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· 1 · Introduction.:·· 
I;', 

R~c~ntiy, in a numb~r~fpapers ('~f.· (1]-[5]) thee~iict evahiation of the pha.S~space .path 
integrals was. studied. The (formal) path· integral generalization [1] of Hie Duistennaat
Heckman 16Ca.Iization: for~illa (D H ~fonnula) ·. [6],. [7], was used for this pu~ose ... Due to 
this formula, If M is the compact 2N-dimerisiorial symplectic manifold with the symplectic 
str~cture ~ = f;w;jdx1 A dxi a~d ~amiltonian H aefin~ th? Cirdeaction on· M then ' 

. : ~. : ~ .-, ' f; ! ". " ... :J -

"r~H (~jN~··£: 
1
eH \(detW;j' . 

dH=o.,/det12L' ax•8zJ 

:.< .. (Ll) 
.. ~ ~' 

This ·formula w'as. applied at first. to ihe evaluation ~f.path. integral· in Re~. [8] ~here -
Dirac's operator index was calculated. . ., . . ... ,_. 

This approach turns out to be convenient for a large class of P,roblems [2]-[5] induding 
conceptually m!w, geometric interpretation of supersymmetric theori.es [4] and r~yision of 
two-dimensional YangcMill~ theory (5]. : . ; . : : 
.. The derivationof.(l.l) can be formulated in terms ofsupersymmetry ~hich .. co~;e

sponds to the. equivariant transfoqnations (7] .. Namely,.the r., h. s.: of (L1). c~n :he. 
presented in the .form· . · .... , .•. ,. '·. · 

Zo.= (2~)~·1·elfCzlJde~w~;~2Nx ~(1r~N·l· exp(H(x)·+~w;;Oioi;d~N,x~2No, (1~2)' 
• . M, .. . , , ... , ,M ,. , .... ···,;·· .. , ··.•• ... . 

·~here 'o; are a~xilia~y Gia.Ssmartniah fields corresponded t~· the basic l~fornis. dx', :M is 
the supermailifold associated'with the tangent bundle of M. Withrespect'to o• H dxi·, to 
any differenti~l form i,Jk ·;: w~ ·: dx•' A~.:!\ dx•• on M the moricnniai ~" =·w~ . IJi<;.o•• 

. . 'l·:·'k . '' ... ·.: ·, . : J •• •• • ' ' ' • • '1···'~ ... · 
on M is corresponded. · ' '· · · ' · · · · · · · " '· · . · ' · · · ·· 
' :. Since Ji defin~s (m M a circle actio~ one can construct the ·ffi~tric g;; and the odd 

ftih<;tion. CgaU:ge fermion"} · c • • • • ' · · •. • · 

tj'H ;,/ ek!li;o;;- · · .. ·' · · ·. (1.3) 
l' .. ,; ':· .• ~ ~ .. . t) . 

which are both Lie-invariant._with respect to {k, where 

··~·~' · .r"' .... t· - • 

!heii1' both integrals: (1.2) and 

.. 'e•. :_·an ~
H = 8xiw''. 

·. ~. 

·~~- = JM e~p(H +.~w;j~·-~~ .. ~?diiQH)~~~~o .• 

':. '. 

(1.4) 
~ .. ,.--: ·;, 

"' ' ~' '" 

(1.5) 

'(whe~e J~ = J+i~·is eq~i~fi~nt diff~rent!alal~ng e.k:·~d ~ i~ ~;~u~erica.fp~ramete~fare . 
.invariant .under supersymmetry transformations generated by. the. equivariant differential 

dH.= d+iH: i . . : ... ~·. ·• 'sx£~8~;: ·.·:s;i =/{1. :, ;, . . ,·: ' :,·,; ,- ,;· ;·;(1:6) 
Moreover, the integral (1.5) is ..\-independent. . . 

Taking the limits..\--+ 0 and..\--+ oo we obtain the standard DH-formula (1.1). 

