
ga-6t 

Otib8AMH8HHblM 
MHCTMTYT 
RAB PH bl X 

MCCneAOBaHMM 

AYtiHa 

E2-92-582 

V.N.Pervushin, G.S.Pogosyan*, A.N.Sissakian, S.I.Vinitsky 

EQUATION FOR QUASIRADIAL FUNCTIONS 

IN MOMENTUM REPRESENTATION 

ON A THREE-DIMENSIONAL SPHERE 

Submitted to «Soviet Journal of Nuclear Physics>> 

*G.S.Pogosyan E-mail: POGOS@THEOR.JINRC.DUBNA.SU 

1992 



ncpsyw,rn B.H. 11 AP- E2-92-582 
YpasHeH11c JlJJSI Ksa311paJlHMbHblX cj)yHKU.HH 
8 HMnyJ11,CHOM npe]lCTaBJ1CHl111 Ha TpexMepHOH ccj)epe 

8 pa6oTc noJJy•tCHO pa]lHaJlbHOe ypaBHCHHe Wpe]lHHrcpa B ]lHCKpCTHOM 
11MnyJJbCHOM npC]lCT,IBJlCHHH ]lJlll U,CHTpaJJbHblX noTeHu,HaJJOB Ha TpCXMCpHOH 

cct>cpe B BH]lC CHCTCMhl O]lHOpo]lHblX aJirc6paH4CCKHX ypaBHeHHH. B npc]leJlC 

nJIOCKOf'O npocTp,llKTBa :na CHCTCMa COOTBCTCTeyeT H3BeCTHOMY HHTCrpaJJbHO

MY ypaBHCHIIIO llipC./UtHrcpa ]lJlll pa]lHaJibHblX ct>YHKU.HH B HMnyJibCHOM npe]l

CTaBJICHHH. SI RHO. llhl4HCJlCHhl Sl]lpa :>Toro ypaBHCHHSI ]lJISI p11]la noTCHU.HaJlOB, 
HMCIOUJ,HX rCOMCTPUllCCKH~i CMhlCJl H BCTpe4alOUJ,HXCSI B np11JlO)KCHHSIX. ITpe]l

JlO)KCH MeTO]l Rhl'IIIC1CHIISI KBa311pa]lHaJibHblX peWCHHH Ha OCHORe 4e6blwee

CKOH npou,e]lyp1,1 nonpoCHHSI CHCTCMbl opTOf'OHMbHblX nOJIHHOMOB]lHCKpeTHOH 

ncpeMeHHOH. 

Pa6oTa RhlnOJJHc ►ta s Jla6opaTOpm1 TeopeTH4eci<oif ¢113HKH OH51.J..1. 

llpe11pum 061,c111111c1111om w1cnnyrn W/lCp11i.1x 11cc11c)louam1h. )ly611a. 1992 

Pervushin V.N. et al. E2-92-582 
Equation for Quasi radial Functions 
in Momentum Representation on a Three- Dimensional Sphere 

The radial Schrcidinger equation for the wave functions in discrete the 

momentum representation for central potentials on a three-dimensional sphere 

are obtained in the form of a system of homogeneous algebraic equations. This 

system corresponds to the ordinary integral Schrodinger equation for radial 

wave functions in the momentum representation in the limit of a flat Euclidean 

space. The kernels of this equation arc calculated explicitly for a class of central 

potentials having a geometrical sense and appearing in applications. The 

numerical method of calculation of quasiradial solutions and spectrum is 

proposed on the basis of the Chebyshev procedure of constructing a suitable 
system of orthogonal polynomials of a discrete variable. 

The investigation has be.en performed at the Laboratory of Theoretical 
Physics, JINR. 

l'rcprinl of lhc Joint lnslilulc for Nudcar Research . Dubna , 1992 
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. In' mci1101;y of Prof. Yc-i;A.Smorodinsky; , 
' " . - , • . - I , • 

Jntroductfon · 

•. The quantum mechanics on th~' Rie~anni~ niariifolds attracts' th~. a~terition of Ihany . 
___ itives_~igat<;>;sduring a long perio'doftin:ie;-see, forexamplf!~ ref~.in [1,2]. Starting fr~m. 

th_e papers by'Schroedinger, Infeld,and.Stivenson'[3-5] ,the Hydrogen atom_ problem 
:with the harm~nic potential in· the coordin~te' represent~tion. on a'. three-dimensional -

jphere, p3(x, 0, <p), with radius, R, h-11s b~en studied by m~ny authors [6-10]'. However 
. in the momentum representation this problem has been·-not con:sidered. Now~days the 
,investigation' of the above probl;m,in tlie momentum representat·i~n and develop~ent 
pf methods of its_ solution are of interest d~e t~ possible\tpplications·i~ ~ore complic~te. 

