CSR-l ia given by 
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<~\U(i:,t')\lf>= ct~v(\"&)ct~~.r(i \b~')A+~ ')e.v;r~t~~" .l:x(~~1 ., .. ~ 
=uf(\-\h(.-i)~k) e.~~~ \/'"fx(;~~l~·Cf (B.J) 

I " A 1\ (\fl1J(~,~)l!f'> -<.'fiU'(t,t')l!.f'>• 

'"'._"P (\~~q;J4v(i: \~~i)~~~~~~ t~xiz{_ct»(Z'~It=: 
~ t 

""ur(\-~h(-\)A~~:;)e.y.v{tt~'"'i:t(~~l•='f A (B.4) 

The N-ordered form of the Heisenberg field operators "f(X) and 
A A. 
t:f( (x), and tf (x) in CSR-I and in CSR-1 are given by 

~lY-) :~4r0~~)~ e."P(:t~htt~) ~)f.l{r~~htt~f;-) 

e."l'(- ~ t A"x[L1(41~'\+\ItC!'~-~(~~)-ttk"))}\'*)\ (B • .5) t ~ 41~~ 
~'(It) ::~~r(\~h ): ~~\hA~k) 

.. ,t (:. ~ 0•• [.tr(4<><l+\ ir.~- .t.( .._)-iir.~t"*l 1•·~..0 (B.6) 

<~l~{l.)l\f'> ~~~~~4i) 4pa.\~Ac.i) ~4>) ~llr(i~h-tt~h) 
1: 

.. ,~~ ~'x[.t:.{ow.J•\i<.~-4'*'1-\~~...,1 ... "() 
:e.,cr(*~~~(i)~) ~v~~hA~~~) 

··rU·\~··l.t~H~~~~D"""~l:~ (B.7) 

1\{'fl~(K)l'f> ~<\fl~'~)l~> = ~f~'f~.)~~trb.~~~) 

e."r(- t t~~" l£.1:(~) +\.~~ -.£.£'*)-~))~ ~)l•-1.:0 
=4r ~ ~ ~ A'ld:~ 4~W'xrJ'.~CI')+\~'"" L~~)-~:j~)~=JB. s) 

... '9 
Equations (D. 5) and (B. 7) are due to Bialynicki-Birula /I5~ 
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The fields 1\l(x) and i (x) are not realistic ones, but arbitrary 

a-number functions of x t' , unlike <f (x). Except for this Appendix, 

we avoid mixing of these two sorts of the functional dependences, 

and consider only the funotionals of the field Cf (x). The operator 

"~(-t\h~i)h-) (B.9) 

represents I\ , but we use its representation only in terms of!f{!l). 

Electrodynamics in CSR was considered in ref.I2Ic,d/ and the 

situation is analogous to that in the scalar field theory. If the QED 

S-matrix is represented as follows 
A ·"'-'A ' AI." 
1f(t:,~) =- T e~"'' t ~}",.. \ .. ~,~ .. ftr.) =~~\~~ t~~"'Krh ... ~kr.lY-~···~r ... (~: · 

A A 

1' . . I -LCJ" !" "' .---, "' :\ . j)',("-i)···J_.,..{1.,..)L'I'f\:"~ ') t: lv(~),\_J'!)f\,._('l)'))\(~)j, (B.IO) 

where in the last line the T-ordering concerns only the spinor 

field, one easily obtains the expectation values over vector field 

coherent states 

(~lUIA)= 1' tt"' (-n\!\1~~1v('i)(-lt,)~{'i-~:)t{"')+-\-~A""t6l)~t-Ctr-)), 
" { i ~ . ~ • 1' (B.~ 

,..-~<t..l1Tik) ='r .. ,.,~tt\!"1.!"' J.().)C7,t.)l\~('!-to)Jy{1:) + t \!",. )t'lv-)~l~~. 
Further we can produce the N-product decomposition for the spinor 

field and take the expectation values over spinor field coherent 

states, and the propagators oS+(K-tt) and S~wt.~-'t) enter in CSR-1 

and CSR-2, respectively /2ld/• 

Equations (Boll) and (B.l2) are, however, final for the case 
,. •e \ 

of an external ourrent (jl'{lt)-lr('K)J. 

