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1. Following the approaches of refs. (1] and [2] we proposed in [3] ~ 
recipe for constructing quantum doubles (quasi triangular Hopf algebras ofe? 
the special type (4, 5]) associated with invertible solutions of the quantum' 
Yang-Baxter equations (QYBE). Let us briefly recall this procedure. 

It is known [1] that any invertible solution R of QYBE -

Rt2R13Jl23 == R23R13R12 (1) 

naturally generates a bialg~bra T with generators {1, tj} and relations 

R12T1T2 == T21'1Ru, ~(T) == T ® T, e(T) == 1 (2) ~ 

(tii form a matrixT, ~is a coproduct and e a counit). We can now define 
an analogous bialgebra U == {1, .uH by ' 

R12U1U2 == U2UtR12, ~(U) == U ® U, e(U) == 1, (3) 

and introduce a pairing between these two, 

< U11 T2 >== R12, (4) 

as a bilinear map < ·, · >: U ® T-+ K- into the underlying field K. The 
pairing ( 4) proves to be consistent with the bialgebra structure [3] but is, 
as a rule, degenerate. Removing the degeneracy by factoring out so-called 
null hi-ideals [2] allows us to introduce antipodes by the relations 

< S(Ut), T2 >==< Ut, S-1(T2) >== R1l, (5) 

and then establish the quantum-double structure on T ® U using the orig· 
inal Drinfeld recipe [4, 5) 

o:b == L L < S(O:(t)), b(l) >< 0:(3), b(3) > 6(2)0:(2)' (6) 

where 

~2(o:) == L: O:(t) ® 0:(2) ® 0:(3), ~2(b) == L: bet>® bc2> ® bc3>. · (7) · 

In the case (2)-(4) this recipe results in the well known formula 
--~-

RuU1T2 = T2U1R12. 
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However, it is.not-very well known that (8) can·be interpreted .[3] as the 
qua~tum-double cross-multiplication condition as well. ,: 

.In the present paper we develop the method [3] along the following as~ 
pects. Firstly, we change the order of cert~n steps described above: a defi
nition of antipode will now precede the bracketing procedure. This will im~ · 
mediately produce the (R-generated) Hopf algebra., because Resheti.)chin's 
result [6) enables one to iiJtroduce invertible cmtipo<Jes explicitly and so give 
up implicit definitions (5), where th~ invertibility of s was not guaranteed. 
However, after the re!J).oval of degeneracy of<··,· > by abovementioned 
factorization, these two ways lead us to the sariJe quantum double. ·· · 

Secondly, we now understandwhy,the cross-multiplication r~lation (8) 
appears in its final form actually before (and indept:ndeqtly of) any factor
ization. We show that T ® U can be provided with the bialgebra (or the 
Hop£ algebra) structure merely due to appropriate features of the pairing, 
though. degenerate. 
· Therefore, in the present version of_ the method, the qnotienting by null 

hi-ideals does not' look ~o unpredictably dangerous as it does in [2} and [3]. 
Now it can at most trivialize the whole output; To show that 100metimes it . 
does not, we perform the construction of the quantum double for one of the 
4 x 4 R-matrices listed in (7J. The 'resulting Hopf algebra is by no means 
trivial and appears tp be quasitriangular. We assume the corresponding 
universal 'R.-matrix to be a formal power series and evaluate its terms up 
to the fourth order. 

~ ...... .; 
2. Here we are to explain how an antipode can be int,roduced [6] intothe 

R-generated bialgebra T. For generality, let us consider its in]:lomogeneous 
version [3) ( cf. IS, 9, 10]) with generators { 1, t~, E1J (we prefer to di~play 
all the indices): 

oij tm t" - Rmn ti t' E ti - Rmn ti E .fl.mn p. q - pq .n m' P ~ - pq n m' 

d(t~) = ti ® t~, c(t~) = 8~, {9) 

d(Ei)=E;®t~+'l®E;, c(Ei)=O. 

