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1. ASSUMPTION FORMULA

The azimuthal angle distribution for like pions is
distinct from that for unlike pions/!-3/. We want to
understand this effect, at least qualitatively, taking into
account the fact that, first, the like pions obey the Bose-
statistics and that, second, between the pion rapidities
there exist correlations almost independent of their
charge sign.

The influence of the Bose-statistics on the distribu-
tion of like pions with small relative momenta has been
studied in refs.’*%/. In particular, it is shown in
refs./6:7/ that the pion pairs of the same sign with

4-momenta p, =lw;.P; 1, i=1,2  aredistributedfor p, =P,
with density

exp-(p Py )*R"] )
)2,2 *
2

w( s )=1 +

P P2 1 +(¢ul -w
where R is the regionsize in which pions are produced,
¢ is the characteristic time of the existence of this
region. It is assumed that mesons are emitted indepen-
dently. For =7~ pairs the second term in eq. (1) falls
out. When analyzing the formula, it is reasonable to in-
troduce the direction n of observatiog of narrow pion
pairs and the projection on the plane | n

Pi =piHn + (i=1,2) . @)
In eq. (1) one can separate the factors depending on

the difference of energies fj'om those depending on the
difference of transverse (to n ) momenta



W(p,p,) = 1 +E(w -o,)expl-(r, -7, FR? ], 3)

where approximately one can assume either

E (o, ~w,)= expl- (o, —m2)2r"'2] 4)
or
E(e,~,) = [1+(0 ~0)?7® 17! 4”)

2
and 72-:2;R2/v2

(v is the particle velocity).

We want to see how the distribution (3) affects the
azimuthal correlation. For this purpose, in addition to
the density in the vicinity of the region p; = p. 2 ,it is ne-
cessary to know the distributions of  and p\, In this
case it is easier to use phenomenologfcal distributions
instead of theoretical ones. Take into accountthat a larger
fraction of pions is emitted in the direction of the inter-
action axis 7 so that one can assume thatn'iz . Thus,
r, .ty in (3) are considered as the momenta perpen-
dicular not to the variabie axis n but to the fixed
axis - the interaction axis. This is a first simplification.
Further let us assume that transversc momenta are dis-
tributed independently of longitudinal ones:

do ~ (N exp(-212)dF )8 (S ). ®)

i=1 i=1

Finally let us use experimental data on the joint distri-
bution p(w;,w,) of the energies of two ‘pions. It is
almost mdependent of ¥j.r'y, and of the pion pair sign
(if neither of the pions is leading). It is essential that
it is not uniform (p (v, o, ) = const) and falls to the boun-
daries of the physical re "ion. These data suffice to cb-
tain the estimate of the azimuthal distributions of interest.

Combining the foregoing, we assume that the cross
section is expressed through the formula
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n —-pzr.2 no_
de=[Ne 'driS(Eri)]x

! (6)

x [dmldw2 p(ml,wz)]W(P 1Py )

The effect of our interest is obtained by integrating (6)
over all the variables except the angle ¢ between

r; and r”2 . Denote the integral over « ,» , normalized
to 1 by
. I dmldmzp(ml,m2)E(m|—m2)=
I dwldwzp(m' 1w, )
)

. { d(ml —w2)5(w l_m2)E(wl—w2)

= ?

[dlw =0 )p (@) -0,)

Here we introduce a new distribution function ¢ (© [T 2)
=.|'p(m|,m,,)d(ml+m2)- Then eq. (6) can be simplified:
T a2l 2% .2 n
5 fl1+ae 'ﬁlls(ﬁr"i T LU ®)
1

It we select only events with w |- w, (more precise,
with (wl—mz); <<1)), then A= 1. The estimates of A in
other experimental conditions are presented in sect. 5.

2. AZIMUTHAL CORRELATIONS

Some consequences to be checked experimentally
follow from eq. (8). First let us calculate the azimuthal
correlations of like pions. The integration in eq. (8) over
Ty, b, GlVES



-3 —_')2R2
o~ [llere 17200 1y (9)

2 - -2 2 Y
% €xp [-;;2(|'l2+r22 )— ?,f:-f(rl+r2) ldrdr, .

