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Isospin Constraints for Spin Density Matrices 
of ( 0-l/2+ .. 0-3/2+) Quasi-Two-Body Reactions 

In this paper, the isospin constraints (equalities 
and bounds) on the spin density matrix elements of the 
( 0- l/2 + .. o- 3/2+ ) quasi -two-body reactions (with 
polarized target) are obtained. 

The investigation has been performed at the 
Laboratory of Theoretical Physics, JINR. 

Preprint of the Joint Institute for Nuclear Re~~~earch 

Dubna 1975 

Recently, Doncel et al / 1•2/ have presen­
ted a detailed procedure for measuring the 
multipole parameters of the usual quasi-two­
body reactions in order to reconstruct all 
the amplitudes of these reactions in the 
transversity quantization. Then, it was shown 
that the total /even and odd multipole/ pola­
rization parameters of the final baryon can 
be measured for baryonic resonances with a 
sequential weak decay [e.g.,I*.-I+rr, I .... N+rr; 
E* .... E:. + rr , :=: .... I (A) + "] . Therefore, 
it is of great interest to use this forma­
lism /I, 2/ for the investigation of the iso­
spin constraints [equalities and bounds] 
on spin density matrix elements of the quasi­
two-body reactions related by isospin inva­
riance via two channels. We focus our atten­
tion on [ O-l/2 + .... o -3/2 +) quasi-two-body reac­
tions 

77N .... KI* ; KN .... rri* ; KN .... KE * . (1) 

The isospin triangular relationships for the 
amplitudes of these types of reactions are 
given in table I, Therefore, we sha~l ~sume 
that the transversity amplitudes u<; l,a=l,2,3,4, 
of three { o-1/2 + .... o- 3/2 +) reactions satisfy 
the triangular relationships 
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3 (a) 
I cfff = 0 

f =1 

(2) 

for each a = l, 2, 3, 4 due to the isospin 
invariance, where cf are real numbers [e.g., 
see table I ] . · . (a ) (a ) 

Next, for each pa1r [f P ,f r · l = [ a,b] , 
[ a ', b '] , [ a , a' ] , [ b , b ' ] , [ a , b ' ] , [ b , a ' ] , 

ef the transversity amp!itudes/V we define 
the observables af3 and ~ [3"' [A {3, P /3.' R 8 ] , , 
{3 = (a P , a r ) , by analogy with the differen­
tial observables of the [ o-l/2+ .... o-3/2+ l reac­
tions. Then, using the results of table 6 
from ref. /I I, , we ·obtain the expressions of 
a {3 , A f3' P {3 and R {3, in terms of the spin 
density matr1x elements. These expressions 
are presented in table II. We note that x, 
y,z are the target polarization components: 
(x) normal to the beam direction in the 
reaction plane, <0 along the beam direction 
and ( z) along the "Basel normal" to the reac­
tion plane, respectively [ see fig. 1 from 
ref. /I/ } while the a f are the polarized 
differential cross sections [see eq. (3.12) 
from ref./1 /L Therefore, the introduction 

-> 

of the observables a13 and ~ {3 makes it pos-
sible to discuss the isospin constraints 
[equalities and bounds] on srin density mat­
rix elements of [ 0- l/2+ .... 0-3/2 ] reactions by 
analogy with the [0-l/2+_, O-l/2+] scattering 
case /3, 4, 5 I. Hence, if we define the hili­
near forms: 

(ap) (ar) f(ar )f (ap) {3 =(a ,a ) 
f f. - .. , p r 

i J 1 J 
(3a) Yf3 .. IJ 

with the properties 
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2 l ... ... 
I Ypij I = 2[ 1- ~ {3i • ~{3j ]af3i apj = Hpij ~ 0, (3b) 

... 
then, using the a {3f and ~ pe = [ 'A{3f, P pe , R pe ], 
from table II, we get the expressions pre­
sented in table III for HJ3ii in terms of 
spin density matrix elements. Next, since the 
sum rules (2) imply the equalities 

c c Y - c c Y - c c Y ( 3c) 
l 2 f3 12 - 2 3 {32 3 - 3 l {33 l ' 

(a ) (a ) . 
for each of [ f e p ' f e r J' , then we obtal.n the 
following interesting results. 

