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INTRODUCTION: 
J • ~ 

· · /W~lson formulate-d--the~ lattic~ ·appm~di t; the QED· [1]. I~· . 
the .present w.ork, we derive the~ lattice' spinor- QED Hamil
tonian, starting with the continuous time mbdification of -the 
Wilson's approach that'wasgiven by Kogut and Susskind [2] 
(Sec. I). . . ·. . . . . _ · __ _ _ · · · · .. · 
. _· Almost· all_ t~xtbooks_ (see, for. instance,. [3:.6]) and many 

works use the -~ontinuous space approach to the QED, so· it _ 
seems. to_ be' quite mit ural and necessary' to supplement cmr. 
deriyation by at least a short qescripion o'r the continuous space 
QED Hamiltonian.(see Sec. II utitil ite~ 2~3.)~' . · _ .. · .. 

· · .. Initems.2~3 . .:.2~3.6.1. weconipare the lattice and continu
ous space appr(;aches to th~ QED and tiy to'suhstantiate our . 
opinion that·· the. lattice _approach is _obviously; prefer~ble. ·-·In . · 
particular, it· is ihipossible. to'construct a contir),'uolis -... 
space QED lianiiltoniari:whichis conipatible.with:the··· -

. condition of gauge ihvariance (iteius 2.3.1~2). .· ' ' '. . 
. · We st~te·t_hat howevero11echooses 'the'latt~ce ... _.. . . _ .. 

Lagrringe function sothat to ensure its' correspondence with . 
tile continuous· space approach Lag~a7tgian· ~ such a correspon- "' 
·deuce, 'in fact, .'is _rather problematic (item 2:3.3.0.). ·. __ 

· Papers [7 ~8] ·prove un,bo~ndedne~s Jr<nn belC?w of the spinor .. 
. QED Hamiltonian _._ :But. these papers use the continuous 

· · space approach to QED .,Thus, the :consid~ration of thes-e ·pa
. pers is not perfect· from'the point of view of gauge in variance 
· (see Heins· 2~3.2. and 2.3.3.1). ·Lattice consideration of QE.l), 
which is irrepioachabiy. gauge invariant, does-not confirm the 

- result of works [7-8)~ . ' .. 
. In Summary we list the virtues of our derivation of the lat

tice .QED Hamiltonian as compared witli the continuous space 
QED Hamiltonian derivations we know [3::6]. ~ _. , 

: In Appendix y;e give a new deriVa.tion of the lattice QED 
Hamiltonian, different· from that given in Sec.I. · 

' ..... -- ) ' . ' .. ~ ' - ~~. 
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Co~cerrih~g .oui~notation. Il1 Sec; ·· II.we'coil.sider the · 
continuous space QED in a·perioilicity 'cube V-= ~3 so -that _ 
the field variables depend 011. the continuous coordinate :X = 
(xhx2,'~3);0< x~_::; L,s i,2,3.- '~ .- . · , -·. ".. .. . _ 

Iil Sec.I, we consider the lattice QED: X. ·. aJ~ X$ = ajs,is ~ -· 
1,·2, ~~., M, s --1, 2,~, L =aM: here ais the)atticE:dengtlL We 
denote our Jattice by R,. · · ..; · · · ·· ·· 

Three-compon:etit vectois are denoted by boldface letters,. 
for instance, in Se_c.II ihe·sp~tialpaits oL the basic vector po
tentials ar~ denoted by -A __ -.. A(x)_ . (At, A2, A3) and,~-_ 

:-:B(x) = (!Ju B2 /B3). ·Note -that iii Sec.I 'the spatial compo-: 
nents ofthe veCtor pntential!' are-d{moted-:by (1-2].A~(j,r-+: 8) 
and.l]s(j,J+ 8)~ 8 ;: 1~2,?,--here·.s ~~the. unit vector in tb,e 
direction of thes~th axis, ·and .. the sca:lar·pOtential is'denoted _ · 
b- A(")~ : . -· . - . . .. -- . - . / . -_- - ·: .- .-- . 

y 0 J ' ., ·. .- ., . . ·,•'. '. ' . --
' We-·do~omit the time"argument t .of the potentials 

A", P,, ~ _1,2, 3,4- and sp_inor:_ function 1/J. Analogously,-
.: we 'oinit·almost everywhere the time arguments t_and 

to of· the functions:Bs;B!r,B~~ng~·s<. ·1,2,3,:1/JJ./1/J2, ~nd· 
the time arguments· of continuous space: and_ lat'tice 

'Fourier COtTiponents -q(k, x,'t, to),k i O,q(Ii, ,\,t, ~o)~n'tf Q 
and q(O, t, t0) (the la~t quantity isthe zero momentum 
mode (9]): of th~ fu~ction :s. ' ., ,' : ' \ ' - - ' ' . ;> ' 
, ·Dot· d(motes'the differentiati(mwith 'respect to· the time,-

' 0 " --- ·_ .·• _· • - _-.. • ':: •,• 8 . . > .·._., ___ _;..:. '., . '_--' .. ," . 

X4 ' it, A4·' i_Ao._ 'fhederivat~v~s: aq(n; ,\)~ ~re ;USual partial' 

derivatives, qefim!d by the condition . -· · - · ·.. - ... . ·. 

. 8 .... , 8 · .. ' 
la (n ,\) ,_1/1] fa (~A) ·,if]. =O, 

q ' ,p - ' . q ,, .. "'' ' 

see eqs. (Ll4); (1.16) and (A2~A4). · ·· - ~ '". > 
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Sec.I~ DEltiVATION ·oFTHE:LATTICE-QED 
HAMILTONIAN . . . 

We ~t~r-t with the Lagrangefunction (l:1}(1.2d) wher~ the . 
term U(A), eq. (1.2b), is chosen simpler than the-correspond.:.· 
ing,term of the~agrange function in p~pers [1-2}, [10~1?1· The 
Lagrange function (1.1)-(1.2d), unlike the Lagrange function · 
[1:-2], [19.:12}, is not perio_dical in variables B.s(j,j+-8)); instead, · _ 
it is more ·easy to. handle. :In order to get the Hamiltonian:: · 

- that'gi~es the Lagrange function [1-2), [10-i2] one has only ~o . 
- calculate anew inour Hamiltonian , eqs. (13:..16),, the :terin 
'Hoph,I(pot), eq~_ (Li4). .. · .. · . . . . . . ·· . · .. 

