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·.F'iei~f th·e~ries \vith higher dcrivhtives a~quire astable ~eputation of 
:rioriphysichl th~ories .. N ~~ertheless',. because Of they· being' frequently 
arisein;d}ffererit area~ 'of theo1ietiCal physics' the i.riterest' in this issue 
is.periodica1lyte'vived[l-10].'' · 1 

· . . .. · i ;·_ :,-- --. c. 

,;A;pfiiitipal sho.rtcdtiJ.ing o.f'higher derivh:tive 'theories,·'both das~· 
sical·and''qi.taiitlim, i§· the lack'oflower.:..:energy 'bbunct' :Here)he 
energy is· implied .as a·con~erved·No,etlier'quantit;Ycorrespondingto 
t!lie:tr.irislation i~variart"ce 'of the theory with respect to :tim~ 'or' that' 
is' itHe_. s~me,~ a5 · ~ valuci •of the Hamil tbni~· con~tirided · acc'Ording ·to' 
O~t~bgrcid~ky's'rulei{on· the solution of'the'e.qii~tiO.n~ ()f; motion [fl].' 
i.:,Tlie a'ttracti~e pro~erties' oftiie qmint~hl field th~~~ie's with. higher 

-~e'ri~~tlye~_is als6'\yo~th·;m;~~tim1in'g.' IIip~hit~l~r~th~·,conve~i.ence' 
o£-fFeJririlari 'diagra~s :·i~_._iinproved .. ' ~,Y!iig~ t'o':tlle.'h!gher ·aeriyative· 
tenns 'iii Lagrangian: :Fai·9xarriple; fohe;ciinfoimhl gravi'ty'i~,:r9liD.a~ 
to'· Bk-:f~normaliza1JlJ::~vl:i~r~a¥'tl~eLEi.nsteiri: ~lie )s' ·:n·ot. [4,' 12]. 'J~st 
this prope~ty ·'of th~bries 'i'I'{'q\wstion is lise;d to: COnstJ:uct th~ gaug~· 
invariant r~ndrrri~lizatio~ti()f·Yang..:.Mill~ fie,lds bf adding·th~ liigliei~ 

· derivati~e-''term~·"to' the'1st~~da~dLagl-~ngi~h· [f3]. i' ,c> ~·· •. . :. · . ":, ';.; 

~,It sb.oulcfbe' not~d th~Fthtla~k'oHoweF'energybound fora coni::~ 
pletelyiisolated ·systei;ri 'is. admissible 'iri' principl~~ if the: energy 'is. an' 
iritegrai: ~f IT1otib'n:1• 

1 Bi1t;: ·u.nf~rtuiiately, such ·iJol~tea· systeill:s · ~~ 
--~ .,·--)'.;·1r: -': <, :'·!I, ~r~'-·";-·:; -~ ·.~ · - -~ · ~ · ·1::t~. , . IJ:~>;:-_-.- { · Jj 

1 It is usually. believed that: the energy being indefinite in • sign entails the· instability, 
of the cias;ical dyD:amics for theorie~ with higher derivatives, althciugh .. thevery special 
counterexample. is knowidl4]. '1iore ~xactiy, ifthe energy of a system'is~ot definite in' 
sign, the pr~blem of stability cannot be solved using the Lagrange-:-Dirichlet theorem·[15] 
and, in general, If is not redu~ed to searching for the Lyapunov function as in the case of 
the usual theoi-ies' witl1 Lagr~ngian .functions, contai~ing, at most; the first derivative in 
time of dynamical 'variables. ' '. : ' . :' ' , ' ' , ... '' ; . ' . :. 
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not realized practically. Nonremovable interaction with ·an external 
environment inevitably results in pumping out an arbitrary amount 
of the energy from the system, lowering its energy without limits. 

Obviously, the higher derivatives in time in the Lagrangian lead 
to additional degrees .of freedom, since there is one-to-one corre
spondence between the dynamical degreesof freeq.om _and the·initial 
data for the relevant Euler-Lagrange equations. In the 'following, for 
the sake ofdefiniteriess we shall dis~uss the field theories with:La
gi"angian.functio_ns _depen_ding, ·at ;nost, on .th~ s~~ond: derivatiye~ in 
time, ··Here ~there arises;the·very typical picture for higher,derivatiye 
th~ories: b~~ides the basic mode of oscillations .which;:takes ;place 
even in the absenc~ or' the s~cond.de~ivatives;in Lagra~gian":.~here 
emerges additim1al, as 'a rule, higl~cr-frequency mode .. Th~. coritri~. 
bU:tioll: to the energy. of the second ,mode has 'the opposite sign as 

. ' ' . ~- ' . ' . ~ ). ,• . ' . . . ' " ' . .. 

compared, wit}l, th~. basic. one. Therefore, even. at '.the. classical. level 
it t~rns out to be m~re profitable energetically, to excite.the oscil
latioil~ -.~roW,-.i~ejec~~~- rr{o-~e. ,Th~ mor~ ~~cill~_~ions .?(,t4a.~ .~ort; 
are e~cited and . th~_, l~rg9t, ~h~ir. a¥lplitudes, a~e, the i l<?:wer the to~al 
energy of a,systemturns'~)Ut to be_. .;from thisit,follow~ tlm~"'the,fieJq, 
th.e9ri~s 'Yith ·higher. de~i v~t~v~s. ar~:unacceptabl,e. p!lysic~ly .at least, 
in makinguse of their_s-tandai-d interpret~tiori. · , . . . , . · 
. All these ;~rgum~·nts .. are apr~liqcl ex~ctlyj~ .th~, q~~~tum. level: as 