R-matrix is a. solution of QYBE (1): 

R'i R_k Rmn. = Ri* R'm R"' (10) 
lm pn qr lm nr pq • 

Now let us extend this bialgebr~ by the. inverse elements F, (overlining 
a quantity ~.i,ll always mean its inverse): 

.d · ti IJ = Ii tj =: s; . ( u) 
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f~oWirigr~lati~ ~e t~ b~ ~decl tQ;(9)( · ···· , 

~ ·~P":== ~ft~i<'lf·' .. R'mliit: ·= ~:.V·.ti ~ ·, , :f~i2}: 
... ~;F:::~•. , qp ~ tt;' . nq · ~· p ·f!l' m ,_t.,, ., , . ,,.,{ 

, . . . . l~Ep =·.it;! Em t;, .. A(lD = ~ ®11, e(t}l = ~J ~- · · (~~j 
. . , ;· . Further, assum~ t~~ R admits .not. o~ly an. inve~ matri;x;Jl; . ' . ~ i , 

·, 

:' 

• t : .J • z.iii>.~: 
" ,·'' ... _::.,_.. \ . ··. . .. 

: ,. , .bi.i l)mn =' Jl~/ J?mtt =4 G.,~~ 
~~'""pq m"~"" . P 'I·' 

' ' I ' ' :';·...., '. ' ,· \ ',· '" 
0 

,' :'i'''<, .. 
.· 'but also the matrices B Nld R ('tw~ inve!Ut' for R aad Ji, ••p«tiwly): 

'Jl"'i Di• , ,. 'i;mj ~ _ ri ~i 
.. ..,. ""mq := ·<f'sm '""mt - CJP Uf I 

t ' "\ 

.nmj~• _ limf'5i• ·.-. ~ t!i 
.n,m ""mq - '"')II ~9 ~ o; Of· 

· · ·Let· us define the tensors 
·;. 

,. ...... . 
n.- Dmt i = fijm' 

• "i'imi 
l'i'j = .n..;n. ' 

which are inverse to each other; 

This .. can be easily seen frotn 

. Xi nA: _ ri 
u~:u1 - u;. 

jiA: Dil = Rpr Rik 'iii k,m 
, I• '""tq . f• lm"'lm qr t 

' I . , . 
wltich, in tu!'Il; is a direct consequence of QYBE (10). 

In terms of n and IT one can define [6) 2P1 antipode 

·s(t~) = t~, S(t'·> = ni t"'fi'~ J m n J t S(E1) =-~F. 

and its inverse 

(i~) 

.(16) 
> ~. ·, . 

{.7) 

~· 

·.~·· 

(18) 

! \ 

S(t}) =IT~ t:' Oj, S(l}) ~ t},. S(E•) = -S(tf)Ei. (19). 

To confirm the con.:ectness of this definition one can use the following 
relatiotiS: 

'For exampl~, 

nn tm -t• ni 
"m j n = "i' fi" l'!' ti = fi'. 

"'· J n 1 • 

S(t~ l') = S(t~)S(t1) = n.!a t:' ltj li = ltj n~ = c;. 

,' 
a. 

' ',~ 

,.,., .... ?,-, 

. (20) 



Then the cross-multiplication rule (cf. (6)) 

ab = L L << a(t)' b(t) >>< a(3)' b(3) > bma(2) (34) 

establishes the bialgebra. structure on A® B. 
In (32)·i is the unit of B, and <<1 <2 in (33) indicates tha.t <<.- ·, · >>

operation deals with the left multipliers in tensor products; whereas'<: ·, · > 
with the right ones. 

Proof. Fix the bases { ei} in A and { ei} in B. Denoting the struCture 
constants and the pairing tensors ( wlikh a.re in general degenerate) as 
follows, 

lc jlc . i . 
ei e; = cii e~c, A(ei) = fi (e; ® e~c), e(ei) = ei, 1 = E ei, 

eiei = j~elc, A(ei) = c;~c(elc ® ei), e(ei) = Ei, i = ei ei, (35) 
0 i 

< e1
, e; >= "'; , 

0 i 
<< e1,e; >>=X;, · 

. we ma.y list the relations between them which a.re caused by the bia.lgebra. 
structure of A and 8, 

lc m _ m k k Ei _ k Ei _ t:k k _ 
0 cii ckn - cu. c;n, cii - cii - vi , cii ek - ei e1 , 

/,ij/,nk = /,inJ,ik J,!k e = /,~j e = M J,!k Ei = Ei Ek 
n m m n' 1 k 1 k 11 1 ' 

k Jr• _ 1,mn rPf r • ' Ei - 1 cij k - i J j cmp cnq ' ei -

(the sa.me for quantities with a. tilde), by the properties (32), 

mr,-oi _ i j ~n i m _ m n-i mJ-ii _ i jfnm 
"'k m - TJm"'nJic ' "'mCj/•- TJ; TJkCmn' Xk m"- XmXn k ' 

i m _ m "~ iEi _ iEi _ E-i i -
0 

_ i -
0 

_ 0 

XmCjk- X; XkCnm' "'; -X; - ' TJ;€1- x;el- e)' 

and by the relation (33), 

~!} .) 

