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.'1· Introduction I l • 
' J 

·' .. · ...... . '. . . . . . 
So.far, the basic tool for- calculating the transverse_yibrations of 

·beams and rods is th~ classical·Bernoulli-Eul~r equation (B-E equa
ti-~m) [1]. Only-two g~neralizations of this theory can_be mentioned 

. here. Th~- effecf '9f'the gyration- inertia of beaill:· elements 'under 
vibrations was'takehiiito account by Rayleigh [2] .. At the begin
ning o(this,centu;~_ ~irposhenko propos~da ~ore realistic riwdel, [3) _ 
involving both the b~nding-,and . shear deformations of rpds. under 

· trcins':erse yibrat~o:hs. ·However, all att~mpts to ~obtain riwre getieral' 
. approximations in . this , problem lead ·a,s a' rule· to _Very complicated·. 

c, ·constructi~ns (see·, 'ror.~Xample,:[4)): -- _ •· ---· · · : • · , _ · ··- · 
It i~.~idely'believed·th~t-tlie Timoshenko model is successful oe:: . 

'cause it is a hyperbolic ~pproximation toe~~ctequations in the the.;.~ 
I, ' ' .·, • ., ' ' • '""'-. F • ,· " • • " --., ; 

ory.-ofelastlcity [4f- ·However; in the present paper .. we _would ·like 
to sho'W that the same 'corrections to the. B-E lfrequencies as in the I 
Timoshenko 'theory can be obtained remaining inside .the. scope ~f the -

. · · · parabolic approxi~ation th~t is de~Vng with a parabolic (/qua_tion for · 
fl~xural vibrations· of the beam.\ . · .. , .! · · . , ; - - . 
· The layout oLthe,paper is as follows. In'sect; 2 the essential~ of 

the Timosheriko model are presented;- In sec(. 3 the. ·same. descrip~ 
tion of transverse vibrations of a be.ain 'out without of an auxiliary' 
nonphysical-mode.~£ osc,illations .is:proposed by making use_of the 
parabolic type equation. In C~nchision (sect:- 4)jt is shown that- the_ 
energy in the: prop-osed mode~ is positiv~ definite. · 

.;, . 
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2 Timoshenko, modeL 
' > 

We begin with a short summary~ of the Timoshe-nko mod~l[l, 2, 3]. 
Let Yl(t, x) and Y2(t,x)qe lateraF defleCtions of the beani <!ue to ,the
b~nding . and shear,. respectively. The .Timoshenko .model is defined 
by the following LagraJ:!ge -fun~tion .~ . . . . . · 

. . " .... 

'\ 

·.·L...:...T,...:....v, 
r. ..J . 

(1 )· ) ; 

. I '' I ,' / ' ; : . I 

T .. ·. pFJ· (·:.' .. _·. )2d .. · pi!( .,)2d .. · 
' ' T ' Yl '+ Y2 ' ~ .+ T ' YI. X;, 

"'.>· .. ,o,. ·. • .. ·,. · ,·-.. ·o.····. · 
- 1.1· <· · I· 

· ... -\Ef··j. · · _.k.FGJ. · · · ·•. . II 2 . '· . . . ··. ·f 2 · 
V .. iT . (yd_ dx_ +-. ~2_-. . (y2 ) c;h. I 

' ' 0 ·.· ·,' ,: ·. ' ', ' ' 0' . . 

..(2) 

(3) 

Here :E is the Young modulus ~fthe be'ain mate:riaC Gi~:theshear 
modulus; p is the mass den~ity, j ·is themorr1erl.t of inertia of a cross 

.· ·sedion around principal axi~.normal to the plane of'm~tion; F is thk · ·.· 
cro~s sectior{ area,' lis the. beam le'ngth, and 'k is the shea~ :coeffici~nt. 

'The. dot, and prime stand for 'differentiatio~ with respect to' t and X' 

respeCtively. ··· · ·' \ " .· ; · ·• · · . , 

The Lagrarige function{!)-· (3).lead~'to: eqmitions ~f motion for 
·y = YI•'+y2 and1/J1 = y'.+<iA ,. · .. ·; ~ · .. ~ :~ .. ~ . ··. 

? ' ) 

.. ~ , k o.c·· .. ;, ;,,>· • , o .. , 
y .- 'P' y - .'P ·=.·. ?. 

'· 

. I , \ .. 

:. ~ , . ; I , " ... ~. ' , . , . J. 