Constraints 1. The spin density matrix 
elements of three [ 0 l/2+ ... o 3/2+ l reactions, 
related by the isospin invariance via two 
channels, must obey the equalities: 

c 2 c 2 a a I p (l ) p ( 2 ) + P. ( 2 ) p ( l) - 2 n R e [ n* (l) p ( 2 ) Jl = 
l 2 l 2 mm nn mm nn ·•mn '1111 mn 

= c2c2a a lp(2)P(3)+p(3)P(2)_ 21J Re[P,*(2)p(3)JI= 
2 3 2 3 mm nn mm nn mn mn mn ( 4a) 

c2 c 2 a a lp<3 ) p 0 )+ P.(l)p( 3 ) -2TJ Re[p*( 3) p (l) JI=J( 
3 l 3 l mm nn mm nn mn mn mn mn 

and the inequalities 

2TJ Re [p*(i) p (j) 
mn mn mn 

::; p(i) p(j) + p(i) p (j) ' 
mm nn nn mm 

(4b) 

with 
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1 for [m,nh[1,-3],[3,-1], 
(4c) 

2 
1-z for [m,nh[1,-1],[3,-3],[3,1],[-1,-3] 

x2 + y2 

for any kinematical variables in the physi­
cal region, for any [ m,nh[ 1,-3],[ 3,-1], [1,-1],13,-3],~,1], 
L-l,-3] and any i,j = 1,2,3. The sign of equality 
in (4b) holds if and only if 

(i) (j) (j) (j) (i) (j) (4d) 
p =p 'p =p 'p = p ' 

mm mm nn nn mn mn 

for any i, j = l, 2, 3 [ see eqs. (4a) and the 
rank constraints listed in table II]. All 
these results are derived by using the re­
sults of table III, the equalities implied 
by eqs. (3b,c) [see eqs. (6b)] and the positi­
vity conditions (3b) respectively. We remark 
that if the initial polarization vector lies 
in the reaction plane and if the degree of 
polarizatiOn iS 100%1 then 1J mn = 1 for all 
[ m 'n] and ae = aoe [ unpolarized differen-
tial cross sections I. Next, let us introduce 
the functions 

(+K) _ -./2 (ap) (ar) (-K)_ -./ 2 (ap) (arl 
Ff3e = [ re +wf e ], Ff3e = [-W"fe +f e l, 

[1 + lwi2JI/ 2 [1 + jwf] l/2 
(Sa) 

which have the properties 

.... .... l 
IF~Kll2 = [ 1± K·~f3ejaf3f, (Sb) 

where w is an arbitrary complex number and 
k is an arbitrary unit vector expressed in 
terms of w by the relation 
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;: =o [ 2Rew, 21mw, 1 -lw\
2
]/[ 1 + \w\

2
], (Sc) 

when t13e is defined as ~~e = [A{3e, P{3e , R{3e 1 · 
Then it is easy to see that, using the bili­
near forms (Sa,b,c) from ref./3/ for the 
functions FMKl and also the results 
similar to eqs. (7b,c,d,f) [ref. h/J, we 
obtain the following isospin constraints: 

Constraints 2. The isospin sum rules (2) 
alone imply that the spin density matrix 
elements must obey the constraints [see 
tables II and III] 

( ±) 2 --> --> 2 --> --> 2 --> --> 

0_:5-X{3K=o-A[~ 0:{31 (l±K·~{31),~a{32(1±K·~2),c30:{33(l±K•~{33)], (6a) 

H{3 =o c~ c~ H{312 = cffc~ H{323 = c~c~ H{3 31 , (6b) 

