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1 Introduction 

. One of the most important unresolved problems in general relativity is the probleni 
of sf~gularities. According tothe' res~lts.of Penr~~eahd Hawking [1], the space-time 
singularities are typical for a classical theory of gravitation, Under rather general 
assumptions abou~ the properties of the matter they occur iq theJJ niverse. and inside. 
black holes.;:':fhe curvatureof space7time increases \Vi.thout limit near a singularity. 
In such circumstances the classical theory is not ~pplicable and, ,in particular, we 
cannot. believe )n its predictions :c.oncerning the comp!ete global, structure oLspace-
timei · ·· · · · . ' ·· • .' 

On the other hand, it is commonly believed :that a successful quantization of 
gravity will provide us w'ith modifications to the theory which are ~ecessary to avoid 
the prediction of geodesicallyincom.plete· space-time-manifolds [2,3]. Quantum cor-. 
rections may complet~ly change the gravitat_ionaleqU:ation~ and' the corresponding 
space-time geometry ,at thePlanck scale. The ~;un.pr~blem on this. ~ay -is. the 
non-renormalizability of the Einstein gravity si~ce th'e straightforward e~ploiti~g ~f 
the standa~d pe~t'urbation Il1eth~dslead~ t~ inc~n~f~t~~t.quantum theory .. How~ver: 
quantUlfl gravity can be treat~d S~mi~~~as~i~:;tlly' [4] ~p.~ .. th~ ~btajned result~ a~e sen
sible in some regimes when part of gravitational degrees ,offreedomin. the leading 
order can be considered ~s ~l~ssi~al[5], ~hilethe ~therpart·is described by e~actly 
s~lvable quantumtheorY· '" . , · '· · ' , · ' ' . ·.,, ·,· , · ·,.,, 1

_:. ,· .· · . 

In this paper, weare trying to take int~account theinfi~ence ~[quantum cor
rectio~s on the behaviour ofthe Schwarzschild solution. ·This soluti~nis probably 
the most impori'ant o~e in--general relativity. It des~ribes th~ Si>ace-ti~e outside 
the gr~vitating :body of,ma~s M .andallows ~'a:Jmai Kruskalexten~i~n ~hich.has 
a singul~rity atthe radial parameter r.=, 0. ''' '' ,, ,, '' .·' ' '. 

, . ·Our ~t;at~gy is thefollowiitg: ·We. ar~ inter~st~d in spherically ,symme.tric solution 
of gr~vitati~nal field equations a~d .its. defo'r~~tion du~ t~ q~a:r;tum'excitations of 
the ~eti:ic and. the matter fields. ·Theref~r~, it. is' naturaly 'i~ ass~me that the general 
ele~~nt g~'" of the ~P;t~e of ~ll 'IIJ,etric~: ( o~er which:~~· ~ave to, iptegra~e in f~~ctio11ai 
iritegr:;tl)in the}~eighb~urhood of t~e classical configuration i_srepresented asi'ts~m 
of a spherically-symmetric :Part g~~. and, a n_qn-spherically sy~me~ric:perturbation 
hi'.,: . ' ' '·. ,• 

sph + h 
gjjV = gjjV .. /'V: -; [-·> (1.1) 

We do not assume the spherically symmetric part g'!fvh to be small and will quantize 
it exactly. Instead a non-spherically sy~metrii: deviationh"" isa:ssumed'to he small 
and we will take it into account perturbatfvely' u~der quantization,. Spherically sym
metric excitations of the metric do not contain propagating modes while the modes 
of hpv do propagate. So' in the first order; eq.(Ll) is a separation on~propagating 
and non-propagating modes. Bearing in mind the non-renormalizability of quantum 

' .·; ·~·~ 

.. o· . . ~ ' .r. - --·· ., - •• b ~ Aur,., wi.Lttil ib;;-;myr 

tm.-:~Ht:1. tu:c.,to:,K;)~am:tJ ··l' 
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gravity with the Einstein-Hilbert action 

Sgr[Y;~] ~' ~ __ !_:>j d4;F9R . 
.. :. '"·. .••. 1611"1>:' .·• ·: f' .. :. 

;. 
. (1.2)' 
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on~ can expect that it is related • to the contribution of the propag.:.ting'h-modes 
(gravitons) to the• Feynman diagrams. Thus, quantum theory blows• u'p already in; 
the first' non-trivial order in'h. ':'• ' · ' ·· .,, 

· Inserting 1(1.1) into theEinstein-Hilbert· action (1.2) we get in the second ·order 
inh:, ,.;. 

·i :Sgr.[~~.~J = Sgr[9~~J+'j~fJh:,. . 0}) 

where b is the second ~r'der diffe~ential operator dete;~ined with' respect to;th~ 
metric iJ~'f,h: (Actucilly,the h-modes can be expande'd with. respect"'to the' i:liisis of 
sphericcil har~onics arid'be represented as an infinite'set of two-dimensioilal fields 
(functions· of only time ~nd iacial'coordinates (t;r)). The operator iJ is thei1 the' 
correspori.ding two:di~erisiona.I'second order.op'eratoi<} . ' . i· ... . ·• •• 

To' the leadihg· order'( which w~ only will c'onsider here) the' non-spherical ex
citatio~s h~,;' caii 'be'i:onsidered as classiCal and consequently we can assume thai 
hJ.IV = 0 in {1.3); So far,' as non-spherical ~xcitatioris hare c~ncern~d; we a're ,in the 
classiccil regime. In this case, the 4D theory of gravity with the'Einstein-Hilbert 
action {1.2) reduces to quantum the(nfof ~nly spheri~al fe'X.Citations of the' metric 
with 'the action 'S9r[g:fvh] desci-ibirig effective ex<ictlf ~~lvable two~dimensicnal the:' 
ory ot the 2D dilaton· gravity. Iri 'the leading order, the effective thedry describes th~ 
non-propagating spherically symmetric 'modes; and is correctly tractable'tinder the' 
quantization {iri the sense.of generalized renormalizability ): It is possible,.to'compU:te 

' • • ' > • ' • \ •, • • , i 1' I . ' ' ' f' •'' 1 < • ' • '' ' ) ~ , i 
the higher order corrections due to the presence of propagatmg·gravJtons; although 
at some point ·one is 'bound· to en'counte~ the 'problem of non-renorinalizai>intY or 
quantum gravity.' The stillunknown''c6rre'ct the~iy o'f guantum'gra~ity' is likely to' 
avoid this problem but. we expecfth~t the mo(iificati~ns (which ar~ ~not correctly 
calculable at the prese~t ir{~rrient) \vill n~t d~astic.illy ah~r the leading ordel· result:' 

· The 2D dilaton 'gravity' has widely been investigated· recently [ 6-14 ].'The ;review 
with detailed references can be found in [7]. The 4D dimensionally reduced models' 
are discussed in [8,9]. i " 

1 ~} I 

2 ·· Effective twoldim'ensional theory . . . 
: , . , : - . . ,' ·; A . ) ,, : ~ t ~ . , : ,. •. . . ; .- . 

The classiccil dynamics of a gravitational field interacting with the•matter is deter-. 
mined by the standard:Einstein-Hilbert action · ' "· 

··;,! '"· 

S = Jd4 xJ-g<4l(--
1
-R(4

) + Lmat), 
1611"1>: 

2 
~ .., . 

1, 

(2.1) 
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wherE; R(~). i~. the. scalar •· curvature. de~eri_J~ined by,. a four~ dimensional ··llleti·i<;, 91~1 . · · 
and Lmat is the Lagrangian of matter fields. The gravitational constant··" has. the 
dimensionality of length squared [12]. · ' . 

Tl;e m~tric gf;!J a;ld th~-n-latter. field~ are' assUI;led to be consistent with the 
condition of spherical symmetry. Lei us consider ii1 detail the gravitational part of 
the action (2.1). An arbitrary spherically symmetric metric can be \nitten_in tl)e: 
form 

ds2 ,g 9~fJ(z)dz0dz/3 ·- r 2(z}(di'Pfsin2 Odt;2 ), . (2.2) 
' ' ' 

where we assume that four-dimensional ~pace-time is covered by the coordinates 
(z0

, z1
, 8, t;)! Note' that 9cxfJ in (2,2} plays:the'role-of a n1et;i~· 6n the 2Dspace~time 

covered by the coordinates ( z0 ,z1) and r2 ( Z) ls a function." on this t\\;O~din{E;nSional 
space. (We will us~~ letters p., i/ '=., ;0,'1;2;3,'4 for cun·e·d .iiidices'i1i foi1Fdi1iiensions," 
while the correspondiiigii1dicesin twodimensioris'will be deri6ted'by o!'!J'= o."ii.' 

... hi a'usU:~l "':a~ we ,can choos.e the.'coordhl~tes.(i+,z-)' in \~I~fch. th~ ~r~t t~rn1' in 
( 2.2) takes the' conforirially flat' forn1 v:; . . j '.. . ' • • • • • ! • ! ' 

' ' . ~ l 

ds2s = e"(z+,z:-ldz+dz- -1·2(z+,z-)(d82 + sin 2 8dtp2 ). 
. ! 

(2;3) 

In the case of the Sch~<irz's~l1ild ritetric, ( z+; z-) a;e th~ Kruskal coordinates defining 
the maximal extension of the black hole space-time and "r" is indeed the radius 
measured from thesingularity )ocated at the point r. =:= 0. .. ,. . . , , · ,, , . 
'Th~ non-z~ro.Ri~d t~ns~r co'm.ponentsfor tl1emetric.{'2.3)are the f~llowin~; 

• ) · ... , '.': " • ~ : '.. ~·. ' ' . • . i ' ., . - · .•. - >,:. . . • .• - . - 'I. ' .• f " ' ' ' . 

... . ·• •.• ·. 2 ·r. ,, ;~· · 2 
R+- = 8+/}_a +.8+8-' In r + 2a+ In r {)_In r . 

R ''1 .. •') _.,,.{) ,{).. 2 
fJO =- ·;- .. e.. + _r , .. 

Rq,q, = sin2 ORoo, .. 

R±± :=o,iln r 2 + {)± ln r
28±Jn r 2 - Eha8± In r.~ •. :: :. 

. ' 
:;! ··, (2.4) 

•• I ' j - ~ : - • ~ '· : " l ; "\ / -. I . ., ' - ~ ; 

and. the scalar curvature R(4l·==. 4R+_e-:" -:- ~Roo is: _ '· , , .. ~ _,. ..,. . - r .. 

~ ! . 'J 

l.j.\ 

' L / l '• ;, : •,'l :\ i ' 2 I 8. • 
R<4> 4 -u{) .8. 2 ·-oa. I . 28 I . 2 +. .+, -u{) {}· 2 '(2 5) ·=:e .. +_a- <'·'· + n7~ _, nr r 2 r2 e :, + ....:r. .. ·_ ·• · ; 

,, 

Note that the first term· in (2.5) coincides with the ~c~lar c;trv~~l1rc R< 2l of the 
t~o-d.imensim1aJ.:met~ic 9+~ = c,;(z+ ,z-). R<2l ,:,:. 4~...;".8+a:_a. · A;talogously; 'the 
whole expression (2.5) can' he written' in the covariant form ~\·ith respect to the 
two-dimensional..metric ds2 =·gc;(idz"dzf3, , , · ·. · " .:· .. 