Introducing new variables via A 0 . dependent gauge transfor- ·. 
.. n~atiou (the De-Witt gauge transform), eq: . (1.4); we express . 
/ th'e. ~agrange f';lnctio~ irr.terms of ~hese".~iables, eq .. (1.6).· ~ 
· Th1s way represented, the. Lagrange funct10ndepends. not only 
· on the time derivative ofthe longitudinal potential; but also on 

· . this potential itself. A riew change of the spino.i field variable~ 
· ·_-;.. __ eq: (1.9), cr . .[4], Chapter,12, eq. (110), enables us toget the 

representation (1.10) 'of tne Lagrange furiction.- This represen
tation does not contain explicit dependence on the longitudinal. 
potei:ttia.I itself, it 'depends onlyon the .time derivative.of this 
potential. Then; the _straightforward st~dard procedure gives 
at once the expression (1.13)-of thelattice QED'Hamilt_onia.:ll 
HqED,l~ Note that ~his expressio~ depends on~y on the deriva.:.: 
tives with respect to"the lopgitudin~ potential variables, but. 
not on these variables theinsehres. ': ' .. . . . 

·In App~ndix we give, starting with the representation (1.6) 
of the Lagrange function, another derivation oft he 'same Hamil->- · 
tonian. . .. · · · : . . · · 

~-

. The lattice QED is defined on the spatial lattice ·R, see 
Introduction·. · · 
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I. 

The L~grange fund ion of·ti~c spinor l~ttic~ QED is [1], .[2] · 
• .. • ? 

L(A, Ao, 1/J( T(A.+ g) -(((.t\}~J?( 1/i, A)~ D4( ~'A~), ~(1_~1) 
' ' ,' : ' '•· ' ' · .. , .. - - '- '- ' - .6.(~) 

g = (g1~g2,g3).; ;gs(j,j+.5) · [Ao(j+s)-'-Ati(j)]!a =---Ao(j). . . . . . . . . a - : .. · 
(1.1a)-

. . .- ~· l ·.. ' -. - . ' . . . 

Here,· .6.( s) is the f!_!iitc differehcc operator: 'for· any 'function 
«<>(j): one has .6.(s)<D(j) . <I>(l+ .sr~ <I>(j) and s is ·the unit 

~ector_ ,in the dir~~ti~n-oi 'the s-t4.ca~s.: For~~ allY, .6.( ,gy -4 a' a ' . 
_ a x; 

as a -4 0. · ,_,. -::: . · 
.Ndw -we d~fine the.tet>ms in tl{e-r:h.s;- of e'q. (L1): 

'T(~f' r~s : .. L: '; ·zs(j,j +i)2
, .· ,' ·(f.2a}' 

' ' .2' ' .' ' ' - ' ' - · j,s;.ieR,s=l,2,3 · :· . 
:·' ·, ~' ·.•· . . ;,- ' , __ \ '· - ' 

. U(A) a
3 lJ[~CrYA8 (j~J+-s}:- __ >.6.(s)Ar(J~j+f)f~, :_ (L2_b) 

- 4 . · a -· . . .a . -_.- . , . 
. ' ,. 'j;,,~<-· ·_ --~· ·: ., :~;~ . ' ,: .>~.. . :',. -.-

D4c~: A4) --.~a Sv,(j)~[~/~x4 '·_-·ie!!~O)]~~j), · (1.2c) 

' 
- :A 

_D( 1/J,'A) .. 'a3 ,L(E (l/J(j_)*~4/81/'(j +s)e-iea:t,(j,:j~i) .. 
' - ,' . -j . ~8=1,2,3 ' ' . -

-'-1/J(J + s)*/4/s~J(j)eieaA,(j,}t-s)}/(2a}-{ n~l/J(j)*74~(j)l• .. (.1.2d) 

· l. '"fhe L~grange function (i.1), (l.la)~ (1.2a~d) is invariant_ 
· under gauge transforma:tions< . · ·· . . . · 

:,;,_. .. -.~ >' ' ' . 

Ao(j) ~ Ao(j) _: 8'A(j~t)f8t~. 7/J(j) -41/J(j)eie,\(j,t), - ... 
' -

A;(j;j+ s} -4:A
3
(j;j ·~· s}+ &(s)>..(j;t), -

- -- ~~ - , - .a . . . 

~ ~~. 

(1.3) 

·. 

4 

I _,_ 
>. ... : 

•. 
~ 

/ I / 

. h~re ,\(j,i),j E-ll a.rea.rbitra.ry contin:uous(d. ·item 2~3.1) real 
functions cif the time. . . . . .· -. _ .. . · 

Let· .us take any' value· of_ t 0 . and introduce the functions. 
~ = (B~, Bz,, B3), ljJ1 and A yiathe formula · 

. . Aij) A(j,C to) ··j .. t ~o(j, r)dr, 
,. .. t 
~ 0 

' ljJ(j, t) _ · -~J(j) = 1J1t (j)e~ie~q> = V'I (j; t, t;);-ieA(j,t,to), _ 

: ~s(J,Jt .s) . :aso,j +.J, t, to) ~s(j,j + s), + .6.(s) ll(J). · (1.4) 
- - ... ··. . . . . . a 

. :-1.1. .OI;e call check .that iLti1e potentials Afl.,/.t = 1,2,"3,4 
· an~. functioii 1/J . U!_l&~rgo. the . transform~timi ( 1.3), then: the· 
... quantities B 3 , s = 1, 2, :l and 7/J1 undergo the tni.nsformatioiL - -....._ ··.·-· ·. . . . ·. .-. . ' _; -· . . . 

· B~(j~j~.sr~'n;(j,J+]) + ~(s) >..-(j, to< 
.. . ·.. . .- ·- . - - . ---;_. ·a , 

· 1'1 (jj -4 ·~1 (j)ei.eAU,!o). \ · .. - . - (1.5) 
' .:. ' ' ·, ' ·. ' \' 

1.2 .. Equation ( 1.4) gives the t_rausformation oLthe vari-< 
, abies 7,b, A~,Ao :-+ V'1, B, 9· This.transforrnation belongs to tlie 

class.<of transform~tions (1.3) with· >..(j, t) .. · A(j, t, t0).- This 
·fact enables one to easily.express the·Lagningefunction.(1.1)-
_(1.2dfin'te_rm~- of the quantitiesB3! s ·. 1~ 2, 3, and ljJ1: ·~ 

~ L(A,A0;1/J)- L{H,O,?pi) - £1 

.···. T(B)- U(B)- D(1/J1,B). ~-D4(Wh0). 
. ' ' . . . . . 