__ 'Yen: , Here, the' oscill~ti~ns,of botl~ .positiv~ · ~~d negative.::_energy. 
modes, a~e associe1ted_ tviththe. c~rr~sp~nding _qua~ta of. excftations. 
In virtu~'of the.impo~sibility~f~~m~vi~g th~.exter,~al perturba~ions,. 
~,it. lms beep., noted prey.ioi1~ly;. an, u1~lim:it~d n~ml?er: ,of ,th.~- nega
tive energy quanta \vill be c~eated:. A~ a' ~esult, i~.the field .theories 
with highe~ ·d~ri~ati~~~- ~ proble;n. alike the infrarea ~atast~~phe in· 
quantum;~iect;·~'dyn~~icsarise~; b~1t for: ~l(f~~quen~ies.of the s~cond 
mo'de now,:•This problern-\vas>ucces'sfully overcome iil'electrody:b.ciin-: 
ics, but it still re'ma!ns tinsolved in tli~ higher deriva:ti.Je theories.' 

Some. t'i:rlle·. ~go, •... it wa~ -popul~~- _to use ·here th~ formali~m. of in-· 
definite metric. in 'the- Foci~ ispac~· ofthe states. This rrietric- can be ' 
intr'oduced. by i:ri:titu'al interchange 'of the creation and .~nl1ihilati~~ .• 

. :~c!'~~::·~· ~-.-·j :. 
/'\I~1~rr (:~,: ~ :~ >-~~-· 
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operators .oL quanta of. the second. mode .. As. a result, . the quantum 
s~~ti~ with .excitati~l~_; f~?~ ui~~e~6n4 ~94e ~~quire a negative~ norm 
~ut th~, e~_erg:v ca~suhltec(~s~an expect?-t~,on vahte of the Ostrograd
sky Hamiltonian over these st.ates turns out to be a positive:definite 
quantity,[1, 2]. ·Thereby, th~ 'probl~·m,of.the negativ~ e~ergy is re
du~ed, to·. searching for the .. physic~l i1lterp~etation of th.eories with 

· i~plicit-violated.{mitarity. Sofar.there·i~ no ac~eptabl~-solution of 
t~e -P~~~iem,~long t~i; way (9(Therefore·i~the f~llowing we shall 
only d~al~w~th :~h~ diffJculty ofthe energy peing-indeflnite in_si~ in 
the th~ories ~ith. higher derivatives. . ,, , ;;, .. · ' · · 

As f~~~~-~e k~m~, the ~ttempts to attach_the ph~sicalmeani11gto 
the higher derivatives theories are based on the conjecture forbidding ' 
the.~xcitati~l1~'with ~~g~tiye e~ergy .. This: con~traint;should-•app.ear 
as, the boundary. conditi~n following.from the co~lllology [7].<,>r .as a 
by-pr:?du~t of the:no~p~rt~1rbative .q-qanturri, so_luti()IlS [5j, or)t has 
be~~ introduced f~omthe .outset: in-~ormulatingt~ese !llodels [10]. 
' , We, would like to;suggest.anoth_er solution of th~ problem.• Namely, 

we;ill ~h~w that the energy in tl1e theorywith.high~r deriv~tives can 
b~· redefined. using a':rilechanicC\1-analogy.: H~~e-we have;il1:mind the 
speciai dass_of. high~r derivative ,theori~~-ia~ising;wh~n,_the.effeCtive. 
L_ag~~~gia~~-ai~ ~onstn!ctecljn,e~t~nded:object-ino.~eis~(strings;:i~ 
particu __ lar)~.:· Even· at the. classical level· an ,e~ten~ed -·~bject ~~quires' 

. . . . 
tp.e fi~ld description; .We, shall suppose that the original field:theory _ 
does not contain th~ higher derivative terms in the Lagrangian so 
that i~s en~rgy is_l?<)tulded:f~o'm below. The neglect of;the details, 
of internal structure .of: the 

1

extended 0 b ject along' one: or. several its1 

int~rna!' :dimensions·results,. as· a. rule, in higher derivative .terms in· 
the effecti;e Lag~~giari; Now _the energy ~fthe effective theory t_ur~s 
qut to be unboundedfrom below. : .. ·· · . . ·.,, 
,-As:'a specific.model;-;we'shall treat a relativistic rigid strhig with 

the action fundional -~.epex'!ding o~ the secon& deri~atives Of:s,tring 
coordinates [16, 17]: :::Herethe rigidity ter~:.takes. ~ffectively into 
ac~ount. the.thiCI{:rless Of .~lle''s'tring. Itniay be 'iriiagiried clearly, that 
thls.system<si~~lates, for ~xample, the gluon· tube,of finite: radius~ · 

,_ - ·- ' <. • - ' ' ; • ' < t_ ' .• ' '- .. '•: ~ ,; -. i: ·, ;c, ~i i< ' ' • 
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[29]. To advance in their study, we employ tll.e following parametriz~
tion·including'the timc:...lil~e g~lige on· the string wodd'surfa~e .:. 

x11 (u) = {ct, !:_CY, x(u)}, ; u . .:t, . 
7f .. 

(2.3) 

where.x(u) are (D -2) transverse string coordinates.•'Although'the 
parametrization (2.3) holds true only for the limited string motion~· 
(so-:-:-called harmonic approximation ·[30]), it will be sufficient for· otir 

• . .J. . ' . 
rums. 

Inserting the ansatz (2.3) into (2:1) and expanding the integrand 
~f.(2.1) up to second order terms in powers'of x(u) we (>btain [3p]' 

~ ~ . •'· 

lY 

1r ;; J dt J dtJ [x2
- a 2x'2 

- m 2 (a~~x - ~'') 2r: 
o r 

(2.4) 

. . . . . 2 . 
where a = 1rcjl, E = o: (Krs/1) , l is the string length. The dot 
meallS differentiation with respect to f =, T and tJle pri:me,. with te:.. 

