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Isospin anstfaints for Spin Density Matrices
of (012 -0 3/2%) Quasi-Two-Body Reactions

In this paper, the isospin constraints (equalities
and bounds) on the spin density matrix elements of the
(0~ 12" -0 32%) quasi-two-body reactions (with
polarized target) are obtained.

The investigation has been performed at the
Laboratory of Theoretical Physics, JINR.
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~ Recently, Doncel et al./%?/  have presen-
ted a detailed procedure for measuring the
multipole parameters of the usual quasi-two-
body reactions in order to reconstruct all
the amplitudes of these reactions in the
transversity quantization. Then, it was shown
that the total /even and odd multipole/ pola-
rization parameters of the final baryon can
be measured for baryonic resonances with a
sequential weak decay le.g., £*»2+7, 2 > N +a;
Ex , B o+ 7, E > 32N + #! Therefore,

it is of great interest to use this forma-
lism /1,2/ for the investigation of the iso-
spin constraints [equalities and bounds ]

on spin density matrix elements of the quasi-
two-body reactions related by isospin inva-
riance via two channels. We focus our atten-
tion on[o0" 125 073/2%) gquasi-two-body reac-
tions

N > KS*; KN - a3*; KN - KE*. (1)

The isospin triangular relationships for the
amplitudes of these types of reactions are
given in table I, Therefore, we shal} Fssume
that the transversity amplitudes H(g},¢v=LZ3A,
of three (07 1/2%-> 07 3/2%) reactions satisfy
the triangular relationships
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The isospin triangular relationships for 22

quasi-two-body
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for each a=1,234 due to the isospin
invariance, where ¢y are real numbers [e.g.,

=0 (2)

see table I]. @ ) (a@.)
Next, for each pair [f P ,f " | =1la,bl ,
[a’,b], [a,a” ], [b,b" ), [a,b’], [b,a’],

of the transversity ampLitudes/b’ we define
the observables op and ¢ [AB I’ﬁ,R 1,
B=_ ,a, ), by analogy w1th the differen-
tial ®bservables of the [0 1/2%.073/2%] reac-
tions. Then, using the results of table 6
from ref./1/, , we obtain the expressions of
o , Ag Ppand Ry, in terms of the spin
density matrix elements. These expressions
are presented in table II. We note that «x,
Yy, z are the target polarization components:
(x) normal to the beam direction in the
reaction plane, (y) along the beam direction
and(z) along the "Basel normal" to the reac-
tion plane, respectively [see fig. 1 from
ref./1/] while the sy are the polarized
differential cross sections [see eg. (3.12)
from ref.’/!/\. Therefore, the introduction

of the observables o¢g and ¢ makes it pos-
sible to discuss the isospin constraints
[equalities and bounds] on sgln density mat-
rix elements of [ 07 1/27+ 073/2 reactions by
analogy with the [0 125 071/2%]1 scattering
case /3,4,5/, Hence, if we define the bili-

near forms:

(ap) (a;) (a; ) (ap)

with the properties
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~ Ypi; 17 = gll-€pi-&pilogiog; =Hpij2 0, (3b)

T ->

4 then, using the ogy and &gy = [Ag Py Rl
g from table II, we get the expressions pre-
< - sented in table III for Hp;; in terms of

; spin density matrix elements. Next, since the
o sum rules (2) imply the equalities

b

NS C1C2Y[312= €23 B23::C3C1Y331 ’ (3¢c)
— ()  (a.) .
Y for each of [fyP,fy, " ],, then we obtain the
als following interesting results.

Constraints 1. The spin density matrix
elements of three [071/2"5073/2%] reactions,
related by the isospin invariance via two
channels, must obey the equalities:

b, fed o oy o) + p2) o)~ 2 Relpn” o 1=
ot
AF 2.2 (2) (3), (3) (2) (2) (3) .
; N = C9€392% {pmmpnn+pmmpnn - 27"mn Re[p:m P man J(}4~a)
-

2.2 3) (1), (1) (3) (3 (1)

= C3Clo301 ipmmpnn+pmmpnn —2nmnRe[P>rknn pmn J}:}(mn

:g—— and the inequalities
=
&
+2 (i . ( ()
s (i), (G (i) () (i) j
3" 27"mnRe [p;km; pm]n J Spmlmpn]n M pn:) pm]m ’ (4b)
L\_'“I
3k with
-

matrix elements/l/

The observables ¢
[0"1/2% 5 073/2%]
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The test quantities Hg;;
density matrix elements for

1 for [m,nl={1,-3),[3,-1],
- (4c)

1-22  for [m,nl=01,-11,13,-3],(3,11,[-1,-3]
x2 + y2

mn

for any kinematical variables in the physi-
cal region, for any [ m,nl=[1,-3},[3,-1,1,~1],B8,-3],B,1],
[.-1,-3] and any i,j=123. The sign of equality

in (4b) holds if and only if

, 3G : : :
p 0L, G ()