. (L6) 

As far as we know, this chaJ1ge of the ~variables descends from · 
ref. [1'3]; it reflects the well-:known fact that among the four 
components A,, p = 1, 2, 3; 4, of the vector 'potential the_re are 
only three essentially ii1dependent (unctions. In orderto-over-. 
come this point, one usually iniposes some restriction on)he 

' . 

/' 
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fut1dionsil1L·,_ for in~t;wcc/D1tAi, == o a..i1d, ~hu~,fixes'th_e ga.uge,: -
cL [3-4]. This_ way on.e destroys the manifest gaug~jrwa1·iarl,~e. 
of the· _considemti01~: ·Our coitsideration, · o1t the cor~tm1·y, is 
gauge inva1'iant throughout.· _. -· - ·- - , _ _ . -

_ Now we introdu-ce theJattke. Fouri~rrepresentation ofthe 
vector function B and function~A.(j, to):~: - -

. ' ~ .. -- " - - / - . 

B ·_·. Btr +Blong'&-q(O)//V, 

Btr(j j+s)-- . ~ _-_.;··e(n X-)- q,(-~n A.)Fc~::;;/VV·J~: -- e2ii/J~.-
_ s ' - • . -- b . _ _ .. '_ _s _ ' . _ - ·- - ' ·- . _ , 

" ~/O,nEll,X=l,2 ---- - .. _- - - _ . 

· B!0~9 (j:j+·~~) =. E .e(n:3)sq(n,3)}:(u.j)JyY,_ . 
. - ·; n#:O,nER - . . _ . . . . ~ 

e(n~ ~1)*: e(n; ,\2) . - 8xi,.\2c; - 'et n,~A.)*· . e( ..::.n, A.), 

e(n,3)8 - (Fn:·_I)/NCn)J . N~2 (.ll)- -~I;- 2(1~cos(~7rrts/f\!)], 
. . - . . - . . - -· '.. - --.,=1,2;3 . . -- - - > 

'. - ,' (1 7) . - ' ~ . ' 

· · A(j, to), t~(~,!o)F(n·j)/v'V. (L; a) ... 
'nER 

;_ (1.7b) 
One has 

Blong(' •. _;.;_~(--) , _. 
s . .- J,J +s) _, __ .<; -f- (')-. : 

- . a J ,, -~ .. 

'-

f(j) ' a E q( n, 3)F(n,j) -. 

. n~b,nER N(n)W . 
. . (1.8) 

_,. 

--
'6' 

"' 

L2.1. Equations (L2,a) a.nd (1.7) give .• .,-,:_· 

·1 ._-. __ :T(B)= ~{4(0)2 +" E· q(n,.A.)q(_:_n;..\)}.' __ ·(L?a): 

t 
I·-

l ,. 

I 
I 

. j 

I 
l 

· · · nER,.\:;:l,2,3;n/O 
f -- ~ , -- ·· .. ' 

.1.3;Introduchl~ Jt ~~w spinqr variable 1/J'll. .. _ .. 

·. · ~.·, 1/!1 CJ) ... 1/;2(j)ei~J(.i)_, (1.9) 

mie can -exp.ress the Lagrange functimdn. terms of the variables 
q(n;.X}, n~ 0, q(O)and1/;z: .· .•. · .. · . .· · . -- ·.. . . . ~. · ·~ 

- / - . ~ - . ' ' 

L{B,O, ~bl} . £2 - ; 11::-U(Btr)~ D( VJ2, atrfq(O)/v'V)~1)4( 1/li~·O)l 
; ' - -· 1 .... • • • - - ~ • -

c. ~-. ·"" 1 ~ . · ·.·· -_ / - · ~ep(n). ;-., 
Ti= L:-.[2 ~ q(n,..\)q(-n,,\)-q(n,3)N(t1' h;"]. 

n:IO,nER X-1,2,3 . _ -
~ 1.·. ·,. . ' . . .. .. . •. . . 

· · +-q(0)2, , p(n)_ = a3 LtP2(j)*t/J2(j)F(n·j).. - · (1.10) 
'· 2 ·- ' . •. ·. jeR 

Here, we ha~e-us~d the formulas-

· U(B}:- 'u(Bt) and D(1/;I,B)·= D(1/;2 ,Btr +c:i(O)/W), 
- . - ·-- ~~- - ,_ . . - -· ' ' -· --

T(B) +D~(~I,of T1 +'D4( 'l/i2, 0). -~ 
L4 .. Now the stan dare} :reciped3) 

--;,: . 

(I. lOa) 

p;(n, A) a-~~';.\) ; 1r,(j) ~ ~:£(·)' r = 1,2,,' 
. , q ' - y,, . . .. r J 

.· Hr .· LPr(n', ,\)q(n, ..\)+ L 7rr(j)tPr{j) ~ Ln {1.11) 
n,-\ · 'j _ 

enabl~s one to conipare the classicallatti<;~ spinor QED Hamil.:. 
tonian to 'each of the Lagrange functions {1.6) and (1.10) . 

-· . 

7 



'·" ;. 

-- -__ --_- .. -- ·-- -·a- > - - , - -

-Putting here 1' = 2, Jh_( n_ ; >.):----- .'-ia-( · · ) __ ,' expressingcq(n, ~\) · 
.. -- , - -- -· - - q n .,\ .l. _ - - _ · 

- . - - ' ' ' ' ' y17, 

interllls ofp2(l1, A)-~uid 1/12 aild hnposiiig. the COffi.I,IlUtatiori re-. -__ 
lation -• · -.- · · · _ : :. -· · -- - · · _- ·-- -. - - - __ -- · . ·: ·.·. · · 

- ¢;Ud?/Ji02) +7P;02)7/J2(fi)- · .o.it..i~/a3 ~ •. · • (i:l2) 
·one gets the q~antum·Iatti~e--QED Ilain_iltmiiai~- ·~· ' ·: 

. - : ·- . -- - . . ,./ - . . . •. ' < -. 

