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;_Introduction 

Despite prolonged and complicated experiments, free ·quarks ·have not•·.·· 
been observed though it is commonly accepted th~t·qriarks ~r~ true ele- · .. ,.. . .. . , . ·I· .. . ..... ·. . .. . . . . . . .. . . .... 
meritary particles like ,electrons. Experimentalists gradually came tothe 
conclusi6n thaf,th'.e'matter is notjn' th~ .. d~tails :Of the e){perim~~ts but. 

: , rather inth~ fundamental properties ofthe matter ;earch for which was . , 
' ·.· made under many. different ~sumpti9ns. · For instance, itis· hypothe~ized · .. 

'lhat the. quark confinement can. be explain~d' by topol~gical ,.rn:ethods 
. that hav~ recently ·fo~nd s~ill, mo~e \V~de use in ~h.y~i~~-.,N ~v~rtP:eieJls; th~ .•. 

•. mos7i_n<Ltural and rehablewaY; to the proble~ of confinement sho~ld be 
: _looked for .in· the -classkal mech_ariics'. ,The yery deep reason for this is, 

, . the· :well-known connection: b·etween the Hamiltonian formalis~ of clas-. ..... 
sic~l mecha~ics andtlie,m~thernatic:al f6rmalism of

1
quant~~niechanics': 

' • • I .• ,,. • • •• •·• • '/ . • • • • • , < ,. 

. [1],[2]. As it_;has turned out/application to cl~si~aLmechanics.may·re~ 
,ally'.produce fai:~reaching consequence~ that. are j~sti_the subject,ofour ' 
c~1,1sid~ratio~. · ' . . . . . . . ' .· . . . . . . . 

·2 ?Forrrit:tlation of 'the P~ohlem. \\ 
' ; • : j ',' ._, ; ~- '"; ,,- ' -·, ' < 

:-,. ~ ... · •, .. ·>. ' ... ,··.· •. ,' ·. · .. •· · .. ,• :.· '·,•.· . ;:. '· .,'-_'.•: . ... ,. ' . .. :\ 
. . .. . The connection between geometry and 'physics in' dassicaLinechanics · is-

.·.. realized by :abstractio~ .when a geom~trical poirit/na~ely, a point 'of the · 
·Euclidean 'three-dimensional space/is made to correspond to a m'aterial ·. 

'. p'oint.In' the clas~ical r~lati;istic mech~nics this ~~rresporiden~e becomes . . ,. ·. I .... ,. . . . . • .·•. . . .... 
. still niore important. as it- turns out that one· cannot ascribe finite· sizes .. 

t'o elementary· partid~s [3]. n··is ju~t the electron that ·represents :ctn· : 
extremely· exact·• physical ,realization' of·. this):nathemati'cal • scheme'..-' At · 

C. ,., • ' • ' ' '. \ 'I .. , , -: . " ' .. ' ' I ' . . . ' - ~ ." 
. present there are no experimental indications that· would contradict the ; 

notio~ olelectron being a tru~ point-like parti~le: )Thus, the top in ~pecial . 
' .. theory' of relati~ity. ·cannot' be considered as· a.· fundamental concept as· . 

. :- this rotating ·object. has finite sizes ad hoc .. How~v~r; :e~pel'.im~nts on :, . 
. scatte;ing of electrons bf protons testify.· ti> the ~xistence of point-like 
particles lofalized in a finite region, of space. Compadng all these facts '' 
we riiay~sumea possibl~ connedio~ bet~e~~ quarks and tops. The id~a .· 

• /fis to associate' a geometrical point; ari. element; of a certain space,with the · 
, riotion of.a top.;If.this problem ha.s•a s~lution·~:'thenit becoines' pos,sible 
' . to develop a' general niathemat~cal form~lism Ii~~ iri the c~e of material 

·· .points. As lhO.abDve;f-..._L_~~i~~~~~-'.~~~~~\. ~ :"'ithin the Minkowslci 

y , . ,.. •. \ ' 
• • r . ... , : .. $.M~ni,101:§ti!l_., 

.•-. 1 -. ,. ,, 
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geometry, we should consider other possible geometries. So) we should -
fin·d such a 'space-time:whose geometry isadequate to the notio:0:' of a 

._ top. This ,probl~m is essentialls,'formulated under ithe ~ssump'tion that 
. the notion of top is as f~~damental as the1iotion of a mat~;ial pbint is.· 

.. , As:the· top is finite in ~i~e, it is·clear int~itively th~t .. quark-tops, 
. being. fundamental particles, are ta'. be related to.~- fundkme~'tal constant 
with the dimension of length; Other stiggesti~ns. and conne~tioris ~a~ . 

' be. fou~d. in the Minkowski geometry, . quantum. mech~nics; and. the. Lie • 
· .>group theory.: Consider a conventional quantuin-mechariical operator. of 
. the 4-:momentuni.~ith c6mponents. . .. . . ·. . .. • . . 1 

' ', ' ,(. .' 