·.'\: .· ._.., ,:•:;.·.. "(., 2 '2' : 
R(4l ·= R(2)- 2_(Vr)2 +-:-- + -Dr2 , 

r2 ' r2 r2 
·{ _:·~.-~!',t~;_·~·-. . 

'! 

(2.6) 

where 0 = V 2 = g0 f3V 0 V fJ· 
i 
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.. Since the determinant· of'the metric :(2:3) i~ g< 41·= '-!e20 r4 sin2 ·~ ; the· gravita,· 
tiona! action · ·: · ·• ,. 1i · •: ' :Ll · .•. •.:J · • ,..:"•: . : · ._ ·, : ..• 

'21r . 1r . ~ . ' : ; . " • ' ~ ; ' , • " . , ' : ; 

Sgr = - 16~,_ I d~z I d<pf dB~RI~l :, ·. . ,(2.7) 

· o' :•o · '•'" .:: 

takes the form: ••• j, : c: : ' !. • ~ 

S
9

r .= 7...!.._1 d2 z[r2 R(2) -c 2(V'r)2 + 2], ., . . 811': . . . • ..• (2.8) 

~here~e h~~~ omitted the integr~l o{or:~~hl~h i~ the,.tot~fd~riv~tive and doc~· 
n~t affect the equati~ns ~f motion: ,The action (2:8) .det'e.rmines,the dynamics of. 
spheri~~ly, sy~!fl~tric e,xcitarions of the 4p gravitatioll.~l fiel4;; (}~'the other hand, 
(2.8) 4escdb,es the effe~tive tw<:>-di.rn~nsional scalar-ten~~r. th~ory of g~avity. It; is 
worth noting that this theory is indeed of the 2D dilaton gravity type. lt.is.easy.to 

• ' '·,. .,_., ' ' ! • - "' .)' 2q? - . . ' .. .· ., -' "· .•. 

see this introducing the "dilaton" field </J = ln(~J..Then.eq.(2.8Uakes form oftl_1e, 
dilaton gravity [6-7]: · 

1 . f • 1 . 
S9 ,; ~ -:-:8 Jd2

z[e4>(R- 2~.~</J?) +_E(¢,)], (2.9), 
• li ', .;.· 

H.· t ._;_L i;. ·,·.· );, •;;·. '· ') 1 ;· ~ 

where the "dilaton" potential is U( ¢) :;;, 'l. This 'observation' is· important for us 
since it all~nvs o'ne to use all the 'me.thods "previously developed fori lie 2D dilaton 
gravity (6-7 ,12-14]. Not~ that usually one consider~ the following dilaton-gravity 

· action .. l · · · ' i· \ i · · 

Sst~= -:~I d2~de4>[Ji- <:t)2 
+A], (2.10) 

' '' 'j ~ 
which is inspired by string models ... The essential difference• between (2.9) and (2.10) 
lies in the quantum region. The string-inspired action {2.10) is shown to be finite, 
while the action (2.9) is renormalizable in the generaliie'd sense:' 'quail tum c~rr~c-: 
tions change the form of the. potential U(¢). Having:this in mind, let us consider 
instead.of (2.8) the generali~ed ·action with an arbitrary "dilatoni' pot'ential U( r ): 

. ·s;~ =:' ,-~/~2zFg[~2 
R(

2
l e- 2{V'r?: ~U(r)J~.~ :, "' .. 

. ,, 
,;,(2:11)' 

<." 

j,' y' ;.1 J \ 1 ' ' ! ! ~ 1 ' , ~ I ·~~ It ··,,;_' ,<~;- ~~ ·~:~;:, 

where we have i~troduc~d the dinie~sionless:va~iable:r-+ },;· iVarying·(2.'11)·\vith' 
respect to the 2D metric g0 p,and r leads to the equati?ns of motion 

. ~ •. - :' '\ :··, . ' ' . i•. 

2rV' a V' {Jr = 9o{3[ -U( r) + 2rDr + (V'r)2
], 

II': -~ 
c. 

1 ' 2Dr + rR.+ -U (r) = 0. 
II': 

(2.12) 

4 ... 

'< 

.! 

) 

I 
'I 
' J._ 
i 

The first equation. in: (2.12) mea:ns•:th~' e.ids:ten~e·of· the>two-dimehsiona{ Killing 
;yector [10-12] ~0 .d:. i:! O[Jr (\7 o~{J + Yf3~o =:= 'o). Thus, we can ,choose the field r as 
o~e bf the coordinates (which is space-~like}'and use the Schw.;_r~schild g~uge where 
the metric takes theform: · · · 

ds2 '= gdt2·-:-g- 1 ~~:dr~, · 
",_ . ': ., ' l 

(2.13) 

' ' 
where g = g(r). For the metric (2.13)we get Dr=:=-:~' (V'r)2 = -~. Consequently, 
one has the following solution~o~ equations (2.12): ' 

~ • ; ; f, 

:. ~ . , . r ··. :' 

2M 11 ,. 
, " ~ R(r).=i-:, ·r>\;: P,,~f~~p>: (2.14) 

~ ">.~ .~ 

' . .,,._:~ ... : ... ~:·J. (! 

where M = const. If U(r) = 1, then g(r) = 1- 2M and we obtain the Schwarzschild 
. . . r . , 

metric. It is riot surprising' since the Schwarzschild metric is the unique spherically 
symmetric solution of Einstein equations in empty. space. The constant M:coincides 
with the .AnM ma:ss c~cul~ble ~{ ~pa~e-iike iitfi'nity.; It' is ~6rth itoting· that fO'r 
U = 1 eqs.(2.12) are the Einstein equations in empty space :' ···· ,: 

··a· '''=. R<4>'-.!. <4>R<4l'-:2:'0 '' 
· IJ.V- IJ.V 2YIJ.v 

: - ~ ' ; , 1 • ~ ·; '., - i. ' ~_;. \ ·.::."~ t · 
. (2:15) 

considered on the spherical metric (2.2-3). Hence, .the reduction to the effective 2D 
theory {2.8) is self-consistent and we obtain again the Einstein equations. 

To complete our consideratio~ .we present here 'the expressions for the effective 
two-di~ensional and four-dimensiohal scalar cur~ature valid for the metric (2.2), 

'(t-~a-14);:" .. ' '·.,'': ~'-· :·. , 2~; :.·: 2 ., ' ;:· ,.2. , , u''.L: .··s• 
.,· ::,: ·.R<2l ·= -g" = .:.._3 +~I U(p)dp -:'-'-'--:jU + __:_ ' ,, . ,• (2.16) 

·,; ··r· ·~< 'l .: ·' · ~: ~r.: ···v' ~J~~b.::·; ... ~~1 :; 

: .. ·.· . . :. " ~~~;r~.>~, :o:;. ,.. { 

·:a<4>:::: ~(1..;..;.:U(r))...::. U, i :' (2.17) 
' ' ., 1\':f .• ,. ·' . (;; ,·,,.: ll:f.,. .. : • ' 

)Notethatfo~ U'= lwe get:R(4);:: 0 everywhere in.the externalregion·ofgravitating . 
body, as it follows ·from eqs.(2.15 )~'In the next sections, we will; show, that taking 

''into account quantum spherically symmetric excitatiohs leads to the deformation of 
' the form of the potentia.J.. U( r ) •. Accorqing. to_ (2:17); it manifests itself in non~zei:o 
'value of R<4> outside the' gravitating body. The Einstein· tensor Gj1..,(2.15) for the 

metric (2.2) can also be written covariaritly with respect to the 2D metric g~jJ: 
• ,· >~ • : ,_ ... j£;.~ ~ .. .: .. . 't·\.~ :. . ..... , >•" \ " !·.· .. {;: ,-' {,.\1' . • • .• 

· . 2 · · · 1 2 • . (V'r)2 • · · ' .. · "' · · "' 
t:] 0<{3 = - V' 0 V' 13r - 9o{3( 2 + -Dr + -_-2 -,), Ot, f3 = 0, 1, r ... . . r r .. r... " .. ,., · · 

; r 2 : . . 2 .. :...:-; .. 
Gee = -(R(2) +-Dr), ''· 

2 r · 
G'P<P = sin2 BGee ... . (2-.18) 

5 



Eqs.(2.12) looklike the'quanfum"corrected Einstein equations i "'"' 

·. :''\ ;:.:::·.! ,;'.:! .:.: ~'·' J~v=:=;~=~~ '·~ • r, • "'· > 

. (2.19) 
.• :-::::! · ' ' ; : r: ~ _i _! = , 

where 
~ '· :: t; -_q·!; " 

i;~' = u;:Yu<~) ~- 11, 

··~· e// ·1•,;i;'':r . 
Too = -. 2,.-r~r_l((.,fi)' 
T;''=siit2 8Too (2.20) 

·, l' 

is the effective energy~mome~ium :t~nsor. ~hich.is-'h:tdll'ced due to quantum spheri
cally symmetric excitations. 

. -:·, .). 

!·, 

· 3 .Quantiz.atioh ;t?f spherically-symm~tric 
excitatio~s . . . . . '· . ". ' · ' · · 

1 

Consider now quantu_m theory {of spherically .. symmetric excitations of the metric 
described by the two-dimen:sio~al ~ffective t~eory with the action (2.8): 

. ; ; ' . 
. ... ·: 1 ./· '. . . ( ) .·.· . 2 

s~~ = ~.8·· .d2~0lf-2R 2 -- 2(~rt + ~J, 
~' •• ·' ' :' ' • : '; -' :. :. , 1., 

(3.1) 

:_·_:-. .', . -· . ~{~ :~ ;·'; ;_ ... . ;·"~ . - ~·-·· ;_._.. . -:<L-.--..,··· .. 
where r is dimensionless. Note that the dimensional gravit;;t.tional constant,~> fr9~ 
the combination~R!4) in (2.1) has moved to.~h.e >.-term in the 2D actio~ \3-:t). 

~It reflects the faCt that~the, 2D effect,ivetheory (3.1) has a.better renormalizable 
property than the initial_4D-action (2:1 ):'As it has been note.d in. Sect.2, the action 
(?.1) takes the form of the 2D dilaton gravity which is widely investigated in recent· 

, years in connection with the interest :in two:dimensional black holes [6-7]. In par
ticular, the theory (3.1) was'shown to be ge'nerally renormalizable inthe.sense that 
the rEmormalized action takes the'·s~me form- as the original action •(3.1) with son!e 
new potential U(r): ._,,;? ,!l ··· 1. .•• 1 ; 

. "": ... : '" .. - ':i l d ', . . -~1-:, ·< { ~ '.;: 

S ;:..:...· 11· 'd"'i ··r-;;['2R'(2)··.·_2·('<"7 )2' ,-2U(- )]: .. gr-.-- Zy-:-gr_ , - vr +- r. 
' 'I.,i'',f :8 < ' ','! ,• : .. ·:; '>:. ,;'-: K.- ',!· .,,:· 

~- < • 

-.(?.2) 
~ ·~ : " 

\< "t ~; • ·, . . 