. - HqED;l'- Ifoph,l +·D( 1/;2, Btr + q(O)/\('V).+ llc,l- -

--· ·•· ; ·. ·.- ~: -· ·r. ·a:· 
2 

'> ~ :> >~ :> :::...:...";· _ . : < · 
. . - - _. . :-2( a (0)) +11/ong,l•: ; :._. i_ ' ; • (1.13) --

. q .· -: .:. . -, ·--
I~ere; tl}e HamiltoniaJ{ lfoph;l describesftee 'transversal photons. 
on th{dattice . . '--,_ - - - . . . ' 

' -.. ' '-
-_ -· ___ ·---····r -- __ -_ · -a-_ ;··-a _ "--

- H~p~,r :.2 ··--E . : ·_ L .a (n ;..)· a -c~il ;..) \ 
. _ ti/O,nER,>.=l;2 . q ' -·•. 1h q -. ,. ' . V12 

, . .,.-. . . . . ' ~ ·: .-~ 

. . N·. 2(. -n\)·_ -.. -_._.- · ___ " . _~( __ • · __ - •· ' ' _-•. _:--_ < -~. - -: __ -·- ·_.. . -- ·- '-' 
+ ~2 q(n, X)q(-~,_>.)L '!1o;h,1(ki1~)+ Hoph,l(pot},, . (~."14) . 

the term 'He 1 is .til~ lattic~ C~uiomb Ilamiltonian, 
) ' ' .. : -- : . -~ . - ·_ ... / . . . - '. .. : ·. . - .-_-.- :· - ' ,: ·-· . _:---· 

H· .. e:a2 . v:' ;. p(n)p(-n) ':. . . (L15) 
c,l · ·-. 2V ·· _L-t.. . N 2(n)< ·' · ·· ------~- ,.- - · 

. n;l:O,nER- .; • · · · , . . . . 

' 
the Hamiltoni~n D(V;2 , Btrfq(O)/VV)·correspond~'tdthe part 
If of + If1-: + Ifp1 of tlie Hami1tonia1i (2.2) ::· ·. ~·, .. : ~,. . . ·_ 

. The longitudinal Hamiltonian-. .fho~u,l is·· 
. .·' .* 

.. 1_.5.- We stat~ that-'the'.Hamiltonia1J-·{i.-13j:-{1.16) fs gauge 
·i1waria11.t. 'Actually, it follows froni 'eqs .. (1.3), (1.5) and (L7~9} 
that if the potentials AJJ., J.L-= 1 ~ 2, 3, 4, and the fun~tion 7/J un
dergo gauge transformation (1.3), then the.variables q(n~ >.);q(o: 
and ¢2 u~dergo thetransformation . ·. ~ "'" . 

. - - . _.., .. ......- . ...:..:...:._: 

- q(n, >.) ~ q(ri,>.), >. = 1, 2, q(n, 3) ~ q(ri, 3)+ - ·. . ' ' ' - ' . -, 

·· _+l(n, to)N(n)/a; · q(O) ~ q(O),: -1/J2 ~-7fJ2eiel(o,t~~lvY .. - · 
. . .· ' . . . .· ' . . . . . ·-... . . . . .· .. --. . (1.17)' 

~Equations (i-.10)-(1:1 7) pr'cive the:st.atement of-this ·item. · 
.. -·'t.6. Note>alsothat -the Euier-Lagrange equations that ¥e · 
~iv~n by the Lagrange function (l.l)do.not~coincide with tho,se 

... given b:y: theLagrange·ftiiiction (~:6). Let us define the q~antity 
X(j,A:,Ao,~) as · · : ·. ~-.- . · · ./ ·· 
. -, .- ,. • -- . • .- I ' I . • -.. -_ 

X -~ x' ·c·. 'A- . -' )' . ·'V'- ~( ~s) ·La·. c· · .. 'A).. ~"(s) '(")] . = _J, ,Ao,¢ = £.· ... .. _._-aAsJ,J+s+~AoJ -- .. ·· .. · , , a t . ··.·· . a _ . 
• ' . 8=1,2,3 - .. - . .· . ' ... 

• ' . 't ' 

-' 
_. -elfi*(j)~(j). 

. . \. " . " ·- . -.- - . . . . . . ' ., ~. . . ' . - ' . 
··.The (only} difference is that while the Lagrange ftinction, 

!' L (1.1)-giv~s equation X~ o,~the Lagrange<function (1.6) gives·; 
J · - equation:Y = 8X(j, B,.q, ~l)/8t .· 0~ First _of~these tw.o equa-. · 
f.:· .. tions(the well-known· QED Gauss law) enta.ils.theequality .· · 
1··-
1 -

. j·: 
( 

~~; 

! 

_ L~*Cj)~(j) -. 9-ite#-~= · 
jER 

,_ 

,~ : _~: . - - -_ ' ·: .- ·. ,_ :. • .·- . • ' • "- ! 

• . _.-· F _ 8 .:. · .a _.· -:·_·iaep( ~n) -~ ·a · · J. . 
JI,,.u,l = ,· L [-:z 8q(n,3)~, 8q(-n,~),); N(":l0r 8q(n, 3)~, • . 

n;l:O,nER . · · .; _ _:.: .. ·. ,_:· . ·- :_.· ·· .. (l.16) 

th~totalcharge of the Uniyerse equals zero~ Butthe suni here 
is posit~ye .. Thus, wefeelthat·this statement looks·strangeand 
dubious. The second equation, Y _ 0, is free from this weak; 
in our opinion, point (it_entails only the conservation of the 

~ y: 
-. -~,- ·: -\.. ~ 

total.ch~rge oft_lieUiiiye~s~): . - . · 

~- 8 9 
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se·c •. ·II. c'QNTINUCHJS SP~CE QED IN A' PERI:- · 
ODICITY CUBE~ 1\tlAIN FORMULAE ANDCRITI~" cisM· · . . . ' . - · ·.. . · . . -'· . . 

'Tli~- continuous spa:ce spinor1 QED is determin~d- oy· the. 
- "' ~ ., . - .· ; - ' . , - -Lagrang!an ., · · · 

. . .. ,·. . . 2 . ' . .. ·. ~ : .· ... 