·· .. ··.·_a···,. . .. . a·· · ·. a-. · \ a , 
R . ·t,,· ,. p... ·t,, p. ... , ·. ·t,, p ' '1i (1) 

o = -i a· o, ... i := -i a i, 2· = :-i a 2, .• 3 = -i a 3, 
X · X · , .. X · · X 

, ,i, ' ,. . ·. ' '. ' , . ' '. -. . : '' ,', .. ' ' . ' '" - ·, ·;_ . ,,,., ,. . . . . ~ . t 

where x0 .= ct;_ x1-= x, ,x2 = Y, x3 =·z,·and the group offransla-. 
. tions'of space-time."The g~oup of translations is' a finite continuous Lie . 

group ~iththe generatoi:s ·: · . · .. : ' . . . · ·:> 
· a ·• · .·· a · ·· a · a 
Xo=ao' X1=:=· 81_, X2= 82 , X3~ 83 .'. (2)' 

X . ~. X X 
, < ·. . ,• .' . . '.. ._ \ ~'. , ·:'. _: . . ;·-,. , ·.. · ... , ~- ;: , ,. ·. . : ._ ~- ' ... \ •. •. .. /.· > 

Besides, ·the. linear op~ator·s· (2) . are' generators of a simply. transitive 
group of transformations [ 4]; In ouicase it is anA belian s"imply, ~raI1si tive 
g~oup ~f transformati()IlS because . \ ' ' •·. . . . . : ·_: : i . .· \ -

' ...... ·•: _i ': • , 

[X~,xbr=:=·o, : a,b~ 0;1~2;3. 
::,:;; ·,. ·-.,.',,;.,·:,>, . ,: .'' ,:, _. < v • .'•. ,· r /, • ' • , 

· Th~ con11~dion'between(l)/and .(2F i~ obvious.· jlf a. ~imply,transitive . -
group is _a group of .tr~D;Sforrriations of a certai_n spac~, ,this space is called" .. 
homogenecms, as. thi~ grnup ca.n transform a11y ioi~t of t~e space to· any a 
priori given Point. ,To IIlakeforther_analysis more fransparent, we,present .. ':', 

. the. genera} characteristic ~f horn()geneotis spaces., :· 
1 

/ . _. :; ·• , · 

. As. any vector'.f?.el~ with 'cqmpon~nts yi can be associated; with the 
linear operator.X = Vi8/8xi, the operator Xis called the _vector field.· 
Then, let the vector fields' . . . . . . .. . . . . . . .. . . . \ , . 

' ., , ; }' ~ . i,a:. . - ,' .· . . ) .. , , ( ... ~a:--,Vaaxi?. ,a,;-0,1,?,3 .,· (3) 
'; _,: "-~· ~· •, .' :.,' .. ,·: ' J'.:\ .;_,Cr•:,,;,;•, • ,· 0 :,. ~:', .: •,, ': >.·· ' :\ •: •>\"',_,_. .- • S '",'. 

. are_generators ofa simply.transitive group of transformations acting.on O 
.. •• . . • . . • r. "· . ' . . • ... . ·. ' ' • .. \ . : a fou:r-dimensioii.af space~ time manifold M .' fo: this case · . . . . .. ,... . ;·., .... , .. •; .·;. ,. ...... ! ., 

'\ 
(4) 

.... 

. i: 

I 
,\ 

/ 

where Iib arestructure: constants o,f the group:. The v~ct~~ fields v;· 
' uniquely determine the system of covector fields v? such that , . . 

I Vi V!' ~ 8\ . v,a v;i = sa; 
Cl . J ' ' : ) , I b ... b. (5) 

l'h~ sirriply transitive 'group .induces' a n~tutal integrable corinectici~- r. 
on M with Christoffel symbols'; ' .· · -•' .. 1 

•' . 
1 

· ' ' · • • ; ' 
. - , . , 

ri. =·via.v.a/; 
Jk ., Cl J k .. . :(6), 

., 
·. an9- {,natural• Illetri~s. of th~· Lor6ritz signature on' M 

. . . ' . ·. ' 

· .. 1 .. :· . . yravb .. ij. abviv,'i ' · · ·(7·) · 
\ 9ii. =. 1/ab Yi . j', · · 9 · = 1/ a. b , ,., •, ·'. 

~ /•'-· ' '.: ' ' • - • • •. ( ,1 ·_ ' • ' .• , • ': 

where 1/ab =;= 1/ab = .diag(l,-1, -1, :--It Frorn (4) and (6) for the ,_torsion 
ten·sor and torsion covector ofthe'.connection (6) w~ obtain , · •. 

·, ·ri ' ri .• r' i ' +a viv1,v.· C. . rp ·T,;. .. ·. 1,a Trb 
·· jk = .jk- kj = -Jbc a, j k1' .Li= ki =.-:- abYi.• 

• I I' ; ',•, ' • 

·I 

aiid from ( 4) and (7) we have · 
.• • '· ,J . . ' ... \ . .. ':... . . . ' . . , .. ; .• 

· V'V.' _;_· ('J.c . +d ce > ·1,d · ce)V' · (8) 
, _a. b;i ;:-::.·. ab -, 1/adJ.bcT/ ~:!'/.bd aeT/ . c , _ . . 