- '. three:.bodysysteII1s:[1i1·_and inquar~mnium~physics [12]._ It, also has a direct'relation 
' to the QCD with a global topologicalyariable and with a self-dual condensate like a 
·"bag''· in ~hich quasiparticle excitation ·states of quarks arid gluons' are described by the 
Gegeribauer polynomial~ [13]. i. . • . ' . > .. ' · _ · . •, >, , • -:. , 

" In the present pape~-t'he Schroedinger Jquation for quasiradial wave· functions ,;ith a' 
• cei:itral potential in th; discrete momentum representatioh on a thr'ee-dimensional sphere . 
. are const~ticted in the form of an:' infinite systeill of homogeneous algeb;aic equations. . 
'which in'the limit of R -~- 00 transforms into the known integr'al Sdiroedinger equation'· . 
. for' r".idi~ wave functioh in the'usual ~omentum r~presenfation [14). For the' kernel of'. 
this equation, explicit formulae are found for a certain class of central potentials having ,. 

• 'geometrical interpretation. Fir~t, it is c~ncerns the harmonic potential , . •, 
",- '>> • - ·a.. • - •. . • ~ • ·,.,· 

"'e-, i 

defined as a s~lution of the Laplace_equ-~tior/on the three-. dimensional sphere ~~d has 
<thesame ~en:~e as the conventional Couiomb potential. Thecorresponding quasiradial 

' _ ___,._ . 7. - - .. - . - . . . .' < '. -, .•- • - ,• \ - ' • ' < 

•, solutions)n the discrete. momentum representation have been _obtained in our previous 
paper [15] through the general hypergeometric functfon o{a unit 'argu~ent with the help· 

, of a' direct~ calculation of the overlap integra'l betweeri the known qtiasiradial function 
,. in the coordiriate representatiori and ,the Gdgenbauer p<:>lyn~mials: '.!'hes~ function;,, hi, 
· the limit, ofR 7 ' oo,trafrsform into the krwwri ra~ial wave fo1_1dion~ of th,e Hydrogen· 
atomj_n the usual momentum representation [14). This result ;can be used; as _a test_ for . 

. any nume'rical solution of the above-mentioned problem if it has no exact solution' in 
t}ie·coordiriate representation, . · _ _ . . _ _ • - _ .. . . _ __ _ _ . . 

'.For ~~lving this•problell\ we prop~se a .. procedure based ~n a.suitable orthogorial -... 
. transfoqnation realizing tlie change of the. initial system of equations to an',equivalent:; 
-sysTem·ofalgebraic equations with a.more simple.structure of .the kernel. The cor

.' , respoiidirig transforn1ation matrix is. given ,by the generalized Chebyshev procedure of. 
coµstrncting ~ system of orthogonal p~lyhomfofa of a discrete;ariable; that 'pr~duces: 

.· , the finest approximation in the transition to.the integral equation in the· limit of R -+ cxi: . 
, <- • • ' , • - '\ ' ' ,,, -

li\tittlt~HWfl KK .. , 
: ~•,e~swx 1h:c1t1011s 

. ' ' 
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,..: . . _... . . .· . . --· . ,_.._,_, 
2: ._ Solutions of.free Schroedinger equation on a three-

. , - . . 

'dimensional sphere 

A thre~-dimensional space with constant' curvature can be realized on a three-dimc11Sional 
sphere S1 ,vith. a radius.O .< R< oo embedded in the four-dimensional Euclfdia~ space .. 

·''1•,14 defined in a proper way: "The coordinates X = {x1, X2,X3,X4}of the four-dimension-· 
/: al sp'ace M4 are connected with the spherical coordinate w = {x; v; ip} d~scribing the 

motion on the three~dirriensionaf sphere · .,,. · · · 

( 
i 

l_. 