./ 
:. _, 

'· ·0 
,,· I' 

I ..,_,.~/ 

./ . \ I.-', 

· given.byeg.~'(i.l;l) '\vher~; how_e;Vei;,onc futs t9 su-bstitute kand 
~ lk!Jor~nandN(il)/a and_change_ the sunnnation region. The 
. smiunatimi variable k accepts ·values k _.· 21rnjL, the com-
. ponents of the v~ctor n are ,iilteger. . This . time tlie1·e is no· 

1'est1·ietion n E· R. . · · . · ,~ · ·· : · ·. ._· ... -·· · .· · - ·· · 
. / The Hamiltoni~Ii II01 describe-s free fennions ( electron.s a~id · 
-positrons), " · ! · - ·; · / £ = -(8/LAv _.: Pt'AIL) /4 ~ 1,b~]4[:r,,(a/L . ..:. ieA~) _+ nl,]_?f;~ (2.1). _ ·J' 

Here, e _is the:Iectr~ncharge_and 11!''. th~ ei:c~roll mass 1!~:- ·. \i , ·. 
rameteE. 'Startmg With the Lagrangt(ln (2;1) one _can denve ·

1
; _ '. -;Hor= J.,g·y,[·t 7,a;ax;+m[,P2J'x, ·, .· (2.3) 

-·the QED Hamiltonian. We give here the followilig continuous ' ... . .· 
space QED Hamiltoi1ian t • · : · · . ' ·- ·• ·. the l:hu~iltml.ian 1Ic describes. the int~radion' ·ofthe fennions 

' .. V 's-1 2 3 ·' · ' · · .. - 't ... . \. 

· c, and· transversal· photons, · ... 
. ' ' -· .-; ' ~ 

~- .. - \ ,' -~- . .... . .. - ' - • < - ' . 

llqED ,...:.. Hoph +.1Ior-f llt +He.+ Ilpo + flpl:+Hlong· '(2.2). 

.. 2 .. The sev~n t~rms in ihe r.h.s .. ~f :q. (2;2)-ar~ .defined by., · 
eqs~ {1.14),.,(2.~), (2.4), (2.5),:(2.7), and (1.16).' · · . ;r' · ····..:. 
. · ·The Hamiltonian (2.2) depen'ds on the eleCtromagnetic field': · 

, . ,._ .. , . . . I ~ . ·. . ·. . . . ·.- .. -.[ - . - • . .·, 

variablesJq(k,-..\),k·¥ 0,..\·-: 1,2,3'and q(O) '(these vanables: 
·. are defined by-eq.(2.6) }~and on the derivatives with respecr' 
to these variables. lt_depend~ ~also on tlie fermion oper'atois 
'l/J2 · ?/J2(x)2ano 1/J;, . t/J;(x) which' obey·the. standard anti:. -

. commutatim1 rules.· The functions ·B .• B(x) (see eq;. (2.6)) 
· and function (operator) 1/J2are connee:ted witlr the Potentials .. 

AiL, fl, = 1, 2, 3,.4 andthe fundi on 1/J =. 1/J(x,'t) ~of the Lagrangian~. 
(2:1). by the'formulas'which are continuousspace arialog~es,of ' 
the lattice eqs. {L4), U.8) and (1.9).:' - --- ~~ .-.c.- . I.. . . . . 

. 2.L Fdrrrially, one cah get .theLagr~u1gian (2.1) considering . 
the limit a ~- O~L ' canst of the--lattice Lagrange fl1ncticm 
(1.1), (1.2), In order to formally derive the-Hamiltonian~ C,t2) .
one also takes the limit. a--+ 0 of tlie lattiCe Hamiltonian of : 
Sec. I, see item 2.3.3. ~-~:· . . . ~ .. · ' , . . . . . ·. 

· 2.2. In ecf. (2.2.) the Hami,ltonian Hoph' describes free· 
transversal photons, its expression forma!JY~oinci.des· with that .. 

10 

t\ ll, 
J 

'~ l~ 

' ·JI.. . . . ··~v· ·,,,* ·. ~ V' Btr ~~· ·.d· 3~ .. 
. 1 = ~ze . ~2 1'4:. b /Ys 8 v--:2 x, . v . ' . 

I - .·· . ', . ·; '· ; ... ,8=1 1213 ...... · ... _. ·:: 
0
,., 

(2.4). 

and the Hamiltoni<i.n. H~ describes. the C~ulomb int~raetion of 
- -ferllliohs, ' ' · ·: · · · · , 

. ·' .. Y' .... . ' , .. · ' ,; . · .. • ., ' . I 

.. ·-·H. ~ ~-'"'· p(k)p( -k) pA(k) .. · , . r ~J:*.~J,2_~~(k·x)Cz3X • . ·(·Z.5) 
· c- ·2V L..l ·. k 2 .. · -' ·• . }~ v--:2 'f' ·. . . / . i 

' k..LQ . . v ·1. • ' ' ' • _, . T ,( ·. 

r.,. 

B(x) = B(x)ir + B(xlong + q(O)/VV. · 

11· 
.. 

.. 



't· -: 

. . ~~......, . --
:B(x).tr_ ·c .• I> e(k; .A)~(k, ~)ei<k·~> JJ'V, ·. 

. , .-. k:/O,A=1,2 - . . . . ; .. 
·. 

' . . 

. ·.· , B(~)long~ b ~(k, 3)q(k, 3)ei(k:x)/Vv, \ .. 
' - . .· k:/0 . . - . . ' . : .. · . -. .. . .. 

'e(k,.\.l)*e(k~~2) .. ·. <h1 A~~-· e(k,<.A)* =-e(.:k:~),_- · 
"• T • ,__ > ·~ < .··•" 0 ,_; "" ' • '• r > 

e(k, 3)_~;-ik/lkl; l2.6) 

The zero momentum degree of freedom (tbat was qi~~egarded 
in.old QED cpnsiderations)'contri_butes new terms Hpo_and ii:p1_ 

to the-QED:Hamiltonian [7]; __ .... - · · · ·· · · ·. 
- '•· ·;_ -<~"" / - ' .. • ~ . . ' . 

