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1 Introduction 
, ' ' , . 

Polyakov-Kl~i~ert (P-K) rigid string model [1, 2]has bee~ recently 
widely considered by researchers. working in fields ranging from par.,. 
tide physics [3] and cosmology [4, 5] .through condensed matter [6] 
and biophysics [7]. For a recentreview,'e.g. see [3, 8]. 

In spite of the above interest of various groups of researchers in 
the rigid string model, very little progress has been achieved to date 
in our theoretical understanding of this model. Indeed, unlike the 
N ambu-Got~. (N-'G) model. [9]. which is thoroughly studied both clas.:.. 
si~ally and quantum IlJ.echanically, the rigid• string model is riot well 
uriderstood even. at the classical leveL.-If. the: traditional. methods 
developed for N-G model are applied to rig~d: string; then,. at· the 
~lassical-levei, the rigid string equations_ of mo~ion are. nonlinear in 

. anY: gauge.- The ab~ve nonlinearity precludes the use of' conventional 
,quantization methods developed for N-G modeL Accordingly, for the_ 
rigid string model thel"e is rio.analog ofc.the Virasoro'algebra·w:hich 
all~ws to determine. the critical dimension of this modeL · 
Invi~w of situati.mijust described~ most ofour knowledge ahout 

the· rigid. string, is based· on rather inconclusive. numerical• simulation 
results which employ the discretized lattice version of P-K string 
[10] .. These simulations typically involve only study of the 'EuClidean 
version of the P-K rigid string. In case of Minkowskispace-:time this 
model is having an additional ghost states [2, ll] .. :Because ofthese 
states, the rigid. string model has been severely criticized recently 
[12]. The authors ofRef~ 12 had come to the conclusion that "either­
fourth derivative kinetic. term most be •quantized with· an: indefinite • 

. . . ,. . 

norm ... OJ;" with-energy unbound from below." 

'l'li-.t~~- .,..yr \ ~lltCJt.UI d. . 
·. f'MSJH.tOTEMit .. ................. -"' 



.. The. rigid string actioni~ given by [1, 2] 

_A =.iffas+ aff H 2
dS {1.1) 

·where ·a and 'Y ar~ some constants. In (1.1), integration takes place 
over the· string· world surface S. which has· extrinsic inean 'curvature 
H. For simplidty'we confule. ourselves to considering the ~hree~ 
dimensional space-time ·and to ·the _ _Euclid~im·ve.rsion ·of this model. . 
In order to rid of the boundary conditions we shall treat closed string . 

·_world slirf~ces'which ~re end)unt~red, for exam~le; in string vacuum '1-
funetional. · · . · ·· . 3 

The~ ~qua~ions of motion for ac~ion· (1.1) written in terms _of the J . 
. string ~oordmate~ are. very c.omphcat~~· · 

1
They stand for a system . ; l 

of nonlmear.partial ~Ifferentmlequatw~s ~f the fourth. o~der ~13]. · · j 
Except for one model example [14], nothmg 1s known about solutiOns ' 
of such. system of equations: However; varying the functional'(1j). 
one. can .• arrive at quite simple equations. relating basic geometfical 

. invariants of the string world surface, its~ Gauss ~urvature·K'and. 
mean curvature H; ·vVe shall be working 'mainly with eq1.!ation~ of 
such type~ · · 1 

• •. / 

The rnain.result of: our \vork. can ·be formula:ted as follows. We · 
are 'going·to:demonstrate that the effects of N-G 'term in the total_ 

. action A (the-first term· in eq~ation (1.1)) co.u,ld'be accourited~for 
by considering the truncated·actionwhich contains only the'second 
term in(L 1) provided that this term 'is considered riot in flat but ·ill. 
curved space-:time. Thus truncated' a:ction is known -in the' literature· 
as Willmore ;functional [15] and; whence; we shall call string -~odel, 
based on such truncated action, as Willrriore string. R~duction of the 
·variational problemfor.the rigid string action'Ato.·thatfor_Willmore 
string is adva,ntageous for llumber of'reasous. ·. · · . 
· First, because. the acti~n- (1.1)· is two dimensional exten~!on of·· 
the action used for particles withcurvature.:.depei':tdent action [H~,-
17], it i~ logically natural to search· for method; ~hich extend those· 
developed for parti~les 'to that used for strings. In Ref. 18 the non-