1/J";-··f!_~ +,:.-GP(y~ -~ 1/1);, a·· .. , ... (4);. 
· ·. E.· ... EI .··. . . . 
a:ndto ·~he bou~dary_~~~ditioris ~hich )n the. tase or" hingJdb~am 
ends have the f~rm' . ' ' ' ' . ~ 

···:' '., ·. 1.· 

·y(t'; o) · y(t; l) ~:o ~"(t, o) · · y"(t;l)' = o·, 
. .. ,· ;·,, ·', ·,· . 

1/J'(t~ o) ·. 1j;'(t,l)_ = 0. 
\:. 

(5) 
I 

'' 2· 
l. 

!1 

\,\ 

J 

/ 

, .. 
, -_I !· •. ;; 

'· 

Let u~ substitute into equations C4) the nor~al forms of the beam 
vibrations .. . 

· y(t,x) = Ansin(wnt +En) sin(>.nx), · 

1/J(t, x): ' 'Bnsin(wnt·+ En) ~~~(>.nx), c A~ ' ·n:;;z: ' ' (6) 
. , , · ' ~ . . . i 

1 
, • _ ~ • • • I .• 

corre~ponding to ·the boundary conditions ( 5)., As a result, we obtain 
the'followirig equation for eigenfrequencies . · - ' 

a2 ).4 ·_ w2· _ 
n ,, (

. · E ). 2 . ; . 2; - . ; , p' . ·~ 
1 T kG_ ?" >._!!. w>~ + .r kG w 

' I ' • • 

o, {Z) 

~here a2 = 1FjpF and 1· is the r~dius of inertiaofthe heam.cross 
:section, ·1·

2 
··· .. IfF. 1 Besides, th~re arises the relation hetweei1 t!J.e, . 

;amplitudes of oscillations A;:. and B~ • · 
. . - . ' 

. '·. '. . . 2 

'· .. . : Bn := ~n'[l _ ·!!}_ Wn 7.2 >.2] , . · · (S) 
• A . · ·. · kG 0 2 n · 

. • .. ', .· ·.· . . . . ·: , ·., · .... · :· I_ ~- : , '.· . ,I i ';' , 

. Here On.· are •. the· frequen:cies .of, beam oscilla_ticms 
1
in the classical 

• · • , •· . · ,.' ····'· f, I , 

Bein?ulli:-7E:uler theory [1], ,which nii1 be optained by taking-into· , 
·account only. the first t\vo tehris iir ec1. · (7) '· . ~ ( ' . •' .. : . - . ~ . . 

I '·. 
. 2 ' ' 

· On·= a >.n. (9) 
' . ; . .,•/:.! '' ·.' ' ' '' ' ' ; · ... ,, .. · ' ' . ... . . . ·•. :_ 
·• · Equation-(.7) defines two series of eigenfrequencies or two} modes of 

'"oscillations but~fr~quencies!df lower mode alone turn smoothly irlto 
the, Benioulli-;:Euler frequen(·~es (9) wl~en tl1e small parameter'r2 >.~'in 

. the Timo~henko theo.ry tends to zero [5].' Tinw~henko hi:inself [1;!3] 
. . ' .. . . . ,I . . .. . ,· . , . , . . . . . 

''has considered only the basic· low-frequency rnode'iterating eq. (7) 
· . with respect t<? the ~mall para~eter ·r2>.~. ·Moreover, tlie ~~~t. te~n:1 ' 

:in eq. ·· (7). corresponding to the Kinetic energy of shear defor~natious . 
WaS neglectedM a quantityof higher ord,erin r 2 >.~ [6]. The effect! of 
shear deformations under flexural vibrations was. taken into account 
by the term in (7) proportional t~ E (kG. I~ this way the fo'nowipg, 
fqrmula for eig~nfrequen.cies was obtained [1]: ·· · ··.·. · · ~ · .. · 

.· 2 [·· .. 1 ( : .-E) -~ 2] 
u.Ju ~ a A11 1 - 2. ·1_, + 1.: G.· ~1' \, .• (10) 
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-As was shown.in·[5]; the.second higher-:-frequency_mode of oscillations 
in the Timoshenko' theory :plays•an auxiliary.role. The vibrations 
with such-fr~quenciesai:e not ~xcit~dp~acticallybut their incorpora
tion by the frequen~yequationimproves the,freque~Cies of the basic 
oscillatory. ~~de. · · · :- 1 ' • · .· · 

,3, Parabolic ·e'q~ationfor ·flexural .. 
' i ' • ' ' • ' : ·' .J ', . 