I • ' • ' / :' .·:• •. '\ '.•, • •. •. •'\ ,• •' , .. : , :· • •• , ,:', > • .'. ," :--- •: •,,: _•;, .. >' ~ .. 

where semicolon means the ~ovariant ,der~vatiye with .respect ,to theLevi
Civita connection of the metrics (7) with the Christoffel' symbols , 

( :, J : ,· ' ; . ' ' i . . \ : ·. / . : ( . . . '. . t 

,,> ' ' i•·{~k},='. 2i
1(8;gkl-f-8ig;1~81g;k)': 

•·, / • I > • '· ', ' _,· / > ',, '':. . { ... ~- : ': ;,•'' ' ,': ', ._:: · ... ; ". - " '. ·, '.i . ,",: 

Knowing generators. of the_ simply. transitive group-· Xa. we can find· gen~ 
~r-~tor~ Ya _or'the mutu~l si,rriply tra~sitiv~ group by solving.th~

1
equation 

\'7;Vi:..... T/k Vt= .0, where 'v is. the covariant derivative with respect'to 
the connection (6): ~or Xa, ._ fa We have [Xa, Yi,]== 0, ~;b = 0,·1,2,3: . 

. The manifold M that admits.a simply transitive group of transform.a- . 
tions.and has the metrics (7),will be calledthe homogeneous space~time. 

, . . I , . , , , .. , ~ ·, . , ·' ' . • . , 

. ~he Min~ow~ki space-time; ~s a pa{ticul~ ~ase of 
1
homogeneous spa_ce

t1me mamfolas. If a homogeneous space-time defined,by.a non-Abehan 
simplytransitive:group of. transformations h~ a physical ~eaning, from' 
~.1) and (2)it fo~lows that;the ~perator , , . , . . 

-.:.. . .,, .... .. -a -
H == .-ifiX0 = -inV;-. .. ' ;• . . . ax• 

' . ,, 

~ill represent a ri~w energfoperate>r. 
•. ! ' •.· •. (, ' . r'. 

3, 
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3 .Hyperbolic· Space--'l'ime· · . ' ' ' ' ,,•,, . : ' ' ' ' ' / •. 
, , l . . . . . , ·. , . ·- . - .. 

, Here we ,will define a homogeneous space-time that. differs from. the 
Minkowski space-time by geometrical and topological properties and show 
, that a space- time ni~ifold of that ~ind obeys all the required ·conditions 
and is _of interest for the problem, of co~finement apd its -p~ysical inte;,, 
pretatiori. ·.• · · · · ·, 

· I~ the )ive-di:rri~nsional. Minkowski space-tiriie Mi,4. with . Ca;t~sian _, .. 
coorditiates .xA (indices denoted by capit'al· letters run over five values . ·· 
0,1,2,3,4) and metrics':>.· ·· . ' . . . ., ' . . , ' 

;;2' :. 7JABdxAd;B ~.(ci;0f- (dx~)2, ~i(dx2)2'~ (dxi)2 .-;- (d~4)2 
· 1(9}: 

, ;. , . , , '. ' ,r , ' ', " . 

we·will'.considerthe.ohe :sheet_ hyperboloid Jl~. 
1 ·' r \ .,_ 

. 7JABXAXB;;, '(x0)2;- (x1)2 -(:,;2_)2-- (x3)~ - (x4)2 = .::_;~2 ' }./(10) 
• , ,\ l ,, '• -: ,' I' I • / ,,.', :, ·:.. •)',, -·,' ' J .'·' , • "i ,·· . ' ': ' ',., 

where a is the r1ldius of H\ a~d prove that it i~ a -~~mogen~ous ~pace~, ' 
O time: , , '' i ' ; : , ) ; l ' , .• ( ! ' ' ; 

0 
' 

We willuse the,scalarproduct,(X;Y) == 7JABUAV13 :'for.any vector 
fi~lds X-~ UA8A a~d Y == VAlJ~ on.' Mf ~- The'vector fields .. , .. , 

' ' ,' l ': \ ::. , C ,\ :.• ·, :' ·. i,\ ~. ' :G :: '; ' 
PA== SA8c,' MAB =,(xASB·-:-:: xBSA)8c, · ; 1 

where XA =:: 7]~BXB, are
0 

g.enerator~ '.ci iheP~in~aie ·group of ;the five
' dim'en~ional Minkowski space-tinie: All vedor; fields 'MAB are' orthogon~l l 
' '' ' ' ., ' '. ,' ! : ', ' ' ' ', ' ' ' ' ,' '' ·: ,' ' '' ' '' 
to the radius-vector R::;; x0 8a, ,whereas for.vector fields PA this is not,' 

.,'the 
0

case'. Expandii:g PA,inthe .dir~ctioU:'~f,_the ~~dius~v~c~01;'R <3:nd .. the••··· 
',, one orthogonal to it,' we obtain the vedor fields '; ' '.. ',· ' '' ' 

ii, : . >:· . ' ... ,·. °'1'. . ' . , i, J· )l: ' ' G . 
.•.Y MA='aPA+-(R,PA)R=(aSA.+-xAx )80, 

.. . :. . ·. , (' ,, •a, . . . · .. '; ,· .;~ .. ' : '.' . 
tangent to H4, since from (lO)it follows that (R, MA) = 0 at every point 
ofH4; The vectorfield~'·MA ~nd 'MAB ari generators i:>(the~gr~'up of 

. c~nformal 'transformations of H4 because . . . . 