In the conform3l gauge Ya/3~=; e217 g~13 the_action (3.2) tak:s the ~orm 

Sgr = j d2~A[2~g0~a0 tf1lJ;~ + 2g0~8a~8;~'~'~{l- Lb(TjJ)e
2
"], 

~. - . ;~ . ~ ~ ,_:, 

(3.3) 

:where we denoted TjJ = r; and R = R<2>[g]. 
-- ~· 1.-

6 

:I 

. j 

')! 

J 

1 
I 

i 

_.,, 'Lef-"us·start'with neglecting a! possible anornalous term .iri the quantum: version. 
of the action (3.3). Of course, it is just <~;n approximation, but its advantage is tha~ 
theresults obtained have a very,simple~analytic form and, moreover, possess the 
~arne 'interesting properties as ina mo~egeneral ~a;~: · -

The divergencies now can be calc~lated: by the_ background-fieJd .m_ethod.-(12] . 
It is useful ·to .interpret (3.3) as the ·D =. 2 cr-m~dd (Note. that :~ur definition of 
curv.;,t~re ~if[ers:i~ si~n:fr~mthat .of the'paper~[12];): !:.. • : ,,_ .,,; · ,,; , ' 

. ~ ' -

{ i ;t. 
s·= ·1·· _d2;Fff[~G;j(X)!]~iia:;x'BdXi ~- -

2

1 il~(X) + T(.Y)), 
.. 2 . ' ' .. 

;·._; .. ,: 1·~ ·1:" :1.--,i::-~~.·..:- L·:l"-:'11···· /• :l'f .: 

X;= (TjJ,cr);~ = 2t/'; T= --U(TjJ)e2
"; . 

. ; •. . . 4~> . 

G;j:=.{~~~)".,u •;) (3.4) 
'I•'• ; ! ~-~-: 

, :. ~~ ·.: ·""'~ ~.-: ;·· .. >·: .. <. ;-;:,:·,·;· <:.·, ,.>,::(>rL:! .-_'.:?;:_·: . -:r.; __ , . ::· ... · ·, 
... ; ~ince the _metric G;/ is flat_~~d;,the .Maton. ~ is a linea,r. ~upction, ih~ .unique 

nontrivial divergency _corresponds to th.e renormalizatioit of the "tachy(ni 7.". Tiie 
····'{ •.• ·.·-· • -~- ~- •. ,_ ... , ~ ·• :_. 1 : , ·. .·' ··• ~<·•1 ·- .· ':,~t.r. 1 ··;.~ • ,,: : ··-~-~;\ .•. · .• 

coefficients.of Weylanomalv corresponding to the tachvoncoupling take the form 
[12]: .. ' ' ' . : '·. . ' . ' ' . ·'•. . ':: ,.. ~· : ·•. ,. ' .. ,, 'i' 

.. ' W = '_(;i]'¢;\TJT + (diiiJi<f.a/r'- 2T)'~ j]T'-f.'fidT: (3:.5). 

For.(3.4) one gets .\". . -~----· . , ., 

. ~-J]T _ . j]T -~ ~_!_ "2;(~'T _ · <> ·U. ) , ) 

:~::)i!Ji;,; ~. ,-_,9~. ' ~-- 4t>C,::j, t/J~-· .?,'!t .•.. ,)3.6 
J'" 'ifi ;~''·' :,')h ·.·I· •·,,_ "·· .:'·;,_2'H~<.;: · 1 -. ~., ·~ ~ ., . :~-~:~··· 

mue to the factorization _of.the tachyon r; (3.4) one obtains from ( 3.6) the. fl:: function 
for,thedilaton pote~:t~ialU(I/'): .. , ; , . ii ; "·. . n .. ·:·:. •.• • • ·i-

!'! 

.~-JY~ .. , /i ·;/,; lr i~ ::;~~ ·: ~~~:},, 

flu= ( -U- 2811.U). 
. .:4' ·. '. ·'· 

( ;t i) 

;The fixed •· point of ( ze;o of 'the {3f!- function). correspoitcl~ to. _t)t~. po.tenti~l' , . 
' ; . · " . ·' ·• 

U(t/J)= c...;-:¢= cr. (3.8) 

In this case, the theory is finit~-[12] .with tJ~e_pot~ntial corresponding to the string
inspired dilaton gravity (2:10). ·A ~eaker renormalization condition is satisfied if:· 

. ( *U-" 28.pU). is ,prop~r!ional'~o the p~t.en~ial itself, i_.e., in tj1e case of a)(u~<l;\~·~}i~f. 

Potential · · · · · . • ·. . ' : .• 2 _;: ,•. ·· ,., ·; "' i/<:' • lr ·.,__' • 

U(r) = fe-.\r r. ·. ':·:·:'(3.9) 

Theri: thediv~rge~~y can be ab~orbed i~~to a rcnormalization'"of L lnsertin{po~ 
: tentials (3.8) or(3.9) iiiio (2,i4) w~~obtain a metric corresponding to the llV fixPd 
point. Howcv~r; thereexists a probie1i~ ofic~ching.the fixed point since the' classi
cal (~bare'~) potential U(r)=;: 1 ca;t.be out of the attractionregion ofthe UV .. fixcd 

'.- .. __ ,·. ~ ,!_>.·. -~ \'-'~,_-; " .• ·:. ,-.; ,•. •.· i ,..~;,r_;~·.: ··o~.,.:, : . 
~ :' . ! '•$ .·: .... _-, 
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point;.Therefore we have· to consider the'renormalizatio~;group equation for:the 

p~~ential U' , . . : , , ; ·a,~ = t ;; ~~;~\28~~ :• ' 1' ,:" '·,: c ·:· , ;; ;~) 
where t = ln'.l!..~ J1. being a scale parameter;:w ... ·· · . ,.,;;, ,,~ ,· 

~ . . ' 

' One should ;add·'theL"initial" .condition to eq.(3.1or We._will:assuine .that at 
J1. = p.o (t = 0) the potential U(t/J,i) c~i.ncides with the bare•potential:Ui. j,~· ;:1 

--'-· ' ~! . , U,(t/J, t = 0) 1= L .,· .... L \ -:: \. 
(3.11) 

. It is easy to find a general solution of eq.(~lO): 

U( t/J, tl = ·:.j,[; j( t/J- 2t): . (3.12) 
' .. 

where f( ..• ) is still an arbitrary function to be chosen from the initial condition. 
Note that in our case eq.(3.10) is considered in the region { t :2: 0, t/J :2: U} being 

the. tra~spott eqml:tion W'ith the' characteristi~ lii1e .t/; - 2t ~ . o> Therefor~;~ the 
~oluti<>~U aft he point'. ( 1/1, t) below this line;Ct/J >·2t) iS'obtairied:_by' transportii1g 
th~· initial "conditio'n, in ·our· case it is U( tjj; i "~'o)' =··:1, ·along ·tl;e" charaCteristiC. 
,Hence, for 1jJ > 2~ y;e g~t f~om. (3.11~12) th~~/(1/1) =. -;f[rand con~equently · t 1 
• ' "" -1-- t, . .. - . . ;t' " -· ,1 • ' J . ., 

,,,1/2 
Ultp,l) ~ (1/J __ 2t)l/2' 1/J> 2t. 

. (3;13) 

1 r ·. .· ·, . .. ..... .: . J.·. 1 · --. ·-r·. J' 

· .On the other hand, above the line t/J. = 2t ( t:e. for 't/J < 2t ) the boundary 
condition U(tjJ,t)iw=O ::::: u(t) is "transported". We do not have this kind 'of a 
boundary1 condition fwm our' problem. H~wever',' as. one' can. see· from'' the form of 
the general solution (3.12), the value of U( t/J, t) for t;;. = · 0 .cannot be differenffrorn 
ze~o .. In other words, ther~ is the.unique possibl~ boundarycondition 

r , , ~ , • , ~ 1 _ 

. • U( t/J, t)lw=o = o (3.14) 

consistent ~ith eq.(3:10). Thus, the solution of(3.10) in the region { t/J _;i· 0, t :2: :o} 
takes the following form: 

.. -;. 

U(1jl.,t) ={· 0
; .pt/2 .. 

' . .. ' ('¢-2t)l/2 

if 1j1.'5, 2t, 

if-':¢> 2t.' 
•. ' ~ ~ ! 

.:;hL .;.·, '(~.15) 
;; { .t; t 

Note th~i the function (3.1S}has a discoritinuityakmg the characteristic' line t/J:::: 2t. 
Re~embering that 1jJ = ~: we obtain _ . . . ' ' ., 

"'' { •U(r,t)= O r, ,·, ~f~.~r:?4v'id,, ;, 
·:' ' · (r2:-16Kt)l/2, ~f ~.>,: 4v;d: 

" > • J ' ,; ~: > ';' . 

; 

,, (,. '.(3:16) 

. As we expected·; th~ fixed point (3.S) (or (3.9)) is not' reached in' th~ limit t _;,. 
+oo. However, the t-dependence of the solution (3.16) can be absorbed into the 

8 

·; 

')! 

i 
. I 

r 

redefinition of the gravitational constant K: K~·.= .Kt. Then, (3.16) can be, written i'n' the form: . ' ·. ' . , . .. . . . . . . . . . 

'.· ~ - t -; 
. ''{ , U(r,K*)= ~~·r ... ~ ifo-5.T-·::;4R; 

ifr>4~*. 
::· 

n. 

· .. · (3.17) 

We will omit *laier on~--l : ' ' 1'; : .· • · ,. •;,,. ·, t.::; 

Let us now ietim~ to ~q:(2;14)conrtecting the metriC of the sph~fi~any.synuiietrii 
solution·with the p~t(mtiat' U(r). We gefthat the qti~nthmrsphericcl.uy ·~ymirieti:ic 
gravitational fluctuations lead to the following deformation of the Schwarzschild 
metric: 

; i ~" 2M; 1" I. • . . 

g(r) = -- + -(r2 _ a2)112 
· r r · . '. 

(3.18) 

wherer:2:'a='4~. ··: . i. 

Analyzing the metric (3;18) we discover that the singuiarityofthe Si:hwarz~child 
solution at r. = 0 is now shifted to the finitE} radius r = a (in four-dimensional picture 
it means that singularity now is "spreaq'~.,over'a two-dimensional sphere of radius 

· r.= a). One can see this when calculating· the 4D scalar'curv~ture (2.17) , 

,. 
· .- . 1 · ·· ·:• · L ' · · · · · 

R(4) ,;_· -[2x2(1 _: . ... ) +x4(1- x2)-3f2J, 
, , · .a.2 . ,, •' ••. v'1;-·x2- · · "-t"t •. 

(3.i9) 

where x = ~· In the limit x --+ 1 we have R(4)--+ +oo. On the ·other ha~d; for large 
r ( x --+ 0) we obtain . .. 