. ,, 
xi.+;;~ +x;.+ x! ::=: R2 

,.. ' \ . --., --~ ,,_ 

by the equatio1:s 
7. 

· _XI =•Rsin_xsinv.coscp ,' X2 = Rsinxsi~vsincp, 

. ;3 ~ R. si~xcos 11', 'X4 ~ R cos X:, . 
. ' '--~ -. -· ' . 

(1) 

OS x S 1r, OS{) S 1r, O S_cp.S21r. 

The spherical coordinate system (1) is nmr~ ~ppropri~tebecaus~. thevariable y caii, 
b·e treated bo~h as the spherical angle-and as the length of geo4esic line 'on the tlu:e~
dimensional sphere-(with the radius R =1). The angular:;:12art of the Laplace operator 
a· and element; ofvohtme d.M4. arid length d$2 inthe M4 have the form: . . . ,1 ; 

1 _~, -1 :[·.· l' 'a . / a ' I~ •1•:. 
. - - - ---sm x--c - --
.· R2 . D -~ R2 sin2 xBx .. · Bx . sin2x' 

" - - ' ~ ·,-=- . ,. 

',._.::-..--:_. 
. - __:_ : : 3 <·:z-.' --'. ,:..-.: 

. ,dM4 = R sin xdxdM3; -

;dS2
. =R2dx2 + R2~in\(d02 +si~20aJ2

). 
--~· '< • 

,Here '·. 
2: ·r 1 a . . .a , 1 . a2 

] 

. ~ -= _- ~in·{) 8{) sm v 8{) + si~2 {) 8cp2 ,, 

: ; aM3 = sin {)di'Jdcp 

js• the op~rator oithe of angular mo~entum-~quared<at M3 ~ S2(v, r.p).' . 
The Schroe~inger equation describi~g the particle lllOtion_in a potential field v; ( n, R) ... 

on s1 at any value of R can be:wiitteniii the followirig.form (h == JL =· 1 ): 

. . [-~~
2

: ·□ + v;{~,R)] ~;fu,R) =:E~(R)~s(~,R).. _ ~ .. (2) 
-- • ' - • ·, • w. .,. • , •• .- >.\; 

For free ~particle motion-on th~ sphere Sj\ '\:e: in th~ iase-of v; -~- Cl; tl~~solutibn cif 
the Schi:odinger equatio~ in the spherical coordinate system (1) has the form: 

• • • - -, • ,, << r• • • < _, 

. CJ : • . . . . .· · .. 

\Jl~&n (x, i'J, cp, R) =; Sn1(x,R)fi,,;,( {), <p ). 
. . ' ..... - \" -t 

·r· . , 
) !,• 

; ·, ,: ,, 
'1 "< 

,< ·,. 
j, 

.. ·;· 
~- I 

Th~ energy sped~u~ of this dr~ami~al sys'te~is defined by formula 

' 

- / 

E~=OcR/ =,efi2 :_ i> · . · 2R2 ' ·. · n= 1,_2, ... _-
_ · ,--:;. ' 

The spherical functio~s Yi~( i,, <p) obey·t~ the_·or!h~gonality aricl coinplet~ness conditicms ;~ .. 
. . ,,.- \ ,. ' . . - -- .,,- ·, ,. ) . ·. ~ ·' ·. - .. ·. ",, . ·., ,· . _- .. ~' - ',• ',. . 

,. . ; I:Yi,;.(i9,cp)Yi,,;(v',.cp') =:a(cosv -'-co~v')o(ip-:- cp'); 
lm _;-- - ' -- ' · .• -:-: '. ,· 

-.J j fimfv,~)l~,m•(v:))sin~d{)dcp ~.i11:i5i;,;, . 
Thequa~i;adial· ftI~ctions. sn;cx: R{ai-~ linked

0

,vith .the' Gege~baue_r -~olyno~i~s ,by 

. - ~· 'r----- . .· - .·• <. 21+111 11(1i.:..1..:::·1)' _.·· •·. . ··. . . 
, .. s~1(x1R):= ---:--R '.\ 

2 
R( l)''(sinxYc_ ~::.L(cosx), .I ., 

7r . n.+. . ... .- , ·. . ' , .. 
' '(3) 

