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1. Introduction 

The consideration 'of ~olu~ions, ~f the equatio~~. fo~ the ~assle~s 
, .: scalar andspino~ fields interac-ting '~iththe externalnoi1trivial Yang-.: 

,Mills fields' is of. interest [I ,2]: The dynamics , of, nonabelian. Yang­
Mills (YM) ·and Higgs,fieldsis describe~ by_the complicatednonlinear · 
equations ·having nontrivial solutions [2-5]. The well-known explicit 

·'·, -soluti~ns of,the,,YM equation~ are'the-,instantonsolutions obtained 
withtbe help of the Corrigan-Fairlie-'t Hooft-Wilczek(CFHW) ansatz , , 

:(see [2~4]). Solutions of the' Klein-Gordon. ~~d Dirac equations in, . 
these background,YM.fieldshave been descr!bed in [T,2]. · 
.O:A' new·dass ofself-dual soluti~ns of theYMequations; obtained 

_by .. the g~rier~lization of the CFHW ansatz t~ an arbitrary gauge 
grriup, has. been des~ribed in. [6-S]. · Iri' [9-14]; the CFHW ~nsatz has 
been generaliz~d· to the spaces of dimension- great~r than. four. In 
this paper, .we shall construct, so·me classes of massless solutions, of :. 

, , ~h.e I(leiii:.Gordon and Pirac ~quations in the background YM field~ 
'. ,described i.n [6~8, 12-14]. . . . · :.: • . . . · 

. - I • 

2 ... Solutions of the Yang-Mills eqriatio.hs 

Let us consi,derthe Eudid~an spac~ R~ with the metric Dab, a, b,~.: ' 
. = l,.:~,n. ;LetA~ be th~YM potei:ttials with,vahies in th~ semisimple 

Lie alge~ra g of .tl{e· L~e gm1ip G and . ' . ,. , , .. . ,., . . 

Fab oaAb - obAa +[Aa, fh] 
' .. . ··-.; 

be the curvature tensor for Aa. . , . , , . . . 
.. ·The YM equ~tions forth~ ga~ge potentials Aa h~ve. the f~rrri. . I 

. ' - . . ) ·' ' \ 

OaFab +[.~_a,Fab] '' 0. /' (1) 

.·.:The §~mmation ~o~vention is adopted. th~oJghorlt.· · . 
Let ~is s~ppb~e that· in the spaceRn with metric ba6 :there are q 

constan~ tensors .J;6, ••• ,JZb that are antisymmetric in indices· a ~nd b 
andobeythe relations · . · '· '·' -· · 

.JDlJ13.=J/:J!bab:+··Ef!c{J_-'~·~c::., . ac be . . ... ,. ~ .• ab '-··'· ; · ... ~--,.-,_,-~~- .~ ... .r'"··:>s.~ 'i 
(2) 



. I 

where E~( are some constant antisymmetric- in,_a and. b.. tensors, :, · 
a, {3,:.> . ._ 1, ... ,q: From {2) it follows that · : :_ 1 

· , · · Ja Jfl+ . . JflJ~ .:.. ·_20afJ0 · ·. , . · 
ac : cb ac cb . . ab, 

i.e., Ja = c J::bY give a real matrix repre~entationfor the generat~rs Ja 
of the Clifford algebra for. th~ space 'Rq with the metric DafJ =· -DatJ·. 
For the description of the explicit form oftensors .1;:6 see (14] ... ··. 

. . ' . .J . ·.' 

. We shall look for solutions of the YM equations. (1) in the form._ 
• ~· ·",' • I ,' 

)la ._· ~-.J:cTa(cp}Bcc.p,~ : (3) 
\ ·-· 

where th~reaJ i:mtisymrhetri~ te,nsors.J::b satisfy'(2); c.pis an arbitrary 
function ()f~oordiilates Xa ·E_.Rn;' T1, ... ,Tq r~?pend only .orl. c.p, ~ake 
values in the Lie alg~bra g and satisfy th~ ~oti.hani.:.\Vard (R\V) 
equations (see (15·,.16, 1~·:14]): · 

., •• J .- ' 

. .>f~P-rT-r +·(Ta, !Pl = o. / .. ·' (4) ~ / 
- . . .\ \ .. . . . \ ' ,. . . ~ ,•• ·. ' 

Here fafJr is ~orne tot~lly antis:yiD:metricthree-index_tensor in Rq ~~-
. tisfying !ardfJ-r6:= 28ap and T1 _:_ dT1 /dc.p. ·If q coincides'with the 
diriH~nsion of the simpl~ compact. ~ie' algebra 1i, then as··· f afJ~ one 
may take .the structure constants of-'H. • · · _· . , 

'. . . ' ·' '. ' ' . -i_. 