. (4) . ~ ! ~ 4 . . ' . , "'' ·.··. . .R (r) ~ . 2 ( ,),. • , , . · . (3.20) ] .. -~ '.:.-·.· ,.·-~·r r-: ··· · ~.,, ·-
:·- · ~.:"' ,- :. .<, .• : • .·• ~·_r: ··· r t:f,-_·,·1 1 .•"i - '. ,.t-•~' ~o · ·':·•;: ,;~ ··.:·t:·~:· .- · .:·--. ~ 
: One can also 'get froni' (3;18) the asymptotic expression: for the' metric g( r) for 

l:~~ge r:>~' ~: . ,;·. '!.!HG:• l ,: ;,·~.·:;;•, '_ <•~~Y;;J,,:;; ; J;,·, . , , ',.'.: ; ;:,, . .' ~c:-:::;, 

.... ·· · g(r) ~-1-·- . ..:.- ·" : ..:\ · '· " (3 21) 
;-.~~ -: ~·-: c,-,_-~~ !_-1,-~-i ·::[_,£·~·-'~~ -~·-':· ;,:q~~ ·::~._-·r .. _;,·? r~-~~-l'~f~_:,.:;,·_.'tt~·,-~ ... (- ;~l:::n '-:-\~' :~·;<:;~_~;': 

. , Eq.(3.21) looks like_the metric,ofa charged body with the mass M.and the charge 
Q2 = a 2 /2 but ~ith opposite' ~ig~)i~)ront of the: ch~~g~;s te~~. 'it is)~ier'e~_ting 
that the potential. U in (2.14), (3:i8)does 1lot lead to an additio~alcontributi~n 
to the mass M,which is due to the fact that the U-term in (2.14), (3.18) has the 
asymptote "' :?,.. for large r. • · 

r - ~ " . ... •. . ·-
It is worth noting that as follows from' the general expression (2:17) ( and;(3.19)) 

the scalar curvature R<4>(r) does ~~t depend on the mass of a gravitating body, it is 
rather universal and is''deterinined,by•the para~etersofthe'gravitationai~field itself 
(via the;gravitatiorial constant): Later on, the:ininim3l:radius a will b'e.stipposed 
to be equal ·to the Planck .radius Tpl by .assuming that< possible 'factors .:V' 10 are 

·non-essential;'\ : - _,,. '' .. , · : · .r:::, ·> 1 >.' z~·J .. ·,.t. ;,";;<;· ~ ... ·; ·-. 

We see from (3.18) that the Schwarzschild horizon at rh = 2M is also shifted 
rh = V4M2 +a2 so-that the asyiriptotica:IIy'ftat riietric (3.l8)describ'e~'the 'sp~ce
time with''tlle·same· caus.il stri.\.eture··~:the Schwai-zshild one. · .. ·At· the' same time! 
the Schwarzshild singularity at r ~ 0 nianifests itself both in the m~tric and· in. the 
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curvature'(R<4> -;;.: o(r))while th~ deform~d rheti·ic ;(3.ts) i~ regul~r ~t- r :::· ~\nci 
. only the scalar curvature R<4>(r) is still singular. · . · · ·· ,;.· 

Formally, there exist~ an extension of the metric (3.18) behind the singularity 
. at r = a. To see this, let us change the ,variable: r = a cosh :i. Then, the space- time 
for- X > 0 has the metric (3.18) while' forx < 0 the•metric takes the same form 
(3.18) but with sign (-)in front of the second teni1· In terms oft he ,v~rial>le rit 
simply mea~s that ~~s.(3.17H3.18) are extEmdedto th~j()ther b~~nch of the square 
root function. So we obtain that the resulting metric is a• two-valued function of. the 
radius r: , · . ·. " ' · · · " · · · · 

2M 1 .J. 
g<±~ = --. -. ± -(r2- a2W~ 

r· ,· r · 
(3.22) 

At the point r =a, both functions g<+>(r) and g<->(r) (but not their derivatives) 
are glued continuously.,The scalar.curvature on,the (-)-sheet takes the form : 

R(4} ~= ._!.[2x2(1+ , 1 ) _;x4(1-. x2-)-3f2]: ·;· . . : ... 
(-> a 2 y1 - x2 ' ' 

(3.23) 
I,,· 

"' 
"). .~. 

~here x = ;. In the limit x -:-> 1 we have R~~), :-'" -oo. T~e (-)-sheet is also 

~~mptotically flat ~~t for ia;ge r R~~)(r) h~ a differ~nt ~ype ~f asymptote than 

for the (+}sheet (3.20): 
-.' ~ •' . . ' - '. •4 

R(4} (r) ~ 2.· (-) r 
(3.24) 

Note that for positive M the fundtio,n g(..:)(r) is, negative everywhere~ So the whole 
(-):sheet is __ behind .. the,h~ri,zon ,(r :==;.'~h) .fro~ the point. of yi~w ,?f an_obs~~ver 
staying on the (+)~sheet. 'At this stage'~·uch a.' pictJre of c~mplete space-iime_seems 
to be formal since no observer can penetrate through the'singularity ~t r··= ~ ind 
appear in the (-)-sheet. Howeve~, we \viii see in the next section that taking into 
account the conformal anomaly. ~e ~btain the space-time with the same structu~e 
oUt with the' smooth beha'vi~ur. a.t"r· = a .. Tile(: extended' s'p~~e~ time. then occurs to 
biHegular everywhere' and g~~desically complete: ~T'• · '· ·· 
; .• ':, . " .• • ._ _;' 1' : ' ' { t :.'' ). 

' ~" ' ' r' .r ~ . , ~ 1 _:.' • . ;; 
' ) 

4: :.Solut~on:with·the anomaly:. . ._.., 

_,1 1 i_; , ~'-' .,·,, '.,.d , ~ .. ·• ., f.~"?. I " ~· " . ~, 
Let us considernow the deformation ofthepotential U(r):due to the,fluctuations 
of the ghost and matter fields. ; Taking inio account· only- the spherically sym~etric 
excitations we obtain,that these !ields contribute to the quantum effective action via 
the Weyl anomaly from the gra~itational integration measure and that ofmatter 
fields. , . : , ; , , ; -.. : · ... 

In.two-di~ensional dilaton gravity1 ther~·isa w~ll k~o·~~.?-rnbiguity [13] in choo~,
ing the 2D metric to construct the Faddeev-Popov ghost determinant. One may use. 
any metric or' the form:g0 = r" g, w'~~re. r.::;:: exp ~ is dilat~11 and o is an -a-rbitra-ry ... 

10 
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~ 
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,., .• -· •• ,_t •.. ,·,·::·;o.·:~·A:-~;;·~·~," ·~·)·7~~"c<· .. -~~-;~~,.,<~;,_,:··\,_< 
constant. However, in our. case the measure of integration, over the 2D gravitational 
fields, ( r,g~~) is induced. by'.in~~gra~i~n. ?V,_~r,·qw 4D.~metri~; g~'!} (i1; ass~;~ption of, . 
spherical symmetry) and consequentlyshould be determii1ed .with respect to .the 
rescaied metric Ya{J =; r2g0 p, so uo ambiguity arises._... . •. :. . . . : 

t fHe~c~,"· after gauge fixing· gc,13 '= e~~ga.J,;;.the a'ctiori; will;lqe· supplied \viih _thi{ 
usual logarithm or: the•Faddeev~Popov:ghost:P.eterminant [13]":i?~·;;!/<:;L' ,, . L'~ <: 

~- - ·-~~--- ~'-: '·:::.:15' f"P~'," 

·s. 24'j'·d·z· ~R· -1 . 
. FP =. 9671'.; : .. :..zy.-g, 9Dg;}l9, (4.1) 

':>.~ :·· --: ••• t. ~ • ~. -<,:~· '··~''/.'•• ~ :-;.:i 
where Rg is t,he 2D scalar curvature determined· by the metric f;~{J· 

Considering the spherically symmetric. configurations of matter fields we find 
that 'they 'are describ~d,by ~orne effective 2D action which in general.take; 'til~ for.m: 
t:.~!t ~-'.Ci~)f2k,~~her'e."k,r]i.ris ~ver posltive. ~n~ Il~g~tiv~_i~tege_fs, (f~>I: exa~pl~, 't_I\e, 
k = 1 term appears for 4D scalar fields). We will consider here o?IY the,simplest. 
case of decoupled dilaton r when C(o) = L:f:1 (\7 Ji)(\7 Ji) is'the action io; tiie, 2D' 
conformal fields. The integration measure for.Jhe: matter fields J; is determined 
~it!~ respect to non-rescaled 1netric 9ap7- ·:· ' - ' ··· · ·· · 

Thus we.come to the following quantum effective action: . ,_ , 
; ~~<.:::,) . !·_,~···} ·:·-~,~;-.'{ ··'"· .. ,! :~."tl ~:t:, _; .. :.~",, c; • ' • ,,.., :c. 

· S = Sg;. +I SFP'+ N Sa'i;,;,)/, 

_:_·. 1 i J (2) -IR(2) 
Sa nom.-:·:- 9611' .. - :--R9 . oil 9 • (4.2) 

Using the identity R9 = ;:\-D9 In r 2 + ;:\- R9 , th~action ( 4~2)can ··be-rewritte1~' in the-' 
form,' · . ·. ;.·,:, . · ·, .. 

. :··.··.,,.A~- _1 - BJ (\7r)2 r-:: 2 
t S=Sgra~.-8 .i~g~~;R~/-"2 _(R9 ln1·---;:2)y.,_gd::, (4.3) 

' -t j • . ; .. 

h A
_ N-24 B _ 24 ' ·· ,, . : . 

were -121r, -,;. 12,. .. ,, ... '. , . 
In the conformal gauge'g.',{J := e2" g;;b we obtain froni (·L3) ,J. 

S = j. d2zA[_!__(1- B.)(Vl/•)2'+ 2({- !!_ )(va)tv~·) + :!.(va)2 
. . 27/J 41/• ·tl/• 2 

1 .. B ~·: 1:· '·. ; : · · · ... -. '··· ··.·•r·.·l•,' :o·,:: :.. ,,.-,_:". 
-2R(Aa + 27/J- "21n 1/J)- 4,. U( 7/J)e2

"] + SFP[g] + N Sanom(!J], ( 4A) 

. ' : . 2 - . . : . ·:· . ..\. : ·.. . ' 

where 7/J = ;" and R is the scalar curvature corresponding to the metric g,,fJ· The 
action (4.4) again takes the form of-the 2D <T:model (3.6) \Vhere 

~ '. : ;.• "0 •• , ~ • ... ' • ' ... ' " ' ' ' •• ·-· ' 

X! 7= ( 1/•, a); <P(X).==:21/• + A a- B
2 

In 7/J; T = .-:-:-. tl· U( t/•)e27 ;, 
' ,. -

., _._· ·_· (~{I -f:tY 2( 1- .~.) )' . ' ' _ "· .. ).· 
G,J,-_ 2(1- 4~.) . A -. :.· ::lU~: ' (;1.5), 

<>,'-
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The metric G;j is flat and its determinant is .. 
-L ... ~:)· ·:: ·,:;·~;:~· ... _i~:, -·_,·<~· ,··:~·~:-.~- :~~~~ -~'·-"-~<-i': ._.~ .. _,.,:H.·::;_:_.;\·.~-, 

. B . .;~. . , • 
;,;",;; a; d .. c·-' 4(·1·· 1 )( I (A+ B)) ' ·.::· . ' . ~I ;6 . et - - - - 1 - . (·l. ) '". :· .. ' . . ' . ' '·'· ' .... 4·'· .... , ., .,. . , . ' " .. '' ... 'f' ~ 'f' ' . ~- .. ' 

Note that A+Jr= 1~;;>. o and det c/(~:6) is.z~ro ift/J.='!J and t/J -~··;!A:~8r.::!At 
these points the kinetiC. term in (4.4) is.singular.and ·if AI o:changes its sigri. 

