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YloH ll.E, E2 - 9264 

HaoCIHIHOBbre oPpaHIPieHHSI nnSI peaKUHH B rrpoH3BOIIbHbiMH crrHHaMH 

llnSI peaKUHH C IIpOH3BOIIbHbiM CIIHHOM IIOIIy'leHbl KaK H30CIIHH0Bb!e O!'pa

HH'l6HHS! (paBeHCTBa H PpaHHUb!), TaK H TeopeMbl THIIa noMepaH'lyKa, 06cy>Kna 

JPTCSI HeCKOIIbKO rrpencKaaaHHH nnSI NN -pacceSIHHSI H peaKUHH 11 p ~ K I* 
Kp ~"I*. 

Pa6oTa BbmonHeHa B Jla6opaTopHH TeopeTH'leCKOil qm3HKH OH.HH. 

llpenpHHT 06'be,nHHeHHOrO HHCTHTyTa s,nepHbiX HCCJie,noBaHHA 

~y6Ha 1975 

Ion D.B. 

Isospin Constraints for Reactions with 
Arbitrary Spins 

E2 - 9264 

Isospin constraints (equalities and bounds), as well 
as the Porneranchuk-like theorems, for reactions with 
arbitrary spins are proved. Several predictions for the 

NN -scattering and "P ~ K I* , Kp ~"I* are discussed. 

Preprint of the Joint Institute for Nuclear Research 

Dubna 1975 

In this paper we derive several stringent isospin con
straints on the differential observable of the reactions 
with arbitrary spins related by isospin in variance via two 
isospin channels. Wethenprove: i)thePomeranchuk-like 
theorems on differential observables of these types of 
reactions and ii) the constraints on spin polarization 
parameters when the usual triangular inequalities on dif
ferential cross-sections are exactly saturated or degene
rated. 
Therefore, suppose three reactions 

af I b f > lp I 2y I ..... t fif , f ~ 1, 2, 3, 

h! 
are described by N independent amplitudes f1, ( ({ 1,2, ... ,N) 

which are defined so that the differential cross-section 
is 

N 

al' = L 
a=l 

(a) 2 
! c I' 1 , r = 1, 2, 3. (1) 

(a) 
We shall assume that all the amplitudes f I' satisfy the 
linear relations: 

:l (a) 
Lcyfp =0, (a=l,2, ... ,N) (2) 

r =I 

due to the isospin invariance, where Cf , I' = 1,2,3, is a 
homogeneous fourth degree polynomial of Clebsh-Gordan 
coefficients. Then, using the sum rule (2) and Schwartz's 
inequality, we obtain 1 · the usual triangular inequalities 
which are equivalen't to 

/ 2 2 2 0_:_,-A[c 1a 1 , ~a2 , C:l(]:ll- -A[ a]. 

where A-function is defined in general by 

2 2 2 
A[x 1,x

2
,x3 }=x 1+x2 +X3 -2x 1x 2 -2x2 x 3 -2"3x 1 

(3) 

(4) 
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--> 

Ne~t, let us define af3 and ~fJ =( Af3, PfJ ,RfJ) by there-
~boos • 

a - J f (a ) 2 f3C r P I + I f i a;.> 1 ~ (5a) 

A * fJC aQe = 2Re[ f(aPJ f (a ) 
f--' r e r ], (5a) 

p fJC a {3C =-21m [ *f (a P) f (a r ) e r L (5c) 

R (a ) ( 
{3Cu(3C =life P 12 -If a, )12 e , (5d) 

with 

--> 2 2 2 2 
~{3£ = A fJC + p fJf + R {:lC = 1' (5e) 

foranyfJ=(ap,ar ),a..2<,a, ,ap~a,,= 1,2,3, .... ,N 
Next, let H.. and H Q.. be defined by 

IJ fJIJ 

H .. =~ Hf-l.->0, Hf-l··= 2
1 [1-fr~-·if:l·]af-l.af-l. 

lJ all f3 t-'IJ - t-'IJ fJI I fJI f--'l 
(6) 

Then, the sum rules (2) alone imPly that the equalities 

22 22 22 
H = '} c2 Hl2=c2c3 H23= c3c I H3l.? 0, 

and the bounds 

4H<-A.[a]<4minlc~c.2a. a. I, 
- - I J I J 

(7) 

(8) 

are valid for any values of kinematical variablesl 21 from 
the Physical domain. 