vibrations of beams 
\ i ·- . - ·, " ,I , . .. ... . · ·. · 

We shall . show . here that the . saine 'correCtions· to the. B-E •fre-. 
quencies .• ?s in ( 10) ca:n be' oh~airi'ed ·by mal~ing .use· of thepai·~bolic ' 
equation describing. fi~xural vibratio~1s oft he Ti1rwshenl~o .·beam:. It -
i~ 'appealing that ~this~ ne~ 'equation do~s not ~ntail .the ilonphy~i
cal duplication or' frequenCies. The basic 'idea of ~ur appro~ch. is.to 

• \ > :"" •·., • ,",•, • :.• ' • • '.• { • ·"' r' • <, ,' •' 

remove from eqs:' (1)- (3) the variable y2 descrioing the shear.'de-. 
formations b~t ·at. the same tirrie. t'o. t~ke. into' account ~the· effect of 

' I ' . •. ' { '·' • . • ' • '. \ '• ' • _• \ ~ • '•., ' • . ' ' ' ' 

shear'uponthe bendingvibrations~ · .. ,. · ' .. _. . . .· _ . 
' ""-•" 1' ), " • ' ' ' ) • \ J • '" '; ' ,> ' 1 ' I ~ "·. ' I ' • • 

' ~ '" 

· For the kin_etic energy of bea:m ( 2 )'the bending: contribution, to the, 
first ten~ com~sfro~ th~ ben4iilgvariables 'yi' and y·/being only the' 
co~rection, to jt.' Indeed, using. the ~xpiicit solutions, a~· tho~~ in the> 
case .ofhiriged beam ends ( 6), for· example, an:d'th~. rela~ion, between __ -·s._. • 

amplitudes (8) one fi~ds '> ; . l ' .·. _:~ ~. . . ' ' ' ' ' 

' l ') '_·, ·. '· ' ' ' ' 2 ' ' ' ,' i' . / 

· ' '. • 2 .A 2 E . ( w ). . . ·•' ·, .. · .-.' 
, Y2 _ r, nk(] ft , ''' : ... ' ' ,' ' 
I ·-;-:- , - , , . . , , ··· . 2 • ·. ( 11) 

. >'. Y1 -: 1 ·:..:. r2~~ AE ··(ft)··· ·• · ·· ' \ 

. '· _:' , . ~- ., . ; . k7J.. n 

For suffi~iently lo~gbe~ms (hjlis small, where h is:.the beani height) 
w~jn~- ;;_ 1 (s~~; for,example;[5] ). ~·Then formula.(ll) gives':.'.· · .. 

( ~' ' . ' ) 

I, · ~2 "'.:.;2~~ ~ 1'. ·, :1 ', (12)! 
'' ':yi .. J, ·, .· ··'' . • j • 

It shotild.be noted 'that the. es~im:ation' ('12) is tr~e·only for'vibratio~s. 
of the basic !'node in th~ Tirr~oshenk~ theory.; :H~rice: the va:~iable Y2 
can be dropped out of for,inula (1). . . . ' . ' . . 

• ' ' \ ' f ·• 
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'' 

. • ' ~ ,; J . . ; • ( : ' ' •• ' ' . . • ', . \ . • ' ' . 

In (3) the secondterm represents the elastic energy ofshear defor-
mations: The.-variable y~ here c~nbe expressed thr~ugh·y1 . Adualiy, · 
according to the. Hooke law for. shear deforniations,we_have 

. ' , I t, ~. :. Q · .. ··. . ; . , 

;.. y2 ~.kGF' · .· · •. 

';J' · -·where. Q ._is the transverse_ fore~ arisi~g. un. d~r flexural vibr~tions. 
; · .. From the elementary theory of beams [1] it follows that 

.: I • . ' . . . ' ' . ' ' . . ~ . ' I -'~. ., ' 

'{I I .. ' ' 3 ' 
. i Q =·:.....E. I· d Yl· 

_i. 

·~ .r 

· · dx3 •· 

·and· consequently,. 
' . • ' , ~ I f ~ • 

(~-3) 
EI . .. 

. ' . ) 
Y~ . -. ~ k F G y~' :· 

• 1 To ·c(;nstru~t a· correct Lagrang~ fun~ti~n de~cribing::b'(mding .. vibra
. tions we·inu~t insert (13) into :(3) and cl?-icmge toth~ opposite sig~ 

. 
1 

of the se·cond te~n1. Thereby, it will. be talceii into account that' the 
r·' appropr~ate: portion of the energy ~f;bending vibratio~s t,uriis into • 

. the potential energy or'shear deformations: . . · '· . 
· Fina:ny, w~.obtairi th~ following Lagrange function .specifying··orir· 

' ~~del• 'r \' , . I . ' . ·.•. •.. • . ' , . ' < { ' ' ; . ' 