For the S-matrix and the Heisenberg fields in QED we can also 

use the above functional method. 
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APPENDIX C 

Derive eqs. (55),(56),(88) and (93). Using eq. ( B.I9) of 

rer.1 2Id/, for any dimensionx) we obtain 

<'1.."\(f\" \llr~<x..tl)\x..') = ~ <x.."lxr~~rtx'.)• 
t .y -O:'F.i1A(ll'-x)1 - ()t.)-1 A.('K!-x..)!. + i.t.-1~(x•-~) 

=N" 1\ ~ 

Further, we have 

e. v}~~~ Jt-·r~'-x').., ~ '*A{ir."-·~~.r)'- + ik~~l""-ll') 

""tk4..1.. b -"-'F.Y4A. C:!.."-x)'-- (tt )-4 A.(Y..'-x'1 
cz.. ~II. oil. e. •1 ,., 

(Co I) 

(Co2) 

=cz.."!-~-4 ~~~~. Nt\!u.clu.Q..ik-x)'-4-+i(x'-~- ~ f(1~t+11t)::. 

= Nt \J.LL~'\Se...~~·-'K.)'-4"'-~(x'-x)u- :tkt [(~-+-t)(\4.~'\S)'--+(14-U")t.l. 
(C.3) 

Therefore, 
~ '.1. I t 1-YI ll i 1/. '1. 1+'/o!~ 

f\. (x"\llt"> <v.~\ll'>= ~ .. - f'(x"-~<') i. WA(ll•-xif ('ll(v+i)t.) T(.&at.~"Yi(Y+1)\"~-,-) 
~1. lt1+~~o") V>-1 ' 
o'-ll- -y- , "=- 1 

Analogously one obtains 7 (C.4) 

~ <f"l"''"><."t\t'>• i";. k
1"(f'-r')e:-W~1C..'-~')'-J(rt"+l)t.T~4ltt.~~ ;~~1(r-o/t 

t ~( I''·H'•) ">-1 ' 
Henoe, · ~- --r- • "•-1 . 

1 ( ~ ,._ (C.5) 

(t,.t~""}~t ~ ~"l"t'><l-1'\v.'> ='b(v."-,..•) f(~..,.~t.) ~~-ri ".,!15\.A~-Y.')~ ">-1 

1,'b(1'-K') ' "•-i' (Co6) 

C,.~t.)~"" \Ax ~ <t"\x~"'-~\ t'> = ~,._ ~·) J (~•*-) ~(!d.~ li tv~nt ~t (,-I"Y., "> -1 

1.. <i)(~-t·) ' " •-:1. ( ) c.7 
Using the formulas found, it is easy to obtain eqs. (''),(,6),(88) 

and (93), for example, for 

{1.'11'\.'T~~~~k"lx\>> <x.tl • f!,'lf\)"l" ~!rAx• rlx' lll")k1(x"\xto')(Kt\x')(x'\=-lx>/x\ 
x) .,p:. '( .(c.e) 

rx=-~i'"+ ... +f,.i'.,, 1\lxLx..)'-aA,kl~(l<.~-ll.i\(x~-'Ki)t lk (;a-t!>'-
A.-'~{. t 7'\'L ("·1' .p. ... 1 I , ' 'I " \.,_,, = 1'\- .,lc.l ~( .. • ..... ~ t ... '·-b·'t· ,. ... 1 ,,. " jL\1'1 ril 
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,..--t l~t-><"t-1 = \h" rlY.1 \"-"> k-" <"-"lxt><xt\')(.')<x..'\== 

=- -t;lo\ "~~4.. -4l.-i~4.. olx-~) 11-la..:> <'}~ \:.4 ... 
=-1\~ \!~ e:-ita.. I'X-\«}(x+\a..\ (c.9) 