. relativist~c quantum mechanics, of point-like p~rticles is formulated 

~~~>~:~};? 
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o'n the ·surface o(J~sphere ·s3 embedded in Ji4.' Such ref~rinuiatioil : 
. lea·ds to the emergence of spin for initially spinless particle. Be:- . 
cause thestati~ticaLii':techanicsof ~pinl~ss particl~s is the: same ~ • 
fully flexible polymers, the presence of spin for such particles leads 
to the effective rigidification of initially flexible polymers [i9]: Alter­
natively, such rigidification could be achieved if the above "p<h-ti~le" 
moves in the presence of (in general) {non)abelian monopole gauge 
field [20]. In this case the rigidificatiou' mechanism lies iri ·the re­
placement of ordinary derivatives in '~flexible· particle" Hainiltonian 
by covariant ones causing our particle to· move·in the effective gauge 
{gravity) -field .. · The present work can be viewed as exterision··of the 
above ideas to the case of two dimensional objects; e:g.; 'rigid strings . 

Second, in modern geometry there had been accumulated consid­
erable amount of results relat~d to Willmore· functionals, e.g. see . 
Ref. [21, 22], so that our understanding of rigid stri!lgs (at.least at 
the classicallevei); in vie'Y of results of our work, will depend to large 
extent on appropriate interpretation and utilization of the already 
accumulated knowledge. ·· .· . 

The layout of the paper is c{s follows. In Section 2 we :provide aux-: ·. 
iliary facts from classical diffcrenti~l·g~ometry of_surfa~es in'order 
to. arrive~ at: 'Willmore's , equation. bf motion". connecti~g Gaussian 
cur~ature~,I( with.mean ~urvature Hi~: flat embe~ding space-time~ 
In Section 3 we, e~tend the apove results to. the case .when the:~ em- , 
bedd~ng sp~~e. ~s the space of constant curv,ature. In .. the con~ext ;of 
qu~ntum field.theories the problem of embedding of the correspond­
ing field:.tli~~r~'ti~ niode~·into ~pace of con~ta,nt .negative,c~rv~ture 
was recently considered iii [23] in connection with improved infrared 

.regularization of QCD. In our case w~ study the ~mbedding with 
differe~t purpose. By doing so we are hoping to._~pply some results 
about the Nambu-Goto string dynamics in the de Sitter universe to 
the rigid string model in the Minkm\ski space-time. Finally, in Sec­
tion 4 (Conclusion) we provide a brief summary and discussion of 
possible future hpplitatio~s of the. obt.~ined .. rcsttlts. In Appcu'dix a 
more sirr'tple one-dimensi~n~l version df our problem is considered . 

.3 



Instead of·surfacesin action (1.1) we are dealing here with curves.· .. 
c- ' ' / ~ ; ' - • < • " 

·-:: 

2 .. N ornial variat'ions ·of the surfaces 

For the completeness we give here the basic equations from:tl{e 
classical differentia1·geometry of the surfaces that wilfbe required in. 
the following [24]. · . . . . · . . . . . ... · · . . 

. . • . .,J . . . 

Let xP( ~1 , u2
), p = · 1, 2, 3 be a parametric representation of 