·. [MA·, M~] ~,.:...MAB, [M~, MB~]~ ~ABM/-~ 7]AcM~.\. · · 
• ' • ' ·, \. . • • <, ~ \ I ' • ' .' ' • ' • - , :' '. ' , ' , • , '_' ' '·' 

x2 =· M24 ,f M31, ; , x3· =: M3.i + M1~· 
, ,'. . . ' <· (12) 

Let us now introduc~ the ~ecto~' fields 
' ·"'' ' ' ' ' 

· Xo =Mo,.·_ X1. = M14 +·M23,; 
' ' ' 

'' 

I ,, 

l .· 

• I /· 

. I 
,, ~" ~ 

with components. 
- • • J 

'. I 

X, (
' 1 2 1 · . 1 1 2 1 . 3 1 . 4) · 

O =; a+ -xo, . -XoX , -xox ~ · -xox , \ · -XoX. , , a , a a a , . a . 
X1 =. (O;• -x4,. · -x3, ,x2, xi), 

'X~ ·="(0, X3; -X4; _,,:Xt, X2; 
Xa = (0, ' -x2, 'xi, -x4, X3), 

' .. 

:'1 .. 
JI 

' ' ' • ' j 

. It is not difficult to see that· the vector fields X0 ; 

, are· wntinuous and .do riot vanish at any point 6£ H\ 
for a'.=/= b, a; b = 0, l, 2, 3 and 

·:X1,. /X2,, ,X3 
As (Xa, Xb)° = 0 ';. ·: . ·( } 

:1 - I • 1·•, i ' ' ' , 

· .(Xo,Xo) = · :-(X1,X~) = . -:--(X2,X2)=:= · -(X3,X3) = • ' ' 2 
a2 + Xo, 

the vector:fields~x~, X1·, , Xi, X3 ar~:linea~ly, independent ai"every 
point of·H4. Froni (q) it follow~ .th~t · 

' \ \· 

·.· '., [Xo, X;] = 0, [X;,X;) = 2e;;kXk,: · i,j, k ~ l; 2, 3,,. ·• 

where e;;k is the completly antisyminet'ric Levi~Civita symbol with ~123 = 
. ): In this way/we h~ve proved-that th~ one sli~et hyperboloid (10) admits ' 

a simply':transitive ·group of transformation~. with. the generators (12) . 
• · :ha~ing

1 
on!y tli~ following nonzero structure constants ·· · · •· . '·'. . 

f t,;'. 1··2•. · f3 '-2'· 
· 23 =; 31' = . 12 = . · (13) 

. . . . - . . 

. Therefore, we will supply H1 with a metrics of t_he type (7) and thus 
. ·:' transform H~ int~ the hyperbolic space-time Ht 3. From (8) and, (13) 

:: it foll~ws tha.f.the vector field Xo. is absolutely p'arallel with respe~t to 
th~ 1Levi-Civita t~nnection on Ht 3 induced by _the vector.fields (12r For . 
comparison we note thatth~ ve~for fieid x/::::: 8/8x~ defined:,in (2) is·' 

· · also ab~olut~ly par_<!-llel. . . . . . 

f 4 '. Dirac. and Maxwell Equations ~n Hyper-{ I ·· Bolif: SPA<:e~Thn~ , .. · • .· · · 

( _.:·We "".ill h~re show that in th~ homogeneous space-time Ht,3 a geometrical 

'
:'!! '.· p~int of t~e spatial. c.ross s .. ection can.be associated. with.a notion of top. 
; ·, From (10) it follows that the cross section of H4 by the hyperplane x0 ;:::: O 
l · . · . is a three-dimensional sphere 

. . ··.r. ·. . " . . . . ' . ' 

\,·, 
,,/.' 

' ' '; ; '·'. ' '' ' .) ' ' ' 
(:i:1)~ +·(x2)2+ (x3)2 + (x4)2 ..:,;_ a2 , 

~ i ' . . 
(14): 

,:. 
., 5 

/' 
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i 

. in the four-dime~siorialEuclid.ean··~pace.' Let R= (x1,:i:2,~\x4)be 
· '.the radius~vector of a. point frorri S3 ; then from (14) it follows that the 

velocity vector v ~ R is orthogonal to R, (v, R) = x1±1 :+ x2±2 + · 
x3x3 + x4x4 = 0., J;,et us write the Newton equation; in homogeneous: 
coordinates, describi~g theidynamics of :a mat_erial. point on : the· thr~e-

. dimensionalsphere (14) ·· 
. ' . . 