. 't' 

,,• ~ - ,,,,,, .. · 

where the orbital qua~1tum nurrib~r / at a 'fixe<f q~an;um I).umb~~ n takes the vahies 
1•;,,, 0, 1;;: '.-; n ..:.1. These functions ~a~ be,represented through the elementary fm~ctia'ns; 

,;....._ / - - ' • - ,r ' • ' ' '· • ,, ' 

S~i(O,R)""_- ~Rn;o,o,", Sno(:x:R) :· '.~_-.R2 
3

si~nx\ -V;-Ji3 . _ , .. V-~ smx-· 

.-•i ,·· • . • · -,.- · (sin,.x/ ._. ,, ·• ·d1• i .. . ....... -·· 

S,,1(x,_ R) =_' ✓ . . . ·.. .. . ·ca . . )I Sno(X, R). : .·. ·•., (n2'-:l)···(n2-l2) ~osx. . 
~-Using' tl{e·ccindi{ion ~forthog~nality 'ml(l·:bniplet~ne~s for the Geg~nbatier p'ol)•rtomial~ 
~ op:~ can verify that the.functions S~1(x ,R) satisfy 'tl;e following relations: · 

. . •· . - . , "ii:sinx:i~'x' I: Sn1(i R)$n1(x', R) f:.o(x - x;)~ , • ' (4) 
~ n -- , . . . ,_ . . ..... 

,,., R3 fo~~~1(x/R)
0

sn;1(x,R)~in2 x~z; = Dnn': 

Thefonctions Sn1(x,R) depcndi11g_ontwo disc~ete variables l,n, and the coi1tin1.10us -
vai·ic,t~le ,:Y. satisfy the ,threderm 1'ecurrcnce relations . , , ~ 

"Jn2~Wt1)2 .--,~'..·~-·•···., ,.· ... 
,'_ 2z+-i, Snm,(x;R)+. 21 +·l _Sn,i.,.1(x,R)=;ctgxSn1(x,R), ., , 

(n 7 l)(n+l+l) _ · ·' 
.. _4 ( ..L'_l) Sn+iAx,R)+ . n n, . 

. and the differedtialequat;on 
_, __ '::' :· 

I' 

(,~;i)(n - l _: l) s:-1::(x,]l);, ·cos xSn1(x, R) 
·' 4n(n - 1) .•._. · . ; ·: , · 

·"--

_, __ '·{•d,d\ t-;ctg~dd ~-l(~ ~_-_ 1)}sn1(X, R) +·(,~2 __ • l)Sn;(x, R) ~ 0., 
.. X , · X su: X .c.. •• · ! 

'(6J 
'-
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. •· . . . . .. . -
In the limit o_f R ~ 00 one can realize the transformation from the space sh to the'flaV 
space M3 , so that this· implies t~e followingapproxiniatio11: 

\CC x « 1, n j, ~; n/ R = const.' x. • R ="c~nst; 

and besides the follo,ving relations x · R.::. r, and n/ R ..=. p, take phice ,:here 1: is th~ 
· radius vector ·a_nd p is 'themoinentum of a free particle in the flat space M3 . It is not_ 

hard to see also that in the limit R---+ oo the wave functionsSni(x; R) ~onvert to ·the. 
sp_herica' Bessel f~nction~- · : · · · ·· · ' · · ·· 

t~ 0fsni(x,R)= f?-11(~r),-· 
n/R-r>, _ __ . -. . ·-

. . .· ' ; 

1.e. to the radial functions of the free m;tion in M3 ; 

3 ·. Equation for q~~siradial . morrie'.nt.um·· functions . 

. on three-dimensional' sphere 
' ..,.' + - • ,._, • ' • 

For a0:y ce~tral,potential V(x, R)_ th~ S~hroedinger equ~tiort-(2) admits the separation 
of variables: in -the __ spherical coordinate system· and·. the· corresponding· wave function 

· may be presented in the conve;;tional form . . . . . - . . , . 
~-:--· . ' - '; . ' .. . ., .. · 

. '11E1m(x,t9,cp;R) = Ri1(x,R)Yim(t9,cp) ' (7) 
' .. ' ·,,' 

where_ quasiradi~l functfon-Re1(x, R) satisfie(l to equ~tion 

· _ {t
2 
+ 2ctgxdd ~-i(l_~ i)'}Rs1(x',;)+2~2{;- V0(x,R)}R.E1(X,R) ~ b.: . 

