


1 Intro ductlon

G The consrderatron of solutrons of the equatlons for the masslessj:f
G sca.lar and spinor ﬁelds mteractmg w1th the external nontr1v1al Yang—,;l
¢ Mills fields is of interest [1,2]. The dynamics of nonabelian. Yang-
‘ '~,VMllls (YM) and nggs fields is descrlbed by. the comphcated nonlinear -
a5 requatlons havmg nontr1v1a1 solutlons [2 5] The well- known exphclt "
E f‘bi"solutlons of the YM equations are the.instanton solutions obtained =
' with the help of the Corrigan-Fairlie-t Hooft-Wilczek (CFHW) ansatz
L (see [2 4]) Solutlons of the Klein-Gordon and Dirac equatlons in
S }Zithese background YM fields have been descrlbed in [1 2] _
P A new: class of self-dual solutlons of the YM equatlons obtamed;:
"*fijby the generahzatlon of the CFHW. ansatz to an arbltrary gauge.
' group, “has been descrrbed in [6- 8] In [9 14], the CFHW ansatz has  *
;been generalrzed to- the spaces of d1mens1on greater than, four. In'

the leeln—Gordon and Dlrac cquatlons in the baclxground YM ﬁelds,:["
‘ ffdescrlbed in: [6 8, 12 14] D Gl . ey

f2,: Solutlons of the Yang-Mllls equatxons :
‘Let us cons1der the Euclldean space R" w1th the metrlc 6ab, _a b

1,0 Let A; ‘be the YM potentlals w1th values in the semlsnnplef :
L1e algebra g of the L1e group G and S &

ab = 3 Ab abA + [Aa,Ab]

’ ::be the curvature tensor for A,. : A e T P e
= The YM equatlons for the gauge potentlals A have the form o

a Fab + [Aa,Fab] =0, 7 ft N -('1)

";'The summatlon conventron is adopted throughout : ,
k Let us suppose that n the space R™. W1th metrlc 6ab there are q-
et constant tensors-J},...,J9, that are antlsymmetrlc in 1ndlces a and b: :
and obey the relatlons ‘ i~‘ L A T e

" this paper we shall construct. some classes of ‘massless solutions of

game g O



where E b are some constant antlsymmetrlc 1n a and b tensors, T

o, ’3’ ,q From (2) 1t follows that B i
: J:ch + Jﬂ 75 _\_’_25 5ab, .

e(»'

ie., J &= (J ) g1ve a real matr1\ representatlon for the generators Joo

of the Clifford algebra for the space ‘R? with the metrlc Jop’ —:_—6,,,3
‘For the description of the e\phc1t form of tensors Jg sce [14].
We shall lool\ for SOlllthI‘lS of the YM equ'xtlons (1) 1n the form

at1sfy (2) @ isan arbltrary
T, depend only on, ¢, tal\e

where the real ant1symmetr1c tensors
function of coordlnates Tq E R T1,..,

values in' the: Lie algebra G and satlsfy{‘fthc Rouhanl W"xrd (RVV ) ," o

equatlons (see [15 16 12 14]) N
Jat faﬂ'rT +[TmTﬂl ,:5?

Here faﬂ., is some totally antlsymmetrlc tllree 1nde\ tensor 1n ‘
tisfying- fa.,,s fﬂ.,,s = 260,/; and T =dT / do. If q c01nc1des thh the

‘dimension" of the s1mple compact L1e algebra H, then as fa,;., one

may take’ the structure constants of ’H

In [13] and [14] it has been SllO“ n that after substltutlng (3) 1nto -
(1) and’ us1ng the identities (2) thc Yl\’I equatlons are reduced to the

_*followmg system of hnear equatlons
fﬂ72ﬂ73 31,99 2],)03 3,,(,0 + 2fﬁ’7

,‘Where 0=79, 3 Equatlons (4) and (5) have solutlons Thelr e\pllc1t
: form for dlfferent spec1al cases can be found in [( 9 12 14]
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3 Solutlons of the massless Klem-Gordon equatlon

In R" let us con51der the massless scalar ﬁeld X W1th values 1an‘
‘the adjoint representatlon of the Lie algebra G. The Klein- Gordonf

, equatlon for X in - the e\ternal ﬁeld A, has the form ’., R
T e s

R

B

it ‘»,'— o

T

_
B

wherea PN, T
Now substltute tlle ansatz (3) for Aa 1nto (6)

Suppose that
T (go) and ©® obey the_ equatlons (4) and (a) For X let us cons1der

the followmg ansatz

In tlns case, the I&lem-Gordon equatlon (6) is- reduced to the follow- S
1ng equatlon , ; :

e

ey e

It 1s easy to see that cach solutlon of thc RV\’ equatlons (4) satlsﬁes e

Eqs (9) Indecd 1f one multlpllcs Eqs (4) by faﬂ,sf nd dlfferentlates

[Tﬂ’ [Tn,Tg]] fn/i-r[Tﬂw 7]

,;;'Therefore 1f T satlsfy Eqs 4) tllen T 81f1§fy Eqs (9) Refnind‘ ‘
“that the functlon  must satlsfy Eqs (5). Comparlng Eqs (5) \nth
, Eq (10) we obtam the followmg svstem of cqu'mons T

‘ R
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4 Klem-Gordon equatlon 1n n 4 and Nahm s equatlons";-: =

Let us cons1der the case n= 4. In R4 as J lone may tal\e the self— :f o

‘ dual t Hooft tensors NS, where 7757‘—~ eﬂ./ Ty = n4a =6q, ﬁ,
~1,2,3; a, b,..