) (44)
mm mm nn nn mn mn
for any i,j =1,2,3 [ see eqs. (4a) and the
rank constraints listed in table II|]. All

these results are derived by using the re-
sults of table III, the equalities implied

by egs. (3b,c) [see eqgs. (6b)] and the positi-
vity conditions (3b) respectively. We remark
that if the initial polarization vector lies
in the reaction plane and if the degree of

polarization is 100%, then 75, ., =1 for all
[m,n] and gy = gy [ unpolarized differen-
tial cross sections |. Next, let us introduce
the functions

» v2 @) (@) Ve (@,) (
F(*é") = ————[f;p +wfza' ],Fﬁg")—ﬁ ————[—w:hf'g')],
B (14 w2 /2 [+ |wplY/2

(5a)

which have the properties

1F§"’|2=[1i Z.Eﬁe}aa : (5b)

where w is an arbitrary complex number and
5

# 1is an arbitrary unit vector expressed in
terms of w by the relation



f_<’z[2Rew,2lmw,l—lwl2]/[l+lw|2], . (5¢c)

when (g is defined as £gp=[Agp - Pgp - Rpp 1
Then it is easy to see that, using the bili-
near forms (5a,b,c) from ref./3/ for the
functions F (5 «) and also the results
similar to eqs. (7b,c,d,f) [ref./3/1, we
obtain the following isospin constraints:

Constraints 2. The isospin sum rules (2)
alone imply that the spin density matrix
elements must obey the constraints [see
tables II and III] :

OS—A( *) ==A [ (‘]ZUBI (li Z-{?:Bl),(; 0,82(1{’:.%2)’%0[33(1i;.gﬁii) ] ) (6a)

2 2 _ 2.2 _ 2.2 -
1 C2H 55 [1/323 —CSCIHBBI, (6b)

—»? 9

4H,3 >A [Z.EBUB 1=Al 0120,31 KeLg S By K-_ﬁz,cfoﬁ?,wfﬁ?,] , (6¢)

= - C2 C2 C2
4II’B_<—)\[UB;_ Al 17310 5 %s 3033], (64)
|8t g ALog )~ AL &-Egagll =[->$+B’K;‘/2 [—/\(,;(]1/2 . (6e)
)\[xl,x2,x315x%+x§+ x§—2(xlx2+x2x3+x3xl) (6f)

for any kinematical variables in the physical

region, any unit vector ® and all 8.
An analysis of egs.(4a,b,c)and (6a,b,c,d,e)
in terms of the spin density matrix ele-

10

ments [based on the results listed in table
IT and III1 suggests the following comments:

(i) The spin density matrix elements p(U
[mym]E[lyl]y["'17_1],[373]’[ '_3’ "'3 ]7 E = 17 2’ 3 musl%m
satisfy the inequalities

14

0. 20

0<-Malq pil) . cGoy pi2 , oy p {01, (7a)

2
2

which are equivalent to the usual triangle
inequalities /6/ :

“)P/Q

mm

e, 10g o 12l e,lo, o) 12 4 (e o D)2 (71
(ii) The isospin constraints (6c,d,e) for
R =(0,0,1) and [ mnl=(1,-3),[3,-1} can be

written in the following simple forms

AMolp —~p i< 4]‘(mrl <Al lp  +p . )1, (7¢)

and

/

18K ot Ao (pmm +p M-Alo (pmm-—pnn N =4[-Alo pmm]]l v

2[—?\[0th ]

respectively, where H,, is defined by

eqgs. (4a,c). Hence, the test quantities H,
up to a two-fold ambiguity can be expressed
in terms of UEP%A and oeﬂﬂ , £=1,2,3.

It is important to note that the isospin
constraints: (4a,b,c) for [mnl=[1,-3]13,-1]

and egs. (7b,c,d) can be tested in the expe-
riments with unpolarized target. If the ini-
tial polarization vector lies in the reaction
plane (z =0), then the constraints (7c,d)

1



hold also for fm,n] = [1,-11,[3,-3],(3,1] and
[-1,-3] respectively. :

Next, we remark that the equalities
(4a,b,c) and (7d) and those similar to them
are of great interest for a detailed test of
isospin invariance in the quasi-two-body
reactions (1) when complete and accurate
experimental data will be available. These
constraints are also important to test the
treatments of experimental data such as the
extraction of the quasi-two-body channels
from the many body final states or the A°-X°
separations, etc.

Finally, we note that each of the isospin
constraints (4a,b,c) and (6a,b,c,d) has an
integrated analog. This consequence of the
isospin sum rule (2) can be derived by
using the method of the IP[F] -integrals/3/
and the results of ref./?”/  for each of the
functions F % defined by egs. (5a,b).

The constraints (4a,b,c) and (6a,b,c,d,e)
improve in the most general form the isospin
bounds on spin density matrix elements pre-
viously obtained/6,8 9/. We note, of course,
that egs. (4a,c) and (7c) represent a comple-
te extension of the equalities (10) and bound
(12) from ref./5/ to the spin density matri-
ces of [071/2% - 07 3/27i reactions.
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