X. ,- X · sm X. - • ·-. · .·. J . _ . _· .. -
'(8) 

We will suppose th~t 'the Sturm-LiouviHe pro_~lem for i'he equation (8) i~ : a finite 
interval [0,1r]has,the pure discrete spectrum E =EN, N = 1,2;~ .. at aHvaluesR E 
(O,oo)

7 
Then we c~n expimdthe solut_ion Se1(x,R) of eq.(8) }nto a series overthe 

. co_mplete basis 'of_ free fruictions Snt(X, R) . 

RNl(x,R)·~ f FN1(~,R)Sn1(x·,R) • . '(9) 
' . . _n=l+l .· 

·where the co~ffi~ie~ts _FNI( n; R) are d~fii-ied by th~ rel~tio; 
- ✓ • • '.', ··-• •• 

FNl(n, R)· = R3 fo')n1(x'.R)RN1_(~, R)sin2xdx, .. ~-~_(10) 

We can': ~onsi~er tlie .l~t relation asafransforrnationof the function RN1(x; R) with. __ 
respect to the ·continuous variable x into the function FNI( n, R) o( the discrete varia- . 

. ..,.ble: n =:=. 1, 2,.;. ;;_t fixed values of the energy EN, the orbital quantu~ number l, · and 
· the parameter.R. In this case t,heJr.ee functions Sn1(x,B)°play a role of the trans- :: .. 
formi!ionmatrix from the·RNl(X,R) to,the FN1(n,R): ·Like-in the flat case we can 

(4·;~ 

I 
·- :i 

;ji 
1L 

. _1 · 

-·rj'-:-
\ ;;: : 

.: }-., 

'.fi· 

~~1·t 
. ' 

··r·--·-
. ' . 

- ,··: 

j 

• . J. • . . • i. . '• .. '.. . , . _ _._ . . .-· ' 
call the FNl(n, R) the·quasiradial momentum functions ofthe discrete variable:n and 
respedively the transformation (9) and (10) ~ay be called as_ the Fouri~r~Gegenbauer 

. transformation. .: . . / ·. . .. ' •.. ' ,,, . . ' .. . . 

' · From the nor~alizati~n condition for the Riv1(x, ,R) 
1 
• ·. • 

· · •If_fo" R;;~(x, R)~N't(~; R) si112 xd;~ ;N;;, > 
I ', . I. , ~ . .·:·. • . . '. , . ',, • . '· · • ' ' .' , ,. ' ,' , , 

,the orthogonality relation follows for the qtiasiradial momentum ~ave function~ · . . . . I ... · ... , .· .. _.. - . . • 

' . , I 00 -•'1 • 

·R3 L i;:Nl(n,R)FN•i(n,R)= 6NN':. 
n=l+1: 

I \ ' \ 

· If we substitute the e~pa~sion (9) tver th~ free furictions into the equation'(S) for'' 
• the quasiradial function, ~se. the equati~n(6),· m~ltiply from 1,!3 sin2 xSn•t(X, R) the left 
·:and then inteyate /over angle X in the intei-val[o;1r)'we arrive at.aninfiriite system of 
_ hoi-i{ogene'aus algebraic ~quati6ns for 'the q~asiradial m~menturn f~nctions PNl(ri, RV . 

1 

..• ' . >'co \ ; 2 i \' I •: .•. : , •._I ,:: \ ! ! ' '. . . . . 

'I:-·{_(n R-2 ~'EN).61':n•+W,(n,n')}Ft-i1(;,,,R)=f:-.O, 
,n=l+I - 2 ' - · · . ,I -· · 

I· 

. ,~here the m~trix ele~ents 6f tne pot~ntial energy ha;e the fo'r~ 1
: 

' .: ·, ··~:: ,.',_-·, :-,...,, ' :." \~-~' ·,. -1. ,,,_-· 'i .,_\ '1:.:·,}'i , , . ''i 

W,( n,/) s R3]sn1(x, 
1

R) Y"(x, ll)Sn! (x; R)~i'n2 ~dx. 
' ' _. ' . ' C •.. • : '. .. • ' .. 0.°•~ :/ :' ,• • • \•. i •: . : ' • : ! •• • ': • ~- , '. I ' .. ' . . . /._ ' . . 

