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In paper~ [1, 2] we have modified therecipesof [3, 4] anddeveloped a 
regularmethod forconstructing a, quantum double o11:t ofany)nvertible 
constant matrix solution R of the quantum Yang-Baxter ~quation (QYBE) 

R12R13R23 = R2~R~3R~2 : . . (I) 

T~: illustrate 'the efficienC'y of the method,. an R:inatrix from the' two-
. parameter cl~s · . · · .· . . . 

( 

1 p -p pq) 
0 1 0 q . 

0 0 1 -q 
0 0 0 1 

(2). 

discovered by D.Gurevich (cited in .[5]) and studied also in [6::-12]; has. 
been taken as an input (actually, with p = q = 1 ). The result [2] is a new 
non:.:standard quantum double with four generators. { b, g, v, h} obeying· the 
following relations: · · 

[g, b] = [h, b] ~ 2 sinhg, (g, v]= [h,.v] :::= -2sinhh~ ·· 

[b, vf = 2(coshg)v + 2(cosh h)b, [g; h] = 0 , .. , · 

~(b)= e9 
®b+ b® e-~,. ~(v)==,=.~h 0 v + v® e~~'. (3) 

~(g)=g®l+l®g, ~(h)=h®l+.l®h, S±l(g)=-g, 
·><·' . . . : . . :< ) ~·~_:·' < ' :····.;·.-: ~,··t ... : 

s±1
(h) ~ ~h, s±1 (b) = -b±2sinhg, S±1 (v),=,c_v_=F2sinhh-. 

. ,• 

. A month later, Burdik and Hellinger [~2] introduc~d a quantuin dou~ 
ble also related to R-niatrix (2) in terms of generators {T;7r,T,P} and;a 
parameter 'Y· It is not gifficult to verify that their double. is isomorp:hic to 
(3) due'to the followingidentificati~n: · ' · · · · · · . · · · · 

1 ;_2g ',> • ·" . . . • -e · ··- I ·· 
7i = e

9 
b, 1r = 'i · , T = h , . P =:= 2 eh v • ( 4) 

'The uni~ersal 'R.-matrl.x of th~-qu~tuth· double (3) is displayed in [2] as . 
several terms of its power expansion in g and-~ (in [12] - as a power series 
in appropriately chosen combinations. of generators) .. The main result of 
the present paper is an explicit formula for 'R.: 
• - • \ .. ' i. --': • ·:: •• -· 

n = exp {~in~(~~i~ ~ ~ h)'(sinhg ®v + b®sinhh)}. (5) 



This has been· guess~d with the use· of computer; (namely, the symbolic 
cal~ulation program· FORM [13]) and then proved by hand: ·I believe 
that' expanding (5) and taking (4)' into account should eventually yield· 
the -power-series expression for n given in [12]. . 

The key property_o£1?, to be proved is its quasicocommutativity:(14]. 
For example, then-matrix (5) must obey . -· - ·- , . 

• ~ - ' j '-'·' - ~ 

n(eh'® v + v ® e:_h)n.:..1 ~e-h ® v + v ® eh. 

Denoting n = exp A we come to 

- 2(v ® sinhh- sinhh ® v~ = [A,:~(v)] +~{A, [A,~(v)]] + ... , 

as. it follows from th~ Hadamard formula~ Denotingalso 

. z -d z 
~ =-- ~I=---.-. 

sinh z ' dz sinh z with z ::= g ® 1 .+ 1 ® h, 

we find 

[A,~(~)]= 2(~ ®sinh h- sinh~® v) -'2(~ + ~')D; 
. . . 

. Jj = sinh(g ® i + 1 ® h) (v ® sinh h -sinh h ® v) 

" , + ~inh(h'@ 1 + 1 ®'h)(s.inhg ® v +b® sinh h). 

Fro~ the rel~tions 
,. 

[g ® 1 + 1 ® h , sinh g ® v + b ® sinh h] == 'o , 
.. ~ . . ' •' .... , . 

[g ® 1 + 1 ® h, sinh h ® v- v ®sinh h] = 0, 

· [9 ® 1 +1 ® h,D]= o,· 
. [sinhg ® v + b ®sinh h, D] = 2 sinh(g ® 1 + l ® h )D, ~ . . " - : . ' . . . ~ ·- .. . . . ,._. . 

we deduce·. 
. ·[A,~]= [A,~']= [D,-~] =[D, ~']= o·; 

[A, v ® si~hli- sinh h~®v] ~ 2if!D, 

· .[A,D] = 2(g ® 1'J1® ~)D. 
: f • ' 

2' 

(6) 

(7) 

(8) 

(9) 

(10) 

(11) 
f 

(12) 

(13) 

(14) 

(15) 

(Hi) . 