. sped to CY. Variation of the actior1 (2.4) givesthefolldwin'g· equations 
of inotion · · · '·' 

<::;·; (1 + t:D) o:X(u) · o, 
0 :::_a~; a2. ~ ,·a~. ..::; 

ap, . atJ2 .. .• _,. :·. <:··-: 'd'\. ' 

and. th~<bo~~dary ~onditions 

{1 + t:D)x' = 0, 

Ox = 0,·, tJ = 0, 7r. 

(2.5} 
·'•"• 

•,,"' 

(2.6) 

. Owing to equations (2.5) and (2.6) being linear their general solution 
can be represented as the st{m , . . . ' · ·. · 

";t i 

,.,, ·, x(t, CY) :::;: Xt (t, CY) + X2(t, CY). (2.7)• 

H~re:i~ (~ r ar~ t~~n~vcrsc. degr~es of freedom of the ope~t .N ambu-' . 
G.o.to.st~~iig'[~s( . '.·· ·· :. ,,. .. . ,, . ··, .. ;,;,, ,··: ·.; :t ·, 

..... · . · Dx1 ( tt) -:-. 0, · · . . -:·:• j~.8)r 

6 

) 

) 

x~ = 0, a,-:- 0,7r.r 
• ~ < • • ' ' ' • ' • ~ 

The coordinates x 2 ( ti) obey the' follmving;equations ...;.~ ; _. 

:(f+ t:[])x2(u) · 0, - ·(2.9) 

· X2 ,= 0, IJ. :·0,1r. 

As ~~~al, the general s~'I~ition: of the bound~ry ·problems (2.8) and 
(2.9). is given by: the expansions in corresp~:n{dingeigenfunctions [30] 

X1(t, CY) - Q + :: + ; r::;: I;\~~ L na e_,:v.,) ','{2~i~) 
v~ nrO Wn 

'}I 

~ 
...... ·. ~ \ '. .(;) 

- """"' __!!_.sin ntJ e'a w nt' 
~_(2) . . 

. . ·; ; . ; nf=O .W n .. 

X2(t, CY) 

with two series of the _eigenfrequencies 

(2) :./ (2/ >··' .. ;( : 1 \ " 
... 

>;·(1). <. {1) 

f'-ln.= -~:.,.n-: n, . 2 +' . .Wn -. -W-n = n .-, : . . . . . .. . . € ·.· 
··,(2:11) 

. ~ ... ~ 
~ ; 

":\L , ~·-!{·i .J.~:~rnf.= ,;l,-~f;·. :.~;~.-~--- tv}.~ -~~ ·-.~:~~-< · . 
. ' .,-:(-~...,.f~fii•..,. .·,..,~) f)"':;:l_,'_••• '. ' ,~ ;.,\ Yi·':" ·,·.!".;~·(t••r·,_,·-,r'\""'~i .' ;"; ·:~, .. .,~ ~-.,1 .. ·. ·:-

Here·Q'andP are the·coordiriates'of the"center·ofmass andthe total 
; ·,,t~·:l,.·_i' :.Ptqr~,·.·· _<~d ''· ;"-~·:-·,., •. ~ • · ·{···,! ··~}--~- .. ..:.~;- .:.)d11·: '''.~.r~•·· I ~·,·,·; ·~": 

morileritum'ofthe strb:ig; 'respedivelY, and:the amplitudes Crn and f3n 
t~··LJ(' t1".'· 1 ·~.f. \' {·:--· _..,.,. ~~:;_ (_' 

in virtue of reality of the variables X1 and 'x2 obey the i.isuaJ. ru1es of 
complex conjugation ., ,~. , '(:~ , . · >:.:• 

f·:;.\'_.!:.;" 1 --~_:.:~ ;~_~,.-.:;~~--:- ·t;:y· .. :-:·· .-~ ~-,-t.:., <~ -c·<•.-.: ... ; ',; 

a:.= CLni ;~f3: .= f3_n, .. n; = 0,:-1, :=2,.... ' '" (2.12) 

Thus, the trans~erse:'comdi~~t:es of, the.:relativistic, stririg.with 
rigidity x(u) are' described in· the harinonic approximation by the pair 
of indeperident' variables ·(x1,'x2)."This duplication' of the nump'er :Of 
dynamical ;degrees '6fi fre.edorn. 'is ·general for' higher' derivative <thea..: 

' • ' •• ~ > ~ L ,0 ~/ '• .' < 

ries. It is also reflected explicitly:in,'the!canonicalrformalisin;worked· 
out for higherderiva~ivetheories.b:y: Ostrogntc;lsky more,.than a cen-

• .• tf1! - ,, ,.1 - -

ture ago [ll]:;I~,o,u(c,ase. ac~ordin~_to·t~~,Q¢trqgrad~,ky method the 

T 



independent generalized. co~rdinates are q{ = X and. q2 -

their conjugate momenta arc. defined by the expressions : 

PI a£ ' ~ (.8£)• = pol (1 + ED) X, ax - at ax. 1r 

:X and 

ac · pol 
. P2 = a·· -:- .-E-qx. . . (2.13) 

·'. X .. •:' . • 7r " . 
With' the use of (2.7); · (2.8) ·and"(2.9) from (2.13) ·we find p~ = 
(p0lj1r) x~, P2 = (pol/7r) x2. As a result, the canonical Ostrograd
sky Hamiltonian 

7r 

H pol 1· l ( . .. · ") . = - ( u PIX + P2X - J.., 
. 27r . 