For the tachyon /1~frinction ~e get · • · · · · · 
. : ~ • .. - _ : ' . _:: 'i ··f.~ ~ L ~-

~p!-~ 0, pT ';;~(;ii'\l;'V'jT'i; {4.7) 

Analyzing this equation· \Ve consider tv.:o dif(erent case~. 
"I• • ~ , > t t ~ '~ • \ • · o ' • ~ <. 1 : • ) I' . . -: 

4.1A=0 :l . :: · · ·.· ·' .. · . ;·:r ·i ',,· 

We b~'gin .with the co~sid~ration pf tl~~ case when the il{~it~; fi~Jds do not 'corl: 
trib'ut~ to the eff~ctive· action (4.'3-4);·f.e. 'A :::::o. O~e c~n '~eeth~t the targk''space 

metric theri takes t~~/~~~::.; ; .• ·.. " ( ; :',".r:·~:· q.;>. ''',~>~ .· 
. . B . . ,., ,, 

·······: · ·' ds;"~; = (1.!.:''--)ds'ij=O• < ''··' '·: -~·· '{4:8)' 
. ,. 41J} .',; .·,:::· •·:'"·- · f~:~:_1 ,Of 1' .i 

!,' • ,· r;•·, ,'!!;:.'lc :·•;.J.;,: ; ~'• ; ' } 1\~ ;-:~;tJ:, .~,, .. ,. ?(.!·(·. 

where ds~=O = !J.d2 t/J + 4dt/Jda is the target metric of the a-model(3.4). Due to the 
conformal transformation of the 2D Laplacian; w~·get from (4.7) that 

. ; . T '· ·l·L T 
' /1 = (1 _ 8')/JB:,o, 

. . 41/1 

'(4.9) 

where /1~,.,;0 is the·bet;dunction (3.6). . . . .. .· . ~ · 
Thus, we obtain the renormalization group equationfor the potential U(t/J)·•: · 

1 1 ' .', ',• 
OtU = B [:;;U - 28.pU]. 

(1- 41/1) 'f' . • 

( 4~ 10) 

'J: 

To solve this equation, let u.s ip.troduce the fm1ctipn F( t/J) .~uch th3;t .. 

B 
dF = (1- -:-)dt/J. 

' ·. 4t/J .... 
(4.11) 

Choosing the integration constant so .,that F( t/J = !] ) ~ ,0 we ~btain_ 
~' ·' 

F( t/J) = t/J _ B._ B I 4t/J 
.. , , 4. 4 n B.·. 

"' (4.12) 
',•! < 

As one can see, the secdnd•deriv~tive 'F"( t/J) ( 4.12) has a 'discontinuity at .thJ point·· 

t/J = !]. ., ' 
Eq.(4.10) is the transport equa'tion with the charaCteristic F(t/J)- 2t = 0: Ini

tially, the function U(t/J,t) is defined in the region {t/J > O;t .;:: 0}. How~ver, as 
one can see from the form of the charac'teristic the line t/J = B/4 is a singular one 

. 12 

'·.·)·.·. 

• 1 

l' 
':I 
!, : 

l 

,) 
'.J' '.'! 

sincethe coefficient in.front oUMJ in,(4.10) is zero~.Therefore,eq.(4.10) must be 
. col{5id~red separ~tely in the regions.o· <. t/J,:5,.Bf4 and .tb. ~ Bf4 •. ,H,is impor~ant. 
.. tha:i~t·Ii~ funcii'on F(¢)(4.12) has singJe:'~aluedinverse function p-}(x),defi.ned for 

-: ,· . . : · •. • t.· •. ·. ;• ·- -' ' I .-, ·-. ,• •' • .1 ~ !< \ • r • • , • " ._ , • ~ • _.\ <> 

· x ;:: 0.' The yalu(),of:U( t/J;t) .for F(.t/.J) .--;-:2t >. Ois obtahied by transporting the. 
initial condition 'at {~ 0 3lorig the 'cha~~~teristic.' o'n: the other hand, .. the value'· 
of U( t/J: t) for'F( J, f~ 2t :.( · 0; is obtained by- tran~porting tlie boundary condition: 
~l.p;;..Bt4 =0/L(t). Con~ideri.ng eq.(4:10) in th'~ ~egions 0 < .t/J $ Bf4,, t/.J;:: B/4sepa
rately;we may choose'differ(mt boundary ccinditions!L1 (t),/L2(t). Actually, we have 
no concrete choice fcir'p(t). Therefor~; foi'simplicity We wil(assume that IL(i) = o. 

,The general solution of (4.10) is , _ ·u··•. .• .. 1 { !' ;.; 1· iJ::· . , . 

:: ·· .,,., ·u(.,P,t)'== #J(F(t/J) .: .. :'2t): .~ ( ~ ::···r:::: . ( 4.i3) 

,., From the initl~l c~ndition 
:"··l-.-- .! : ·-.-' ( ',.;; .. 

. U(t/J•"(=-0):: 1 ., 
)' ' . . :. ... _·::_ :_."•,; ;·' -··-' •. ; ·~:··~:_--:---· 1:. ::.> • : 
we get the equation on the function fin the region where F(t/J)- 2t > 0 

(4.14) 

\ t' " • ' ; '~; f 
\· : 1 

f(F( t/J)) ': t/J7'2 .. .. " (4:15)' 
1 .,j·.·- ,_. f·, ·---~) .~c!~!;··;~! :::·-: ... __ :.,rr· ... c~~-: ~.ll~·s 

Thus, one obtains that f(x) = (P:-:1(x))-2 ,;where .F,-:-1 (x) is the functic~m inverse to 
(4!12) single-valued in' the regii:ms 0 "<,t/J ;::~B/4 a~d ·.,p;:: "B/4. Note t~at p-1(x) 
is a continuous monotonic function but its derivative is singular at x = 0. Thus for 
F(t/J)- 2t > O.we have the f~J!C?.~ing solution of (4.10) with the initi~l c~~dition 
(4.14): · . r ;rs " 
~-~-. ~...... ;~. ~-.- '/. 

' ~' f 
1 

. . . -·' .. t/J2 ' 
' . . ,,:' .: '' ;"p(t/J,tL-:c.(.F'-1[F) _:'2t])·t ''·· , , 

.. , . ' " ' . , . r '· ( t/J ' ., ' ' .. 
;, ,On the ·otl}er. ha~·d;: fo!. f( ~) ~ ~i · .. ~ :0 ~~eJor~'~r 'the fu~ctio~·..J( .. ) is defined .. ~ 

by; the boundary cpndition: /B14J( -,2t) = !L(t). • Since we;liave chosen p(t) :::. 0, 
/( ... )=~in this region~ Thus, the complete solution ofeq.(4.10) reads,, .•.,; ~' 

.; ~··· 

· u(t/J,t) ~:{ 0 
, ' .• p~2 · ··. ~~- ~<(.~)) = ;: :<: ~·:.·· · ' ·' · '(~.I6) 1 

(F 1(F(,P)7 2t))l/2 1 
. .• 'f'. > 

~-. . - . - . ' \ ·, 

2 / . .. ·.:' I " 

• Remembering now that t/J =;, ;,. we expres_s the solution ( 4.16) in ~erm~ of th~ 
variables'(r,t).'Noteat·firstthat' ·· '· .,·,: ···o1·;;·· ,.,,,.;,:;:·""':''' 

- . '.;.2 :.· 1,. . .. . ... ' !' ''· .... :c: . 
F(-) = -F*(r2), ·' ' •· ... 

,8/'\: .8/'\:' : .. '. '·<· 
r2 . 

·'• F*(r2)=r2 -b2 -'b2 lri....:.:.·;· ':· ·: ,, .. · ·', (4!i7( 
. . . .· .. '.' .: '· . ' ... b2 ·,· ·~: .. : ::.: ' 

where b2 =.2Bii:. From (4.17) we have that [F*]-181i:'= Sli:F-1 and consequently 
(4.16)takestheform : · :.• · ,,r. · : 

~· , * 
2 

_·; . !:C\ ,, . i ~-.! .._~ 

. 1f F ( r.) < 161i:t,. ., . . . . ) . 
r ; * 2 · ' ' " · (4.18 ' . . . . _ .... ~ . 1f F ( r ) > 16Kt... 1 , • 

',- ,.• I ·, • ,!l}.i. ', \., 

;( _ _., 
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' ,- ';:.·' ~} .-. . .,'),.- ...... :-; '•. ; \ <: .I:_;·- ~- .. _:: ."1-; . > -_:,,_;-:<.,. ~' .-.: ~ '"_ ";;~, 
'As' one can easily Se(! the t-deperidence' o(the' sohition {4.18} again' can he;ab:'' 

sorb~d: hit? the r~definition ~f 'the ~ohsta_n_ts}·.·, =·tip_ w i ~ If; ,wit~:'t}le}u~~tlbi-l . 
F* behig"U:nchariged,"Equatiori F*(r2 )::.: loli:t =0 luis t\vci roots: O .. <'r1~'<'b' and' 

' -·-. . . ' ; ······.~ . :: ~ ,,~ . ,:.,·~,' .... ';. ·.;\ ~· 'lli~'' .,_.' ~: 

r2n. > b: In terms of new yan~blesthe solutwn {4.18) looks as follows: ,' · ··· . 
.. ,:·_.v :::~." . ~<;·;-: '!_.: !~· '·j'1 :_'\. ~'-H""l~}l~: · 1 "1 ; '), · ·, . ._,:'"--;. ,~ ~.:· .: J~· iln!n;·, ·."'.:--:n ,":;~ 

·>" · .. i .. , '- -; ·{; (F• l(F•(;; .. ;~ .. J)'/2 i~·o ·< r ~ rtm~·- , ,.•r.; f : 

:- 'U(r);: 0 : ... •.·n .,_. if r <. r <··r·'·• · .. -~ c (4.19)' 
, r: : .. · .,;• ::,' ·.f _I; -: :· -:,,}';'_'.·.,::-- . _':··.· :·:· 

. . . . (F-:IJF(r2)~16"])1l2 1 r.- r2'?· \ . ' 

. "-- . ; .. ..;; .. · . " '-• . . ; ·. ' .. . . ·~ " 

The potential (4.19) tends to (3.19) when b--+ 0. : · •' ; · :•>· · '' · . 