•/f 
_. ', 1 . ;· ', . :. ' 

m(R:+- 2 v2R) =.F, 
. ·,:a, ,' .,,·,. 

.(15) . 

• ' ' .••;' ', . ' .· "·. . . ,. • '._·1 

where v2 =.(±1
)

2 + (±2)2+ (±3
)

2 +·(x4
)~ and {R,f') =<0 .. Parametriz-

ing th~ sphere {14) with the·Euler angles arid using:the expres~ions'for, 
· · COII).ponents of.the angular velocity in .terms of the Euler angles [5], we, ·. 

can' shOVf th~t"~quatiori;{i5) is eq~ivalent to th~ Eul~r. ~quations J<>r a, 
spherica~top [5] ,whose moment of ine,rtia; Lis.i. · · · 

., I= ma2:· 
" ,,, 1 , ,, ,a , '1 ,' /: , .- , I.·. '. • >!, -,. , ,' ,, ··, ,.' . ' , .'·,;: 1• '., ' .'; ~·· 

/,I' Thu~, it.is shown'that,the notion:ofa-top can:be associated. with the: 
• notiori,of ,a ma.t~rill 'p~intiu·the, Jpace ~f constant p~~iti~e curvat11re ... 
.',.; In this ~on;nection;•it is· ofinterest to,analy~ethe.Dirac-'an~.M~w~ll 

· ; equations in. the hyperbolic;space-time; ,In accordance with {1)-(4)' and 
. (12) we wi:-itethe Dira~ eq~ati~ri.in the honwgen~ousspace-tinie in

1
the 

1 forin l , .. , :. > . ' ... · ,,,. l '.·, , .' · _•,, ' /.< : ' ; , , ,; .: ' .: . ''• S,; :, 
,, , . -y~Dct/J ~-µt/J;< ' , ~, , (16) 

; '''''.I",,' 1• './ .',' • t' . ~· 
1 

' 

' •tl + ~/-ya ;,,; ..:..2 ab', 
' . ' ·, ; . \q~ ' i 1- : _TJ • ' > · ~ 

. ,.De= Xe+ 1icAc ~ 2Jc, ' fc =Jae 

· q ar~ tht! chargeo(a. .qua~k ~top and Ac 'are ~ompon 
potential of the ,electromagnetic field. ' For the prese~t 

'•cretize,thev_alue~of sti-ucture,constants:of a~imply tr 
, transformatioris of the spa~e-time Ht 3•' As [X~, Xb] ~ 

' '; ,,. " ' ' ' •> ' ' ' ' I f ' 

, ·~ · · ' ,_, · ··• 'iqa · :, 
·[Da,·Db] =;=_f:bDc+..1icFab;

1 

where , .' '. , , . ,' ,, > l , .. 
, ,'· 'F~b • ~ Xa'Ab ;_ Xb24a, ?· J:bA~ · 

:r 
i I 

·i - I ',i 

I, 

'are coinpo~ents of. the strength tensor of the electroniagri~tic'field .in the 
•

1 
basi;Xa. 

1 
The Jacobi ide:ntity [D~[Di, Dc]]+'[Db[Dc, D~]] + [Dc[Da, pb]] =;=.:. 

0 results in the first four Maxwell equations · · 
'· , ' • I 

' ' ,, ' ' ,',' ' '. ' .• ; d : ... d' ',. 'd . ' 
Xafbc + )(bFca +l(cFab *fab°fcd:+fbcFad +fca!,bd ;=== 0 ·. (18) 

' ,' ~' • j • ; ' • • I ' • ' ' ' 

To establishthe form of other four. M~x~~ll equ'ations, we:; set pab = 
½eabcdp cd, whe~e e~b~d are c·omp6nents of t!ie' antisy~etric Levi-Ci~ita. · 
unit 'tensor in the basis'Xa. ,Then we'can'write equati~ns (18)in the 
follo~i~g equival6ntform ., ,. . ,, ' . ' . ·· •·,, , , ':; , . . 

' > ' ' ~' .,.. i ,' - ' ' : ,,, 

x}P;b +fafab + !j:dpari,=·0\ (19).' 

, :•: : : ' 'I , C ' ': • ' ' • • , ; ' • C > \: . '. ': ,• 2 :' , , ,, •: '. , '. •: :_- < I : j. ' • , . ,, ' 

, By analogy, from (18) :·an.d · (19) · i~ follows that the remah1~ng M_a~well 
, equations· are of ,the form . · . . ' , . . . , 

• • , • , ·., ,. • , I 

:x\_i,ar+· ,•f., 'pab+,. !f.· b paid:::=:' 41ra,.b < 
. a . . , a , 2 ad , , • , J , ' ' 

' ,, • . ' ,f ' / •, '. I •.1 i' :: . ! /,! .. , t C: ,,, ,·,. i .. I 

': where l are'components of the current vectorji:i the basis,Xa•:. '' ' 
Now we.will write· the Maxwell equations·in 1the· three~dim(!~sional 

'., '\· . '.: ... '', ' : I\. - 1 ,' ' , . ' - ' _: ,· ' ' ' ' 
'vector'Jorm: As usual, we put. ' / . . I . ' ' ' ' ·,. ' ,,,,,' ' < ' . ' 