We use the formula

f dr';dr"zexp[-A (rf +r22)—2i3 rlr2c08¢] =

10)
0 _do cos D
=——f F( )
B20 [C(g)* C(¢)
where
F(x):l-—x(% - arctg X),
(11)

C()=A%B % _cos?y .

When integrating the first terms of formula (9), we have

A=A\ =282l B.B - ?/(n-2),

n—-2
12)
C(¢)= € =(n-1)% —cosy,
so that approximately
do, @) _ (n=2)? | _cosg
do TEZTLIE Z =17 (13)

This is the known formula 710/ which describes the cor-
relations between »* and~z~. Inorder to calculate the cor-
relations between »* and r*. it is necessary to add the
integral from the second term. MNow



A2=AI+R2, B,-B, -R>. (14)

Introduce a dimensionless parameter y =R%~2 . For
a¥ a* (7~ n~)-pairs we have

d0+i (45) = F ( cos é ) +
d¢ n-1
Q15)

-1
+ A F(—cosd¢ y - (n=2)

142y +y 2 sin2¢

V1+2y+y2sin2gp

When ¢ changes from 0 to , the first term slowly
increases. Its average value is1 while it increases not
more than on 7/ (n-1).The second term decreases due to
—cos¢,and this decrease is rapid due to y ~1.

However, a smail coefficient in the second term makes
the latter a little addition to the first term (fig. 1).
Figure 2 shows do/d¢ versus n for constant y and
versus y for constant 7. One can see from fig. 1 that
eq. (15) gives a satisfactory qualitative description of
the experimental data whici are not very reliable for the
present to search a quantitative coincidence. '

One usually characterized the azimuthal distributions
by their asymmeiry coefficients g3 :

8 = o(d>n/2) = o(p<a/2)
o(0<p <)

The integrals over d¢ in eq.(10) and therefore 8 can
be calculated exactly. If we denote (n-2)—! =a,then

e _ Ay Aay (a-y)
A l+a  (1+y)(1+A+ 2y) ¥ (Q+a)(1 +y)L+A+2yXl+a+y) (16)

or approximately if n >> 1



oo

Fig. 1.

m+r= (curve 1) and 77~ (curve
tion by formula (15) is given foy n=8
The expevimental datax are taken from pa

ST

o

V'l
4=

- ¥

The distributz‘gn of the azimuthal angles between

irs. The calcula-
) palys. The calcula

: the

per '
sample with n=8 ,|Ay|<0.4.The rah‘{) of the area between
e arvea under curve 1 is the quantily

curves 2and 1 o
n , formula (18)).



=8

a
2%
d
Fig. 2. a) -——;’; A9

e
T

51 +
r :
+ 4
: : L
4 0 T 2%

versusy , by versus n .

g



2
1 _ Ay - A 4 i
n—1  (Q+y)1ea+2y) n=1 (14 p)2(1+a+ 2y) "@AD

B

For n->1, y>>1 the last term can be reglected. From
eq. (17) it follows that B, >B, . inqualitative agreement
with experiment !/,

It is of interest to calculate one more gquantity which
characterizes the difference betwe+e|l oy, and o,_
This is a relative increase of the 7 7 production cross
section due to their identity in comparison with » 'z~ We
normalizedo(¢)/d¢  for ='n* and 7*7 - pairs
to do(n)/d¢. We could normalize them to o(¢ >7/2)
(fig- 1). The result would be the same. Then integrating

the first and second terms of eq. (9) over £ ofy, We
obtain

S S TS S

I o, 2y +1 (18)

Now 7 is independent of multiplicity (in contrast to 3 ).
An experimental confirmation of this fact could be an
argument in favour of the chosen model (9). Measuring
experimentally 8 and n for known n, onecan determine
the parameters » and y. They are indirectly connec-
ted with the parai- .ers R and r of multiple producticn.

3. CRITICAL COMMENTS

in r2f. /!/ the formula is derived having approxima-
tely such a structure

do, (&) ~ do, (&) (s)

” i 1, (13"
where

(s) .