Let r ~J2m· The potential·U{r);(4,1~) i~1. continuous function in this region. 
Near the point r = r2m it takes the form 

... :"!f.· 

U(_r)_ -~ ~(1- _l_J 1- ( ~ )2_. lr2 -. r2 1)1/2). 
. ;_ .. ;: b . vl2b. • r2m • '. • 2m . • 

(4.20) 

Thus·, ~t r.;, r2~ it has a finite value: U(r2,n) = 9,"'-. However, the derivative of 
the potential is singular: 8rU(r)--+ -oo. 

·~··, ,,_.i,-~;,, ... _ .. :t._'.,_:·' .. ""'-."~';·r· -_ ··: . · _-:.·~-~ 

;tlie;ni.~t;i~-functio~ g ;, ·: 2~ -+:.; j U(p )dp i~ the vicinity oh- = r2m can be 
. ·-· , . : T2m 

written'as follows:'· ,,. ~ ; _,; .:s {!'. -.. ;; 
,;_5 .· .._ ~ 

2M r 1 V · b g ~ --+-- -- 1 __ (-)2(1r2 _ r2 1)3/2 
r 2b 3y'2b2 . r2m 2m ' 

(4:21). 

and consequently, it is more regular ~~ar the point r = ~~in than (3.18) considered 
in Section 3. Indeed, we see f~ori"t ( 4.21 )'that g( r) and g'( r) are regular in 7" = r2m 
though the second' derivative 'is still singular: It means that the' behaviour oft he . 
geodesics is·regular near this p~int (since'onlydhe,'first derlvatives''of the met~ic; 
enter into equations for geodesics) but the'4D,"curvature'is singular: R(4 l :....· +oo• 
if r --+ r2m· For large r > > r2m the potential ( 4.19) asymptotically coincides with 
{3:17): . .. ' ' ' '· 

. . . ·: r . 
U(r) ~ 2 '·. ·)I/; .. (4.22) 

( r - 16~> . 

obt;y~ed ·i~··the pre;ious section. Henc~~·~e have the same ;:ts.ymptote (J:2o), (3.21), 
for the metric g(r) and the curvature R14l(r) for larger >> r2m· Formally, there 
exists an extension of the metric beyond the point.r '= r2m. Indeed, we may again 
consider the variable r = r2m cosh x. Then, we ·come to the same picture as in 
Section 3. with two sheets s~wed.on the hypersurface r = r2m· The only difference 
froni'Section 3. is that the singul~rity at theminimal radius r = r2m is more mild 
now.,· . .; .. 

The potential ( 4.19) determines also a non-trivial metric defined:in the compact 
region 0 < r ~ rtm· One can see that this metric describes the space-time which 
has singularities {of cu';va:tu~e) ;tt the points r = 0 and ~ = r 1m··· The curvature 
near r = 0 has the fo~in.: R<4l(~) ~ ~(1- e-~j; while .the behaviour of the metric 

14 • 

near r= Ttm is~~imilar 'i<> that near r =·~:ln..: This 'space~ time has_n~-~S;l~lp.totic~u;· 
flat regi~n and is not' connected \vith the space-tiin-e defined fo~ r ~ r2m. So it is 
not ~bservable for any observer staying at r. > r2m. The physical meaning ofsuch 
a space-time isn~t de~r f~r''~s. ·.' · • · ' , ·· '· ' · _ ·· ' •· · · · ~ . · 

Thus, the general piCture in .. the case ~vhen tlie Faddee~~Popov ghosts are taken 
ini~'accourit (A= O,B =/; 0) milinlyrepeatdhe picture considered in the previous 
section. We may also conclude that the influence of the ghosts is in smoothering of 
the singularity at1the minimal r~dius rmi~- .. ·, ,.;. . Y· · 

• ~: '1. .. ~ . ; . . "' ' > ; ,_., ·, 

4.2 A=/; 0 . 
The expres~ion_for ,aT: iscovariantwith respect to the target metric Gii· To 

find ,aT we use the fact that. G;; is .flat and consequently it can be reduced to the 
standard diagona( form by ·means of. the wordinate transformatio~' ln 'the target· 
space~ Following [14J;the target·metric(4.5) · ·· :.; ,, 

·;: · . 1 B · · 2 . B . 2 - ; 
ds 1arg = :;-(_ 1- .-:;: )dtf; + ·1( 1 .- -

1 
)drjJdu + .4du 

'1-' ' 4'1-' . 41p 

by introducing the new target "coordinates" (w, x) 
~ : ~ ' J 

>!'' 

,, 2 ·· . : · ··1.. t/.• B '-
w. = 411'; x = -u +-- -ln4t/.> 
· ·· ' · 2: A 4A · ' 

can hE! reduced to the forin 
:·~-: 

. ·J ''. . . ' 1 1' . . . 
ds~arg = 4Adx2 - A·w2 (w

2 - B)(w2 - A - B)dw2 
' 

(4.23). 

,(4~2~) 

~n_: 

. . . 
(4.25) 

N9.te .. l}gain that B > 0,-{1.± ~t>O.for.a~y·N:> . 1 . . ,,'(~. . .. 
Let A+ B > B. We see that the second term in (4.25) is positive if w lies in 

the intervals / 1 = (O,B) or /3 =;(A+ B,+oo) and it changes the sign if w lies in 
/2::: (BiA+ B) .. · · ,, ·• · :. .;~ ' . . 

.. Let us consider the new Va.i-iable !l ·- · · , 
,. w. .~L_; 

, . '._
1
_ :.' n~j dy v':f;(y2 :--:B)(y2:- A.~~ lJ)7, , . 

-._ .~jl.·" j ·. ". y .. ·' . '·' : ,. ._. ._,_ , .. , 
: '(4.26): 

. . 
.,. L: ,.·;,;.~ (: ·:~--~ i ','· ~..,"·, •• q,· ''j I 

<' 

where one must take sign ( +) for the intervals It, /3 and (-) for the inter\·al /2.· 
In the new coordinates (x;!l),thentetric (4.25) is diagonal. ' ·:; 

2 . 2;: . 1 ' -~ ' 
, ds1arg =~Ad~,·.,.. (±A)dn.: 

A 0 : '-T.~ ._ :j .. ~ '· ' • >> < 0 ' f ,'. 0 '; < 

•;::. ;,; •t:'·::: 

('1:27)·: 
·- "1 : 

Then, we get for the tachyon T in terms of the new variables 
. .'} f'::.·-;;;.>!~t:. :1 - ;:,·:'{( ... ~~ "~-''-: ·~;:: {_·~ ~~: ... ~ .~~o:.; !it"::· 

- . .1 · 1.- w
2 · 2B 

T = --U(1/J)e2"-- = ---'U(w)e-:TwTe4
\ 

·.· •·"'141-0, ... ·-:· .·4.~. : .•.• , . -,,.,.:; 
=--ii(ri)e4x ··· ·· · ····· 

4K-. 
(4.28) 
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For f3T we obtain 

f3.r ~>:_[:!_tPT -(±A)tPT]. ·' . 4A X ' ' i fl ,, 

.'. , . ~· . 
.(4.~9) 

Insertin·g (4.28) in'to ( 4.29)we obtain the /3~fu~ction f~rtl~e. pb1te~t\'a.r'tr 
'_;;, .. -:r. , • 

: ;,;:u:· 

; ) ~ ~-~ ' if ·' '· .,:·.-;2··.:·· ':4 '. 
/3 •. ~(±Al?nV -:::ji.l!:· 

' ( .-'" 

(1 .. 30). ··: ".'· 

~he;e ~ne rit~st take sign {+)for the i~~e;~al~ / 1,h ~nd (~) fo~ /;. 
As before, we consider now the renor~~lization gr~up ~quation 

' 
aJ; ={±)Aa"!/u- io, , . 

A . 
', , · • L . • • · f : ~ ·-~ · 

,(4~31) 
•' i. (~ c ... : 

where t =i[n.E... Assuming that for t•= 0 the. potential U(w, t) coincides with .. the 
. ~ ' 

"bare" one: U(w,t = 0) = 1, we get that eq.(4.31) should' he supplied with .the 
initial condition 

• , . w 2(0) . 2B 

Ult=O =.¢(n) = e- A (w(n)) A .(,. (4.32) 

where w(n) is the inverse function to (4.2~). . . . . .. ,,; 
We see that (J satisfies the differential equations .of different .type 'in va~ious 

intervals. Let us assume that A > 0 ( N >' 24 ). Then ( 4.31) is the standard heat 
equation being considered in' the intervals It ,13, while it is the heat equation "with 
decreasing time" in /2. The problem is that the "decreasing time" heat ()quation is 
known to be non-correct. Solving it. formally by means of the Fou~ie~ tran~fo~m in· 
the interval /2 we get:~· .... ' ___ , -· 

• +oo , · ,/ ' wk 2 ' . 7r k • 
U(n, t) = e-4t/A L>i.:eA("'fJ 1 sin -n

1 

. : k'=l. ' ::, ·~ .,: ' ' '•' t<'>.' 
~ '--'-

: (f33j 

where we assumed that in / 2 the variable n changes in the' interval ( -A,O); ak == 
{¢(n),sin f&) are the Fourier coefficients of the:initial condition·.·(4.32). Jn order 
the sum ( 4.33) to be convergent for any finite t, the coefficients ak must decrease 
faster than the exponent . .It is not obviously the case for the.initial condition of the 
type'( 4.32). So the solutio'rl. of ( 4.31) in th~ i~te~val / 2 does not exist at ieast within 
the quadraticallyintegrable functions (probably ( 4.31) can be solved in the class of 
d,istribU:tions). " , .. " : ·· · , ; ·.· 'j:,,;... .,; ·· 

If A < 0 (N' < 24) eq.( 4.31) is the standard heat. equation only in'. the finite 
int~rval h = (A+ B, B), while it is again of the "decreasing time" type in semi
infini~e intervals 11, h with the same problems concerning the solution as above (the 
formal solution takes the same form a~ (4.J3) changl~g the sum l:k by the integral 
+oo _ .. . .. ,~ .- _ , _., ·.-- . (~ ~~r. . ,_ ,._f ... ; , : ._., .· 

I dk). We have no definite idea about the possibie physical iriterpret~tionof tl1e 
0 . ' " 

solution valid onlyi1~ the interval_..A .. < n <'Oor'eqhiv~kntly 2K(A +B)'< r 2 < 
2KB. So we will consider only the case' of positive A .. · l 

c. ' > ' , ·,. 
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. Let A >.0 a~d consider eq.(4.31)in the intervali/j> We ~ay choo~e the,integra
ti~ri constant in,/3 to arrangethat 'n(Af. B)= o: Then, n(w)determined by (4.26) 
varies in the interval {O,+ooJ , . : ; ':;;-, , _, . 

•,· ' • ' • : .' , •• :, • .... •• ->. -· ~- ·~~-· { l ' 

.n = .!.J(w2.-B)(w2 - A -·B) ;~A+ 2B I~ ~+~~w~2 -.:...-A---. . -=B. (4.34) 
2. ' . , • . 2 ---vCI~- . 

·<iJ ~;:' ,__; .. ; ~:.-ii."·f 'H~J .::···~ ,·,.~,.r_·~ .• n·,:! ::_~.i~,;? ,:·~\-~·i·.j:•.f::\,/ ·::: .-·'' .·:~'./. 