(17) 

~ 

: 
I 

r· 1 
I. } ' l 

The lasLequality enables tis to keep niultiplecommutators.in (7)_under 
control and sum them tip, -with a desired result. , . ; · .• : . 

There is no need of a special proof of the other requirements on n [14], 
because an iterative solution of (6) is unique in the Hopf algebra (3). · 
Therefore, the universa11?,-matrix (5) obeys QYBE: 

It is also interesting to consider the reduced version of (3), that is the 
Hopf algebra with generators _{v, h} and relations 

[v, h] = 2sinh h, 

~(v)=eh®v+v®e-h, ~(h)=h®1+1®h, 

s±1 (h) = -'-h' s±1 (v) = ~v =t= 2~inh'h'~' . .,. 

(18) 

Algebra {18) is a subalgebra of (3) and, at the same time, the quotient 
algebra with respect to the centre of (3). The latter is generated by the 
elements 

{ h-g, (sinhg)v +(sinh h)b } . 

Simply speaking, (3) reduces.to (18) by means of a substitution 

g=:h: .. ' b= -v. 

. ~('I-9) 

(20) 

Another,way toget (18) is to ~~gin with ~he,R~matrix (2)'~nd use the 
original Majid's procedure (4], instead. of the above one [1, 2], to build. a 
quasitriangular Hopf algebra. Recall [1] that Majid's approach is based on 
the< T,L± >= R± duality whereas we. proceed from<£-,£:>= R-1

• 

In the slq(2) case both procedures lead to the same rel)ult(1, 4], but iJ! ~!I~ 
case (2), due toR+ = R12 = R;1

1 = R~, the resulting Hopf algebras are 
substantially different. . ·.-

By construction, the Hopf algebra {18) is:quasitriangular (but~ is ri_ot a 
quantum double, of course). Its universal 1?,-matrix is obtained by _substi
tuting (20) into (5) and looks like 

r ' : n 'C exp {a(,;:;, h) (;inh h~.- ~ ® mnh,~ ;r - (21) 
~ -~ ·~~- --· · .. ·_;-_.: -.-. i A-~~~~--- ~-~--- ·:-·~- . - --~1-~~-;: i._ r· ·-:- ':- ·':· .. \~ 

By the way, to prove (21) directly is easier than(5)·because [A,[A,~(v)]] 
in··eq. (7) vanishes in:~~i~ case. 
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• It js worth !0-entioning that the standard matrix format for an al
gebra (18) admits, analogously to slq(2) [15-17), an exact exponential 
parametrization: · 

( e; e~h } = e~p ( ~- !h ) [11; h) = 2h' 

where 
sinh h . . · · sinh h · · 

v = -h-y+cosh~.,.:.-smhh- -h-. 

A similar reparametrization, 

. sinh h 
v=--x, 

h 

t~ansforms (18) into a Hopf,algebra 
\. 

_ [x, h)=_2h, 

~(h)= h ® 1 + 1 ® h' 
",' ., ' 

( 
h ) ( h sinh h sinh h -h) 

~(x)=~ ~hh .e .. ®.-_ -.h-.x+-h-x®e , sm · ·. ·-· · · · 
• •. , ...... ' • ' J '(' "~h. . ). 

·· ~±1 (h) = _:h,_ >s±1(x) = '-x+ 2 h~,-_:.·1 ·, 
, . , . , ... . . - . . , sinh h . 

'(22) 

(23) 

(24) 

(25) 

(26) 

' (27) 

l' '(28) 

which can be viewed as a' defo~ination of the universal enveloping algebra 
of (25) treated as (trivial) Hopf algebra 

~:J'[x,-h)'=·2h, ~0(h) = h ® ~-+1 ® h, ~0(x) = x ® 1 + 1 ® x, : (29) 
,,, 

\ 

So(h) =_-h, So(x) =-.:X .. 

The universal 1?.-matrix takes the form 
\ ~ 

-n _ ·~{-A.:(. h ). ·(sinhh' ·sinhh)'(h: ·_.·:.. h)} 
/'\,-exp .u. -- --®-- ®x-x® 

1 , , sinh h h h .. 
l~.:...~i--t ; ':-.~- ·· ~: , .. ~ "' . I. · ·~r-.'·1:! · ,,_ .·· ,. 1 Jt. 