Expectation values of f ::: \x.'><"K'\, \f'><.r'l 1 1x.v""><~t"V1I and 

A-' l"'1f.\'>("-1f1\ are positive definite in x- and po-representations and 

in CSR-I and CSR-2 • However, the eigenstates \~)(n\of osoillator 
A A -' 

Hamiltonian, or N =.a.+o.. , are positive definite in CSR-I, but, 

in general, not. ·positive definite in CSR-2: 

1/v \ '-.:\'- ~I/~ \ ,,.JI. (a..a!r)'" -4!'11.. (/..x."+l.,.-1 p'-)"'- \'~ll.l+fl.-ttt) 
"''",.... -= ~\ N'\' 0A ..,_ h.l e, -." \.L._Q.. ~Q(C.lO) 

• .... 1'\.,tt 

~-1.1(ll.t\o)\tc. i e. -fl/..x.t+~-'t") (~:.C) (C.ll) 

tl~K'-+~-" t.) 
"-'\(ll.t\1>\":::t-t +4t.\kx.'-+k1p")li"' '" c~ ... i) cc.l2) 

The latter density is not positive definite. 

Two ways to obtain CSR-I and CSR-2 for 9 =ln><.~l are 

1) \ <"""\n)\t =-(-n-cr'l-h )" 'l{.ltt.J.)\J-.. 1 ' ~~r~) =- "-J..\'(~xt+k'r~b.l3) 
t\-t\<"pln>lt.•~(k) K"~("tlJ \c~."" '~'1}6c tJ..)"" ,_':.J.. e.- f.itA."Kl+k""' ~?.14) 
t' <..n\ll.f"><.xv\""> .... ~ a.~ ... a..t\. \Q~.t'\o>\t. (C.15) 
·I 'IIM\k~ 

K'<..n\ll.p'><ll.fl""">- -~~·-it .1S"0-- \: ~o..*)"' f\1 \<.xt\o)\'-"tw\ \ n ~ ._ 'bl:i} 

=~ o!wt~r\ [1- ~~l~'t. + ~~rT-t-~ ~t:1t\.f\t\(llrto>\'-
, .... ~"'\ (C.16) 

where in the last equation the aotion-angle variables 

• ID ~ o.!' { -~ '- CCI \ ( ) 
Cl.- 't.4L .. "' > ~=-'fi~?ii.-'E'b~) Co17 

are used. ( Note that in eq. (C.l6) it is easy to average over ~ 

' and this gives \.,.,.._f..-4 \>JC.ta\n.)lt..) 
In the many-dimensional case 
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~~\'\Jl1· .. r-."">l'-•l"-p1\'- ... \A.r,.\t.~c:t;~ , (C.IS) 

'l(_l(~J..)• ~r~cx..~cLrJlv)-= e.,(r(-(.tt.T\iA cL~ x1 +~d..~~'-)), cc.r9) 

A··~LxrcL): ~et-.~- tc~.)l\~."~~(ttY1(K (c1-t"1 ~ .,. .. +~(.c'-t)\J~ ~ ~} 
where cL is a diagonal matrix. (c. ) 

In connection with eq, (SI) nota (of. 126/) 

~\('910)11 =-tf1,(1') \(\f\0)\l , 

..L.. L ~to'>lt.•l ~<.4'1<-"•)'f(•lt~- &~(~t)) t<"flO>\ .. J 
~.)'bl(~~ 

.L_ i___ ~l<.'f\0'>\1 =- (,(i)<ltt) ~~(~-1'.~ + 'f'1l(ltt)41l·.. ) l<'f\0)\~, 
~) ~ s,v-~' f .. 
~ ~) ~ ~'l'-"~t)\('fl~\1= \<"'o>\!.~(\14)"9(,,_~) 11(-""f.:!.,.)V/(()(l.,.)-

- 'f(1'1(K1)!f~~)4•) (l~-"") - 'f '-''<"~)t.fC~(lV.) &"\x .. -xt)- ... 
+ ~·)~-ltt.)~l1)(xlo-"') + ~1,(x1-ll~)~1)~t.-"-.) + ~1\l<.1-~) ~1)(1(2.-'K.J.)) , (c. 2!) 