th~ surface M in the three dimensional Euclidean . space E 3 .and nJJ 
is a unit no~al to the surf~<;~. Intrinsic differe~tiaL geometry of · 
the surface is defined .by the induced ,metric or the first ·quadrati(:. 
differ~ntiai form of the surface 

·. , . .· a P( 1 · 2) · . ( 1 2) JJ p JJ _ X U , U • • • . 
gi 1· U, U .= X•;X 1·, X 1··= a . , ·_l,) = 1, 2. ' ,. ,. , , u' (2.1) 

The cent~alpoint ofthesu~face theory is the derivati~:m equ~tions of 
Gauss ' '-· 

.. ·JJ · rk JJ ' · b JJ 
X · · =· · · X k + i1·n ' ,,J I]_ ' . . '' (~.2). 

and W~ingarten 
JJ ~ - b·. jk JJ . .. n,;,.- 'Jg. x,k· . ·· .. :(2:3Y:;. . 

Here rfi are the Christoffel symbols _for 'the metriC;gij (24], gii is .c'tn . ' 
inverse matrix to g;j, b;; are· the coefficients ofthe ·second_quadrat~d .'. · 
form.ofthe surfacethat determines its externalcurvature (bi/:..... b;i)· ·. ' 

Equations (2.2):. and _'(2:3} describe the motion .of the baf5i~ . 
{X~ X~,· nJJ} along the surface. Th'e compatibility conditions ;of, these .. ' 
lin~ar'equations are giveri by the Gauss. equation''' .. · ~:.:.·:, ,., . .: 

j < .- ~ .. -

· R···k1 - b·kb·1 - b·1b·k· . · IJ ,.-- I J I J . ·: (2:4)··. 

and· by the Codazzi equations 
. 1 ; •• 

b b. . . k . . . ·(·2.5) 
•• • •- - • .,-1. "t- I . . . 'J;k - 1k;].- 0, z, J, - 1, 2 ... :, · . . 

.. The semicolon means the cova~iant differentia:tio~-~ith~espect to the·: 
metric tensor 9iiin (2.1) and .Ri;ki.is-the:Riem~ri~~l:lf-Yature.t'ensor· 
[24]. . . . ; < ' • • ,·;: ••• :·1:>. " 
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. When the equations (2.4) and (2:5) are sati~fied by give:ntensors 
9ii and bii then the derivation equations (2.2) and (2,3) can be in­
tegrated and their corresponrling solution xP( u~, u2

) determines the 
surface up to its motion in E 3 as a whole. . 

The important geometrical invariants of the surface are its Gaus­
. sian curvature 

]( = -R/2, 'I 'k 
R = 91 

g1 Ri;H (2.6) 

and its mean curvature 

1 .. 1 .. 
H·= -b··g11 ·= -b~ 2 IJ 2 I •. 

(2.7) 

} 

For physical applications dealing with closed surfaces it js suffi- · 
cient to consider normal variations of the surface that are defined as 
follows. For a giverisurface M witha position vectorx~'(u1 , u2

) we 
form the surface M parallel to M putting 

· x~' = xP + t f n~', -c < t < c, (2.8) 

where j( u1, u2)' is a sufficiently smooth function given on M . . We· 
denote by 6 the operator a I at lt=O· Thus 8xJJ = fnJJ. For simplicity, 
we shall omit the bar at. the argument- of 8. . .. . . ; . 

From the definition (2.8) we obtain 

6xl'. 
•' 

- f·nJJ + fnl'. ,t ,t' 

8xl'.. ,,} - 1,i;nJJ + J,;n'J +J,;n~ + fn~;· 

The variation of the metric. tensor (2.1) is given by 

6g;
1
· = 6xl'.x~'. + xl'.8x~'. = f(nl'.x~'. + nP.xJJ.) • ,, ,} ,. ,} ,, ,} J ,, 

(2 .. 9) 

(2.10) 

(2.11) 

By making use of the Weingarten derivation equation (2.3) theJast 
equation can be rewritten as · · . · 

6g;; ._· -2fbi;. (2.12) 

5 