-:A),·, 
,, , ,, t , .. ,''.k 
H- ;:; -e··k·p, 

1 2 '1J '. ; 

.• Theri fro~ (13)~d (17) "'.e obt~:i~ , 

,h~iX;, : {:::;: l; 2; 3., · 
' '{.: '· . ·., 

C:onsid~~ing that div .A ~ if=~ S7 ;A;; ~e 'can write the Maxwellequations 
(18).and (20) i:i:i.thefamili~r ve~tor' formf . . . :: · , < ',, ' 

' . ' ' . ' - ' ' ' ~ : '' - \ ' ' .' -

;: ·.-_, : . ::- \~ ,?, ·., '.' ', :. '·: ''. 
- -·· . ·-· · , - . · 4,ra-., -·-·,T"\ ,. 'TT " ' LTT ' :t"7 E+'. . . di T"\'. · -- -·- ='vo , -,J,·. v 
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Ma~ing u_se of the commU;tation relations ['Vi, 'V;] = 2ei;k'Vk;, i,j,k= 
1, 2, 3; it is not difficult to verify the identities 
. . ' , "' , .· V ·-. -

divr~t = Q, ·rotgrad = 0 ... 

Besides, 
divgrad =, b., . 

where 4 is the Liplaci~~ 011 a thre~:dirriensional ~phere. Torsio~ or · 
_non:~· Aoeli~n character of ·a simply transitive grou.p of transformations'. 
manifests itself not only' in t·he definition of ,the' operator rot, (21); but 
also in the identity . . . . . 

' . - ', -. 

(rot,+ 1)2 ,;; -'D.'+ lfgraddiv. 
•. ' ', .: ' ' . 

. r In ~ccordimce with the inte~pretation given. above for',the N:ewton · 
·equation (15) one might expect that the Dirac'.equatio~ (16).describes the, 

.. quantum- mechanical behavior of particles having essential properties ofa .. · 
top. To, verify this, we.will d~rive eigenvalu~s E of the DiracHamiltonian 
when thereis no electromagnetic field, i.e. Fab =' 0 .. Quadrating equation . · 

· ' .. (16) ·and using (13), we, obtain thefollowihg "equation for E . 
• ' • • ': ' : ., ' ', ·• • •,· •. ' : ••I 

· : , . · , . 2;,,2 ' · ,' . · . 

,E21/J= m~_c4 1/J ~. \ 2 Jb. +P)t/J; · · · (23) 

where 
( . 

'" .1 P = I:1'V1 + E2'V2+ E3'V3 .. · 

I - ' 

1

, and Ei. ~ ½ei~k,; ,k:' The1operat~r p has prop~rti~s· ~n~logous t~ th.rise·, of 
··. the operator rot. In particular, ·.. .. ·. . . . r 

. . ' ' ' 
' . ' . 2 . ' :•·. ' 

,· (P+ 1)_ = -b. +1. {24) 

To dete;llline eigenvalties ~f the operator I'' <:onsid~r H~rmitean oper-' 
. ators acting in the space of solutio~s to the.Dirac equation·(16f Ge~e'~a
tors ofthe group mutual to the simply transitive group of transformations 
of the space-time Ht,3 are of the form · · 

•• ~ :. • ' ~ ',,, : ; • _..· •:: '' • ·' i ,·,' • '. "· '. • •• ; • '·. ' ·, .' ' ~ 
·Yo= Xo, Yi= M1-1-:M23, ½ = M2,1 -:M31, .½ =:=. M34 - M12, .· 

~ ',: - .. \ ' 
'. . : "' ,. . / . 

which gives: the ,three H:ermiteari oper~tors 

. \ 

-: 

' i ' ' 
· 1 Ni=_..;.~· 

' . 2 

8 

i. 

., 

I 

\'-. 

I 

l , '\ .. ) . ' .' :r' ' ,, , ·, ' 
analogous to the momentum operators. _The oth,er three operators 

·-· • ' • , > ' } < :. .,. 

,': 1•' 

. , 

' ' i ,· ' ' i . ' 
M· = -'-('V· - E·) = --(X· -E·) 
,' I ' 2 '•.· ,I '. ' 2 I I " 

'(25) 

. ar.~ ~nalogs of the opera.tors -a~gtilar moment~in of an electron, From 
(25) it follows ,tliat the ~pin ofa quark-top eguals n/2. Vve have 

• ' ' c \ ~ ' • ' ' • 

·- ·.·- .. · ·-.·.~----<:-, ··-
M x M == iM, N x N = iN · · 

ii,' ''.-' ,, ' ',. : ' 

) "-.-

,' ' :- and; besides, _I ' 

· ··~ ·· · , ·, ·::,,, .. ,.·3··:.:1 • · ', , · ·:'.·3, 
2(M2 +N~) =, ~6 t (P,+ 2), · .. 2(M2 

,7" _N
2}=:=. P +_2; . (26). 