As it' follows from the definition (12) at any .values of the orbital momentum l the,·. 
kernel' Fi(n, ri'l is. a sy~~~tric 'matrix with re~pect t~ n ~cl'\ nl and depe~ds on the 
parameter R and on the behavior of the central potential V"(x, R). The eigenvalues 
of the' ·ene~gy' EN of the dynamical syste~ with potential V"(X, R) ·ar~ \i:alculated . 

. from fhe·_zero determinant ofeq.(11); Jt is'obvious that_~./R 7 oo the ',horii.ogelleous 
system of equations ( 11) transforms into the conventio~al integral equation for th·e· radial 
moinentu111 functions in the

1
flat space (14] .. · _,.· ___ . ' .' . .• , _ . _-. _ \ • 7 ~,- . 

. From the pra~tic.:iJ point ofview the following potenti~ls a~e o(gre'ate iniporta;;ce: 
the.harmonic potential V = ~(a/ R)~tgx d~fined as the sol~tion\;f the L~pl~ce·equation . . . ·., . ,. .• . '.. . , .... •. . . .• . ,_ .. , on the three;dimensional sphere (3].and the pCJtentials V"(x,R) = a(Rsinx)"-:-2; where 

: p = -1, 2:. ;., : ' . ' . ' . ·. . . ' . ' . . 

3.1 .· ·Calcufatidn of tliekeruel Wr(n, n'}for ihe':liarmoriic ~otei1tiai 
,_~ t. ,. , ·: _>:'; . .- _-'_-, ·, ,, .i "·,,·r:, . : . ;·.·. __ ', , -,~, .• , ·.- __ .,~··, ·; ' .. ·, 

For the harmoni_c potential V,=; ....;_(o:/ R)ctgx the kernelWj(n,n') has thefollowing form, 
J, • • • , ' >I: . ' 

W1(n, n') ;-i}sni(x,'R)~tgxS~,)~; ~)~3s!n2 xax:, 1(13) 
'- . '.'\ •;, 0 . . '. .• 

. .. ,.·,·, 

s an _<>cld function th~ri T½ln, n') is not - •r 

arity. . ' . 

·\ . 



I 

' 

I. 

• ! .) 

► 

. . 
For:alculatio; of the integral' WC make use of the known expansion f~r the Gcgen: 

bauer polynomials in 'the Fouri~r serie~: . . . 

·c· .·Ve . ,· ) ~- rcn +·v) ~ C-:-nh(v). ..:;c~.,.2.i"':_ 
n cos <p - . rre ) L, re ) e , , . , · ... . , n. v s=O s._ 1 - v - n s . ,.·' , · 

.J14)_ 

where ·the (o)n -~ r(; + n)fI'(cr) is the Pochhammer sy~bo( Sub~titution of the <?fin~- , · 
_tion (14) into the integral representafam (13) for Wi(n, n') results in'·, ' · 

". • '. ,, • \. ' , .l I • C' 

£l' I 221+1,/iin'en :- i)!e~I - 1)! 

,1rRJen:..:r,:..:1)!(n'-l..:.1)!en+l)!en'+l)!' Ji 
: . . ,: '•,: '.' · ... ,_-: . ::.:· .. i_\ ... :· ,, : /' . ' 

·Wien, n') ·;;, i 
'· 

-~-.:/.:.i'(~ni z +' lMl +1), ,,;-'l-i (:-J+'r+i)1U+,l)1 'i . , .· 
L · · ('-n+l) sl · E,. •.: e:.::n'+l)tl' · A,i(n,n.,), 
s=O · . . .... s • , .. • t=O :.• ·' • . t • ' 

,'(15)'. 

• \,:here 
',, ' . ,\'. ' .>1· ' . '/.'i:.'.1.~·· . . ,. ,, .. ,· ' 

·-A~t(n, 1;'),=_ fo"fixpix{2e:s ~ t+' 1+·1) .:_,(~ + n'.)}c~s x(si1} X)~1+1 <1x,:i 
I •-, ' '•-'I•; :, • ,\ • ,' •:. • ,', • C' 

i 

Now, -~sing the f~r~~l~ 
' •, - • ' ! - I • / : ~- : s • ';°".' ' • ' • , '' , • • ' , ·; •' : . " • ,'! : . 