(2.14) 

0 .. ' 

in terms of the variables x 1 and x2 takes the form 

7r ; 

H= pol fa ·[(·2:. 2 12) (·2 2 12 a
2 

2 - U XI + a x 1 . - x 2 :- a x 2 - -X2· -
27r : ; . . . ' ' E •; 

0 ·. ··; ·- .... •·.)· 

2x2x2)] · 

(2.15) 
Hence it follows that already at<:the•classical level the excitations 
of.the degrees offr~e~om x2 may give a negatiyesontribution to_ 

' ·• __ ·.' ·'. - '"~ .{•! .._;1,1 ) I .'' · t" · ·•' '• . ''"J :_)).;). ~\ ' • ' ~ .... • • , 

the ,total ;energy: of the string. Indeed, inserting the general solution. 
~· ·.,' · : -···· .. · ··~:.:..,~.~- .. .._ :· .. , , ... ; · ,·, .. !' ·~~t·r.·~ .! .:-;.}~,-.it .·::t·, ·: 

(2.10) into (2.15) we qbtain. . . , · . , .. ,, 
' • • • • • • • ·-, • ~ •• \ 'T ~ ' ' ·' 

E = . p2 ali ~ * * 
; ; : 2M + 2 L.._; (o:nO:n + O:JiO:n) 

1i oo·: ' ·':.•·• , ·. . . 

a2. L ({3~f3n + _f3nf3~)' 
... ·· '" n=I .• . ·n=I. ' .. ; 

(2.16) 
· where;·M = p0lis:the;total mass.of.the string. ., ,··:: 

.. Thus; i~i'the rigid str\ng model we arrive atthe problem g/eneral fqr:. 
all·higher. deiivative:tllCories o[ the lackcof lower·energy boundr [10, 
14].:In·the:quantuni,.tl1cory of this system,thelfollowing annihilatio!l· 
and creation op~f~t~~s-.a~,·.cmcl'b!,,rire;~lefi~e'd .. ~\:: ·: ,··< ·:i :, .. 

:J . ::,: JL• .{ ·,:··~';•·' """"-~- -! ,. ·• ,,, J!ifn.. >.:..· 
. - I , .. , .. ,· . . . - . . I . ..-. 

., p•% ..• , ( )_ ., ,, . ' . "" +%· . ( ), +t ... an·--=~., 'Wnar;;•• CY_ii = C\'
11 

= · 'W,}a~-,·, 
L::·'·f 

8 

) 

. 1(2). 
!3:1 = v w"b~, . ti· = {3+i 

• -11 n 

with st.andard c6mml1taticm· relc1tions 

[ i +i] - [bi ·b+i] an,am - l}l m' 

. 1(2)b+i. _ V Wn' n 

{jij bnm, 

i,j = 1,2,.,. ,' D- 2 , n, m = ·1, 2,.: . .' 

Then~fore, taking account of the ~era-point oscillation's of the string 
'~e obtain the expression of 'the energy indefinite insign · · 

. . ' . 

P2 00 
(I) ( . . . D - 2) 

E = 2A1 · + attE W 11 a~a~ + -
2
-

u=l 

( 
·· ··. D 2)· btbn.+ T. ~ 

•X• 
.. (2) 

-ail"\' w . L.._; ' 11 
.. ' (2.17). 

.n=l 

As is well known [1,. 2; 9]; t.hc hegat.ivc energy '(-an V n) creation; 

ope~~tors b~ can. be regardeci· as ~~~sitive energy (+anV n) anni

hilation ones .. , Thereby, in the Fad: space of the states the p'ositive 
norm negative energy excitations are transformed into negativenorm 
po;itive energy ones.; So, the violatimi of unitarity· in the quantum 
theory. is really. refledioil· of the . essentially' Classical.'pro blem. of. the' ' 
hick of lower energy. bound (see .(2.16) and-papers [9/31, 32]). Ina 
recent papers (see [10] for review) it 'vas proposed to' apply the per-•: 
t_urbative constraints to freeze (mt ~he excitations of those degrees 'of 
freedom which give rise to the negative contribution into the energy. 
In. the .persent paper .nsi1~g ·.the. rnechanical analogy we wa'uld _like to 
show that th~re exist hi1'othel: s~;lntioil.'of the]Jroblem iil qu~stiori. 

,,!;_,~ ·.' .. /: =~~.~ --... ;·~, .. , ~~ .~ ·~ ... ·.·,.! . "" -~·,._,)!_/·.·.· 

31 Flexural- ;lbratio~lS ofthe 
·· ·!I'imoshenko beam· · 

To .elucidate· the a!ialogy· bctweei) ·the rigid· string ·and the--me>· 
chanicaL vioniting. systC'ms ,vc consider ii1 this section the .flexural : 

9::-i 



vibrations of the so-called Timoshcnko beam. 
In principle, the flexural vibrations of three dimensional extended 

objects such as rods or beams arc described by the general equations 
of thethree dimensional theory of~lasticity [35]. :H:m~ever, in: ~irtue 
of their complication this description is not suitable for practical use. 
Therefore, one has .to employ here some approximations. 

If a rod or a beam is considered as an infinitely thin one (that 
is, if we fully neglect. its ,£ransversc:J>izcs), then \Ve obta!ri the string. 
described by the equation for the lateral deflection y(x, t): 

T II •• 0 
Y - flY = ·· (3.1) 

Here T is the string tension, and Jl is the linear,density of the string 
matter. As it was to be expected,· rione of the ·~haracteristics of the 
transverse string sizes enter into (3.1). By taking into account the 
b~am thickness effcctivcly,cquation(3.1) is modi.fied ~s [f4]. 