; ' •·,' ('' 

'As theeige11values·~fthe'operat,ors ,M~ an_d N2 aie known,, fr?m,, (~3), ~ ' 
(26) we can derive the fommla for energy;levels .. . . . . 
' 1 .... '\. • I I • ,: " "', ' l' •\ • ,' " • \. i'' ', 

. . , ' · .. 'c2';,,~ ; 
-E2 , 2· 4 2 ... =.m c,·+ n.-2-; 

, .I' . ,. , ,, ) .·. ,:. ,•::_," 't , ' ', ... :' .· ,' ' 
.... where 'n are integers. From physical 'considerations it'is deaithat •at 
:. l~rgen and'·a ~ -\, wher~ ),: ='n/mc; th~ qu~ntum top iri its ,pr?perties 
. ,r ~ilt,appro~ch the cla~~ical top. ·Indeed, i~\the limit·or'large a it'.follows 
· .. fro~ (27) that · ·.. . , .•· . , ' , ' · 
. ' .. '·•,· ... ' t•.,' 2•"£2',, 

. . · , · ·. E = me + - ... · 
, :.: , I ';. , ,·,- ,-:'c,,, ·., , ,'. ·\., . :, \; ;' .·,,, :.2J-?.0: ,, ' ,· ,,,' I ,·, ; ,,\ 

where L = nn,is ,the angular momentum of the top and J is its moment 
of fne;tia. The :fatt~r relation'. is consist'e~t \\'.ith the classic~! formula I 

e> c\,' ,; ' L2 . 
·E'..:..._·· 

·-: 21: 

,Jorth~ energy of,a-to~'- . ' .·· .·· .• ,I ·. ' . • 

: Now c~nsider' the' Coulomb/law for\1uark~tops. As'it is know~., the. 
Coulomb potential for electrcins can· be derived as. a solution of the equa.~ · 

· ·· tions of ele'ctrostatics imrariant · ~rider. th~, gr~mp' of l Euclidean_· rriotions , 
including· rotations. and translations .. We .-wilUook for the' Coulomb po- · 

. tential for quarks in an a~alogo~smanner; F~orri (21) and (22) it follows , 
'that' for a ,co~stant elehric field div E ~ '41rip, · · E == ~ 'V cp, and conse-
quently; cp ooeys' the equation' : ~' I ' ' '. / • • • ' 

. ,. , . , ·' .. ; ,' . , . ,.' •·. \·:· , r· ,, . , ,< 

~cp ~ ~4ia2p'. · 
,, •" I,· . , 

.\ 



/ 

. ,· 
\ 

The invariant .of the group of rotatio~s' q(4) ·01/a,three-dimensio~al 
:. sphere is either .the arc length or the angle bet~een radius-vectors, 

;x _ ( 1 2 3. 4) • y _ (. 1 2 3. · ·4) 
- X ,x ,x ,x ,, ' - y ,Y ,y ,Y 

' ',.' ·' ' 1 : ', ' . ,' ' ·.·' ', ' 
cos 0= :"'2(x1y1+ x2y2 + x~y3 +x4y4). 

., a . . , .. 
: Since . . ... . . " . 

. _ . i a , · ; a . .. :..:_i 1 i-, .. ; , i 
Mi;cos0-(x.

8 
;.-x a Jcos0,-,-~(xy -xy), 

. .• .. ·.. · X . X .. , .·. a . , .·.· , . 
· setting in (24) p ~·· 0, ip = cp(z) ; where z = cos 0,. we obtain the. ., 
follow1ng equation for cp(z) . . . . 

" . , , . , ·.j d?cp \ dcp. : , 
(I:-,-z)--3z-. =0. 

. ,· • .. .· . · . dz2 . · · dz · : . 
• ' • I ' • 

The general s<>Jution to this equation is of the~form 
,· :'': ' . ',i ' . ' ~ ; " ': ,, 

cp,(z).= c1 ~ + .c2 ~·c1 cot() t ~2, ... 
\I~, ' ½, ,• : ,\ , ' ' •~, • '•, •, " • t

0 

•' < 

·,:- wnere Ci and c2' are arbitrary constants. ' . . . • I . , 

. , Introd11~e th~ fram~ ~f r~forence _with ~espect ~0- :which one: of the 
ch~rged :quark-t.op.s is at, rest and has the coordinat~s (Cf, O; O; :-:,a): In 

'. this system .consider. a stereographic project~o~ of the .three~dimensi~nal. 
sphere (x1 )2 + (x2)2,+ (x3)2'+,(x4

)
2 ,;'a2. frornpoint (0,0, 0, a) :onto:the 

' hyperplane x4 = 0 with Cartesian coordinates x;'y, z. We have . 
·, ,'/ ' ' ' '' ' ' ; ' ' . ' 

l··· i ... 2a2 ·· 2 _· 2a2 ··: 
X ·='X---, X ·= y. ;'. 

;, r2 + a~ 'r2 + a2 . 
. 2a2 . . , , r2, .'.::_ :~2 .. 

x 3 = z · x 4 f:: ·a . · · 
:. r2 + a2' . , . . r2 + a2' . . . .. . . . . . 