~ m n nq _ -i n mfpq _ E-i 
0 cmn"'q XpJj - CmnTJpXq i - e). 

Now (34) reads 

i -nip q e e; = r;, epe , 
:,._,..J, 

'TliP - m ~ -i • Jrl lP" 
r jq = "'n cmq ct. Xr i J I . 
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(37) 

(38) 

/ (39) 

- (40) 
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·To be convinced tha.t this makes A ® B a. biitlgebra., we should verify that 
the transition from, 'sa.y, eie;ek to eten can be equally well performed in 
two different wa.ys, which requires 

-niP -nfm t JJ -nit 
- r;q rkn cpm = cjlc rpn. . (41) 

Analogously, ei ei e~c -+ eten implies 

ptP pit /,-mq = /,-ij pPt 
kq pm n p kn' 

~d, a.t last, A(eie;) = A(ei)A(e;) means 

~ Jpq -nnk pmr _ pip =.11: J,kr 
~mn j r pi qs - jq c,l p • 

(42) 

(43) 

All the conditions ( 41 )-( 43) a.re verified by direct, though tedious, calcu
lations with repeated use of (36)-(39). For example, when proving ( 41) 
or (42), the c/ =/fcc relation from (36) is applied twice and cc = cc (or 
f f = f f) ma.ny times, whereas in the case of (43) the key property is (39) 
accompanied by numerous applications of cc = cc and f f = f f. · 

A minor problem is caused by checking the conditions 

' Eip~P = E'8i 
Jq ' q' 

-pip-- 8P ei ;, - e, i' E-, pi, E-i 
ep iq = e;, (44) 

which reflect the properties of unit and counit. Proposition 1 is proved. 
It i~"worth noting a.n alternative form of (40), '1' 

where 

'"mj i . _ -rmi . i 
"in e eJ - .rin eJe ' 

t;mi _ -m p /,qj in - cip .,, n ' 
-rmi _ -m P J,ill 
.Tin - cpi TJq n • 

Formula (45) i~ related to (40) through 

with 

P ip _ -;:>in -romp 
jq - "mi .Tqn ' 

-z;mj - ~ p j,lli 
"in :- cip x, n ' 

-;:>mi '"i• _ '"mi 7>i• _ em c• 
c;. jn "ri - "in c,~i - 0 r 0 n ' 

and, for completeness, 

'C'mi - c~ x' J,ill -rim ~j - -rim -r•i - nn t:8 .r in - pi q n ' .r nj .r ir - .r nj .r ir - 0 r 0 n • 

' 

(45) 

(46) 

(47) 

(48) 

(49) 
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Tbeprindpa.l pt ofthErp~c,position ·~~was _tQ for~ulate 'minint~l' · 
. requirenifints.(33). which yet .sufij~for the .(floss-multiplication recip~ (;M} 

•·. <O to l:,e fruitful. PropertiE:S 9f thfi sticond pa;bing~ << ·, ·>>1 as well as '(~3)i 
(>}::itself,~ motivated'by the a.nticipatiori'·()f an antiJ»de. The following·:·:.~ .. 

. ptc;»position states tbi~ eX-plicitly. ·. ' •. · , . · .· ,,? ·. 

i· 

·. ·. . . ~r.oposition 2. Let A and~ be tlle Hopf ~gebru and l~~ th~)e~ist 
a. p&rlPg. < ·, · >: 8 ® .A ..:.. 1:,. w1th the properttes ,(32) ai;ld, m add1t1on, 

( ' I 

.. 

< S(a),a >=< a,~(a) :>, .' < S(a),a.:>=< a,S(a) >. (50)' 
' ..-', . .., 

. . . . ' { 

Then the rule'(6) makes·A ®Sa Hop£ algebra. · · 
•. 1 Proof: Using the notation -

S(e,) = e[e;,. ~(e,) = tJ{e;, S(ei) = o-{e', -~(e;)= [/e', 

we ~rite down· the -ijopf-algebra properti¢s of A· and 8 as 
. . 