··1',; '· . : . ' '. ; ·:11-: .. '. e.i~/3r(o + 1) . .' · · a i/3x ' · ,f · · , , 

.•. o ,(smxr ~; '. ~x;= 2°~(1+ 0 ;P)re1 +";~)' 
' • ,. . ' . ·1., !" .. · 
one can easHy_s~e that,· , 

• • :' '· • '' \" •• ,\ ·:· \~ • ' ' • ' • ,· /' ' •• ' ' ''' •• " >' ': ' ' 

.. _, · ·, '. · ·,• .... e2z+1)!{··· .re1+s+t.-!!±!!.'.).',: ·,',.:res+t.·.!__n+n'_): .. ·}·.· .. A' . , ,_. -1 IH ' . . . . . 2 ' . +· . . . . ., 2 
st(f?n)-(,) .. 221.+2 ; T(21+3+s+t-'-'!!±!!.'.). ·re2z+2+s+t-n+n') · . 
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The fu?ctio~s 3F2(l}in the relation (16) are giyen by finite expansion~ and_ may _be; 
sun;marizecl in.according to the Saalschutz theorem [l7] . . ·. 

•• ! J • • • 

{
. -,-n, ·a,· b , 

3F2 · · 1 + a + ri - c '...: 11 
. -~''' ' . 

Ii}_ :::·(c-:- a)n(c- b)n 
- (c)~ec-:- a - b)n · 

I 

i • ,. ', ., r .,-, ' • • , 1'•· J,, : ' . / - ''. - "\ ' ., '/ ',, • . •', ·: • 

. The last relation.admits us to write_ the.formula for H'ien, n'),in terms of the sum of the 
bvo g~ne'ralized_hypergeometrical f~nctim:s 4F3 \Vith respect to.unit argunietns . 

0 

· . , · • 0 ,/::i)1l!(n-;-- l)!Jnn'(n' + l)! 
lVi(n, n');;= . . .. _ _ . . . 

,- · .. · .. 2,rR Jen;- l - l)!en' - I-'- l)!en +.l)! 
. ,.· ' ·. - . ;, ' ·., "-

••• r ·._· '.-... , .• '\,· ,,r· :,'. '··; ; .. \ ,.::~- .. - -'> _· :, ,. - ·. ·, . . 

{
.••···-r(-'!!±!!...)r(!!.:::.!!c) . ··· {··-· +1+1 1+1 ·.:...!!±!!.'. ~ 1·} · · . . 2 • 2 · ·." · F · n · , :. · , 2 , ·. 2 .. . 1 · · 
I'(l+1.:...~)r(l+l+~';n/ 3

. c-n+l, 1+1;-~,l+l+_n';n. + . 
. ~ .' I'(l -'.~)rel-+ n';_~ ); ' '. ·{ :...:n.·+· l+: 1' l + 1 . i -~ '-1··+: n'-n ·1· }'} .· . 
I · · · • , 2 · · " 2 · 1 p. ' • . . ' . · . ' 2. · ' •. · 2 • 

}r:(l+ 2:.,. ~~n')r(l+ 2+ "';~)" 3 
_·. ~'n ~l, T+ 2 <~, l -f: 2+-~'.~" .1 . 

: I, .,,- , . -. '· , , , : 

'.faking ii1to ac<;om\t the w~ll-kn6in, s~,1~1metry relation for U1c. sc~·ic~ lik: to the· 4F3 el), 
of the Saalsdmtz type [18] . :. - •·. , _ · ' · , : 1 . , " : : 1 . • · ... 