--> .,.. 2 --> t 2 --> --> 2 --> --> 
4H{3 ~ ,.\ [ K·~{3a {3 L= ,.\ [ ~ a{31 K•s{3 1,~ f3 2 K·({3'! ~ a{3 3 K·~ {33 ] , ( 6c) 

4H{3 <-A [ a{3 j =o - ,.\[ c2a{3 , c2a{3 , c 2a{3 ] , 
- 1122 3 3 

(6d) 

\8H{3+A[a{3]-.\[~.t{3a 11 =[-~+) J/2 [-~-)]1/2 {3 {3KJ {3K 
(6e) 

.\[x
1
,x

2
,x

3
l=xi +x~+ x~ -2(x1x2 +x2 x 3 +x3 x 1 ) ( 6f) 

for any kinematical variables in the physical 
region, any unit vector k and all~. 

An analysis of eqs.(4a,b,c)and (6a,b,c,d,e) 
in terms of the spin density matrix ele~ 

10 

ments [based on the results listed in table 
II and IIIl suggests the following comments: 

(i) The spin density matrix elements p(f) , 
[m,m]=o[1,1],[-1,-1],[3,3],[ -3,-3], e = 1,2, 3 mus~m 

satisfy the inequalities 

0<-A[ c.2a. p< 1) 'c2o: p< 2) c2a p< 3) l 
- 1 1 mm 2 2 mm ' 3 3 mm ' ( 7a) 

which are equivalent to the usual triangle 
inequalities /6/ : 

lc \[a P(k)1 112<1c.lla. /i) 1112 + \c.\[o:. P(jll 112• (7b) 
k k mm - 1 1 mm J J mm 

(ii) The isospin constraints (6c,d,e) for 
I( "" ( 0,0, l) and [ m, n ]=[ 1,-3],[ 3, -lJ can be 
written in the following simple forms 

.\[a(p -p )]<4J< <-.\[o:(p +p )], mm nn - mn - mm nn (7c) 

and 

1/2 l/2 
\8J< +.\[a(p +p )]-.\[a(p -p )]\=4[-.\[o:p ]] [....,\[ap ]] , mn mm nn mm nn mm nn 

respectively, where J{mn is defined by 
eqs. (4a,c). Hence, the test quantities Hmn 
up to a two-fold ambiguity can be expressed 
in terms of ao p(f) and ao p(f) ' e = 1, 2, 3. 

L mm· L nn 
It is important to note that the isospin 
constraints: (4a,b,c) for [m,nl=[1,-3},[ 3,-1] 
and eqs. (7b,c,d) can be tested in the expe­
riments with unpolarized target. If the ini­
tial polarization vector lies in the reaction 
plane (z = 0), then the constraints (7c ,d) 
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hold also for [rn, n] = [l, -1],[3, -3], [3, l] and 
[-l,-3] respectively. 

Next, we remark that the equalities 
(4a,b,c) and (7d) and those similar to them 
are of great interest for a detailed test of 
isospin invariance in the quasi-two-body 
reactions (1) when complete and accurate 
experimental data will be available. These 
constraints are also important to test the 
treatments of experimental data such as the 
extraction of the quasi-two-body channels 
from the many body final states or the A0-~

0 

separations, etc. 
Finally, we note that each of the isospin 

constraints (4a,b,c) and (6a,b,c,d) has an 
integrated analog. This consequence of the 
isospin sum rule (2) can be derived by 
using the method of the I (F] -integrals/3

/ 

and the results of ref.h/ P for each of the 
functions F~±Kl defined by eqs. (5a,b). 

The constraints (4a,b,c) and (6a,b,c,d,e) 
improve in the most general form the isospin 
bounds on spin density matrix elements pre­
viously obtained/6,8, 9/, we note, of course, 
that eqs. (4a,c) and (7c) represent a comple­
te extension of the equalities (10) and bound 
(12) from ref./5/ to the spin density matri­
ces of ( 0-l/2 + ... 0- 3/2 + i reactions. 
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