By varying. the definition 

. we have 

g··gjk - s:k IJ - U·· I 

'k 'k 6g;jg3 + gij6g3 -:- 0 .. 

Whence, 

6glk = -gligjk6gij = 2fblk_' (2.13) 
: . ·.• '...J ' 

· D{moting, as usual, by g a determinant of the metric tensor, g = 
'det(gij), we can write · 

( a )· . -• 6vg = Bxj Vg 6xj = hlmx':mnjf __: -2FgH f. (2.14) 

Frain (2.2) it follows that 

biJ. = nJ.lxf.l. .. 
' ,tJ (2.15} 

Hence 

s:b s: j.l j.l + JlS: j.l . u iJ. = un x .. n ux .. = 
,tJ ,tJ 

· . = r~i6nJ.lx:k +bii6nP n1
l + nJ.l6 xji. (2:16f 

By varyi~g the equ~lities foll~~ying from the definition of the normal· 
nJ.i 

nJ.lnJ.l = 1, nJ.lxf.l. = 0 
,t (2.17) 

we get 

. 6nPnJ.i = o, 
6nJ.ixf.l. = -nJ.l6xf.l. = 

:,J . ,l !,i· . 
Iri addition, one can write 

(2.18) 

(2:19)-. 

nJ.l nf.l.. = -nf.l. nJ.i. = -bik b3·1l1. (2.20) ~ ,t J . 

Fin~lly.th~ variation of the second qua~r~~~c-·~~r~·is given by· 

kl . 6bij = !;ij - f bik bjlg . ' (2.21) 

6 

_,· 

! < 

I 
I 

·1 
' I 

' I 
. I 

I 

. [ 
I 

,. 

Now we can calculate the _variation of H 2:. 

2 . i. i. . ·. . i. < 

6H = H 6 (bii g 3) . Hg 3 6bii + H bii 6g 3 
.. · 

. H (!:1f.+ f b~bf), . (2.22). 

"'here 1:1 is the Laplace-Beltrami operator given on the surface M: 
From the Gauss equation (2.4) it follows that 

R . b~bf ..:.. b~b~ __:_ b~bf - 4· H 2
_. (2.23). 

Thus the variation 6H2 acquires th~ final form 

6 H 2 = H [1:1! .+ f(R + 4 H 2
)]. (2.24) 

Now we can derive the Euler-Lagrange equation foliowing from 
the vanishing of the normal variation ofthe rigid string action (1.1) 

6A = 6 J !(I-f- a H 2
) dS = 0, dS. Fgdu1 du2

• 

By.making use ofeqs. (2.14) and (2.24) we obtain 

6A = !! dS {[-2'YH + a(2'H3 + HR)]f +'aH!:1J} . o: 
. . . .. . (2.25) 

· On the closed surfaces the Laplace-,Beltrami operator 1:1 is selfadjoint 
operator (25] o · 

. J dS cp/:1f = J·dS f !:1cp, · .. · · . 

therefore tl{e variation liA in (2.25) can be rewritten as follows 

6A. = j ~S[-21H + a(AH+ 2H3 + H R)]f =a·. 

Due to the arbitrariness of the function f(u 1, u2
) we arrive at the . 

equation of motion 
. 

- 2 1 H + a (. 1:1 + 2H3 + · RH) = 0. . (2.2_6) . 
·" 

7 ' 



~ We gave here quit~ detailed derivatio~ ~feq. {2.26) that is rather· 
·.well known in lite~ature [15 2 · 26]'in. th~ case. ~f. a Eu~lid~a:U: ambie~t 
space E 3: We shall use .the methods, jt1~t describ~d,in the next· , 
,section f~r ·deriving the equation on the g~ometrical invariants H 

· and R when the string world surfac~ is placed in a 'space-time of a 
constant curvature S3• · 

3 Willmore_-s~rfaces in. a space of a 
constant curvature 

Here we show that the equation of motion (2.26) can be derived by 
considering.the Willmore. surfaces in a space of a constant curvature· 
S

3
• The Willmore surfaces are cxtremals ~f th~ Willmore functional 

w. · ·jjds H2• .. '(3.1) 

By making use 'of the WejerstraB coordinates za, Q' '-:- 1, : .. ,4 [24, 
27] the three-:-dimensional sphere S3 with radius a can be represented 