The proof of eqs. (7) and (8) can be obtained as follows. 
Start with the bilinear forms 

( 0) N * ( ) ( ) z .. =~fafa ·;·=123 
lJ i . ' 1 =rj ' ' ' 

a=l l 
(9a) 

4 

. (ap) (a, J_ (a,) (ap) _ _ , 
Y Q·. ,= f . f. f . f. , f3 ~ (a , a ) , a '-a , 

fJIJ I J I J p r p r 

which have the properties 
( 0) 

(9b) 

zf.£ = ae ' r -, 1,2,3, (9c) 

IZ<_oj~ a. a. -H .. , (see definition (6)/, 
IJ I J IJ 

2 1 -· ..... 
I Y {:lii I = - 1 0- f{Ji • f f3i la {Jia f3i ~ H {Jij" 

(9d) 

(9e) 

We note that eq. (9d) is a direct consequence of the 
"Lagrange" identity 

IZ(tl)[ 2 +~ IY .. [2 =[~ [f(.a) 1 2][~ [f:a)[ 2], (9f) 
1 J all f3 {:liJ a= I 1 a= I J 

and eqs. (1) and (9e). 
Then, using the sum rule (2), we get the relations 

ci c2 Y{-312= clc .1 Y {32:i= c3 c I ¥(331 

(OJ ... f 2 2 2 
Re Z. . = ( 2 c. c. ) [ ck a k - c . a . - c. a. ] , 

1J I J I I J J 

(lOa) 

(lOb) 

2 2 (0) 2 2 2 
4ci c j [ Re Z ij ] =, 4 c i Cj ai aj +A [a]~ 0, 

2 2 (0) 2 
4ci cj [lmZij J "-4H- A[ah .. O, 

(lOc) 

(lOd) 

which imply the constraints (7) and (8), respectively. 
Clearly, the lower bound (8) is more stringent than the 

usual triangular inequalities (3). Also, it is easy to see 
that the constraints (7) arui (8) are inliePenlient of the spin 
reference frame, and that these constraints improve in 
particular all the bounds derived by Kamei et al.. and 
Dass et al.. ;see ref. 'I I I. Eqs. (7) and (8) require that, 
if the bourui (3) is exactly saturated then 

-) ~ -) 

ffJI =~ {32=~{33 (11) 

·• 
for all f3 an.li any spin reference frame. 
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We note that eqs. (7) and (8) represent a complete 
extension, to reactions with arbitrary sp%s4 of the cor
responding constraints previosly derived ' '51 for the 
(0- 1/t -. 0- 1/2+) and (0- I/2+-. o-o-1/2 +') reactions 16 1 
respectively. 

Next, we observe that the lower bound (8) is equi
valent to 

2 2 ]2 4 ~ 2 [ 2 2 1 2 ] [c. a. -c. a. + H<-- 2ck ak c. a. +C. a. - Tckak , (12) 
I I j J - I I J J 

where i 1 j 1 k are any permutation of channel indices 
1,2,3. 

Therefore, if 

2 2 aklc.a. +C.a.l --• 0, 
I I J J s > -f"" (13) 

/y's is the c.m. energy/ when theotherkinematical va
riables· 2 / are fixed, then the isosPin bound (12) imPlies 
the Pomeranchuk-like theorems 

2 2 
c i ai - cj aj ___ , 0, 

s lo +-oo 

[A~-li ,P{3i ,R{3i ]-[Af3i ,Pf3i ,Rf3i l-,.~""0 

(14a) 

(14b) 

for all f3 in any spin reference frame, or, conversely the 
ak -differential cross section cannot vanish for s ->+ ooif 
one of the Pomeranchuk-like theorems (14a,b) is violated 
at high energies. 

Hence, if the indices i, i, k, are chosen such that they 
correspond to the elastic and change exchange channels, 
respectively, then the bound (12) makes it possible for us 
to understand the small elastic differential cross-sections 
differences [e.g., a.,p - u"P, a~P - a~P , aef - a"P 

pn pp pp pn rr+p 77-p 

u .. P 
K+p 

at high 
charge 

a_ 

a<'P a<'P - a .,p a"P - a .,p u .. P - a•·f ] 
' - .. 0 ' + - ' + . -K'p K p K p K n K n K p K p 

energies and small \t I -fixed, in terms of small 
exchange differential cross sections [ a 

pn -> np 

a o (J -o (J -

pp -> nn rr-p -> 77 n K+n ""' K P K•p -> K 0
n ' 

6 

J 
l 

·~ 

a Ko Ko , a Ko 0 , respectively], and 
p -> .p n -> K n 

L s L s 
to predict the validity of the Pomeranchuk-like theo-
rems for all the differential observables of 
the elastic reactions for s .... + "" and It I -fixed. 