:.-- \(:;,:;;~ti~ii l~i•~r~r1:r -~ 

:(n~~~~;~n~~d~~n~~~'~:J ~ 
_......,~_ .. 
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R~ce~tiy, in a numb~r ofpapers ('~f. [1i-[5]) the e~a~tevahiatimi of the pha.Se space ·pat~ 
integrals was. studied. The. (formal) path' integral generalization [1] of the Duisteimaat- _ 
HeCkman localization for~ula (D H-formula)-_ [ 6], [7]_ was used. for this purpose ... Due to 
this formula if Mis the compact 2N-dimerisiorial symplectic iriai:tifold with the synl.plectic 
str~cture w·= -/;(<}i;dx~ 1\ dxi arid Hamiltonian H <le~n~th?'Cirdeaf~ion on·1tf th:n •- _ 

• • , = ~. _. ~·,, ,- • , ··, ,·.c _,.,., · .~ .· ·.r·- .. ····~·~· _ 

'1' . . H(. N · -c- e_H JdetWij .. " 
, e w) · ·= L:.t- . • --

M dH=o det a~:f/,1 
. ~'' :,. (l.l) 

, This for~ula ~~ ~ ~ppiled at fi;~t·. ~~ t~eev~l~~ti;n ~f path int~~~a( in Iieqs{ ;-here 
Dirac's operator index was calculated. · .: , . . . , , •· 

This approach turns out to be convenient for a large class of P.roblems [2]-[5] inCluding 
conceptually new, geometric interpretation ()f supersymmetric theori,es [4] and .r~yision of 
two-dimensional YangcMills theory [5] .. : ... · , ; : 
. . The. derivationo£,(1.1) .can be formulated in terms ofsupersymmetry whichcorre~ 

sponds to the. equivariant transformations [7] ... Namely,·the r. h. _s.: of (1.1) caube, 
presented in the form • · , .: '· . , . -, : · 

Z~ =·( '· 
1)~, f.elf<xl:J de~wi;~2N x ~ .·( 1)N, 1: ex~(H(x ;·+ ~wi;OiOi)d2~ x~2N 0, ({2) 

. , ,; 27r ._J~ ', .•,· . 7r ,M -" ·'.<·. ·.,, •... :.: ,_-·,,.. ,; ... 

~here FJi are a'uxilia~y Gia.Ssmarinian fields c6rrespcinded tb'' the basic l~f6rms dxi' 'M is 
the supermanifold associated.withthe tangent bundle of M: With respecfto oi·H dxi~ to 
anydifferenti~l f6rm'i.Jk ·::::: w!< ·: dxi1 A~ . .-1\ dxi•~tin. M the monomiai d,li =·w!< . ·oit'.:.oi• . . q~ . . . ·. q~ . 
on M is corresponded. ·.. ·· ·-. ,' ' · · ·'- ;< -

-·~ : 'Sirice Ii defin~s on M a. circle' actio~ one. cim construCt the ·metriC g;; ·and the odd 
fri~<;tion (~gaU:ge fermion"Y · . ·- ·;... , · · .. ' .. · ' - · · · · · . · • · · 

, . . . QH ~'e}i!Ji;Oi,· . '.. .. (1.3) 
' ~ '; 0' • '; :: l: :~ ' ' l 'I ' r 

which are botl1 Lie-invariant :with respect to ek, where 

··."•' 
,r~.·r: ;· f ,. ~ 

:Then; both integrals: (1.2) a~d 

"'·· -. .-t:i.-- '8H -· 
<,u= -Ji 

8xi • 

.. z~ ~ JMe~p(H + ~wij~i~: ~?JuQII)~N.~No: 

(1.4) 
">; $ 

(1.5) 

,_' ,, . ·; •• :- ~· -. ·<--. ·~·<. ,. ' ~ , ... •, .·-.. .- :- :. ~ . ·'J~~::·,. ·:, .~-· . .._ .. 

(where dH = d+iH is equiVadant diff~rent~al along en, and A i~ ~ ntm,leri~al p~ame~er) ~re 
.invariant .under_ supersymmetry transformations generated by. the. equivariant differential 
dH=d+iu:., ·., "·'· 'i_t.·, ;i_:; , ,: · ~ ··.~·;· .. - .·.·, 

"... . ox.-c o, oo -.eH· . .. .. , : . .. .(1.6) . . ' . . ,_ . . .. · .. '. '~ -· . 
Moreover, the integral (1.5) is A -independent. 

Taking the limits A-+ 0 ~nd A-+ oo we obtain the standard DH-formula (1.1). 