· In (13]and (14],.it)ias been shmvnthat after snbstitu~ing (3)in~o . ' • .. ' ·. .· . . ' ' \ . . '. ,. 
··{1) andusing the identities (2), ~he Y~d equat_io~s m:e reduced ~o ~he 
·following1system of linear eqi1ations: ;: . (, . . '' '11 

. . f$1E~J8c8b~ _:__ 2;rcacBa1c.p+·2fff1Jt)Jea~ae~+ J;:boc.p . . ,0, (5). 
' . . .. , . 0: I ,'•, . .. ··-.>-\ .· ' .. ·. • (. ··,· .· ·-.: 

where' 0 = acac. Equatiolls ( 4) and ( 5) have'soluti~ns. Their' explicit I 
form f<?i" differ(mt special c~es can be f()und in (7-9, 12-14). 

. ' ··. . . . ... .• (_ . 

. ·, "-- ' 

3~ Solutions of the massless Klein-Gord~n equation 
. . . . . . . . , r .. · . 

In R~ let us consider -the ma.Ssless scalar field. X with value~ in 
the adjoint repi:esent~tion of the Lie alg~bray. The Klein.,.Gordon . 
equation for X in. the e~ternal field Aa ha~ the form . 

,-
(aa :[Aa, 1}(a~ t [1~· l)x·~o.. · (6) 

·-'2 

~\ 

l 

> ~ \ 

,· . 

' where a, ... _:_ .1, .. :~ n. 
No,~,substitute tli~· ansatz (3) for Aa into.-(6).' .. ,Suppbse ·that · 

· Ta(c.p) and c.p obey.theequations (4) and (5). For:x Ictus consider 
· the follm~ing :;tns~tz:' . 

·. x=xaTo(cp), ·, Xa = const. ·' · , (7) · 
<""' ' • ~ • • ':_. •• _ • i . c • • ·; 

II~: this case, the I(le.in-G()rdon equation ( 6) is ·reduc~d to the ·f~llO)V-
irig eqmitio:r( \ 

\_ xaTao~ +xatJ~~ar.cp{f~ ~ [TiJ, [Ta)'p]) }- ·o .... 
, . I . -

(8)' ' . 

Her~ '~e-have l.tsed the id~nt.it.ics (2):··f..1~= d:i~a/d92 : 
· ~ .Thus, ifT0 (c.p) sa:tisfy the equations . 

.•••• i :.: , :_ •• _.'fa- [Tp,,(To·, T~]: 
; . . ~ <I ' •' , • • • • : t 

., {9) . \' 

'·t" 
and cp_ satisfiestheLaplace equati~n 

· ,. I· ·· - ·•. .. · .. i' .. · . :-. · 

. Dcp '== 0,· (10)· .. 

'· ' - ' : ~ ·-~ • . ·- • . . -' ~ ' . • \ ' ''". '.. ' ' "·' ,' I' • . '·. ' .'' ,' 

'then .the ansatz (7) gives the solution· of the massless Klein-'Gordon 
' .: : • . • - •·. •• • ' ,·.·. '·.· - ••. : ; ' ' \. •. -l ', •.. ,. "' • ~ • \ :' 

equatiOn (6). ·· . -. _ : · ·· ·· · · · , · _ . . . . .. .· · .. 
It is easy to see thateachsoli.tti~li ofthcH\V equations.( 4 )s~tisfi~s . 

Eqs. (9). 'Indeed,:if onem~tltiplics Eq~. o (:1) by f~fJ6 :and differentiat~s . 
these efiimtion.s orice rrirn·c, then 'obtains~ . . . 