EI Ill/ T II F .. 0 y -yfpy=, (3.2) 
1,:_. 

where.E is the Young's modulus, Lis the momenturn of inertia·of:a, 
cross ~?e~tion a:r:ound thc;principal axis normalto.the.plane 'ofmotion,: 
F; isthe.cross section ar'ca· and p is. the rriass density. In applications; 
the case of the a.bsence of loi1gitudinal strength (T' =• 0) is frequently 
consider,ed. Ifitis really the case, then cqtiation: (3.2):istransformed 
into, ~he Bernoulli-Euler equation 

~ . ~ ' 

EI 1111 F .. 0 .. · .. Y- py= .. ·,~.(3.3) 

\ . ·~ !< ~ ~:··_, _'"; . , !r 1 • : .•. ·-~ •• , ~ ·:·' t,··~.,::·~-:~-;_ : . ~~: 
The 'eff~ct of trasvers·e sizes of the beam leads to appearcmce,. in 

equ~tion~'(3.2) and.(3'.3), of the highe~.deriv~tives as comp~red with 
the string case (3.1). The corresponding L~grange densities .. ~ontain . 
the (y 11

)
2 term, but the r;roblcm with the positive 'definiteiles's of the' 

energy does not arise there. Only the theories :With; higher deriva
tives in time suffer from the above pr~ble~.f The-~odel ~{ffexural 
vibr~tiqns of; beams prop9sed at the begining of our:centuiycby Tim
oshenko: [2<,1;; 34] •belongs to such theories. Besides of: bending oL 

10 

:l il 
I 

j 
~ 
' 

the beam under the flexuraL vibrations the Timoshenko model takes 
into. ~c~~u~t· the shc~r .deformati~ns. ~fits elements·.~. ~Two. deg;e~~ 

•} .> •• -~ " '·~, "~- ".> /'- "'" •" •· "" ~ ··< ·'·•'•'- ·· •'- _:,_.•.o ."C··'• ,.'·" • • ~-"'" f "• 

of freedom are associated with each cross section .oLthe beam, the 
deflecti~n .due to bending and that. due t~ shear .. Thi~ -duplication: of 

• • • ·- •• ' • . . . . ' . ' .. • - .__, • • . : ". ' . .' i• • "· '" • ·-- •'" ~' ' • - -- . . ' 

th~ n!l~beriof d,cgre.cs of freedom in the Timosh~?-~(),Il).Od,(!llead~!~o · 
the equation of the fourth order .in time -;~:;. .-~. :~ . . · 

Ill/ •• ( E ) ··II . p . .... . . 
Ely. + Fpy -::c pi 1 + kG v~-+ pikG·Y = 0. (3.4) 

Her~.P.i.s.,t~es_hear~modulus and, k is the sl:le~r coe~cient(t.he phe-' 
nomenological parameter depending on the' geop:1~try of .. the be~m 
cross section). .. .. . . . . - . -· .· . . : 

. , Equation (3.4) should l,>_e sirpplcmented with the boundary con
ditions at the ends x 1 = 0, x2 · ' l or' the beam. In the following 
for the sake of simplicity we shall consider the hinged,.hinged beam, 

· .. : __ • '','i ,. : .··,, •. : '·,.·:·:·..-._.: , _:;_~ ·:f:< ,)."It,_ ._ t: · :(; -};Jr~_r·~·(_·"'··.· -__ ,.: 

~~err,bot~ t.Jle fl~xuf,fof},he ~cam a~~;};t~ ),e~din(R}~~e~f~re' 
e9:u.a}:~ .~e!o; . , .. : 1 l-' .. ,, , · i; 

y(t,O) = y11 (t,O) =0, y(t,l) =·y11 (t,'l)·· '•0:;. i(3;p) 

The general sol~1tion of ecnmtiou (3.4) and the boundary conditions 
(3:5fhas the fonn '·' .. <" · - -._!. 1 ,. • '·.~ ~ •.• .: 

· · y(t,x) 
oo . .; ' i '. . .. · r ' - ·2:: sil1'>.nx [qni(t)'+ qn2(t)L '··- ;·._ (3·:~} 

n:to . .· 
\ • ... 

where >-n . n1rfl; the functions:qns(t),: -. .A~scos(w~;t +'·ins), s = 
1, 2 are the normal coordinates corresponding td two series of the 
eigenfrequencies·w~i · · A11 \/ETfy.;j~~·1,· s·;;:.._ '·1, 2;·respectively.·,;'ThCd 
dimensionless frequencies "!•ns are defined by the formula 

W
2 }' . 1: . [ . . : . . ' , ~, ~;. ; • . -,; . • • 

•nl ·.· · .,. · ' 
w22 .. = .. -2··.1.+,{,~::).2r2 ."Z:.y.\: ... -.. ~.~ .~.· ).2r2;. *" t f • • · ·. ' n ~ \ _ · n J. 

'._. '-'· (3.7) 

- 3 Apart this, the inertia of gyration b'i ih~ beam.~r~ss~ectibns is taken into account in 
the Timoshenko model (the Rayleigh correction [35]). However, this fact itself does not 
lead to appearance· of higher derivatives in time. in the theory. 

11. 



where f. = kGfE is'th~ di:rtiensionles~ parameter, r is;th'e raditis of 
gyration of the beam' c~oss ;s~ction: an)~nd principal axis normal' to, 
the plane of motion, r 2 . 1/ F. ' 

. When the ; shea::f modulus G tends formally to the infinity,· the 
. ·Timoshenko equation '(3.4) is' ~educed to the Bernoulli-E~ler ·one 
· with the Rayleigh correction " ; · • ·· 

··Ely111
' + pFjj ~-ply" ...:_ 0. (3.8) 

In this case the frequencies of the first seri~s(3. 7) in the Timoshenko. 
theory tend to· finite val ties ' 

_;:. 