;; ·'-? .• •.,i: OJ l:·;; ;:-j :-r:..:::·~:! :::[:~:;.·.\ t~l\t;i)':·" 

. \/B(A +B)'' '2B(f1l+';B) .:.:.'(A+ 2B)w2 +'2yr=B,..,..(A..,---:r-=B,..,..)J(w2 ..:.:•B)(w2 ·-·A.;.:; B) 
,;... 2 ..... ln .... , ... : .. ····,,.; ,· .. '· ··' <O···.:....Aw2··. ,::::: . ::: ·'-··· .,. '; •• , .. 

: t \•. -, ,
1
.(·' :..~ rn;·,·i ... ·n{j '!i ((;j_<.:)' ;' ·. :-.-·, n{';t:-·.:· l -~<f~ t;.~ • .: ;j:c~ ~:: . 

' Thus;the function U:is.'defined in'the region {t ~:o;n ~.0} .. Hence we should_ 
have an appropriate bounaary condition a:t n :=. 0 .. -In fact; the results (the behaviour 
ofg(r) and·R<4>(r) and possibility ofextension on ("'-)-sheet).are not changed iLwe 

·'take an arbitrary·condition: Uln~o ='p(t);·However,' for.simplidty,'.we choose the 
: .. zerobouridary'conditioil:•'s.:t'· ·.;,;: ·:, <:·: ·.; •'t'" ·::J ··."··•',.' 

.,;,j,:·,,: .. ·,d,': ·.',:,· ~.;_,,',·::' ''. ;,, 'Ul~~·o.= o. ··~:I .. :·._''!.· ..... '., . : .. 'F:{4.'35) 
For. the chosen initial and boundary conditions eq.(4.31) has the·solutio'ri: ... 

.-: ,_ .. , __ .. , ~-: (\, . ·~; .. ,._,:: ... ;:," • ·', ·:. ·.· ,' .. -~· .rJ. ·~!"/ ·~\." 

-~, 
,:· . 

. · .. ·. ·:· 4t .. _,. +oo• .i .:· , .. , ... 

.. 'U(n;t) ~ ·~·;Yi'J [~~<n.~~>2;_:;.e~<~.:N2]'¢({)d€, 
"' 0 ...• ·'' 

(4.36) 
l,\ 

. ,. . ~ 

where~ and w(Oare related _by 
'!;; lt ,. '• u: 

w({). 

,. 
~ = J·· dy:.j(Y2--:31J)(y2 :.:.·A- B). 

y . 
\IA+B·· -· ., {:.:.L.r-·: : ·. t>);f:n·;n't , ! ::;-Lt 

. : '·(4.37) 

, , . .c ." .~_.:: -~- ,:_ w2 -2B A • Ll'iC~ ;~,;[" 1':\ 

We are interested in the potential 'U(w, t) ,;, eTw~ U(n, t), where w and n are 
related. by ( 4.26) .. Not~ that the t-dependence of the solution ( 4.36) can be again 
absorbed;into:.tlie redefi~ition of tne' const~nts A,·B;;.-:.; IIideed, 'let us consider 
_the. "~enormalize.4" ~?ri~tap~s: A·;·~ .t;B• ··~ If\ K .. ~.''Kt:'• Note that w2 = ·;::= 
.tw2(i.•); '!l(A,B,Kf='':'tn(A\B*;·,;.~).' ·we· assume'th~t.A•;W~K···coincide 'with 
'their' "oliserkble''v31ti~s·(A*': = N.:.24 ·jJ• = !.1!_ ): ; ''fh'eri''' in·t~rms of the· rie\v 

f ·;·,_; ';": ;, : ,·· . · •. l'" .... ;, ( . . • .. 12'1r,' . ~" ." ·_l2'Jr : •·.<>: ?"'-• ~., •' ,.I, • 1 ~~ ' 

constants we obtam the potential U(w) · · ··· · ·· · ·· ·· · · ' · 
·" 1 ..-';. • ! ; ; ! . - .-. ' '\• .•. -: ~ :t~< ' ·' · : .. :c; ·:: · · 

, .. · '"1•.·:· • .:1 ~+oo:·'(~'.:.:()2 ;"h' 2/''''·.;,\•::, : 

., U(w) = j;(~12./iii[e-,· <A .. ..:_e7~]( c/>(~) )d€, l,,, ·(4.3S) 
.. , . "o'•·'· .,, . ,. , ''"'' ,,, .. '.,_·¢(!}) , , ~: .. ! 

.• ! 

;'>I;' ,:t~:.:;-.p· t!;Y'' · 

.wher~'t.F= ;::and ~e'haveomitt~d·,~~; Th~'ip?tential:U(r)·for different (.A,B) is 

plotted i~ Fi~:r~ ''" ·.: 1
· ··· ·;.,; '· .:·r , '~!~ · U ~·-· .·.: 1 :.n _:;·:.·· ··: ~ 
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We interpret the 4D metric (2;14) ,'t. 

-t\ --;; ! 

J 

T 

-2M 1 I '> 
~(-~L~---r-+_ ;:- }f(p)dp 

•' -~- Tmin 

.-.; ; ' . ;. ~: 1 

: f~ 

,, J-

i; ·-~· ; ~ 

(1:39) 

q 

where Tmin = J2K(A +B), with the p-otential U(r) in the form (4.38) as the 
Schwarzschild metric deformed due_ to the quantum spherically symmetric exci-

: htioi1s of the ghost¥-~na ·matte~\fi~Ids: ·,T~e role of 9uant_u~.nuctuations\qr ~~~e 
field J is only iri vacuum polarization''around the gravitating body which-leads to 
the right hand side of the Einst~in equations '(2.19) in the form (2.20). A different 
situation would happen when the collapse,of the,J,field impulse;is,considered (6-7]. · 
Then; we would have to take into account, the ;back-reaction of the ;I;Ia~king radia~ 
tion: that-needs: the static solutions of· equations • obtained ,by _ _va~ying, the, quant m~1 
action (4.3).-We•do not.consider-it here.:": :-,_,~; ;., :., ;, .,-£-!·-

Analyzing the metric (4.39) we note that here the minimal;.distance Tmin -~ 
rJ2K(A +B) again appears. The expres_sion-(4.39) is valid only for r ~ Tmin· The 
essential differenceofthe metric (4.39)with the potential (4.38) from that of(3.19) 
or (4.21) i~'thatit'i~- ~~~e regular near the'point r'~ rmi~- To see this;note tlia:t 
the solution of the heat equation U(n) (4.36) in the,vicinity of the poirit 7' = Tmiu 

ta~es the formO(n) ·:=== en- (o < n .<'< -1 ), wh~rec:> o is an irr~levant constant. 
Then, we have for U(w): - ' ' · ' -

- w 2 '.: 2B · 

_ U(w) = ce'Aw-,'An(w), (4.40) 
" 2 {j . ,.. • ' 

where w2 = ~ ... From (4.40) and (4.34) we obtain for r::::: Tmin that 

, ,_-, U(r) :::::c'(r2 _ r2 _;)3/2 
. • t '\_ ,.-•• m'~ '.,_" 

Thus, the metric function g( r) ( 4.39) near r = Tniin can be approximately written 
in the form , . 

,-, , _(_)-;,-1 _2M_C( 2 -2_)sf2 -- (441 ) 
\ ' 9 T ;:::: - --, :t -.- T -·-;- T min • • ; - - - • __ ; - · 

, .. ,, ~ __ ., . ---·:L _ .. t~ ~>.- r." !" T . ·:·';o·: o.i t~-~>; .f~;- ~ ·. ·:! <·.t · · 
.where _G Js some constant .. So we ,obtain, that g( r), a!'\~;it~Aeriyative~· 9~, and!;" 
areregularat r = Tmin-and only the-third derivative.diverges g"'(rmin) ='= +oo. 

:.C,o'iisequently, the .4ri .sc~ar curyatllre (2.17) .takes _fi~it~·~~alue at/ ;., r;,;;. t~?~gh' 
its qerivati':e' diverges R'~4>(rmin) = -00. .This non-analyticity ,implies a rather 
_mild .singularity which. d~~s n~t affect the behaviour ~(the g~odesics: The 'latter !s 

> ' • ' ·- • •• •• t._.l{ . .- ' :-- .·f . .' . ' 

regular near r = Tmin that implies an. analytic extension of the space-time beyond 
the hypersurface r. = Tmin (in the ~pposite case we would obtain the manifold \vith 

{ the boundary_ at~r~~ T~i.! that seems 'to be ;Uns~tisfact~ry ). A~ ~we have discussed 
above, it cannof· be the extension to the Sn;,all radius T <:: Tmin since We have no 
solution of our equations in this region. To.~onstruct such_an extension, we note 
that the variable n.wasintroduced in such. away; that its differential-squared (dn)2 
gives the seeond term i~ ( 4.25 ). It 'is ciear that f~r fixed' w both n ( 4.26) and -n 
satisfythis condition. We use this fact to consider n(w) as a tw~-fold fuu'cti~n 'in 

.-18, 

the inter~al.J~. Th~n, w~ can -~bntin~e th~ ;;b~ve ~btained expression arid valid 'ior 
n > 0 to the negative values of n. - / : i j 

- We see from (4.36) that U(n) continued onto the i~ter~al (.::.oo;+oo) is an ~dd 
function: U( -n) = -U(ri). As ;;-~~suit, f~~ the fixed ; tlie'metric function y( r) 
takes two values - - ,_ -~:/ '_ ~- i _ 

.r. <_' ' •• · t ~ 

(±)( i) _:_ ,;_2M ± •. y-:1.. -U( )'d'' ; I 
g r 7' - - p p, 

---------~--~"· ·, --, r r \ 
Tmin \ \ ' 

(4:42)' 
I 

;Ji 

where U(p) is given by (4.38). The corresponding exp~~ssion for the 4D scalar 
curvature is 

(4) 2 _ - U' _ ' 
-R(±) = li:T2 (1 ~ U(r)) =F ;:;:· , , (4;43) 

Thus, we obtain the same'picture as considered in Section 3. ':The metric ( 4:42) 
describes the 4D space-time with two sheets (g(±) is the metric~~ (±)-sheet) which 
are glued.on the hypersurface of coi1stant radial coordinate r = ~min· The function~ 
g!+l(r), g<-l(r)and_their firstand, _ _s_econd derivatives are regular'andsewed cm1tin
uously. at r = Tmi~- and only the third derivatives diverge [/"1±1( ;,.;,.) = ±~. A.~- a 
result, we see that one sheet is the extensim; of the other (One can see this trans- ' 
p~re~tly 'by using the variabl~ X~' T; ='in:in cdsh'~. 'Then, nc..::x):::: :~n(xl aild 'the 

' [ - ;, ' ' ' 