' . ~';J;:;~ '~~~.~:~~:;;; -~ 
r-~~ fr- ~H .,r\.!"'7';;:~_, ·\ I; 
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By this reason, further, we will call by DH-supermanifold the one a.Ssociated with 
tangent bundle of a compact manifold which is provided by Ha~ltonian dynamics and 
by Riemannian structure, Lie-invariant with respect to this dyn'amics . · · · 

We will denote by M a supermanifold associated with the tangent bundle of symplectic 
~a~ifold M. · . . . ·· ' ·.. · _ . · _ 

Sine~ any function on M can be interpreted in terms of differential forms on M one 
can formulate the exterior differential calculus· onM in terms offunctions on M~ · 

The derivation of DH~forinula (1.1) presented above was uiedin Ref.[1]-[3] fo~ the 
path integral generalization of DH-formula. For ~his purpose, the formalism developed 
by E. Gozzi et al. for the path integral formulation of classical mechanics [9] is used . In 
this formalism the canonical symplectic structure constructed on the cotangent bundle of 
Misused. 

However, there is the alternative possibility of Hamiltonian description of DH-locali
zation which allows to avoid the introduction of the structure of cotangent bundle of M. 
by using the odd symplectic structure constructed on M [10]. 

. In this work .we will present this approach more completely. 
We will show that M can be provided with the basic objects of BY-formalism [11], 

[12]: the odd symplectic structure nl and the nilpotent 'operator !::.. 
- -Using the ·symplectic structure w on M we define the natural lift of an arbitrary 
Hamiltonian mechanics (H,w,M) <in the certain odd one (QH,nbM)which is defined 
by the oddfunction QH and the odd symplectic structure !11 on M. This odd mechan
ics defines the Lie derivatives of differential forms along ~k· Moreover, it is invariant 
under supersymmetry transformations (1.6) which are generated on the odd symplectic 
structure by the initial Hamiltonian H and by the symplectic structure w. If M is the 
DH-supermanifold then the "gauge fermion" (1.3) plays the role of the additional (odd) .. 
moti~n integral of (QH,ni.M). .. • .. . _·. 

Hence this odd Hamiltonian mechanics gives the natural description of the symmetries 
of the integrals (1.2), (1.5) and, therefore, of the DH-localization. · . 

The existence of.. Riemannian metric on M allow us to construct on M the even 
symplectic structure . . We show that if M is DH-supermanifold then one can construct the 
second, 'even lfamiltonian structure for (QH,ObM). . 

It is interesting to point out that such hi-Hamiltonian systems (with even and odd 
symplectic structures) were studied earlier without any connection with DH-formula. The 
'example of such a system (one-dimeu:;ional supersymmetric Witten's mechanics} was 
present at first by D. Y. Yolkov et al. [13]. Later such systems were studied in more 
details in Ref.[14]-[18]. Particularly, in Ref. [14] such structure was studied for the 
supersymmetric integrable mechanics in terms of "action-angle" variables. In Re£,[15] 
there is the proof, that only a finite number of such hi-Hamiltonian systems for fixed 
even and odd symplectic structures exist. The hi-Hamiltonian systems with even and 
odd symplectic structures on the.superspaces were studied in Ref.[16], arrd on Kahlerian 
supermanifolds in Ref.[17] . In Ref.[18] the procedure of Hamiltonian reductio~?- of such 
systems to complex projeetivesuperspai:es was considered. 

Let us cite also theRef.[19] where it is shown that odd symplectic structure has 
nontrivial geometrical properties with no analogues in the even symplectic structure . 

· But the odd symplectic structure (with the colmected object- operator !::.) is well-

,··. 
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~~ 
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'· 

. . . . 
known. in physics as the basic object of·the covariant quantization formalism for the 
th~~ries with arbitni.ry c~nstraints..:. Bataiili-Yilkovis]{yformalism' (BY~formalis~)Jll], . · 
[12]. BY~formalism is considered now as the background'iri'the coiistrl1i:tion of invariant 
string field theory (c£.[20]). This is the stimulative factor in the investigation of the 
geometry of BY~formalism and the odd symplecti6 structure [21]. _ 

However, the odd symplectiC stru'cture is used iii BY-formalism for the formulation of 
so-called "master equation" which is kit~-em.atic one. .. . _ .. ; . 
· As we noted above, the equivariant localization gives the example of applying of tlie' 

odd symplectii:'~tr~cture for the formu.lation',of iynami~l (Hamiltorii~)eq{iatio~s (the 
existence of Hamiltoniim systems with odd sympleCtic' structimi: was first'pointed out iii . 
[22]). . ' .. ,, 

· ' The paper is organized as follows. · -
·. In-Section 2 we: present the basic properties· of· the, odd symplectic structure and 

operator.!::. and· construct theirs on the supermanifold M associated with the tangent 
bundle of the symplectic manifold·M; . · c ,. 