. . . . . ... ·•· . . ·. :. . , ' . ·. ·... . ' ·•., ... ·. ;·. 1.: 
where r2 == x2 + y2 + z?. It may be verified that in the coordinates x~ y, z 

;,:, ' . . '? ! ; ,' , :. .· - '. ': \ ~ . ·, . ' •,' .,,) ' ·, J 

. . a r. 
cot()=- . ..:::.. -

• . . : 1 . i . < . 2r, ~2a, . . ., .. . 
arid; consequently/the Coulomb potential of quark;tops:can be.written 
in,theform·· _r / r,.', .• .. ··, ·

1 
. r;:, { / ··, ·. ,.,, •.· ' .. •···.·. , 

.cp(r)=q (---,---:--), (29) ,_ r a~, a 
.·.where q,is. the 'quark-~o; ,charge.' :As th~'pof~~tial (29)'qoes'.coincide .. 

. ·with the known Corne! po~ential [6],, one ·cari, on the basis of first prin~ 
ciples, .· explain a· successful application . of. the. latter for . describing·. the· 
fharmonium [7): ; .. '' .·. . ~ . · ' ' . .. . . 

I ; ,1. ~ ,·, • , 

:1 ,· 

/ 

5 Conclusion . 

"/, 

' 

1.·. ,As the_basic wav~ equation describing. the dy"i;amics of quarks, we 
_have suggestid the ,modified Dirac eq1;1ation {16) writt~J?- here in- ~omoge~, . 
neous coorclinates. ,The conclusion that ·quarks are described by. the wave · 

. equation different .from the conventional w~ve equa~ion • for electrons \s 
quife natural. In fact, it would be strange if the description of so different· . 

· · particles .were based on the r:;ame equation: · , 
. . 2. The physical meaning "of the 'phenomenon'c'alled·the:c'onfiµe~ent 
consists in that quarks possess properties of at~p:' This means, in,partid-

': ular,. that the Cornel potential expre~ses the. fundamental physic~l law .. 
. 3. As the kinematics of quark-tops differs from the kin'ematics 'ofeleJ
troris, ther~ are possible ~uch decays' of ha.dro~s ancl nudei iii' which the 
··'energy ·conservation law is fulfilled but· the niomentum·is'not conserved. -
~ ' • ., ' ' ', ' I' ; ' :l \1 \ ·•' ' ' '· ·' ' ' • 
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IlecroB A.B. E2-93-425 
<l>H3HlieCKHH CMbICJl KOHcpaiiHMeHTa 

PaamrnaeTC51 npe,11;CTaBJieHHe O KBapKaX KaK O BOJllIKax, TO eCTb qacTmi;ax, 
KOTOpbie KpOMe MaCCbI, 3ap51,11;a, CITHHa xapaKTepu3yIOTC51 TaK:x<:e MOMeHTOM 
HHepu.un. Y CTaHOBJieHO, 'ITO reoMeTpn11ecKne H TeopeTHKO-rpynnOBbie MeTO,ll;bI 
IlO3BOJI.IIIOT HenpOTHBOpe'IHBbIM o6pa3OM BBeCTH B3aHM0,1J;eHCTBy1om;ue ::me
MeHTapHbie 11aCTHU.bI TaKoro po,11;a • .ll:JI51 onacaHHil ,ll;llHaMHKH KBapKOB B Ka11e
CTBe OCHOBHOro BOJIHOBOro ypaBHeHUil npe)'\JIO)KeHO ypaBHeHHe, KOTOpoe OTJIH
qaeTC51 OT ypaBHeHH51 JJ:HpaKa ,ll;JI513JieKTpOHOB. lfaMeHeHHe ypanHeHH.11 ,11,HpaKa 
ecTeCTBeHHbIM o6pa30M npHBOAHT K H3MeHeHHIO ypanHeHHII MaKCBeJIJia. Ilo
Ka3aHo, 'ITO KOpHeJibCKHH IlOTeHI~HaJI Bbipa)KaeT 3aKOH KyJioHa ,ll;JI51 KBapKOB
BOJilIKOB. 

Pa6orn BbIITOJIHeHa B Jia6opaT6p1111 TeopeTntiecKoii q>H3HKH 0:I15Ill. 

IIpenpHHT O6,,e)IHHemlOro HHCTHT)'Ta Sl)lepHblX HCCJie)I0BaHHtt. ,lfy6ua, 1993 · 

Pestov A.B. E2-93-425 
Physical Meaning of Confinement 

A notion is developed for quarks as tops, i.e. particles characterized not only 
by the mass, charge, spin' but also by the moment of inertia. It is established 
that geometrical and field-theoretical methods allow a consistent introduction 
of interacting particles of that type. The main wave equation for describing the 
dynamics of quark-tops is proposed to be different from the Dirac equation for 
electrons. The change of the Dirac equation naturally leads to the change of 
Maxwell equations. It is shown that the Cornell potential expresses the Coulomb 
law for quark-tops. 

The investigation has been performed at the Laboratory of Theoretical 
Physics, JINR. 
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