.Jed_ tlr:.J _ c:i .Eiti _ Ei,..i _ r:oi. e-ti _ "',..i =·e · 
U'j' ~k - ~i u-lr - Oi ' . ~~ - .., j -; '.I:J ' i~j - ~·.., j i ' 

lr tm - m t9 tP . l"ij lr _ j,P9 i j 
9ij folr.- Cpq '»i ~i ' J lc qm - · m CTq q'P' 

lc m _ m q P _,ij tk ...:_·•/,pq ti ti 
Cij U1c - CH UiUj 1 Jlc '>om- m "-q~p, 

· _i tr ~"!'" = _i trj,~ = .J. ,..r/,~ = .J ,..rj,!'" ::: Ei.,.. 
C"ar'i..tJi · Cf.a"-• ' . C"nr"'• • <-rn"'• • ~., 

"' (tlle same for quantities 'Yith a tilde), and the 'conditions (50) as ·•. .., 
k ~' - k lc ~· . k ,, ~ = ,~ u, , '~' e~ = 'It e, . 

(~1) 

(52) 

(53). 

(54) 

(55) 

(56) 

The bialgebra part of the proof is already done in the Proposition 1 because 
.. of the following identification: · · 

<<a, a>>=< S(a),·a>, i.e. x1 = 'l'uf =''l~o{ .. 

The conditions (33) are readily checked, 

<<1<2 A( a), .6.(a}_>>1>2=< (S ® id) o A( a), A(a) ;> 

=< mo (S ® id) o A( a), a>= e(a) < i,a >= e(a) e(a). 

So it remains t~.prove that'S(eie;) = S(e;)S(ei), i.e. 
:~.r. . 

,,• p~P o-4 ~· prlc = t~ 5-i 
J9 r '»p •m .. J m ' 

(57) 

8 
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It can be done applyingthe relations from (54) fov times and then, twice, 
(39).. . 

One easily observes that our bialgebras (Hop( al&ebras) T and U in 
Sect.2 fit the above Propositions. This explains the appearance of the 
cross-multiplication relations (8),(31) prior to factorization. The role of 
the latter is to produce ortonormalized bases, 

< ei e. >= '7' _ c~ . 
' J - j - u,-, 

tha.t' enables one to rewrite!(45) in the form of qt.LIIIIic:ooommtativity con
dition {4) 

'RA(x) = .6-'(x)'R, A'= P'o A, P(•S'6) = 6® a (58) 

with the universal 'R-matrix 

'R = e1 ® e'. (59) 

4. The method described in the present paper creates quantum dou
bles out of arbitrary invertible Yang-Baxter R-mafirices taken as an input. 
However, an output (quasitriangular Hopf algebras) mi!bt sometimes ap
pear almost trivial if the factorization involved were 'rude' enough to crash 
down interesting features of original bialgebras. Fort~y, this does not 
necessarily take place. In· (3] ( cf. {2]) it is shown how .s/9(2) is recovered *by 
this method. Another illustration is given oelow. 

Let us take as~ input the R-matrix [11, 12, 7J 

( 

1 q -q q2 ) 
R= 0 1 0 q 

0 0 1 -q 
0 0 0 1 

(60) 

. 
and cpnsider the homogeneous case of the R-generated al~ras (without 
E- and F-generators), assuming the notation 

T=(" b) ·u=(w z). . c d ' y z 

To remove the degeneracy of the pairing (4), we should require 

c = y = 0 , .ad = da = wz = zw = 1 . 

9 
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,. · J'h,e pr~cedur~ d~cribed, in Sect.2 .;esults in the Hop(a,lgebr~ w~h' gener-: ~: ". 
at6rs {1, a, a, b, w, w, $} whose multipliC4tive relatio~ are · '-t;;, 11')\. (,, 

~~ 

,,. 
rt 

' ,., 

i' 
I 
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', 
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... fa,6]='q(a2 -l), Iw~·:r}=q(w,~t), ' "' 

[a,:r) = qa(w- iii), [w, b} = q(a_..:. a)w' f:\ 
(62) 