In Section 3 we map (lift) the arbitrary Hamiltonian mechanics (H,w,M).on the odd 
supersymmetric Hamiltonian mechanics (QH, nb M) and interpret its supersymmetry in 
t~rmsof equivariant transformations: We demonstratethat if M is DH-supermariifold 
then' one can define the even Hamiltonian struCture on it determining the same dynamics 
as (QH,ObM). . . , . .. 

- In Section 4 using the results of the p~evious sections ,we repeat the derivation of 
DH-localization formula. . , . · . _ , _ , . " _ _ . 

For rigorous definitions'and conventions in on Hamiltonian mechanics and symplectic 
geometry, used here we refer to Ref.[23], and Ref.[24] on supergeometry and supefanalyses 

• ·.·'<''.:'.;,·:,A'/·' • ··~·<,~£•:, 'c ,' .'' ;' ;-<~-· '·.~,' •, :., ,-

2 BY-Geometry. 

Odd Poisson bracket( antibracket) offunctions f(z) ~nd g(z)cin thesup~~mau'ifoldis the 
bi-linear differential operation · · · · · . · . · · · .. · ·. ·~ · ' ·• ·' 

.. . ' ' ' -··· 

; L -; ~ •• 

•• ~. . ',· J 

. which s~tisfy the conditions 

8rf . AB ( ) 8,g . 
. {f,gh T.' 8zA !11_, X 8zB . . ·:'(iti) 

i•. ~-

p( {f,gh) = p(J) + p(g) -i- 1 . (grading , condition), 
·{f,gh,;, -(-l)(p(f)+l)(p(g)+l){g,Jh ("antisymffiet~icity"), (2.2) 

·• · •· (-1)(P(i)+l)(p(h}+l}{f,'{g,hhh+cycl.perm.(f,g,h)=0 (Jacobi.; id.), .(2.3) 

wher~ zA, are the local coordi~ates , and: /fr '~~d ,; ~ denote~· rorrespoU:dii1giy •;i~~t a~d _ 
left derivatives .. ::, · ·. . ·' . .· ~- -.:· ' , · · 

•· On the .supermanifold with an equal number .of.eve~ and odd coordinates .the odd 
·. -bracket can be nondegenerate one.· Then ,one. can eorr~sponds to it .the odd ~ymplectic _ 

structure , · : .. · · 
fl~=dzAO(l)ABd~ .. ;. (2.4) 

3 



where n(l)ABnf0 = _sc;:. Locally, the nondegenerate odd Poisson b~acket can be trans
formedto thecanonical forni (22]: 

. · · ·.·- N ("' Ja 9 " a JatY) · Ur l r .. 

{f,g}~':" = L axi aoi- aoi axi ' 
- ·, i=l . " : . 

.(2.5) 

wh~re p(Oi) = p(xi) ~ 1. . . 
It was shown in Re£.[11], (19] that the odd Poisson bracket has not invari<mt volume . 

forms. Hence, if. the supermanifold is provided with the odd bracket (2.1) and with the · 
~- . • . • ~,# . .. . . • • '. •. . '-..< 

volume form 
dv,; ep(z)JlN z (2.6) 

- . .. 

where eP- some integral density, then One Call define On it the odd differential Operator 
of the second order, so called "operator ti." which is invariant under the transformations 
conserving the symplectic structure and the volume form (15]. Its action on the function: 
f(x, 0) is the divergency of the Hamiltonian vector field D 1 = { , fh with the volume 
form (2.6): · · 

· _ 1 . . _ 1 Cn
1
dv 

!::.Pf- -dwpDJ =--d-.-, 
. 2 2 v. 

(2.7) ' 

Whf!re £~/--;-Lie de~ivative along n, 'or in the coordinate form 

1an 1 1 · · 
l::.pf = 2ozA ({zA,Jh) + 2{p,fh = tl.o + 2{p,fh· . (2.8) 

The operator !::. which is used in Batalin-Vilkovisky formalism obeys to th~ Iiilpotency 
' condition . . ' 

- t::.! = 0, ' ·' (2.9) 

which holds if the density p(z) satisfy some conditions. In more det.;,ils the properties of 
· · !::. are considered in Ref. (21]. 

It is known that any supermanifold 'one can associate withsome vector bundle (24] .. 
On the supermanifold associated with the cotangent bundle of any ma:nifold it can be 
constructed the odd symplectic structure (22]. . 

Indeed, let T* M be the cotangent bundle .to the manifold M, xi ar~ the local co
ordinates on M and (xi, Oi) are the corresponding local coordinates on T* M with the 
transition functions . 