€,
: jVahm equatlons [15 16 7 13]

caﬂyT + [Ta,m 0.

‘ Usmg the followmg 1dent1t1es [4]

o sk eﬂ'ynab"cd = 6ac77bd 5ad77bf ‘5bc77ad + ‘5bd77a0’ ‘:,;
vwe obtam that Eqs lla) reduce to ‘; s

Al

| ‘Therefore the system (11) converts 1nto the Laplace equat1on (10)
As shown lIl [6 8] ansatz!(‘3) glves the ant1-self dual solut1ons of the o

: ."YM equatlons in R4

CItis known that in tenns of theta funct1ons one can wr1te a general‘.‘:'.
solutlon of. Nahm S equatlons (12) for any semlslmple Lie: algebra G
'J(see e. B 15- 17]) “Allsolutions of the | Laplace equation *(10). are = -
known, too The e\phc1t form of some solut1ons of Nahm s equatlonst Vi

"Vmay be found in [7 8 13]

5 Solutlons of the massless Dn'ac equatlon 1n n_4

T
--x,_,u. B

Let us- consxder the Euchdean four-vector matr1ces [1]

" CY = (_20'1,:—20'2’ 5203, 12)a = (20'1, 202, 10'3, 12)

where Jq are the Pauh matrlces and 12 1s a umt 2 x 2 matrlx These't'[ £

matrlces have the followmg basm propertles [1] - Sl

, “ O’aO’b —‘6ab ‘l“ nab(laa)

Ny

Equatlons (11) have solutlons Some of them were wrlttcn out 1n L

‘ o As f ¢ ‘one may choose.the structure constants .'_ L
of. the group SU(2) Then Eqs (4) c01nc1de W1th the Well l\nown; e

Gae = bt na,,(wa (13> G

k 4‘ ot where 77 = eﬂ,y,» 104
o The self—dual 't Hooft tensors g were mtroduced in Sect 4. Let us
B deﬁne the Euchdean - matr1ces as -’ ‘ L

_ 0 aa S UabUa : "0\‘ \

';'}‘jspmors Py and 1,[)
L '\f;re\vr1tte11 as a system of two cquatlons e

> We shall lool\ for solutlons 1n the form

" '»reduce to o

‘ ‘ﬁff‘a:; 6" are ant1 self dual ’t Hooft tensors

Sk

Tlle D1rac equat1on in. n-—4 for m'lssless spmor ¢ m the ad_]omt '

N ’representatlon of the- L1e group G has the form ;;',\‘ o R

,'i“

' ; ( a'(p ‘l‘ [Aav ¢l) = O , (14) "Y

'fl.Each component of ¢ tal\es Values in the L1e algebra

. Rewrite the four component column 1,[’ through two component‘ij
S = ( ) The matn\ equat1on (14) can: be"v

(Bt [y 1)—0 ‘aa( a¢++[4‘,,¢+1) (15)

¢+ = Q’a( X + [Aa, x]) , .‘ilx ’—i¢\" = d>x T (e (16)‘ :,

f“where qb is:a’ constant two component spmor,f and ,\ S'LtlSﬁES the
; massless Klem Gordon equat1on [( RS N

Substltutmg (16) 1nto (15) and usmb (13), we obtam that Eqs (15) ;‘

¥,

,,-\ IRs
St

(@. ¥ [Am 1) (6 + [4a, l)x + aaqs[nabrab, ;1 ‘—' d o w(m :

if“ | In v1rtue of the ant1 sclf duahtv of the ﬁeld Fab [8] we have UabFab =
7.0 Since x satisfies Eq. (6), we ohtam that the ansatz (16) glves a
f ;solutlon of the Dirac equat1on (14) i ' : B

In [7] and [8] the ansata

A= 2na,,be (r) N (18>"

has also been cons1dered For the ansatz 18) the antl-self-duahty‘?'
ot ’equatlons for A reduce to the Nahm equatmns S

leTﬁl—O e

3 K ::,I.' V’»_ v B} ‘»: ‘.’ 60[}7

5




“ "'obtalned from Eqs >(12) by the replaccment T =Ty

f-'of the rmassless K1e1n~Gordon and Dlrac equatlons if- one replaces
) 'everywhere cp by T. /’ B R S e ‘

g 6 Condusron

Here we. do not wr1te out the e\phc1t form of sohrtxons of Eqs (4)

'-iand (5); because this has been’ done; for. e\ample in, [7 12- 14] ‘Each"
‘_ solutlon of Egs. (4) and - Eqs (5) glves the. solutlon (3) of ‘the. YM
equatlons in the d>4- dlmensmn -The ansitze: (47) and (16) permlt
~-one:to obtaln the’ solutlons of thc massless I\leln Gordon' and Dlrac
o equatlons in. these bacl\ground Y M: ﬁelds VVe hope that some Qf

“these solutlons may be used n quantum chromodynarmcs and in: the

f-lsuperstrmg theo Vi i
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