as a hypersurface in the· 'four dim~nsi'onal Eu~lid~an space E4 · ·· • · 

·4 

Lza za· = a2. 

a=l 
{3.2) 

Let z~(ul, .u2
}, a = 1, 2, 3, 4 is a parametric· represe~tation of 

the surface }.If embedded into .S3 in term of the Weierstrafi· coordi­
nates obeying (3:2) .. The riattiral t{~it normal to this surface in E4 
is za( ul, u~) and let.n~ be the second unit nc;>rmal tq this "surface 

4 4 4 

23n~na = 1-, 2:::: na .za:~ o, 2:::na :z~~=··o. · (3.3) 
a==;l a=l a=l 

·The impart:ant advantag~ of the' We1eritraB·c~q~diri<lte~.·ig_·the._ 
problem under consideration is the fc;>llowing. The 'basic ~quations · 
for the surface e~bedded into S 3 ,arevery simple; they are almost 

8 

·.•,' 

i 
'I 

'/~··· l 

·:r 
' l 

. ~-

;: 
~~ 

dii . :u 
. '\_~.; 

/, 

:1-
·J 

!'< 

·. thesame as'i·n the_ Euclidean ambie,ntspace. Foithe metric t~n~:or 
on M we have now :.·•.;· ·.,· 

·., :..:~ 

4 4 
· La a· La a ' 9i1" = z . z . = -:' z .. z . 

. ' ·'·· .1 ·'1 
' a:::l · a=l 

• {3.4) 

The derivation equations {2.2) and (2.3) become [24] 

ti rk a ., b. '. a : 9ij 'a ' ·z--= .. zk+ ··n.--z ,,1 ,1 , . . '1 . a2 ' {3.5) 
... ~ 

'{3.6)' 
a b jk a n ; = - i1. g z k·. 
,. . ., t 

The Gauss equation {2.4) -~oW':reads·. J· 

' 1 ·. ' ' ' ' 
Riikl. = bik bil - bilbik + a 2 (9ik 9il - 9il gik)· · (3~ 7) 

The Codazziequations·(2.5) keep their form. 
The normal variation in term~ of the WeierstraB coordinates is 

defined as follows 

:za> = za +. tjna, ~ '-E< 't <: i,. 
{jza = fna, 

·c a J · a J '·a · uz·,· = in + · V-·
1
·, 

' J ., 

J:· a . J' a : . J a J · a J a · u z,ij. . ,ij n + ,in,i + .in,i +. n,ij~ 

.. >, 

. ;.· 

-' 

(3.8) 

By>making use of (a.2) and '(3.3)one can easily convi~ced that such. 
a variation does not take out from S3• ... .. . .· ' "' '-

For variationofth!tmetric tensor (3A) we have ob~in~~lythe s~e . 
eqU:ati.ons (2.12) - {2.14). From ·(3.5) ·it follows _that the coefficie~ts 
of the secon~ fundamental forni bii .. are defined by 

... 
4 

:• 
b · L a a . ij =.. n.-z ;1·~ . .-. 

• ~ ; J -
. (3.9)' 

a= I 

Therefore,· 
,.t•,<;:. 

• { ~ ~ ' • -! : 

{j bij - 8na z~. + na {jz~. =: 
,11 ,. · •'1 · 

J: i n(rk a . b. . : a . 9i{ 'a)' ' a J: a 
- un · ijz,k t . ijn - a2 z + n uz,ij· {3.10) 

~· ; -.- ; . 
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For si:r~plicity we _omit here and in the following the sign of summa­
tion with resp-ect t~ repeated" indices. 

From (3.2), (3.3) and (3.8) it follows that 

~nana = 0, nO: na = 0 ·. ona za = -naoza = -f ,a ,. . ' 

I: a a ai: a_ J vn z; = -n. vz; -.- ;, . 
. ,. - ,. ' (3.11) 

. ac a J + J a a J J a a n vz .. = ;1· n n·-. = ;1· - n -n ·. ,1] , ,IJ I ,I ,J 

row equation (3.10) becomes. 

{'b f rk f 9ij f . f a a v ij = ,ij - ij . ,k + -a2 . -. n,;n,j. (3.12) 

With allowance of (3.6) we obtain 

f:b J + 9ij J J bkbl a a v iJ. = ·i1. - 2 - ; 3· z kz 1 , , a . ·. , , 

f f ( 9ij bkb ) .. -.··+ --·"k ,zJ a2 ' J 
' (3.13) 

By making use of the Gauss equation (3~~) we deduce now instead 