t ~ l J 0 n. odd 
~')("•)"' ~K~\o'>\ h=t,-l(-t)l ~~-tl"'·-~·-8-i)(x.,.,'ll.;) n. even • 

;:!.....~=-~ (permanent) (C.22) '* ........ 
Suitable positive and negative frequency projections of eq,(C.22)gLve 

free evolution transition probabilities of n-quantum states. Using e~ 

(C,22) one can represent \d.>(ol by the N-produot decomposition (I9)~ 

;. { d~ ~..(t} ~ J\ 

lo> <o\ = $ c.- ii ) x -y- CJ') C)"' 'f~\ (C,22) 

This presentation is clear from 

\ <ii0)\1 = lLKf (- i\\d~"A\l(x)~(i)(x-'i)ll1~ =ellf~k\A'x lf(1tx)~'9(ll.~,<c,2J) 
Note that 

" • {J .... ~" 
t-.1 --k r,x: '9(.1)()1.) ""'9l")~ (Co24) 

is one of the possible presentations of the operator of number of 

quanta. For others seeref(2Ib/(Appendix B) and ref(2Id/(eqs,(A.II)), 

From eq. (C.22) it follows 

!If> <'4'1 ... e.- fi;\.1'-xA~Cf lt)&~,~~):\{'l) :~He&'" 'f'-"1C~~)t.~C!')-t\&"J( l11.)~1\"):= 
a:e- -k v~J( (~<~\K)-1.9~\x)\~ .. (~(.lt)-\f(~)\ , (Co25) 
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~ ~ \'9>(191 
The derivatives S:J~t)··· blC2<.~.~~) ((1.9ld>\2.. (C.26) 

and A t 
b b g- b \<l.f\ 1f(t,t')\'9') l 
~l<.Kt)··· ~'JG( .... ) 'J'('j1) ... CS'l'(1 ..... ) \(~\0)\1 l('f'\D)\1. 

(C.27) 

and suitable projections give the n-quantum states 
~ ~ A A 
:.,.(Jt~.-~~ .. )qo)(o\:'9<f-.+1)··· '9(~to.)~ and probabilities for transitions 

between such states. 

APPENDIX D 

In the relativistic oaaa(A .. ~f1+W1'-) in CSR-2' (ll•J(r-i.\~!~) 
the free evolution can be represented by 

GJ;(rt,'i4'rt')=- 4--i\-"(~-t-') (Jt-'lt+)b ~-;('') 6(f-f') = cn.I.a) 

,.. b{f-f~t."~~~J.. e.-Wit (x +\a.\~')~ '\x-\:a.)= 
·- • l. W ~ \\(Dolo b) 

=b(f-f') \'>~,,_CL L-tfCL(-t.i.~~ &-'(.v.-~+"ta..J'CJ..t')~&+\l(-)1.1-t~J (D.Ioc) 

where xa(1,t), x •(l,t ), a= (a,O)o Equation (D,I.b) holds in the 

non-relativistic free case too, and also leads to eq. (85)~)Expres
sion (D.I.o) may be presented via the covariant function: 

~i.k-1~-t!)Ql-ll+)S(.~-~·)=-~ v~o \"~cl\C1.~i~._~A.t-\.-x'+ic¥.u'{ t)~-x'-t~"' 

=- J.~1\\!~o 't (r._-i tk)(~+i t t)J(lt-~ 7 CL) (D.2) 

l(x ,a..) .... \lt~A"a.. e:irA. A.l-)~+ ta)tf-+)(x-\d..)= 

- .\-7i~(\'~ T 1 J'\ L i1.'\ 'l. btrt.+VI-\'--+1~ ('t.'-cx.t.-~) (n.J) 
'11\ ~-~'L -- 1' 

xTT~ non-relativistic transformation function <"-"I~·> 

well-known. For the relativistic one see rer/218{ eq. ( E .IO). 
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