For the nucleon-nucleon scattering, since there are 
five independent amplitudes 171 , we are far from having 
a complete set of measurements for comparison of the 
isospin constraints (7) and (8) with the experiments. How
ever, by a systematic study of the usual triangular is a
spin inequalities ;see eq. (3)/ one can find the kinematical 
regions where the bound (3) is exactly saturated. Then, 
using eqs. (7), (8) we predict the equalities (11), which 
imply: 

.. p .. P CE .. r .. r = 0 ct<: 
p PP 

~ p = p D PP = Dpn ' pn pn pn 

,.p ,.p (' F ,.r f'r CE (15) 
c c c '' K PP ~ K pn = K pn ' pp ~ pn = pn ' 

where P NN , C NN , D NN and K NN denote the 
"polarization asymmetry", "correlation tensor", "depola
rization tensor" and "polarization transfer tensor", for 
the elastic and charge exchange scattering, respectively, 
defined in ref. ; 7 , . Therefore, these isospin constraints 
can be used for a test of the treatments of experimental 
data since the extraction of pn • pn data from pd 
scattering usually employs the Glauber theory and also 
some further simplifying assumptions. At high energies, 
one expects get a good bound on elastic proton-neutron 
differential cross sections because of smallness of 
charge exchange data. Comparisons of these bounds with 
the ex~erimentshavebeencarriedoutbyDassand Fray
land · for PLAB = 12, 19.2 and 24 GeVjc, and they 
find that the elastic pn data· 81 lie consistently above 
the upper bound. Therefore it would be interesting to have 
new experimental d~ta for pn -elastic scattering and 
also the data for the polarization asymmetry for all 
elastic and charge exchange channels in order to compare 
the predictions (15) with the experiments. 

Next, we remark that the experimental consequences of 
the isospin constraints (7) and (8) can be easily tested 
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(experimentally) in the quasi-two-body reactions with 
unpolarized (or polarize<,IJ target. Then, using the forma-
lism developed in ref. · I • we obtain a large number 
of equalities of the form 

2 2 2 2 2 2 
cl c 2H {31'!" c2c3 Hf323 = C:lc I H {331• (16) 

jsee eqs. (lOa) and (9e)/ in terms of the spin density 
matrix elements in the transversity quantization s.ptem. 
For example let us consider three ( o- 1 /2t- • 0-3 12) re
actions related by isospin invariance via two-isospin 
channels [ eq. rr p -• K ! + , K p • rr ! + , etc.] . 
Then, for reactions with unpolarized target, we obtain 

-> 

two sets of [af3£, t {3e =o (Af3~'-Pf3e ,Rae)] observables and 
Hf3ij which ·are listed in the table. We note that the exact 
saturation of the bound (3) on the differential cross sec
tions implies the equalities: 

(I) (2) 13) 
pll =pll =p II' 

( l) (2) (3) 
p = p =p 
-l-1 -l-1 -l-1 

(17a) 

p (I) =p(2) =p,(3) , 
33 3::~ 3:{ 

p(l) =p(2) =p(3) ' 
-3-3 -3-3 -3-:~ 

(17b) 

p (I) =p(2) =p (3) 
1-3 1-3 1-3 

p (l) = p( 2 ) = p (3 ) m, ete. 
3-1 3-1 3--1 (17c) 

These relations are direct consequences of the isospin 
bound (8). Comparisons of the isospin constraints (16) with 
the experimental data are of great interest for a detailed 
test of the isospin invariance in the (0-1/2+-. 0-3/2+) re
actions of the types rr p -. K ! * and K p -• rr L * . They 
also can be used for a test of the resonance background 
(or A - L o ) separations. 

Finally, we note that the isospin sum rules (2) impy 
that each of isospin constraints (7), (8), (12), (13), (14a, b), 
(15), (16) and (17a,b,c) has an integrated analog. Proof 
of this statement can be obtained just as in ( 0 -1/2 +,o 1/2+) 
scattering case discussed in ref. /4,1 O/ 
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