·of (2.23) 

i k 2 2 
R = bk b; - 4 H - - 2 . 

. a 

_Whence 

o H 2 = H [~! + f ( R + 4H
2 + :2 )] • ·. 

. Taking into account that 
E_ .... 

odS = -2H fdS 

· we can write 

· oW = 11 dS [ ~H + 2H
3 + H ( R + · : 2 ) ] J. 

(3.14) 

(3.15) 

. (3.16) 

(3.17) 

Therefore the equation of motion for the \:Villmore string in S 3 is 

. ~H + 2H3 + H ( R + : 2) =0. (3.18) 

/ 

10. 

Thus it has the same form· as (2.26)- if we put 

I 2 ---
(¥ 2. a. , ''i.· 

(3.19) 

_This result is in a complete agreement \Vith an analogous relation 
in the one-dimensional version of the· problem: under ·consideration 
(see eq. (A.5) in Appendix and take into·account that the seCtional 
curvature Gin the-case of the sphere· (3.2) is equal to 1/a2). 

We would like to note here· the· followi~g. 'In spite of the Willmore 
surfaces in spaces with curvature have beeri considered in anumber 
of math~matical pape_~s [28 -, 30] nevertlieless:a: simple derivatio~· 
of eq. (3.18) in a correct form are given here actually fo).- the first 
time. Indeed, if we try to apply the final.equation (3._13) from Ref. 
[28] f~r embedding two-dimensional \:Villmore surface into the S 3 we 
obtain instead of the second term4/a2 in brackets in (3.18) the wrong 
expression 3 I a 2

• In paper [29] a more gene'~al f1m2ti'o~~his' COpl~~red 
with (3.1) has bee~ considered. For closed.s~rfaces it read~ 

'..- ~- X 

·w~~ Jf(H'+ I()as •. 
' '; . . ' . ' ' ; ~ ' . 

(3.20) 

where i( is a constant s~Cti6nal·c~rvattire' of the ~inbi~i:it space. T~k- _ 
ing, into. account that' tl{e~ ~~l.btraction 'fr6m' W! of the f~rictidri~l'' . -••· 

c ;·· : . ' ~' ' '~ . "., . ·,, 

- k.fjds (3.21) . 
., 

n~sult~·inthe ~dditional term in the Euler-Lagrange equation +2 k H 
one obtains from~eq:'(14)ofpapdr [29] our resuk(3.18). In the' .saiue 
time,·,the final ~quatioris (5~43) and (5.46)i~i'paper [30] cahri.ht' be' 
compared directly with our cq.•; (3.18): 'In order to' do this 'they . 
should be combined with: the Gduss equation. ·· . . . - ... -.. ··. 

·The result obtainedh~re (cq. (3.1S))can be gen'eraliie'ddireetly i~ · 
the following two way~. At first, if we consider the'Willmor~s~rf<l.~~s 
not. in .the ·S3 but•-in. the 'three' rlimcusiotlal manifold'·of h.•constant 

. ' "':; '..- . ~ 

II , ! 



' 

negative clirvature (the pseudqsphcrc ,with imaginary radius ia) then 
eq. (3.18) becomes 

6H + 2H3 + H (R -_. : 2 ) = 0. (3.22) 

Instead of (3.19) we have in this case, 

~2 'Y (3.23) 
a- a2 • 

·Secondly, we can· generalize our· result to· the d-dimensional hyper~ 
-surfaces in the sd+l determined by a functional .. 

w: ·jr f Hm dS -· H · 1 - iib . . . . 1 2 . d 
2 = J . . ' = d g ij' l' J = ' ' ... ' ' 

In this caie equation '(3.18)becomes .· 

m '> 0. 

(3.24) 

!J.H"!-1 + d2 (1- ~)Hm+l+ Hmc! ( H + ~) = 0. {3.25) 

When the Willmore d-diinensional surface is embedded into ·the 
sphere sd+n+l with n > .1 then one arrives at the n equations relat­