I =1+exp[—4(1-cos¢)] (157)
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is an approximate estimate of the type (9) integral. This
formula does not seem catisfactory to us. When deriving
(13"), a logic inaccuracy is committed: twice one in-
tegrates over the same variables ry,...7, ,|F,|,|Fy |:
for the first time when calculating dar+_(¢>)}l d¢, another
time when calculating 1), As we see, the correction
term should be added to (not multiplied by) do, _(¢)/do.
Furiher from (15’) it follows that the peak in the (++)
spectrum is always twice higher than in (+-):

d0’++(0) =2 d0+_(0)
d¢ d¢
This is incorrect. The integration over w,,w,,[7 |5, |
strongly decreases the effect; the peak height should

depend on A and y (see {i3)) tending to zero for A -0
or for y .

4. DISTRIBUTIONS AT THE FIXED TRANSVERSE
MOMENTUM

The dependence of the asymmetry coefficient 3 on
the transverse momentum r; of one of the pions has
been measured in paper’*/. It is found that B is ii-
nearly dependent on r,. We'll show that the same property
of 8 follows from formula (9). Rewrite it in the form

2

_d’% —re—Alr;‘l’(qSA B )+
=T it '
dedr, ‘ (19)
—A2rf
+I\|‘le q’(¢, A21B2 )v
where
Y(4,4;,.B, )=fexp[-Air§—2Bi ryrpcos ¢ ity dry. (20)
Using eq. (14), divide (19) by r, exp(~A; 1)
2 2
d2, -R%
Taa Y BALB) e W(g.4,.B,). (@)



From here it follows that for sufficiently large r, the
second term (which expresses the Bose effect) can be
neglected. As R>p (R~ ,p ~(2m , )~1), this takes place
already for r~3m, .Therefore the ¢ -distributions of
#*z* and 7tw—  pairs practically coincide for large
r(x3m ). .

Let us calculate this distribution for =*7~ pairs.
To do this, expand exp(—-Bcos¢) in a series :nd obtain

(l"-l'l)

2k
d% 1§ (2Byreosg)” k!
de dr 2A, o (Zk)! Allc
(22)
2k—1| )
+°§ (=2B r cos ¢) (_,_,_)I/Z (Zk—l)!!_]
T (2k=1)! Ay 2k kT
Leaving only the terms linear in cosd,
dz
Igdr 1= Bose, (23)

we see that the asymmetry E indeed increases propor-
tional to r

IN

1/2 p

= . 2
BB ) T ohte T 29

From eq. (22) it is easy to obtain an exact formula
for the asymmetry coefficient. It is clear the asymmetry
arises only due to odd powers of cos¢, i.e., due to the
second term in brackets. The asymmetry coefficient
is (with minus rign) the ratio of the second and the first
sum integrated over ¢ from 0 tos/2, The calculation
gives

o (E\/-”-)Zk m (B'\/-—)2k
B=p(= )/ ( ). 25
0 (k.12 0 a1y 2 2 (25
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The asymmetry in the nt nt azimuthal angles for
fixed r can be obtained similarly; we write it in the
approximation (24) only for n > 1

2pr (L _ A exp(—R2e2) Y

B=2E_| 51
L2 1 l+y (1+}')l"2

(26)

We see that the difference of the asymmetry coefficient for
7tz * pairs from 7' 7~ canbeobservable only for small

r. The parameter R could be estimated from this dif-
ference.

5. THE PARAMETER A

All Bose effects in the azimuthal correlations would
be offset if A vanishes. The maximum effectis achieved
when we select the events with |w, ~« |r<<1.The remar-
kable effect is seen in paper "‘ where the ¢ -distribu-
tion for the events with |Ay|< has been obtained.
In contrast, this effect vanishes for the events with
{Ayl>L5. But the experiment shows that the effect does
not vanish if one takes all the events (with any y ).
This means that the parameter 1/ and the correla-
tion length Q@ in the energy distribution do not differ
considerably.