[b,:r) = q(a + a)x- q(w + w)b; aw = wa, 

and .the cor'tesponding ones for inverse generators; We see that q may be 
absorbed into band x (so we actually uS(l the'fl-matrix given by (60) with 
q = 1 [13]). Denoting also ' · 

a - -D • ·w - e" "' ...... · -·· -~1 _,.._ I ..,- '\'! , (63} 

we eventually come to 

( 
e9 b ) ( e" -'V ) 

. T = 0 e-g ' U = · 0 e-" · 
The elements of these matrices form the-Hopf algebra 
I • • • 

(g, b) = [h, b) = eJ - e-9 , [g, v) = [h1v]= ,e,-h - e'", 

[b,v) =(e.'+ e-9 )v + (e" + e~")b, [g, h] = 0, 

"'· ~(b)= e• ® b + b ® ~-·, ~(~) =:= e" ® v +v ® e-" 1 (64) . 

~(g)= g ® 1 + 1 ® g, ~(h)= h ® 1 + 1 ® h, S*1(g) = -9, 

S*1(h) = -h, S*1(b) = -b± eJ q:: e-9 , S*1(v) = -v =t= e" ± e-". 

The pairing relations are the following: 

< 1,1 >=< h,b >=< v,g >= 1 1 < v,·b >= -1, · 
'-~ ' 

< 1,6 >=< 1,g >=< h,.l >=< v,1 >=< h,g >=0 .. _ (65) 

By construction, the Hopf algebra (64) has to be a quantum double. 
So,it should possess a universal 'R.-matrix. Assuming exponential Ansatz, 
we can write down several terms of its formal power expansion in g and h: 

r·.r.. 
If.'' 
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'R. = exp{g ® v + b ® h . 

-i'(g ® hvh.+ ghg ® h+ g2 ® (hv + vh) + (gb + bg) ® h2)+ ... }, (66) .· 

wher~ discarded terms are of the' fifth order in g and h. To check (58) and 
the quasitriangularity conditions · 

. (~ ® id)'R. = 'R.t3R23, (id ® .6:)'R = 'R.t3'R.u 
1- (67) . 

fo,r the n.~matrix {66), the prograiD FORM [14) has h~n essentially used. 
A detailed study of this and other R-generated ~uasitriangular Uopf

algebras is a subject of further investigations. 

I am grateful to L.Avd~v, A.Isaev and P.Pyatov for stimulating dis
··cussions. 
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BJIMHMHpoB A.A. 
06 a.n:re6pax XomiJa, nopo::KJJ;eHHHX R-MaTPH~MH 
51ura - ~aKCTepa 

E2-93-34 

flepeciJopMyJIHpoBaH HeAaBHO UpcmiiO)KeHHHi aBTOpoM MeTO~, U03Borui
IOIIUii CTpoHTb KBa3HTpeyi'OJibHHe a.n:re6pH Xoncfla THUa «KBaHTOBHA ~y6JI:&»o 
ua ocuose MaTpHliHHX pemeuHi KBaHTOsoro ypaBHeHHJI 51ura - BaKCTepa. B 
HOBOi sepcHH MeTO~a CTaHOBHTCJI JICHee ero aJire6paullecKa11 CTpyKTypa. B 
KalleCTBe HJIJIIOCTpaxum BOSMO)KHOCTeii M:ero~a nOCTpoeu HOBHi npHMep 
KBa3HTpeyroJibHOH aJire6pH Xon~ H npHBe~eHO BH~eHHe (B B~e cfloPMaJUt
HOro p~a) AJijl COOTBeTCTByiO:m;eA: JHHBepca.n:bHOA R-MaTpH~. 

Pa6oTa BHnonueua B Jla6oparopHH TeopeTHllecKoii cflH3HKH OM51M. 

flpenpHHT 06J.eAHHeHHOI'O HHCTH1)'1'8 ll,llepHhiX HCCJie,IIOBaHHA. ,lzy6Ha, 1993 

Vladimirov A.A .. 
On the Hopf Algebras Generated by the 
Yang- Baxter R-Matrices 

E2-93-34 

We reformulate the method recently proposed for constructing 
quasi triangular Hopf algebras of the quantum-double type from the R-matrices 
obeying the Yang- Baxter equations. Underlying algebraic structures of the 
method are elucidated and an illustration of its facilities is given. The latter 
produces an example of a new quasitriangular Hopf algebra. The corresponding 
universal R-matrix is presented as a formal power series. 

The investigation has been performed at the Laboratory of Theoretical 
Physics, JINR. 
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