,;i.. -ic ) 
X =X X, 

N axi 
- "" 0· oi = L.J 8xi· '~ 

i=l 

(2.10) 

Considering forevery map the. superalgebr~ generated by (xi,Oi) where xi are even and Oi 
are odd, transforming from map to map like (xi, Oi) in the (2.10) we go to supermanifold M 
which is aSsociated to T*M in the coordinates (xi, Oi) . Obviously, on this. supermanifold 
in coordinates (xi' Oi) one can globally define the canonical odd symplectic struCture with: 
the canonical odd _bracket (2.5) . (By the same way one can define an odd Poisson bracket 
on the supermanifold assodated with cotangent bundle of a supermanifold.) 

.. Let us construct an odd. symplectic structure and the operator !::. on the supermanifold 
M associated with the tangent bundle of the symplectic manifold M. 

4 

., 
'~ ~ t 
;!:. 

~ ! 

I ' 

i 
! 

Let 

{/(.) c· )-} - aJ ij·ag 
·. x ,9 x =.-a .w. -a . 

. · x• xJ 
is' the nond,\!gen'erate Poisson bracket ou ]If. 

' Then the function 
' 1 " 

1
1 : ,. '. 

F(z) = -O·w''O· = _:__o•w--01 2 • J 2 ., 
is globally defined on M and satisfy the 'condition 

: {F,Fh = 0. 

Usingthi~ fu~ctio!l_'?ne canmap_any fun~tion f(x)onM toM:. 

f(x)-+ Q,(z) ~ {f(x),P(x,O)h 

· This .map has the follm~ing important prop'erty 

{f(x),g(x)} = {f(x),:£?9 (x,O)}. for 

Then doing the coordinate transformation 

any 

. . 

(x',fi)-:;:> (xi,Oi ~ {~.i,F(z)h)' 

J(x),.g(4 

j._' 

(2.11) ' 

(2.12) 

--(2.13). 

(2.14) .. 

; (2.15} 

(2.16) 

From (2.16) we see that Oi transforms like dxi, then it can be interpreted as'the.ba.Sis 
of l-form on M. Hence, zA =:d· (xi, Oi) plays the role 'of the lo~al coordiitates ~f. the · 
supermanifold associated with tangent bundle of the symplecti2manifold.M: 

An odd sympl~cti~ structure in these coordinates takes the form 
•.. ·. .•.· ., ' ; ••. .' k . •· 

f2I.=W;jdx'·Ad01 +w;j,k01dx Adx1 • (2.17) 
~ . .- ' ' .. ~ . . ' ' 

The-corresponding 'odd Poi.ssori bracket is defined by following basic relations: . . ,·,·_ . ' - - ·,' 

{xi xi} =·0 _ {xi Oi} _ wii {~; Oi} .. _ awij oV 
' . ~ . ' ' 1- ' ' .. : I-; 8xk· ' (2.18}. 

where wii is the matrix of the even Poisson bracket (2.11) on !If. The operator!::. connected 
with it takes the form . · · 

a2 a2 ·· .. , . .. 1 .. k '1 
t::.P = w'' axia()i, + 2w:to aoiaOi + 2{p, · }.. 

-.'I ~ . ~ . . • -. • . c •• • ••• N ,·. • -. ._ •• I 

(2.19) . 
' ~ ' 

It is easy t? check that if 
: ~' .;,; p ,;,kf\:, .{- (2;20) 

' t 

( k is ,an arbitrary numerical COOsta~t)'theri this Op~rator is riiJimte~t ,Of!e: 
.·. ~:: .,;. , ,,": ·~! ·.' • ' ·,, o: • : ·:~ .'', .. ··,,, :,·,· .''._:1 ; ... -~ ~ ', . 

t::,.~F = 0. (2.21) '·' 
·; _i ' ~ ~-~- •• ~ ,-:_ ;-:-. ,·,,)-i;'. ~-. :·.· ;, :~·.}l·:~ ~--··. '·.··. :.·· : ~ ': ··~,,··- ,,.,~ ·.· ,.'' ', ~; ··; :J 

Thus; we provide the supcrin~mifold M _assoCiated with tangent bundle of sympleCtic man-
ifold,)\! with the geometricalstructures of Batalin-Vilkoviskyformalism. As 'we noticed 
in Introduction, such super~~nifold presents in the,Duistermaat-Heckman l~calizati~n 
procedure. .: · .. ~ ··'' .. , .. : .,, · ·'' :.. · 