Indeed, as the experiment proves, the disiribution
p(w) -wy ) where w|,wy is the C.M.S. energy, for the

reac 1on a~p »a*7 X (40 GeV/c) can be very good appro-
ximated by

E(UJI -m2)~exp(—lml-m2]/n), (27)

where O is comparatively small, @ = 465 GeV=3.33m_
Therefore, even if integration over |w;-wy| in (7) goes
up to ~, the parameter A remains comparable with 1.
This means that the azimuthal Bose-effect can be
observed even if one does not reject the events with
large |y, -y,|OF |u-w,| . The dependenceof A on 7 is
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shown on fig. 3 where two approximations (4’) and (4'’)
have been taken ((4’) lies somewhat higher). The very
dependence on 7 lies between these curves. So fig. 3
permits to calculate 7. if one knows A, within the
20-259% limit. The analytic form of lower curve is

A=yT kexp(u2)[1-@(x)]), «=1/207, (28)

where ¢(x) denotes the probability integral.

But, naturally, the azimuthal corrections for cut
le~wy | are more pronowiced: the value of A grows
and ¢ can be Jetermined better. We emphasize that we
prefer to cut the events with [w, ~wy[<Q to the cut
ly; = | < Y,because the effect, as the formula (1) shows,
depends directly on(w | -a,).

A
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4

We understand that the simplicity of formulae of this
paper arises mainly due to theassumption that /"(w; -w,)
is the same for any T, ,r2 - This hypothesis seems to be
reasonable but needs to be experimentally checked.
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We wonder why it was easier to observe the azimuthal
correlation of like pions than the dlrect Podgoretsky’s
effect - the peak on the AA -plot - 9/ (The AA -plot
is two dlmensmnal plot with the axis Agy-= mw | —wy and
Ar?2 (rI —rz ) where rl ,rz are momenta perpendicular
to the variable axis n’ -p + P 5 ). It is strange because
we assume that the az1muthal effect is the reflexion of
that of Podgoretsky’s and we might expect that the
inequality holds

a .nz‘ & [N 0o Puodg (AP - 0). (29)
Here o, is the cross section of excess of events on
the ¢ -curve lying in the peak over the background of
unlike pairs, and op,4,, is the excess of events on the
AN -plot lying in the peak region. If this inequality
did not hold it would mean that there is an additional
source of azimuthal correlations or that the AA -plot
is not a proper way to represent the effect of interfe-
rence. May be it is worth to check the plot (Aw.(*, ~§)%
where rl. are perpendicular to the 2z -axis, instead

of usual A,\-plot. We suggest to experimenters to clear
up this point.

6. CONCLUSIONS

1. The opinion exists which connects the azimuthal
correlations with clusters. It is too early to insist on
this only explanation. It is shown here that simpie’’pro-
tostatistical” - 19: model can explain qualitatively all the
data available if we iciude in it the interference between
the sources of like pions. We cannot differ experimen-
tally two moving clusters from long excited volume, the
data available now are too poor for this.

2. Equally with a direct method of ;neasurement of
R and + ( by means of the AA-plot’”’ ) we may use
another one: to compare the azimuthal correlations in
7= m- and 7 r~ pairs. Both methods should give inde-
pendently the same values of R and r. Inorder to
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increase a precision of the second method, itis necessary,
first, to . measure the ¢ -distribution as a function of
w,-w, (and not of Ay ) and, second, to measure the
g (o -(.)2) distribution experimentally. This would enable
us to knoWw an accurate value of theintegral A (7) insiead
of its approximate estimates.

2. The simple model (6) used in this paper, qualita-
tively correctly explains: 1) the do(¢)/d¢  dependence
for »'#' and '~ pairs; 2) the do(¢)/d¢ dependence
on the multiplicity n ; 3) the dependence of the asym-
metry coefficient 5 on n and on the pair charge;
4) thedo (¢)/d¢  dependence onAy| ; 5) the dependence
of the d%/d$ dr  asymmetry distribution on r.

Only _‘me fact of decreasing S for large |Ay| found
in ref. ' cannot be explained by this model althougi:
we can understand other properties of the curve B( Ay),
ie, A, O<B, _(©), maxg (Ay)~mxf _(Ay).

Both the theoretical model of the phenomenon and
the experiments require further improvement.

I am thankful to V.G.Grishin and M.Sabau for valuable
discussions and to G.G.Koprlov (Jr.) for his help in
the calculations.
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