>. 21.2 
Tl 2 

w*nl ~ (3:9) 1 + ).2r2 
Tl 

and t~osrofthe seci:md ~~de of oscillation gJ\o'infinity. ' . 
· Th~ Tici~shenko·equ~tigfi '(3.4) and the 'c6ire~ponding bou~dary' 
conditions (3.5) can be derived by the varying the following La~· 
grangian density•[36] 

. £ .. } (?/- a:Y112 
- ~3Y2 + a2ii?/)::·. 

Here ai, i = 1, 2; 3 arc the coefficients of equation (3:4) 
·, ; . ~. :. . ' _.._ .. '•, '- ·- ~' , ". ,· ' 

EI . . I.( E). 
:at ·. 'F' ,~2 =. F 1 +k.G· ,. ... ' p '· •·. ' ·. 

. pi 
a3 =. FkG' -

·:- ~ . 

f\lrther, using. (2, 13) ·one .. can ~lefinc' the canonical variables;· 

a.c 
PI·=. ay 

·c. 

. q1 = .,Y, . q2 = y, 

. a (ac) . ..... at . ajj ...:...;iJ .+-aiii.-

ac·. ·· 
. P2 = ·- = -a •· + a2 11 
... -<.·.:.•. ay.. . .· 3Y . . -y ·- . ' .. 2·' 

"' ~ ···!-

12 

a2 ;, 
_;_y' 
2 

; (3·.~0), 

' (3.11), 

'·-'-' 

·'· 
. 

J3;12) 

' '"- ' ~-~ 

and construct the Osfn)grad~ky' c~llH)nical'Hamiltoniari · 

. . 1 !I [ 
H · · '2 dx 2plq2 •) ': ' (' 2 ) ] Vi ·' ·'l · · · . · a2 112 a2 11 

- - q:;, + a1 - -
4 

· ql + -p2q1 · - · 
a3 . . . a3 a3 . 

0 

I , ;J : .. ': 

1 j ( •) -. dx. iJ.-2' ' · . +. 2a:sv :1(-;- a'2iJi( -; i3.Y,2' +' a1y'7) . ::.;.·;(~}3) 
..:.1 ~- • ._.'!.. - •• 13'-'•' .~. < "'"-· 

This Hamiltonian is conserv(•(L in time. and. it g~nerat~s the ~ime; 
translations t - t + 0.t. The value of H on the gen~ral solution 
(3.6) is the energy of the Timosheuko beam c~lCulated according to 
Ostrogradsky 

00 

z 2:::: ( ·) ., ) ( ·2 2 .. 2 , 2· ) . - - . (,, ... _ - . ,- . ~ . . -. .. .-.~!; ., Eo -
4 

a,l ~~~2 ""'ul WnlAnl · Wn2An2 - · (3.14) · 
u=l 

Thus, the flexural vibrations .with t.he amplitt{des An2 give the neg
ative contribution to Eo [36] beeansc for all n's we have from (3. 7) 

!!."o· ' ,'2 2 ' 
"'-u2'- "'-',i ·>· 0.,-

,_, .. ; 
~ •'. ·~: ~ •, t I J 

f . ,-, <>-' .,, : 

Formula (3.14) is c<~mpletclyeqnivaleutt~ that (2.16) for the ene~gy 
of the relativisticstriug witlrrigi<lity iu· the har~oni~ approximati~m. 
In spite of the prineipaldift't·~·eilce of these oojects;: they suffer .from 
t~e s~~e lack of the lower mwi·gy bound. However, in the case of t4e 
flexu'ral vibrations of beams there exists the well definite notion of 
the mecha~ical °CI1Cq~y {vl}ich i'k tllways a p~si'tive 'q1iantityJ'of~~urse.; 

The mechanical energy of a .rod or a beam is a sum of tlie kinetic· 
ap.d. potential ones of thei~·,~·6~~·ment~~ ·· L~t. Yl ( t, x) be a lateral _de
flection· of the beam due tr(b~·nding only ~iJ.d Y2(t, x) be that due 
to shear. In the :I'imoshenko modd t.hc ki~etic energy;containsthe 
contribution from the transverse motion of beam clements 

(l ·,n~~-. -~,. ~; t ... "~ ~:;~·~);~~. 

f)Fr·f ·2 T.. = --····· dxy · 
" . 2 0 ; .. : :., - \ \.L 

:(3'.15)' 
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and that from the gvratiou of the beam cross section 
' .... , , I , ' . . : '. ,. . • 

I 

. --T . pi;· l ·12 
. . . : 9YI" = 2 . ' ( X YL~ . (3.1?) 

. • 0 

Here y(t, x) = YI(t, x) + Y2(t, x) is the total lateral deflection of the 
beam. 

<Accordingto the Hooke law ouc_san easily find the'potentialenergy 
of the flexural vibrations of the beam. This energy consists of the 
elastic en~rgy ·of tl~~ bending dcfonnations · · · .. · ( 

t: 
I . 

~I I dxy~2,- (3.11} 
t~ L. 

l'ie11 
0 

and that of the· shear deformations 

I 

' ~ -r~ T . - kFGjdxy;2. lsh - 2 (3.18)-

0 

Joining together formulae (3.15)c:-(3.18) we obtain the action func
tional of the Timoshenko model 

:-~·· •. ,·,;;pF ,.-·l :.'~:,::'.21 .: 2'•/2 .,- . EI I ' ... :112' . :; k~b. ' .. ;·, 12,;; 
... W. .. J.-:--2 .J. dx (y ·+ ,_. !lt)- ·.2·"-f.d:cyl . . ;:- .~2 .:J·dxy2 .. ·, l ;_ ~ ~._;;. .• ~ , f \ , " ' ':. ; • • • I • ' -..A ' ' : -

: • ··:.•:,,.':'' :,0·, ~,;,1' ',', 'I . ; ' 0\ ;;;;' '' ,:; ::: ,.:~ : ';(3 .. ,i.9) 
Var~atio~_pf the Cl;Ction(3.19) gives the follqwing equations for: y1(t, x), 
and.i/2'(t~a;) ~;: , · .... , .... ·•·.· .. · ' .· ... J..d' : .. ,. '· .. ·. > ,.: , :._.· 

1 . {J •• .. II . . . . • (3 20) ,,, .... ,,._, ;., .. ::-Yl _:.... Yr··= - 2-·-y2·,· '·· ;-·, :.· .,-. ..... '· · .. 