In the next Section we will study the lift (2.14) of the Hamiltonian mechanics on the 
symplectic manifold.· · ' ' '' · '' '· · · · 
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3 Bi-Hamiltonian Dynamics 

Let the symplectic manifold M isprovided with the.Hamiltonian mechanics ( H ( x ), w, M) , 
where the symplectic structure w defines the nondegeneratePoisson bracket (2.11) on M 
and H(x) is the Hamiltonian on it. • 

Using (2.14), {2.15) let us map this.mechanics on (QH,!l11 M), where 

QH = {H,F}i. {3.1) 

istheodd Hamiltonian ~n M {the mapping of Hamiltonian H on M), and !11 is the odd 
symplectic structure (2.17) on it which defines•the antibracket {2.18). 

It is easy. to seethat the equations of motion of (QH;!l11 M) in terms of (x',O') takes 
the fonn: 

dxi:::: {x',QH}i = ek, 
dt 

dO' . . - = {o' Q J ae· at , H 1 = -!!,.oi · ·ax' · (3.2) 

,This mechanics is supersymmetric one. Indeed, using (2.13) (3.1) and definition of H 
we. see that. H, F, QH form~ the simplest superalgebra: . 

{ H ± F, H ± F}i = ±2QH, 
{H +F,H- Fh = {H±F,QHh ={QH,QHh = 0 

Then; l~tusinte~pret it in terms of differe~tial forms ~n M. 
The following correspondence is obvious one: 

{H, h = {~a~• "~ iH -_ <>.~~r~t<>.r __ £!,~. }~~e.r __ pr«;>~uet 
on' the' vector field eH, 

{3.3) 

. a . . . . .· 
{ F, h .= 0' ax• -+ d - operator · of exterior differentiation, 

{Q, , a ;. "a . .... . h = eH-a . +eH "0 ao· -+ LH '- Lle denvatiVe along eH· 
x' ' ' 

(3.4) 

Using Jacobi identities (2.3) we obtain 

{H, F}i = QH-+ diH + iJ{d = CH- hoiriotopy formula. (3.5) 

As_we see, the supercharge H + F, which defines the supersymmetry transformation 
(1.6), corresponds to the operator of equivariant differentiation. .· . 

Now let us allow that some Riemannian metric g;; is defined on M and e,k is its Killing 
vector.· 
Then the "gauge fermion" (1.3) is the motion integral of the odd mechanics (QH,!ll!M): 

. ,· . . 

C~g = 0- Killing equation: {QH,QH}l =0. 
"; ·' ' 

(3.~) 

Thefun<:_tions F and H commute with Q by the following ~ay: 

{F,QHh = -F2, {H;Q~h ::d H; . (3.7). 

6 . 

\. 

d 
:1 
ij 
I, 

) l 

where. 

H t:i t:i F 1 o• . oi ~· a(g;i~) a(g;keM 
2 = <.H9ii'>H> 2 = -2 W(2)ij ' W(2)ij = a · - a · ·. · • 

· . · .. · · ·: xJ .. x•. 
(3.8) 

It is easy to check~p that the mechanics (H;w, M) and (H2 ,w2 , M) define the same 
Hamiltonian ve~tor field on M {it was shown at first i~ Ref. [3]): 

aH ;; _ aH2 ;; 
ax•w· - ax• w2 • 

Obviously, one can sepa~ate two diffe~ent cases: 

) {3.9) 

i) The case, when these Hamiltonian systems coincides with each other (up to a con
stant multiplier): 

H=·H2, w=w2. 

. Then H, F, QH, QH form the closedsuperalgebra 

{H ±F,H ±F}i = ±2QH,{H ±F,QHh = H=FF, 

{H + F,H- F}i ::d {H ± F,QHh ~·{QH,QHJl == 0. ,_ . . . -

(3.10) 

(3.11) 

It coincides with the superalgebra of 1D Witten's mechanics... . 
In the ,case of path integral generalization (see bel~w) this:"eorresponds to the topo-

logical field theory [2). ' . . 
ii) These Hamiltonian syste!lls are different ones: 

H;-:1 H2, w =f. w2. (3.12) 

Then (H2 ,w2 ,M) d~finesthe second"li~miltonian str~cture. . . · , •· . ·. · 
If the Poisson brackets coi-res{>Onded tow and w2 satisfy the compatibility conditio:n {e .. 

i. if any liii.~~ combination of that satisfy the Jacobi identity) then the initial inechanics· 
(H,w,M) is integrable one. 