I :t. = ~it!3~[7j,:t~]..:-. ' 

. . . . .. / .. I ·. .. 

At .the same time, from Eqs~( 4) it follows ·t.hat.~ 

;_ \ 

·• [Tp,[To, T~J]- ~ fn;r[Tp . ..i'-r]· 

. 'Then!fore, 'ifTo satisfy Eqs.(4), then T0 \satisfy~Eqs.(9).· Remind 
·._'that the' function cp.mns!, satisfy Eqs.(5). Co:rnpari1ig Eqs.(5) with 

Eq.(10), ,\re ~btain the following sy_st.cm. of equations: · 
" . '- ''.· 

f$1'E~J8c8b<p -:, 2.lt~8~E}a·cp·+ 2f,~-)t;.Jlr8c8e~ = 0. .. · (lla) 
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Equati~ns (11) h~we solutions. Some of them were written out in 
p3,1~. . 

;,: 
' ~ ~. . . ,· " . ~ ' . . ' . ,. ' . ' . ' . ' ' ~. . ' . 

·4. Klein-G()rdon equation in.n=4 and·. Nahm's equations 
• • .r ' ~ • • ~ 

' . ' ' 
Let us. consider the case n_=;= '4.: I,nR\ as J;6 ·one may take the self-

. ,dual :t,Hoof~ tens~rs 17~6 , wl~ere 1Jpr·.~ <i~.; 1]~4 · -1J4a ~.o~;.o:, {3,· ... -
. 1,2,3, a, b, ... - 1, ... ,4. As frl-t one may choose. the structure constants 

t:(J
1 

of the groupSU(2). T~lCn, Eqs.( 4) coincidewith the.well-known 
Nahm equations [15,16,7,13F .·.·. : · . · · . · ~ . ' · ':~ -· .. 
. . . , ' ._· . . .. . , ·.. I 

· .• EafJ-yT-t + [T~, Tp] := 0. , · · . ~ ' (12) 

,Usirig thefoll~'~ing;identiti~s.[4]: · 

_ . . ' .· ' '' Ep-rJ/~~17;~ .-:- ,bac~bd.- bad17bc~~~ /5bc1]~~+ bbd1J~c' 
!"j • • '1 . ' ' I" ·.' ' . ; • •· _,_',, 

we obtain that Eqs.(lla) red~tce to 
I ' • ' ... , ' I ' 

·' . \ . ' ' . ''"··· 

~ 

,· 

.... ' . . . "' ' 0 . . : . ' ' ' ' ' 1Jab0cp =: · ' . 
I ' 

Therefore,'. the syste~ ·• ( 11) .· coh~ert~·ip.to th~ Lapla~e .. ~ql.i~tion' ( ib f . 
, As sho\vii in [6~8], an~ah (3) gives the anti-self-dual soluti~nsof,the 

YM ~quati~nsin R~. . _.· · · . · · .. . _. · .. i'. '. 

- It· i·~ knm~n that i~ tet:ms of tl~~ta function's o~e' can WFite a general 
solution of,Nahm's ~quations (1,2) for,anysemi~impl~ Liealgeb:ra Q · · 

,~(see, e.g., [15-17]): }All'solutions of the ,LafJlace equatiori·(10) are 
~nown, too. Th~ expl}citHorrriof some solutions ofN(1hrn '~equations 

; maybefoundin [7, 8,,13]. . , : . · . , . 
• \ ·:· . : ' . ' ·l. 

s. -soiutiorts or t4'e mas~Iess' n.irac ·equation inn 4 
'· ·' . ' . l 

Let us consider the Euclicle~ri foi1r-vector matrices [1]: ' . 
··! \. I,.:_ ,._ -.' I • ', '•' ," ,·, 

O:a ~ ( -ial, ....:ia2, -:-ia3, 12), aa . . (icrt, icr2, ia3,12), 
~ . ' ' " . . ' . ... ' - . 

whereaa are the Pauli matrices and 12 is a unit 2 x'2 matrix. These. 
matrices have thefoli<>wi.ng bas~c prope~ties[1]:, · · 