• ". • I_. <• ; ~~. ·;· .: k(;. " r E:.· ~~·: ,[, , .. •·;i,• :: 
. ·' · .. ··> . • 'Y2'- -.-Y2 = -Yi . I; .; (3.21) 

~-::.!!!'~'": 1.:·~< 1l' ' ... ~~!~ .. ~;;:,fl .. :::': l < :l·. :{;\· ,(: - .. :.·-t::~\ 
and the boundary conclitions'wl_1ich take for the hinged-hinged beam 
the form · '. .; . 

. } ~. \ - -~ ' 

y(t,O) = y(t,l) = 0,' y"(t,O) = y"(t,l) = 0, 

14-

·~.J (;. _o 
~;',(t,()).== :¢((t,l),, ~:~:: ; -.:{~_.22) 

Combining equations,(3.20) :anct ( 3.21) onec m~Y: ~btai~ th~-·Timci
shenko 'equatio~ (3.4) for the total lateral deflection y = y1· '-t- y2 • 

· The sum of (3.'15)-·:{3.18) is th9 total mec~~nical, ep.e~gy of.flexurcil-
vibratioils oftheTihloslie.nko beaU{ · '" .i ·· ,, .·· - -· .-

1 l (· ; 

_ pF J ( ·2 . •2 ; 2) EI J 12 kFG J ( ~ _ . 2 E,- 2 , . 
1
dx . y; + 1 'lfJ. + 2 . d,t, 'lj; + , 2 . :d~, y :: . 1/J) . 

0. .0 .. . - 0 . -.. '' ~- ., . ·.·.- . 
. . . · ... . . .·, · r _ . ; .. : · ). , ' ., ,.(3.23) 

Here 'lj;(t;~y :__ ·y~(t, x). In the ca~e ?f th,f} hing~d,-hing~4 b~~~-:~e 
hav'e tlie general solution.(3.G)for y(t, x) andtlle_a~alogqus ~e*pim.: 

: '-.,-(; ~'-.' _; : ' ; '· ~ ' · ;' .l• .t.:.;:_ <\·~ J_o_~ \ ;;.\. •. 

sion fo_i 'l/;(t,_x.) ,, · . ,. . ,., <·' . , -~~~ , 
00 ' ' ' " "f . 

f; ,'l/J(t)c) =.~cc?s/\":~: ["t9nl(t) + k;2qn?(t)r, _::, ::r (3.24f 

~. f,· ~'"; -.p~ ~ .. :~ <r--L ··· q ··:~~ 
where.kn5 /Lare _the amplitude ratios in the expansions ;(3.6) and 
(3.~4) . ' .. ' -

'i'~ 

k~s·, = mr (1 t-~~Zns) ,' s = 1, 2,' n . f, 2, .... , 
: ' . • f ' ' ._ ·' . .' . ) ~ ' ' ' ' 

{~_:2t.f 
Substituting (3.6) and(3.24) into (3.23) we obtain:the'expression .. fot 
the mechanical energy in terms of the amplitudes Ans, s = 1,-2· · 

{ .oo. [(''·· r2k2 .) . .... . . ( . · .- r2k2 ) ] E = ....; "'"'·· V+ ~- &} · 42
• ·+· · _1 +·· .:....:.___!!__

2 ·w2 A 2 
· M 4~ · p. · nl·nl -. [2 .. n2 n2 

n=l · 
(. ' .: (3.26) 

As it ~as to be expected, the energy (3.26)is positivedefinite in sign 
because· of the positive definiteness of the original functional (3.23). 

So, in the Tiinoshenko ~n~clcl.t.llC~e exist~ the mechanic~ e~ergy 
positive definite in sign (formuh1e (3.23), (3.26)) and the Ostrogracl:.. 
sky energy unbounded froni below (formulae' (3.13), (3.14));. Both 
these quantities are integrals of i:notion and they_ar~ mutu~l!y related 

E£ Eo +~(a'.)' f: (w;,;, w;il·[0£,A!,,~~w~:k,J. (3.27) 
.~:J.' . r n=l n 
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However, the mechanicai ene;gy (3.23) iri contrast to the Ostrograd-
sky energy (3.14) has quite a clear physical meaning. p r. 

' 

4 ·' ·" Mecha:nical energy"- of tH~ ;rigid 
string 

; 

The descl:iption ofthe rigid string dynamics (eqs . .' (2._5), (2.7), 
(2.8) and (2.9)) is in many respects analogous to that of the flexural 
vibrati~ns of the. Timoshenko beam (eqs. (3.4), (3.20), (3~21) and 
(3.22)). Indeed; both. the objects can be described either by o~~
equation'<}fthe fourth order (equatio'ns (2.5) and (3.4), respectively) 
or by two equations of the second order (equations (2:8); (2.9) and. 
(3.20), (3.21) for the "partial" deflections). "The material" of the 
gluon tube in comparison with that of a b'eam has ve~y distinct 
mechanical properties, of course. Therefore, in these models there 
is no complete identity between the corresponding equations. But 
it is important that ·starting from eqs.- (2.8) and (2.9) in thei:dgid 
string model one may identify according to the usual rules the energy 
corresponding to. the m~chanical one in the Timoshenko model. 