· Hpo: .. ~~~a:Co)?'. · ~Hpi. ·: ___ :f=_ ie~s·~v,1/J~141s1/J2d3~~-: 
.· ··' _ i ,~ .. : 

1
'. B-1,2,3• ~-. '-~ .. (

2
;
7
)· 

. If"one~ needs to take ii:rto. account ·in the Hamiltonian aiso · 

.// 

'ihe Jongitudinal degre~s-· of_- freedom, . one has: to 'a<fd to .the.· 
. QED Hamiltcmian the tenn Hron~, [16] .. One can-get thi~ term.,-.· 

substituting_k, lkl aJ!.~ p(-k) forn;N(n)/ci and p( ...;n) in eq .. -
(i.16). \ . . . . . . . . . . ' . 
. 2~3 •. Now we shalfcfiticis.ethe coi1t1nuos'spaceappro(}.chto .. 
th~ QED.',We are going to-substantiate the statementth<~.t.the 

· lattice approach io _th-e :QED is-obviously preferable to the con- .· 
tiri:uotis space' approach; This·orii stat~menfis not I1e~- [14]; but
some of our argliments, mayl;le, are: see items 2.3.1.-2.;i.3., -, 
2~3.5. and 2~3.6.1.. - ... -~:. . . . . . ::_ ' ' .; . . . ·. > • : '· .• • .·-· • 

' 2~3.1 .. An. important moment.of the_ derivation of the: la~~ 
tite Hamiltonian, eq. (L13), from the Lagr~J:ige function, eq: · 

. (1.1); are two' sequenti<l.l chang~s. of~ the. field variables, eqs~ . 
(1.4) and (1.9};' which E:mable one to get new an4 more conve-. 
riient representations, eqs. (L6) and{1.10), of 1the L~grange 
function. · · . ~- · 

12' '· 

/ 

,.· 

. 1 . _ Tr~ order to .produce_: analog~us changes· .oft he var}ables i;n 
the 'continuous· space approach, one has to use the differentia-
tion formula of th~ type · · 

· .. 

. ·8. F(~J _::_ · Fcx)8F(x) , _ 
-e -e . 
8xl-' · . .. . ··8xl-' .··. 

-·. ~: J" •• 

. . Thisformuht,,however, is cor~ect only ifthefun~tion F(x)Js 
corithnious irithe varia~les x~-'' /i · 1; 2~ 3, 4: . · ·· · 

· 2~3~2. Thus, the function · 
: .:·, ' '.. > • • - •• • ~- • 

. ' .. - ·' . ·. t : . : . . . 

· A(X, ~,to) x~o(x, s)~s, . 

•(eq. (1.4)), has to be ~ontinuousirix alldi t··and th,e functi~n 
"' j :.~ •• • > • • • ,. • • '. • • ' - • - ~ • • • • 

,.,, • :·.:/(~} ; .·~v·. d~ ·L· ·. ei(k·[x-yl)(k·~A(y)) 
..•. ' . . . . . .. \y._ . ., . . • , ~ v 1 •. · · · Vk2 ·. ' 

';.: < • •. -k:/0 ' . . . . 

,. 
\ 

~ \. . \ . . 

.:._: (~qs; (1.8-9)), has to b'e continuousinJc .· . · , ... 
. · ·In 'order 'io ensure1 e~g., the continuity oft he .func- .. 

tionf(:x:) one hasto'impose .. solne restr1ctions on the 
·varia}Jles q(k, 3)' while "the H~Jililtoni~n~(2~2). assumes 

' no such resfrictions> This defect isinnerent to alLthe con-. 
tinuous~ sp~e derivationsof.the QED Hamiltonian.; · .. ' .. 

2.3.2.1. By the way; the remark of it'em 2.3;1. narrows 
1 · the class ofgauge transformations,. which leave.. th~ Lagrangian 

(2.1) in~ariant:.theJU,nction >.(x~ t)· sh9uld be continuous . 
·: . 2.3.3~ The papers [7] and [8] preten·d .to have proven that 

:.the'ccintinuous space spinor QED ·Hamiltonian .is mibounded 
·from b.elow. · There exists ·no' such chiims for the ~attice. QED. 
Mofeov~r,jt>is e,yide,nt..thatthethe. co~siderat)ori of paper [7] 
doesnot wo:fkirilattice QED: in order to get the result [7Jone 
.has to substitute' the exponerithtl exp .· exp( -ieaq(O),J\(V) 

' . ' . -



:~. - t 

,, 
_.., 

-

-· 
(see· eqs. {1.13) and (L~d)):by,two flrst t~rms ofits <;lecompo- · 

· sitio11 (exp = 1.:-jeaq(o)./yV)._:Actually, let_us consiqer the 
quantity~--

q .. {?f12(j)*'Y4I.tP2(j+.s)e:::-iea[B!'(j,j+i)+q.(o)f\IVJ' . 
- • - ,.~ ' ' ·_ - . '. r . 

-?/12(jt~~'i's?/J2(J --.. s)e' '.·ea[~~~(j~i~j)+~~(o).lv?J}/_(2a), ' (2.8)' < 

see eq~· (L2d). Fo~IJlally, one ha8' . 
- • ·- • ~ .. _. -' ,. . 'j • 

-.- .. _ .. ·.a·· ,.-_. _._.- · .. ·· .. -· . < . ,,,· 

Q -~ .?f12(x)~l'41'~{8x -ie[B!rtx)+q,(O)/VV]}?/12(x)· as a "7- 0 .. · 
l, .-- 6 -·· . . 

. ' ' ' ' - ,: - ' '' • ' ,, ' ' .. (2;9)-
However, .there is no ·reason Jo believe that the zero mo

. mentum mode _variable q(O) _ [q1(0), q2(0); q3(0)] is restricted 
by the- condition l~aq.(D)/v'VI « ·1:-a.Sa ~ ·o whicli. ·. is nee~_. 
essary.toderiyeeq. (2.9). Thti.s,.thelimit·{2.9) looks W~e to be 

· wrong. Paper [16] illustrates. this statell1ent by· ~he example of 
. the massive QED in two s·pace time dimensions._ ; . . 

. As for the more sophisticated corisideratimi of paper [8]; it' 
) • -"'4... - . - - . • . . . . 

also does .not work in the· ·Jattice QED (see· our forthcoming 
pap~r [15]). The a~ove remark shows that .the a .4 0 procedm·e ~ 
of item 2.1 . . of t!J,e derivation of .the continuous space QED 
Hamiltonian from the lattice QED ~Hamil{onian is unlawful. 

2:3.3.0. Let us represent the-free:photoil ~attice · · 
lfamiltonian , ··eq.' (1.14), as 

.,_. 