'o:aiib = bab +ii~b(iaa;}, \~ CYaO:b = bab+ ry~b(icra), (13) 

·' 
4 

I 
/ "·.' t• 

. 
1 where ~;11 .. _·E~1 , ij';4 _ · -ii4a:-' ~8~ are ,anti;-self~du~l _'t Hooft ten~ors. 
The, self..:dual 't Hooft tensors n:ib were introduced in ~ect.4. Let us , 
'defi~e the.Eucliclean_1-matric~s as 

', . . _:· . (~ . 0 . i 0:~. ' ) . - . -~ , 
./a- &a 0 

. ba, rb] ~ 2i ( ii~_b_a. a. o' ). .. . 

. . . . Q .. · na CT ~· 'lab a. '· · 

. ·t 
~< I' f 

The 'Dirac _equation in ·n~4 for massless spinor if in .the adj.oint 
represe~tation of the Lie· g~oup_ ,G has the form · . 

I. ; .. 

· . '/a ( Oa1/J +. [Aa: 1f]) . 0. -. (14) j• 
I 

Each comporient oft/Jtal~es values in the Liealgebra g. 
' ~ I . , . • . . .· . : ' . ' ' . . . ' 

.. · Rewnte the four-component column V' through two-·component 
. -spinors ·'!f.J+and_ V'- ':· '!/; ' (~D. ·The ~natrix ~qilation (14) cari b~ 

're,vritteu as a system of. two equations · /.: 1 c -. • : 

I· 

··. . •,. . i ' . . . j ~. . , ' ! - ' ' 

O:iz(Oa'l/.J..:+[Aa;'l/.J-]) · 0, ·· ,iic;(oa~'+{ [Aa;'!f.J+]) 0. 
. •.'· .. . . 

·.· ~\15)' 

· ... We sl~alllook fqi, soltttions in the form- · 

1/.J+ ':- a~ ( Bax ~ .. [Aa:·x]), ... V'~-_J . - 0, ·.··~··:- 4>x :::::'d>xaTa( cp.), 
• • / • • ••• ~' " •• )' ~ > '. '. • 

(16) 

where 4> is ~ con~tant two~ component spinor,.:and x satisfies, the 
ma~slessKle1in-:Go~don eq~ation; (6). , . _ . . 
:< Substituting (16) into U5) and using (13), we obtain that Eqs.(15) 
~educ~,to , .· • ·· , · · i · <. , , ·· . ' . . ' . . ' '. · · ·· ' 

., ¢(aa:-f [Aa,· l}(oa+ [A.a, '1)x+~a:¢[1J~bF~b;x].= o>.. {1,7) 
~ , ' ,. ' ,- . \ ~ ' '" ... I < < , :, o > :. . ,· , • ' : 

. In .virtue ofthe anti-sclf-duali t.y of th~ field Fab [8], we have rj~bF~b .-:-
. ·a .. Since. X satisfies Eq.{6), we obtain that :the misatz (16) gives I a 

I • .. . .. . . . 

. ! . . soluti.on of the Dirac equation ( 14). 
In [7] ~nd [S],the ans,atz _ . 

' (18) 

.. ·I·-. '· 

' I ' 

Aa = 2ij~bXbTa(T), · T = XcXc) .. 
• ' • • J \ 

\ • • • • ' • • • ~ : \ • < _- \ : • , .• • ' 

has also beeu•considered.. For the ansatz ( 18) the ·a~ti-sel~-d~~ality 
equations fo(Aa reduce to the Nalu:p equations' 

. ' . €ap1T-r :__ [Ta, Tfl] . .:_ o, 
\ 

5-



·,,. f' 

{- '. ~ '· • . ' · ... ·-.· • • . . ' ·- '\ ~- : t. ' ~ •. . { '.. • .. ··: .. ' .• -. 

obtained from Eqs~(12)by'the replacement To'-:--:-+' -T0 • It is easy 
to. see that for<the'·an.sat'z (1SLone'c.~ri' als~ obtain.the'solutions 

· · of the massless Klein-Gqrdon and Dirac equatio~s if: ~nereplaces I . , .. . .. . 
ever~ywhere cp by r: . ,/ ' 
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