ing internal and extern~l charact.eristics of~his .surfa~e in a complete 
analogy with one-dimensional c~e (see Appendix).· 

4 Conclusion 

Recently' the string model based .. o~ly .on the .second :term in 
eq. (1.1}has been considered in pap-er[31]. It w~ calledas a spon-. 
taneous· string alluding t~ the fact that in this case the Nambu-Goto _, 
te~ with nonzero string tensio~ can·b~ gener_at~d sppritaneousiydue' 

_to the_ quantum fluctuations. We have proposed here:other. classical 
scenario for this ~ituatio~. . - - . -

As ~ special ~olution -~o eq._ (3.18) we can:co~sider the minimal 
surfaces in . S3 with H . 0. There are sorrie new results about 
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-.these solutions obtained under· consideration of the ~sual Nambu­
Gotostring in the space;-thne of a constant curvature [21, -22, 27, 
32] .. In pfn-tit~ar, authors of Ref .. [32] arrive-at the conchision that 
the dyilamics ofthe Nambu-Goto string in the de Sitterspace:.time 
should be wi~table; This instability turns out to be a direct conse-

. . ' -- ~ . " '- . . . . " ' 

quence of the unboundness of the Hamiltonian· of the Sinh.:.Gordon 
equation that describes minimal surfaces in the three-dimensional de 
Sitter universe[27]. The rehitionshipbetween the rigid string in flat 
space:.. time and the Willmore string: in S 3 enables us to argue that . 
the same instability should take place in the rigid string model in 
flat space-time .. In mathematics another r~lation between minimal 
surfac~s in S 3 aiid the Willmore· surfaces in R3 is kn~wn [l5, 21 ]. 
Applying a stereographi~ •projeCtion to minini8J. :surfaces in _S3 .. olw . 
obtains Willmore surfaces· in R 3• ·Whence, we 'ca!l conclude tn~t the . 
Willmore string inR3 is unstable also~ · · ·· · · ' · · ", · :· 
· And the final :note concei:~s a modified version of the Wilhnore 

. f~ctional. in S3 •. Fr6m·. the. physical point. of view it. is ·desirable-to, 
preserve the conformal- invariance of this functional in the case of 
ambi~nt space with ·a nonzero curvature too~ To this end one has to 
usea modifiedform ~fit_ given in (3.20): . . . . . . 

, . .'· : . ~. ~ 

~pp~ndix 

We consider here -more simple version of ourproblem, i.e. one 
dimensional. version ·of it. Let· us introduce two Junction'als defined 
on the curves x~' ( s); 

-~.: 

·· .. ·.· ·j· j 2 F\··. ~: ,.ds.+ _a . k d~,:~ ,~. ,,. {A.l) 

·::· ... · 'j' ·. ;.· rt2· . -_·. :. .·'k2ds .. , . . .. - r~ ·~"·· , .... 
'. . ~ ·-. . . . . 

· (A~2) 
.' 

·-

· ~1iere~,Fisa .curVature of the c~rve.~Fi~t iiln.cti~ritil. w~ shaif~·onsider 
in the Euclidem space En and the second one iu'the' n.:dimensional · 

' - . --- . ' . . ... · . . .· , -~· .. 
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manifold· of constant sectional curvature G. ·.When n = ·. 2 · it· has 
been~hown in·the book [33] that the Euler-Lagninge eqliations·are 
identical for these two problems. This result can be generalized easily 