Due to M provided with both symplectic and Riemannian structures we can define 
on the supermanifold M the e~en symplectic structure. For this purpose let us consider 
on M the following local1-form: 

Aa = AcaJ;dx' + O'g;;DOi. (3.13) . . . 

_He;~ Aa = A(a);dx' is loc~l,(p~e)~ymplecti~ 1~form o~ M:. 
.:dAa =Wa 1 • 

and '' ~ 

no• ,;ao• +h,oi.ax1, 

where f~1 are Ci:istoffel symbolsfo~·nietries g;j on Af): 
.It is easy to see that the exterior differential of this 1-form is globally defined on M 

and represent~ th~ foliowing sympl~ctic structu~e: . ' . ' . < .•. ·. . 
~. " ~ : , , ' ' • ~ • .. • < - - • ,- • • ' ' •• • - •' • - _r ' : \ • 

- . . , 1 · , . . k I i . . i . 
!la = dAa =.=, 2~w(aJii + R;;kiO 8 )~x Ad~ .+,g;;DO A DO', . (3.14) 
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where .R;jkl--curvature tensor on M (of cou:rse, this is not the unique form of an event 
,symplectic structure .on M).' ·. . ,. , . _ . · . . · .. 

The Poisson bracket· corresponded to this· structure is the following one: . 
. . . ' . 

{f(z),g(z)}a '= V;/(z)(w(a)ii + R;jktBkBI)-IY'jg(z) + ~ orf(~)iio,g(z) 
· · · 2 oB• . oBi ' 

where ik9ki = 6}, 
{). kj{)l 

V'; = {)xi .,...._ f;i_B {)Bk' 

.Let us assume iri (3.13)-'(3.15): a= 0,2, ..Jwo = w, H0 :=H. 

(3~15) .. 

Then it is easy to see that (1-la,fla,M) and (Qu,f!I,M) are defining the same Hamil
tonian-dynamics on M: 

{zA? 7-la}a = {z\ Quh, where 1-la'= Ha + F2, a::, 0, 2 . (3.16) 

Thus, we have shownthat or: theDH~supermanifold there exists the exotic structure of 
hi-Hamiltonian dynamics with even and odd symplectic structures. Such dynamics has 
been considered in Refs.[13]-[18). . . . . . . 

Without l~ss of generality, we can. d~o~~~ in presented constructions the metric g;j by 
such a way that wiiflik = Ii define~ an ahnost complex structure (Ifii,;, -:-5i) which 
is Lie-invariant with respect to ~1 ... In the, case, if i is the .complex structu~e, 'the 
(super)manifolds M and M are Kahlerian ones. Moreover, M is provided by both even 
and odd Kahlerian structures. Bi-Hamiltonian dynamics with eve'nand odd symplectic 
structures and BY-structures on such supermanifolds have been considered in [17),[18).-

. It is obvious that such dynamics includes the integrable systems on the orbits of co..: 
adjoint represent~tion of semi~imple Lie groups (whidi are 'I(iihlerian manifolds)! · ·' ; 

.:,· 

4 Equivariant Localization 
. ~-' 

Now we d~m.onstrate th~ derivation: of D H-for~ul~· ( 1.1) using the constr~ctions presented 
above. . · . . . . · . . . . · · . . . . .. ' · '.. . . 

We can present the integr~l (1.5) in the form 

Z~ = (~1)N JMexp(~·,~.F-~,{~"+F,Qh)a~Nz, (4.1) 
; ·. ' ~; _,-. ~ 

where F and.Q are defined bythe expressions (2.12) , (1:3) and { , h by (2.18). 
The vector fields (3.4) conserve the "volume form" d4N z = (12N x(12N B (or, equivalently, 

l:!ioH =:=== l:!ioF = l:!ioQu = 0). From (3.4), (3.6) we deduce 

{H +F,e(H-F-~{H+F,Q)hh ~ ~' { Q,e<u:-F-~{H+F~~}t)h =:'; 0 .. 
· ... '' ' . I ' .. ' 

Th~refo~e,. th~ integral ( 4.1) is invaria~t under equiv.iria.'rit 'and Lie tra~sformations. along 
~1. Using the definition of operator !:!1 eE7) we can present this fact in the form: • r' ' 

. . ' • · .l:!il!~F(H +F) = l:!iy:...pQ = 0. _' (4.2) . 

./ 
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.. 

\Ve have also 
{Q,Qe(I/-F-.\{H+F,Q}t)h = 0. 