. .·_L .·_· ·:pF·.j··· ·2d __ .· .. pi_·j· ·_12(1 .. ;_;, E I_. j·.· -~~~d ·.. .·_. -E I.. ~J: _ .. :m2d 
' ··. J \ • 2 . ' y X + 2' . y' .x ' .. 2 .. ~y ,::r + 2kFG .. Y;' ~. 
t ' '. '- \ ;,. '' f '· , . , ,, , -'. , • '· ' . 1 

,, 

.I 0 • ' 0 ' • 0 · · · i 0 

' . . ~ • . ' ·. ' ·, .. •. \. '' ' I , I / • . . . ' \ '. . (14). 
· For simpliCity, index'l of the bending variable y(t,x)is omitted: .~ 

I· 

l 
; 

.. I Varying. (14);: one. arrives at the parabcil{~· equation for fiexu~al 
'vibrations of a :be~m that takes into account the effect of shear' de~ 
forcl~tio~s upon the b~ndingvibrati~ns - ,_ . . 

1,---.· 
jj ta2yi4) ~·· r~b"-+ a2~.2 ~~Yi6) = 0-~ . ' (15) ' 

.· ~h.~re ¥~n~' = 'any/8:pn;_ f~r the hinged' be~ ends th~ variation of' 
(14) ought to beperformed ·under'thefollowihg boundary. conditions 

· ·y(t,O)~= y(t,l) :_ 0, i/'(tjO) . ·y,~(t,lf=' 0. 
' ' ,' . " . 

(16). 

/' 

;·. 

s 



/.\ 

. S~bstitll.ting the :rio~mai form 6£ oscillatidn~- dictated by th~ bo~ndary 
conditions ( 16), into ( 15) we'o htainthe' equation for eigehfreql!~ncies 

••. , / > • • --: ···,. ' " • ., • 

. w_-2:'(1_ ··+·._r2>.2)··_ .:_ a2~4(ll·+·> E r2 _ _\2). . .0 . (l'l) ·. 
. n . n · . n ·· kG n .. · 

' . ~ . ' . <· ;'.. ' :' . . '- ... · <·. ·.· ~ ' 

. Solving thisequatio~ to _the same preci~i~n.asit was,. done·, by Ti~o
.· ;shenko, for equation. (7)-~e arriv~ at' the same cortections tofrequen.: 

cies defined by (10) . · . .' , ·· · .;.~' .. '. : · . : ·. . . . . · .. 

., . ·/ 

' ··' ,2 [1 .. "''-" .. "".~An: . 

; . 
. ' . ' .· •. t. 

~-- (1 + . E..) /2>._ 2] .• \ (18) 
2 ··.···kG ' .n. ' •· 

• ·.·._,._·_, I ,. '.· 

Wn = a>.2·' 
n 

.. 4 , • . Corichision 
__ ..,.,.?-,··· \ 

. Thus; the parabolic' equation· ( 15) ·gives practically th~ /sani~ de.: 
s~ription of flexural vibrations· of beams as·the ,Ti:moshenko.theory;, 

. The appealing feature. of the: proposed • approach is the .• .absenc-e of 
, an auxiliary nonphysi~'a:l mode of, oscillation entering into the Tiino- · 

• -· ' . ,• ••· ,: . '. ·' ' 1' "-< .-shenkomodeL ·. · · .· ·. · ·.· ' 

''using the' explicits~lution (6) for 1J(t; x) a11d the frequ'encyequa.: ; 
· tion ( i7) one can find the·. e'nergy co~responding to the . Lagrange, 

function (14 r . ;, , ' . ' ' . ' ' . ' ' 
~ . \ . ' ' 

·E~:, i~~~E }~~! (· 1-k~EG-~2>.;~ 
~- 4; . ' .• ',, .. .·' .··) 

1 

. . . ,' '' ;. . . . i., .. . . '.,· '· .· 
It is easy to see that tlie'qmintity (19) is p6sitive.de#inite .. lnd~ed: for 

. the prismatic beam EjkG :::__ 3.2 -(see, for example, [1]).and within 
the range of application of the theory in questim:i r2 >.; ·-~ i the·:\' 

. • • • . • ; ' ' , : . ' . .i ' ,, 

quantity in parentheses in : ( 18 r is. wittingly positive. · Therefore . the 
Lagrange. fun~tion (r4) ·containing the 'sheai p-otential'ene~gy ,with 
opposite 'si.gn; ·.as comp~red. with _the Timoshrnk6 'nwdel,.doe,s llot. 
result in the negative ,total energy. .. , · .. · . · :· · • . '· · · · · 

. ' . . ' '. . . ~. 
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