(-)-sheet corresponds to X < 0. Metric is extended continuously into this region:): 
the geodesics of one sheet are not ended at 7' = Tmin but continuously extended 
to the other sheet. One can see from(4.38) that U(r) > 0 and hence g<-l(r))2-0 
while g<+l(r) has zero at the single'point 1'h which is a solution of the equation 

rh . ""•.. . .,.~·~·~-~- -~ 

2M= J U(p)dp. To see the b~_!!.avi,or of-(4:42) at l~!ge~ais'tances (r >> Tmiril it 
Tmin ..... ·•" , '· , / 

is usef~l'to note that: tl\e-potential U(w) ( 4:38) for
1
i.J2 > > A + B asymptoti~ally 

coincides with (4.19), (3.19): \ f 
\ ' 
' 1' : ' 

U(r)"' (;~ _ 16,_pi~ (-1~44) 

and consequently, the metric g!±>(r) (4.4~) beha;es for large'r >> l'min as foUJws: 
. ; ' l 

' ' 
, g(±l(r) ,..,·1-2M\± (r~}- 1~1i:)ti2 (4j..t5) 

r \ ; r . ~ :...-~~ 

Both sheets are asymptotically flat. Howe~er, ihe flatness is reached in a diffe~ent 
way .that:one cansee from_the.scalar 9_1Tvature (4.43)at large distances; 

R(4) "' ~(~)4 • R(4) "' ~ 
: (+) · r 2 r ' (-) r 2 '' 

(4.-16) 

This'coincides \Vith wl1at.wehave obtailied·:in~Sertiou 3 .. (3.20),'(3.2-t). Tlw plot 
of R~~)(r) is shown in Fig.2. We see that the spacectiine_has a horizorrlo~at~·d on 
the (+)-sheet at r = Th > Tmin and the whole (.-)-sheet is behind this horizon from 
the point of view of an observer staying at r > 1'h on (+)-sheet. The topology of 
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Fil. 1. The shape ofthe"dilaton;' poterit'ial 'l.l(r,A,B) for: a). A= (u. B := i; 
b). A~ 0.3, ,B ~ 1; c). A= 1, B = 1. - - , - - , ,, ' 
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Fig. 2. The shape' of the 4D scalar curvature R<4>(r) induced by quantum 
corrections for A= 0.1, n:= 1. -
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-_ Fig.3. The t;; const slice of_the extended Schwarzschild space-time deformed by 
qmtntum,cor~~ctioris. It ccm~ist~ ~(t~o asympt~tically fl"a:t (±)-~heets.glued onthe 
hypei~~rface o(c~nstan't ~adi~ p~rameter. r = Tmin· The ~vent horizo~is located : i 
on the hyper~urfac'e ~ = rh of the (+)-sheet:.· -- i ·-l ' -

., ~i •' C'\ 
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Fig.4. The Penrose diagram of. the space-time deformed by quantum corrections 
for A,B > 0. The ~y:mptoticallyflat(+)-r~gion.luis'th~~am~ c;;_usa.iproperties.as 
the classical Schwarzschild solution. It is analytically extended beyond the hyper
surface r = Tmin to the other asymptotically flat (-)-region,:soahat-th{complete 
space-time is free from singularity. 

_I 
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t = const sliCe of the space-time is shownin Fig3. The Pei;;.~~~"cii'igram of the 
space-time can be seen in Fig.4. .. . ·-,~. _ 

It is worth noting that the resulting space-time does not much differ frorrUhat 
of the black hole with the internal de Sitter ·space instead-of sing~i~~ity:·s;;~,-~p-ace
times have been earlier considered in [15] where it has been shown that such a picture 
may occur under the condition that limiting curvature exists and the Schwarzschild 
singularity does not arise. In ca:se of the two-dimensional black holes such solutions 
were considered in a number of papers [16]. · ... , . 

If now w lies in the interval h = (O,B) (or equivalently the radius 7' lies in 
(0,~)), the functionH(w) (4.26) takes.t!!,e form 

-./B 

f!(wL=:; J d: J(B-:-: y2)(A + B- yz), "'"· (4.47) 
w 

where we have chosen the integration constant so that f!(B) = 0. For 0 < w < VB 
we get that fl(w) 2: 0 and f!(O) = +oo. The solution of eq:( 4.31) (with sigri (+)) 
takes the form (4.36) .. For:the pot~ritial U(w) we-'get th'e.exp~ession· (4.38) where 
now f!(w) (and w(€)) is given by ( 4.47). Proceed analogously, wealso can consider 
here the (±)-sheets with the metric g±( r ), respectively: 

ro 

2M 1/ g!±l(r) = -- =t=-'- .. U(p)dp, 
r r 

( 4.48) 
r 

where ro = ~- The curvature is gi~en 'by' ( 4.43)·. The space-time is regular 
at r = To and both sheets are. sewed ~-~t · T = .ro continuously in the same manner 
as above. However, we again obtain the singularity at T ·= 0 since the 4D 's'calar 
curvature in the limit r -> 0 tends to 

(4} 2 • 
R(±)"' rZ [1 =t= e7 A+B]. ( 4.49) 

Thus, for A > 0 th~ general picture is similar. to that we have obtained for 
A = 0: the solution of eq.(4.32) describes two non:connected space-times. The 
first one , located at r 2: T~in, is fre~ from the singularities atid is. asymptotically 
flat, while the second, located in ·'the region 0 $ T $ To,· is singular at T = 0. 
However, only the first space-time has an obvious physical meaning and realizes our 
preliminary assumption that quantum corrections might lead to drastic deformation 
of theSchwarzschild solution· and avoid space-time singul~rity. .. . . . ... 

, ~" ,. : t. L , 

"' -"·'- ... 

5 ... Conclusion 

We have studied the problem of deformation of the Schwarzschild solution due to 
quantum corrections in the approximation when only spherically symmetric excita
til:>ns are taken into account. 
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One of our pr~dictions concefi1s' ih~' behavior ofthe;metrit iurictlon g( T) a.nd' the 
corresponding curvature R(4l(r) .outside the gravitating body, with. the mass M at1 

distances much larger than t,he Planck scale.; T > > a = 4fo: · "• , : 

. 2M;,, 1 ia ' 2 1· ci 4'" · 4 · . 2 ·a '4 · 
g(T):::::1----(-) --(-'); R( l(T):::::-(-). (5.1) 

.•. ··. 17 2 T 8. T, • :.-.. .., - Tz .T '·' •. 

it is worth·: noting that i~is ~xpressio~1 is rather'. universal ·and does 1rioi dep~ri'rl on 
whether gravitational ghosts an(L mati'er contributions are included in 'the c~nsid~ 

· eration or not. One can see' from (5.i) that the space-time outside the gravitating 
body is no more Ricci flat as it follows from the classical Einstein equations, though; 
the s~ala~. ~urvature 'R!4l( T) 'rapidly. te;1ds to z~~o and• becomes too negligibl~ to be 
obse;v~d in preserit gra~it~tiona(e:<pe'rill1e.nts~;. :.: : , .• . ,. ,, .,, ., \ 
. The other important point is the behavior of the space-time near the Schwarzschild 
1 _ . . ' . . . '< ~. \ J ' t , t> , , • • ~ t l . t '• •. • ' i : 

singularity. w~ have shown that quantum co'rrections lead'.to: the'sliift of tlie siii'gu-' 
laritYat T = 0 to the finite dlstaric~ Tmin;"' rp(a~~d'mak~ it smooth~r:)'h~-;~~lar 
curvature R!4l( T) takes the finite value'~f r = T,;.,i~~-so the'~pace!tim~ ibbks reg.ui~flv 

': ·-.t: ,, ii . ' : l. • ·;,< '·' .• ~ 

near this minimal radius and allows the analytic extension'oeyond it. The' complete 
space" time• is free from singularities'• atid consists of two· asymptotically flat slieeis. 
glued.· on hypersurface of. constant radial paraineter T = r ~.'in, so that one sheet is • 
oehind the horizon with respect to an observer staying'' on the·cithei sh'eet. ·.This is 
the result of the deformation of tl1e. Kruskal extet~sim1 of.the classical Schwarzschild 
metric due to quantum corredio{l~. We' se~ 'th~i' ii;~se cc'>rrectiot{s i~~d~ed ·~~~ake ti1~ 
singular classical space-time more regulitr'as it wasorigi;lally ass't;~ned:-: 'i 'i '! ::' 

The method developed can oe applied to the study of the other known classically 
singular solutions of general relativity: the Reissner-Norrstrom !lnd. c~smological 
ones. This work is in progress. · ·'' · · ·· · '· _-·· · , · 

The next problem of interest is ho\v the corrections found may change· the gr~\-r ~ 
itational collap~e. It; is known that the, collapse )n. the classical. Einstein. gravit)' 
ended by.f~rmation' oi the,singul~r.ity .• Probably .our,results ~ea;1 ii1at. .. the real 
singularity is n~t formed and at the end of gravitationa!' collap~e Oii~. obtains the 
regular space-time. However, at the prese~~t ~tage we cat~ n~t .i~~~Ke a;~y definite · 
conclusioi{siri~~'the Ha\vki;1g r:idiation a.t~d its oa.ck-reactio\1 ~eie 'not' taken' lnt:o 
account; The p~evious study of2D black: Jl~les tells us that the ~pace~:tiine ll~inis 
such as T =':;;,;j~•at whiCh the fl"::: 2;a-'modd'lJecomes deg~nerate'(see' cq.(-!.6)) 
are the po~sible pl~~es ·for new 'siitgul;{rities 'to o~ fanned [i7f. This.'p;oolem i1eeds , · 
further investig~tion. . u.;: ;; > ' ,· :·~ :' ' '·.·· . .;-' ' ' ' 

:~l :··L-- f~ -~· ~' t:'. '· 1.''1 
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KasaKoB .D:.IL, CoJio~yiHH C.H: 
0 KBaHTOBOH ~eci>OpMa~H pemeHIDI illBap~II 

. Mhl paccMaTpHBaeM ~e¢opMau;Hio pemeH~: 
TeJibHOCTH BCJie~CTBHe yl!era cq,epHl!eCKH-CH 
Tyau;HH.MeTpHKH H ITOJieH MaTepHH. B STOM C. 

3ii:HmTeHHa pe~yu;HpyeTC51 K sl!>l!>eKTHBHOH ~ 
·u;HH. Mhl HaiWIH, liTO CHHrymipHOCTb lllBap~ 
'KOHel!HhiH p~HYC r min - rpv rne CKaJISip Kpl: 
IJOJIHOe npoCTpaHCTBO-BpeM51 OKa3hiBaeTC51 ] 
aCHMITTOTHl!eCKH ITJIOCKHX JIHCTOB,CKJieeHHhiX 
Horo pa~Hyca. 

Pa6oTa BbiiTOJIHeHa B Jia6opaTopHH Teope 

TipenpHHT Ofu.e,!IHHCHHOro HHCTHryTa SI.!ICPHb: 

Kazakov D.I., Solodukhin S.N. 
On Quantum Deformation of the Schwarzschi 

We consider the deformation of the Sc 
relativity due to spherically symmetric quantt 
the matter fields. In this case, the 4D them; 
reduces to the effective two-dimensional dilate 
Schwarzschild singularity at r= 0 is shifted to 1 
the scalar curvature is finite, so that the space 
of two asymptotically flat sheets glued at the 1 

. The investigation has been performed a 
Physics, JINR. 
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