Usi~g th~se expre~sio~s ~~d ·t-he fact that the integral of an equivariantly exact form 
vanishes on the compact manifold we show : 

~~· = ·--rr:L{H+.F,_Q}I'e<H-F-.\{~+F,¢hl~Nz=-

~ ·:1 {H + F, Qe(I/-F-.\{1/+F,Q}t)h~N z + 
7r M 

>. 1 - . ·+ N ··. Q{H + F,e<li-F-.\{li+F,Qhlhd4N z = 0. 
u. M . ' ·.-·. . 

Thus, taking the lii.nits ). ~ 0,) -+ oo and due to 

. 5(i/) :_· _1_ lim· f_).2N d_ etg .. _e-"ekg;ie:lt 
.. . <,.Jl - -rrN .\-oo . . : . ~) . ' 

we obtain the DH-localization formula:· 

Zo = ~-{ e11 Jdetw;id2Nx =lim _l_f e<U-F->.(.11•-F•lldmz = 
{2-rr)N J~f ' ·· ,,_00 -rrN}M . :: , . 

l llc·(, ). ~d · Jd. ·a~kd. 2N ( ) =· e u ~ll y uetw;j et EJi x. 4.3 
M . . X ,. ·. 

The path integral generalization of the presented constructions one can accomplish 
by the lifting it on. the loop space; similarly to [1H3J .For this, we have to consider the 
integral in (1.2) and (4.1) as the path integral over loop space LM with the boundary _ 
conditions on zA: zA(o) = zA(T) and replace the Hamiltoniim.Jl by action sand Iifton 
·the loop space the construction~ obtained in previous Sections: 

T ' -

H ·-+ iS= i1 A;dxi -lldt, where dA ~w, •, · 
0 ' . . 

- T 

F(z) -+ FL(z(t)) = -1 dtw;j(x(t))Bi(t)Bi(t), 

9;j(x)dxidxi -+ 1T dtg;J(x(t))dxi(t)dxi(t), .; , .· 

· • L {T 5d(z(t)) · 5,g(z(t)) ; 
{f(z);g(z)h -+ {f(z(t)),g(z(t))} 1 ~. Jo _dt bzA f!.(I)AB(z(t)) 'bzA , 

where f!(I)AB(z(t)) is defined by (2.18): . 
Then, we get 

~1 -+ ~~ ~ {xi(t),S}f = _.ri- ~k. 
; .· T . ·,. . 

Q. -+ Qs·=. {S,FL}f =.1 dt~~w;~~x~t))~(t); • 

''•c 
Q -+ Qs =:: ·1T dth(~(t))g;j(x(t))B;(t),_ ; ' 

and the argument of 5-function in the last integral in (4.3) manges from ~;I to ~~' i. e. 
the path integral localizes to the ordinary integral over the classical phase space. . 
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5 Conclusion 

We have shown that the ~uperma.nifold of Duisterma.a.t~H~ckma.n localization can be proc 
vided with : · 

:f·, 

1. the structures of Bata.lin-Vilkovisky formalism, na.m~ly,with odd-symplectic struc-
ture and nilpotent operator~; · 

2. the structure of supersymmetric hi-Hamiltonian dynamics with even and odd sym-
plectic structures. _..I 

These structures. allow one. to describe the equva.i-ia.nt localization by_ Hamiltonian way 
without introducing the· additional structure of cotangent bundle of superma.nifold ( as-· 
socia.ted with tangent bundle of ihe initial manifold), and thus - without introilucing the 
additional 4N variables. · 

Using the first structure one can coil.sider the derivation of the degenerate DH-formula. 
(including path integral generalized case) via. BY-formalism·. . · · . 

The second structure gives the example of dynamical application of the odd symplectic 
structure. It establishes the correspondenc~ between initial dynamics and its supersym
metriza.tiqp and gives also the supersymmetriza.tion way for the wide class of integrable 
systems. One can consider this correspondence in a. qu~ntum level too: taking into account· 
_that replacing in path integral generalization of ( 4.1) . . 

. . 

L - L ·. - L {S-F ,Qs}1 -+ {H-P,Qsh 

one obtains the partition function of the supersymmetric dynamics, considered above (the· 
case (3.10), if A-:/: 0, oo . 

Let us notice that the representation of the initial integral in the form {1.2} formally 
coincides to the form of the int~gral from differential forms on a. supermanifold [24] and 
the presented description is a. symmetrical one according to the initial and auxiliary 
coordinates. Thus, it ca.nhe generalized for the super-Hamiltonian systems. · 
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