= 1 ® 1 + h ®X-'- X® h+ O(h2);. '[(; :\ \ ) 

_4 

' (3'6) 

., 
i..'"-

(31) 

} 
;) 

H 

According to Drinfeld [18), this can be interpreted· as. the_ quantization 
(with 1i = 1) of the classical r-matrix· ·- •·· ~ ·, :. · 

I" . . " 

·· r == h ® x';_ x ®h. ' ~ . ' ·. (a2) 

·; .. ~1· . .-. . ... , ·-~ . ~-:'! ~- . :........ .. . . ., . ,~. : f:-cl\ , .. : ... 
It is proved in [18] that such a quantization exists and is unique ... Our 
relations-(27), (28) and (31) produce it in ari explicit form.: ; ,; _: 

Universal n~matrix (31) obeys QYBE (1) irian abstraCt 'algebra (25) 
as well as in all its representations. For instance, to recover the R-riiatrix 
(2) with p = q = 1, one has tosubstitute into {31) the 2 ?< 2-II1atrices .. : 

. >' . ~ t, " .. . '. ' "!, \ ·.• •· • • • ; • ; 

~x=C~ -~1). hg(~~7/)':- _, .. ,, (33) 
. . . - f,:-

. -~ 

In conclusion we should .. remark that in [11], where the problem,of 
quantizing (25) was also studied, an e~plicif formula has'be~n written1for 
an invertibleelement F which, according to [1~], defo~ms the.coprodu~t; 

· ~(x) :;;Fti.o(x)'F"""1 ,~ 1
· {34) 

' 

and'is related to universal 1?.-mat'rb~ o¥~-
\ . t \ \',•. '/~. ;~1,::,~ .• ~. 

1?.12 = F21F12 . 
-~ ·, .. 

,, ,., 

(35) 
' '·. ·:! (".-.~~-,:·.-.\:7· •, "" ' : ' ; 

However, a straightforward calculation shows that the r.h.s. ,of {35) with 
F>given·in [i1) neithe1; c~inCide~"with(Jl)n'a~ obeys QYBE:(i)~ _· · ·:. , 

; 

An open question is whether 1?. (31) (and maybe also F fn dosed 
form) can be obt~ined by:the very interesting direct methoc\:recentiy pr~ 
posed [19) for evaluating quantum objects like 1?. and F as fundionalsof 
the correspondi~g cla.;sicalr-rriatriX:. \. ·hl],; •• 1.'::. : . , -; ~; y, 
·~-~..:~~--' _·.·, ,·; ~ -~-- .3'' ~- . ~.r ? . ·~)'~~ • t~1 
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llpHHHMaeTCSI no,nmtCKU. Hi! npenpHHTbl, C 
HHCTHTyTa H,nepHblX HcCJie,nosaHHH H <<KpaTKHe coo6 

YcraHoMeHa cne,nyiOUJ.aSI CTOHMOCT!> no.nnHcK 
Oli.SIH, BKJIIO'IUSI n'epecbi.Tiicy, no OT)\eJlbHb~M TeMaTI1 

.Hu,neKC TeMaTHKa 

I. JKCnepHMeHTaJibHUSI lf>H3HKU BbiCOKHX :meprHH 

2. TeopeTH'IeCKasi lf>H3HKa BbiCOKHX :meprHji 

3. JKCnepHMeHTaJibHHSI HeHTpOHHiiSI lf>H3HKU .·: 

4. TeopeTH'IecKaSI lf>H3HKa HH3KHX ::meprHii 

·· ' 5. MaTeMaTHKa 

6. Sl,nepuaSI cneKTpoct<oniisi H pa,nHoxitMiul · . •· · 

7. <JlH3HKU TSilKeJibiX HOHOB 

8. KpHoreHHKa 

9. Yci<opHTenii • 

. IO. ABTOMUTH3UUHSi o6pa60TKH 3'Kcnepi!MeHTUJibHbl> 

·II. 8bi'IHCJIHTeJibHUSI MaTeMaTHKa H TeXHHKU 

I2. XHMHSI 

,_I3. TexHHKa lf>H3H'IecKoro 3KcnepHMeHTa 

I4. J.fccne,nOBUHHSI TBep,nbiX TeJI H lKHAKOCTeH Sl,nepH 

•I5. 3Kcnep~MeHTanbHUS1lf>H3HKII Sl,nepHbiX peaKUHH 

npH HH3KHX 3HeprHSIX . 

~ I6. )J.03HMeTpHH H lf>n3HKa 3UW.HTbl 

.'17. Teo pHS! KOH,neHCHpOBUHHOro COCTOSIHHSI 

. 18. Hcnonb30BaHHe pe3ynbTaTOB . . . 

" MeTo.nos·lf>yu,naMeHTimbHblx lf>H3H'IecKHx JicCJJ 

B CMelKHbiX o6naCTSIX HityKH H TeXHHKH . 

. 19. DHolf>HlHKU 

'<«KpaTK.He coo6w.euit11 -OHSIH,. (6 ubmycKoB) 

llo,nnHCKa MOlKeT 6b1Tb otf>OpM~eHU C nto6oro I 
llo BCeM BOnpocaM olf>opMJieHHSI rto,nnHCKH 

'TCJibCKTHH bT,neJI 0115111 no a,npecy: I4I980, r.).l.y6i 

-· ;.._,_ .. ~ 