to arbitrary n. By making use the results of papers [34] we can write 
the corresponding equations of motions. In t~e first case we; have 

2kss +k3 ~ 2kr2 -:- m k :0, 
..i a 

k2 . r,.=, const, 

ki = 0, i #1, 2: 

(A:3) 

Here:subsc~ibe ; m~ans diffe~entiation . with respect to the curve 
length, r' is th~ torsion . of the , cu;ve and; ki, i = 3, 4, .. ·. , d - 1 
are the higher curvatures of the curve. For .the functional F2 the 

' " - '1 : ,,"-, 

Euler.:. Lagrange equations read 

2 kss'+ 'k3 ~ 2kr2 +- 2kG = 0, 

k 2r = const, (A.4) 
'; 

ki = Q, i :(- 1, 2. 

'I'hus we get identical systems if we put 

m = -iG. 
·a 

(A.5) 
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Xono~eHKO A.JI., HecrepeHKO B.B. 
KJJaccHqecKall ~HaMHKa crpyHbl c lKecncOCTbJO 
H3 cflyHKII,HOH8Jia Y HJJMOpa 

llpeWJOlKeH HOBblit DO~O~ K HCCJJe~OBaHHIO JCJJaCC-ecKOA ~ 
Hbl C lKeCTKOCTbiO. 0H OCHOBbiBaeTCII Ha BJJOlKeHHH MHpoBOA DO&epl 
DOCTOIIHHOA KpHBH3Hbl. llOKa3aHO, qyo CTpyHa C lKeCTKOCTbiO B DJ1 

ODHCbiBaeTCII ypaBHeHHIIMH 3A.nepa - JlarpaHlKa, CJJeA)'JOiiJ.HMI 
paccMaTpH&aeM~I'O B DpoCTpaH~-BpeMeHH DOCTOIIHHOA KpHBH31t 
KOHCTaHTbl B ~eACTaHH CTpyHbl C lKeCTKOCTbiO nepe~ lJJJeHOM HaM6y­
BHeWHeA KpHBH3HOA, COOTBeTCTBeHHo. Cylll,ecT&eHHO, qyo ~HHble 
He B TepMHHax KOOp~HaT CTpyHbl, a KaK ypaBHeHHII, CBII3bl&ai0111,HI 
Hbl MHpoBOA DOBepXHOCTH CTpyHbl. }lnll DpocTOTbl paCCMaTpHBaeTI 
ypexMepHOM npocrpaHCTBe-BpeMeHH. cl>yHKU.HOHSJJ YHJJMopa ~eA, 
no.nyqaeTCII H3 ~eACTaHII llOJJIIKOBa - KJIIIAHepya Will lKeCTKOit C 

HaM6y-roTO. TaKaH «peA)'KU.Hll• Mo~en" penliTHBHCTCKoit" crpyHI 
. HaDpHMep, npH HCDOJJb30BaHHH HeKOTOpbiX · pe3YJJbTaTOB DO ~HH 
DpoCTpaHCTaC-BpeMeHH )J.e CHTTepa B TeOpHH lKeCTKOA CTpyHbl I 
KpoMe TOI'O, TaKHM nyTeM MOlKHO HCDOJib30BaTb MHOJ'OqHCJJeHHble M 
noaepxHOCTliM YHJJMopa B cfiH3HqeCKHX 3a~aqax. 

Pa6oTa Bbmonueua a Jla6opaTOpHH JeOpeTHqecKoA lf>H3HKH 0 

llpenpHHT 06J.e~HHeHHOlu HHCTHyYTa ll~epHbiX HCCJJe~C 

Kholodenko A.L., Nesterenko V. V. 
Classical Dynamics of Rigid String 
from Willmore Functional 

A new approach for investigating the classical dynamics of tt 
rigidity is proposed. It is based on the embedding of the string world su 
curvature. It is shown that the rigid string in nat space-time is desc1 
equation for the Willmore functional in a space-time of the constant 
y and a are constants in front of the Nambu-Goto term and the curvan 
respectively. For simplicity the Euclidean version of the rigid string i 
time is considered. The Willmore functional (the action for the «\1\ 
dropping the Nambu-Goto term in the Polyakov - Kleinert ac1 
«reduction• of the rigid string model would be useful, for example, by 
Numbu-Goto string dynamics in the de Sitter universe to the rigid 
space-time. It allows also to Use numerous mathematical results abc 
context of the physical problem. · ·· 

The investigation has been performed at the Laboratory of The 
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