_ -- · - -N(n)- ._ .-:: -· - : --·· .·- .. · . -
Hoph,l = L c(n, ).) c(n, .-\) + const . . a . .· .: . -~ ·. .. 

neR,A=l,2' · · ·· · . _, 

where ~(n, ~)* and c(n~ ).}:aretbe photofi~cr~ation ~ti~. annihi-: 
lation operators. ... . . · · · _.· ·· · .. · · . • • . · · ·· · · · · 

Let us also considerthe quantity E. eieaB!'UJ+.i) = ew. 
-- ~ "'' ! ~ 

' '~ .... .!__'' /. 

It is possible torepresent E in the normal f~rm: 
-' ' 

-~< • -· ·00 

_E.'. LEn,. 
n=O 

here, Eo d~es ·n()t depend on the operators ,c( n~ i)* and c( n-; ).) ~ 
E2 is _the se_cond ·qrc,ler normal-form in these operators, etc. 

· Using _the definitions of this item, the lattice Fourier. :rep res en-, 
.tation ofthe functi_?ri.lltr, eq. {1.7), and. the formula. 

.. · · q(n, ).) = va/[2N(n)][c(n,.).).fc(-n, >.)*]; . 

one;can show- (see also ·[~5Jr.that, forinstance,··· 
_ ... :-

i_-.. 

... _ . -.,_.. . . . . . ·: . . ... . . , 21 ··c . > . 2 . ~~ , 1-:-: L 3. .· e e, n, >.)I t . . . . •. . 4 . 

neR,n+o. 4M {Er=1,2,3(L- cos(27rn~/M)]}l/2+Q(e ~~tc. - ' . ' ' 

-Her~~-- all th~ coeffide~ts by the powets ~f e2 hav~ finite -limits. 
'as a ~ a.· . . ... ' '' ' -' ' '.·· ' ' . ' . . . ' ' . 

: ··. We feel that this· result contraclicts ·the statement ·by Wilson 
'(see [1], in between eqs_.__ (3~11) and/(3.l2)). · :_ · .. _ . 

--So,: one chooses. the lattice Lagrange.·. function.· so 
.·as _t() ensure the. correspondei:ice with' the. continuous 
. approach Lagr~ngian as a~ a .. ·' '·.· : . . : ' .·' ' I·. ' ' 

· - · But _consideration of this item shows 'that,_however 
small be the lattice· Jength a;. aU the terms of the ex

·:.·P~nsion E -E~=O wnj(n!) have to: be retained - one 
<.cannot neglect .h~re the ~erm~""-wn,'n > 1. 

· Thus, the mentioned ·above. ·correspondence does 
n<!t ho~d. ·.. · .·. . .· " · · · ·. . . · · · . · 
- This our statement, essentially, is not new: Wilson_ (17] has 

· pointed out the possibility to intrciduce into a lattice Action 
. terms w_hichformally t'end to zero as a ~· 0 but which, in fact; 
influence. the properties of' a· quantum· system~ 

- . . ... - " - ~'"' ·. 
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1 ~ 

~ __.. 

(Taking thisWilson'st{mns ihto·a~count iri.our consider_a~ 
tion there changes only the operator D( '¢2 , I\t': +~ q(O)/\I"V) in 
_eq. (1.13))./ : • ·_ - . _ •:_·~· · ... --. .· _ . 

. 2.8.3.0.1. Maybe, one should use the freedom. of choice of 
such te~s to ensure the Lorentz~ invaria~ce of the theory .(se/e . 

· also items 2.3.4.-5.). . ·, . .. . _- ) · 
2.8.3.1. . One.should: note also~ that the consideratimi of 

' . - ~ ~ . .,.. - ' . 

·paper [7]. is obviously non-gauge invariant._ The consideration~ 
·.of paper [8] pretended to ~-~ faultless from _1;he point:of view of . 
.·gauge inVa.riance; Jn fact, however, 1this claim is wrong: it i~ 
'based on work (13] which'missed·to noticethe point-/which~ is. 
discussedjn i~ems 2-:8~1~2': . · . · . . . . . . · . . 

2.3A. And our last remarkconcerns:the cut-off problem.· 
The lattice ap,pr_oach .to a QFT ·mod~Lis equiva1ent to im- . 
posing some definite' method . of the cut~off: . this . method . de~ ·- .. 
pends' ori a choice 'of the finite difference repi:_esentation of the 
terms with sp_ati~ derivatives .whieh enter into initial con tin-·:: 
uous $pace Lagrangian ~-. ·Aiuilogous,Iy; the continuous;spac~. · 
approach Ineets the problem how to. choose the form factor~· · .. ~.-
. 2.3.5. IIi fad; when:introduCi,IigtlJ.e cut-off into ·the Hamil:' 

. toni an (a realisticj·egularization), - • and su~ a cut-off c:a.n-
not be introduced_manifestlyLorentz invariantly, for tl1e Hamil
tonian itself-is not Lorentz invariant· :._ one meetstheformidable· 

·problem of: choosing form ·faCtors so tha.t :riot to destroy the 
· Lorentz·invariance ofthetheory ([8]; ite_ms; 1.4.~J.4~4.). · 1 . 

Maybe,. this problem is·more easy ·tobe' solt1ed usiil.g the 
lattice approach '(item 2.3.4.).- ~ · · · · .. . ·. , · · < ·. 

2.3.6. ··.At present, almost nol)ody· rises ·a realistic regu.:: 
_larisation 111et!10ds · - but mostly formalistic· ones, choosing 
them so tltat to ensure the'Loientzinvariance,.the gaug€dn- . 
variance; etc~~-of thetheocy froiil the very beginning. . .·.· . 

2.3.6.1. We should like to stress here: that. a forinalistic 
regularization leads to·loosing a~ contaCt :YJit'h.· the Shroed1.nger 

·: . ' ' ' -~ '----- ' ·- -- . ' ' 

'· 
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ecruation .. 
.~· ~ . a. . ··.· 
(H -. i-. )n = o 

~ at - · .. (2.10) 

, .which is'the-fotindation ofany QFT.model (in eq.· (2.10) ·H 
is the Hamiltonian of the model and n is the wave function). 
Thus, the.formalistk regularization approach, however Lorentz 
invariant, is. fraught with creating formida~le problems. 

....:. 