For ,equations (2.8) and. (2.9) :we. have the standard Lagrangian 
densities . > . ..' . : ; 

1 ' . 2 
r · - ( · 2 . 12) r _€ (. 2 12)· ·, · . X2 :. 

-'--'1 = 2 xl . ..,..lxl '-'--'2 = ·2 ~2- x2 ,- 2' (4.1) 

The ,total energy is defined by the formula_ 

-~ ~ 

. EM, -~ jdu (xr+ xn f ~! du (x~ + x~2 + xn. (4.2) 
0 0 

Substituting:thegeneral solution (2,10) into (4.2) one finds · 

p2 . ·ali oo . . , 

EM= 2M+ 2 L(~:.an + 
n=l · · ; 

*) ali ~ (a* a . a a•) QnQn +. 2 ~ 1--'nl--'n +. 1--'nl--''! --~~ 
n::::::l , · ·· c·'•' 

. (4.3) 

16 

As' it' was to be expc~:tccl,. t.hc: 1~1cchanical ene~gy ( 4.3) ip. the rigid 
string moderis,th~' quc1tity positi,;~ 'definite i~.sign. Obviuosly, this 
p~operty' of th~(~~_lerg~~ ~11SC_JllOlcls .<~,t.th~ quap.ttlm 'leve~. Taking··~~~ 
COUnt of zero:ipoir}t''oscillaticHlS one Itlay Write'the mechanical energy 
of the rigid string as foll6ws - -. 

p2 :xo ( D --2) 
E.u _. 2.11!'+ n!i I>;~11 a~a~,+ .-.2- . ~ 

u=l 

.,_.; 

+ ~fl. f--_-_.- .c:·., .(-~+b '+' D :'._ 2)·-
•• ~ . 1;_ 1l u ~- . 

· · n=l 2 · 
(4.4) 

Inthis case all string state's in the Fock space are popitive in norm, 
hence the above mentioned problem lvith violation of unitarity does 
not arise here. 

5 C'onclusion: 
,_+, 

Thus in the framcwoa;, of· 't:lw. rigid st1:ing moclei:\ve have shmvn 
tha(one can constrilct., for this <)bjcct,' a positive definite "mechani
cal" energy instead of the Ostrogradsky energy unbounded from, be
low. Ob~i~{l~ly;·fllc:;;ani(;~~:a111 be d(>he forf any fieid.iilridel\le~cribing 
extended objects at .the ,classical levc;L An !appealing future of' our 
appr~ach is tllC ~bseii~-~\ of a~l~: c·cmst.'r:aint~ on th~ physical degr~~s of 
freedom introduced ''by;lraucl'' .iii. some other papers on this subject:: 
This enables one to construct a complete quantum theory instead of 
the trun~hted 'one;' Flt'rth'C'r, :at· the: 4uaiitum le~:el th.e problems· with • 
negativ~~riorni ~ti1tes ·dl1d;, the 'loss' bf un}tarity'do n~t. arise .. ,. . . . . 

·On the 'oth~r- 'h.anci~;--tlic ~r1eq~},1 'c6i1structed • <_tc~or'd.H1f£ t() O,s,tro
gradsky generates the time translations, but the inechani'cal o~~ does 
not .. T~~refor~,,a sole,diffictl~ty which .can occur her~js to prove:t~e , 
relativistic'hivariance' of such Hic()ries by mal{ing u'se of the n()tion ' 
of, the ;I~cchap.i,c<_tl energy. _: • :, 

~- ~ i ; ~ l ; ·, 
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lJepB.SIKOB A.M., HecrepenKo B.B. 
Moxuo .IIH npunaTb tj>H3H'IeciCHH CMbiC.Il 
no.lleBOH TeOpHH C BblCWHMH npoH3BO)],Hb1MH? 

,U.TI.SI npeononeuu.SI TpynuocreH:, nopoXAae 
rHH CHH3Y B DO.IleBbiX TeOpH.SIX C BbiCWHMH np 
nO.Ilb30BaTb M'exaHH'IecKy10 auanom10, a HMeJ 
pe'IHbiX H3rH6HbiX KO.Ile6aHHH 6anOK H CTepxH 
HHXeuepHOH MeXaHHKe. 3TO n03BO.Il.SieT BBf 
::mepmH A.ll.SI paCCMaTpHBaeMbiX no.lleBbiX MOl( e. 
Te.llbHo onpeneneua. 3T<)T nonxon MO:>KeT 6b1Th 
TaKHM no.lleBbiM MO)],e.ll.SIM, KOTOpble ODHCbiBa 
.IIOKaJIH30BaHHble pemeuu.SI B OObi'IHbiX none 
(BuxpeBble H.IIH CTpyuuhle pemeuu.SI B xurrcOB• 
npo6.11eM C_AYXOBbiMH COCTO.SIHH.SIMH, HMe10m; 
Taxxe c uapymeuueM ynuTapuocru,B nauuoM 

Pa6oTa Bblnonueua B Jia6opaTopu-H Teope: 

TipenpHHT Oth.eJIHHCHHoro HHCTHT)'Ta IIJICpHbt 

ChervyakovA.M., Nesterenko V.V. 
Is it Possible to Assign Physical Meaning 
to Field Theory with Higher Derivatives? 

To overcome the difficulties with the en erg 
with higher derivatives, it is supposed to m 
Timoshenko theory of the transverse flexural 
known in mechanical engineering. It enables 
<<mechanical>> energy in such field models that i 
approach can be applied at least to thehigherdt 
describe the extended localized solutions in 
(vortex solutions in Higgs models and so on) 
norm ghost states and unitarity violation do n4 

The investigation has been: performed a 
Physics, JINR. .• , 

Preprint of the Joint Institute for Nuclear 