·SUMMA~RY '' 

· · Our: derivation of the QED~Ha~iltonhin is obviously prefer-
able· to other derivations we know: . c 

a) oll.rderi\ration isthr()ughcmt gauge in~riallt; j(entirely 
·avoids the problem of fixing tJ!e gauge (see ,e;g, [3-6})~ We do 

· not iinposerestrictions like a~'A~' · 0, Or divA = 0, or A0~ = 0, 
et'c.·; on the components of the- vector potential. .Introduction 
cof the v~riables B(j) and '¢1 (j), eq._ (1.4), .though related to 
the formulas det'er:ininirig the De-Witt· gauge, is· by no means 

.conneCted w-ith any fixation of the gauge; 
b) O~r· derivatimr~ntirely.avoids _problems ccmnected with 

'the equality 11"4. a.c;a.A4 = 0 - .. see [3-6]. 
.. · ·· c) Our. derivati_on of the QED Hamiltonian takes ·account 

. of the zero momentum m9de of the vector potential, see item 
2;2.1. ·which w¥ qisregarded in ol~ con.siderations [~-6].- · . 
. .. d) Equations. (1.13) and (1.16) e:x:hibit the QED Hamilto
ni~m dependence on the derivatives with respect to the longitu-:
dinal degrees: of freedom Variables which was also disregarded 
in old considerations. 

' .· e)Dur derivation reveals the .fact~ that the QED Hamilto
. nici.n is gauge invariant, item 1.5. The Hamiltonian depends on 
gauge invariant variables q(n, .X);.X = 1, 2, q(O)· and the spinor 

.. variables tP2(j),j E R which are 'gauge invariant up to a.spa
~~ tii:tlly independent phase.~ As for the gauge dependent variables· 

·)7 -~ ·. 
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· q(n, ~), the Hamiltoni;m dep~nds only_ on the deriyativ~s Bq(~,3) 
which are gauge invariant, see eq: (L17r _ · ,-

- The consideration.of this :work essentially repeats· the con-
tinuous space cqnsideratimi ofref. · [13] _but for the deTect which , 
is noticed in, items 2.3.1.-2 and which is inherent:to continuous . 
space QED treatment._, . _ ': _ _ - _ _ _ _.- _. ___ . _ 

.Our_. importan~ conclusi~ri. is t.hat it is impossible 
to give· the- corit~ri.u~us- spa~e consideration 'of QED, 
perfect from the. point_ o~ yiew: of gauge invariance 
(while o~r- lattice- considera~!on -o~ QED :seems_ to ·be 
h:reproachable,fr~m this-point -ofyiew). ·. _-; _,_-_ •. -

~- -· ~ ) ',- ·:/· - 'J 
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- APP-ENDix·. ANOTHER_DERIVATION. o:F. EQ. _· 
(1.13) .. ,-;_.' ,'_ .·> ___ ·. ·-,_ .•. ~~-__ ,· .:~--_ -. 

Here- we ·gi~e ·a .new derivation_of tbeJa~~ice·· QED Han;til
tonian. -This time we start with the Lagrange function Lt,: 
eq; (1.6) and theclassicalllamiltonhtn H1, eq. (1:11). The 
standard-prescription [3]· gives the qmintum Hamiltonian -- _; , 

. ' ' . . . . -~ - ' ~- ' - ·, ./ 

HqED,l 'T_+[J(B) d-. D(th, B),_ .. ·(A1) 

- · 1 - a - : · >., -· · ----. ·- a· - -·· ·a. 
T--"- --[( ? + . ~ · ·.. . · .... · _ - . ] 
- - 2 8q(O), .. ··- ~- .- aq(ri A) 'aq(..:..n)A) ·. -

· nEu-~=123·n-LQ · · ' tPl . ·· · tPl ·.·--.. ..,, . ' ' ' -r- / ; ... ' - . . (42) 

·-

~·"" ~,: .. ~ 

c The operators 1/Jr and_'!fJ1 satisfy the saine commutatio!l rela"" 
tions as the operators.?/J2 and t/12; see eq. (L12). 

Now-let' us introduce a new. spinor variable • tP2 using eq._ 
'(1.9). ·T:he :ope~ators .,P2_ and 1/J2 do _'depend on the variables _ · 

· q( n, 3), n·E R, so' that one h~ · -
' ' . . . ' . .. 

--. 
. a ; ' -I • - -. ,-ieaF(Jn) 

[a ( A) , tP2(J] = tf2(J) N( )y'V 8~,3· q n, ,p
1 

_ . . n 
I 

·(A3) 

. . . -· f . . -

This formllla, the analogous· fornil1lafor the ftincti_on_ 1/J2 and 
·. · eq.- (1.12) enable' m~e to get tlie'equality · · 

,· •;_ '. ·. '. . ., ' ' 

· _. a- _ a . ~ ·: ieap(~)' 
8 

- _ (A ) 
. aq(n, A)~1 - ,aq(n, A)t/1~ + N(n)0/'-~·3 • · 

4 

· It follo~s)ro_m- this equatio~ and eq.~: (1.10a) that the Hamil-. 
tonians (A1-A2) and (i.13) do coincide.· · · · · ·-
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CHAopoB A.B., 3acraBeHKo JI.r. 
raMHJibTOHHaH CII11HOpHOH K3L( Ha pemen< 
K KXL( C Henpepi:IIBHHM npocrpaHCTBOM 

' 

L(aeTC51 6e3ynpe'1Hillii, c TO'IKH 3pemu1 
BlllBOA raMHJibToimaHa cnHHopHoii K3L( Ha. 
eTC.si KaJIH6poBO'IHOomiBapuaHTHillM. Mill YK• 
JIHpoBKH K3L( B HenpeplllBHOM npoCTpaHCT. 
p;enaiOT pemeTO'IHillH nop;xop; .siBHO npep;no'l 
HeB03MO:>KHO p;aTb <l>oPMYJIHpoBKy K3L( BE 
pa.si 61llJia 61ll coBMeCTHa c yCJIOBHeM KaJIH6I 

r' . Pa6oTa BllliTOJIHeHa B Jia6opaTOpHH Teo 

IIpenpHHT 06be]\HHeHHOro HHCTHT)'Ta IIJ\e~ 

Sidorov A.V., Zastavenko L.G. 
The lattice Spinor QED Hamiltonian~ 
Criticue of the Continuous Space Approach 

We give the irreproachable, from the 
derivation of the lattice spinor QED Ham 
manifestly gauge invariant. We point out i 
space formulation of the QED that make 
obviou_sly preferable to the continuous space 
to give a continuous space QED formula 
condition of gauge invariartce. 

The investigation has been performec 
Physics, JINR. 
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