... _F-1_{'~n,,,b,'c,.:·a1·1·.}'L,u'--b):.('g-b)n'.F-.. -{\ . ~n,b, e-;c, e~d' .. , .,.·.·1·:·}'.·c1:,-.·). 
4 3 f. ' ·.( f) ) 4 3 . b '·J. . . ·1 . b . 1 . ' 1 ... . ·: · ·e,' ,··g.__ ..... 11 (g 11 · .• •• _e, - . . -n+. ,-. -g.-n+ ·.·· 

' \" \ .. --· 

• • • 1.- ., .~_ii'+ li'+:c_:/a ~ 1 + e Jf +g, ' .. \ 
\v~ 'can easily\erify thitt ' , . ' . . . . , .· ,· . •.. _J. • 

_: ,· ... ,_. f_ . , --'. ,, . ~-11· ·: \,_ -. ·1· _'.,( .·," ', 'i_' :•,·._, ·.I _ ;, .... , _ j · J t _' '., 

. · {,':..:.n +'l + I' -[ + l .. ..::.!!±!!'.. _:n-n' ·1··}' ·· l!(n'.+'i)!rez+ i + n'-n) ,· F , , .· · · , . .-- , , -.2 , , 2 , , 1 ·-· .. · . . 2 . . 
4 3_ '....,~ +l [ + 1 _i n+n'• l+ 1...:-n-n' -;- (?[+ l)le -l)'ren'-nf ' ,': ·,, t., ,: . . ' - ',.t2 ,\, '-,-:.··' 2: '. -,·' ..., : 11 ·, · .. '~·2 - ·\; 

I'(~ -1- 1) {· ~n + l + 1, -n' + l + ·l, l + i, '1 + 1 I } , 
' I rc~n') I 

4F3
' 21 + 2, l + 2 - y, l, + 1 -.,¥ 1 

• ' • I , J 

', F { _-n + 17" 1, l-1+ 1, 1-; n~n', ·l _\•t·1 1} = l!(n + l)!I'(l + 2 ~ ~.) . 
4 3 

-11 + }, l+ 2- ~, l +,2-,"·t . . · · (21 +'1}!(11 - l)!I'(l + n';tJ , 
. . ' : , . ' / \ - ' . . '·• ·., ·,· ' ;. .·• :"' . ; . ., ' .. ' . ~_ ..... 

I'(~.-;-l)'p.··{·""n·+z+_l, -. ~'+n--1, l+l,. l-tll,1}>•. 
I'(l+!!±!!.'.) 4 3

• 21+2 z+2-~+n· z+1:..;!!±!!'.. . 
' ,, ,' ' :,.,, ·, .' _2 ,.'· ':. ;1 t.~ .·· 1..:_ 2· '·. ,, '-» ~2 .. _, -,i--
Iii this way after the obvious trai1sformntions l , 1 

'".' , _:' -,~-,',.:I·. ' , . · _t· - \ .. : ; .· ., 1
• , '.: , , ' 1 •. 

' . I'(-'-~)r(!!:if,-r-- 1)' ' \T(l +¥)I'(~:.::_ l) 
r(l +1 - !!±!!.'.)r( !!±!!.'.) = r(l+? :..;-!!±!!.'. )r(1 :..:. !!±!!.') =:= . 

. · 2 ·, . '2 , .. , . . "'., ',: 2 · • 2 · , 

t ·. ~ . •. . . ' \ j ' . . . ' 
' · I'(!!±!!'...'·'-l)I'(!!±!!.'.-1.:...1) 

e )1+1 · 2 . ' · ' · 2 · . : 

= ~\ •.' ,· qn~n')ren~n• ,+ 1). • .. 
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we final,ly obtain the following formula for the kernel H'i( n, n'): 

: Wi( n, ~') ~ , a 0m'( 1!)2 r( ~ - l::...: I )I'(~ ,'-
1

1) 
! .· ' ,' rrJf (21 +, I)! rcn~n• + l)r(~) 

... ' '. ' 

• (n + l)!(n' +.l)! 
( n - l...: 1 )!( n' ;- l - l )! 

. 
·I.'· , ··F {·::-:n+l+l,'-n'.+l+l,. l+:'.1; 1+)1 1} 

• 
4 3

· , 21 7.2, 1+2_-~;·r+ 1·- ~· . : 
' , .. ' . ' ··1 • f ' 

, (18) ., 
- .l 

. Not~, this, form of the W,(n,~') i~ explicitly symmet~ic i11 nun', whichc~~ures the 
, spectrum of the corresponding algebraic'eigenvalue problem for'the equation (11) being , 

, · • real~ \ ,' . 1 • • , 1 1 ·· . c > · , ; . , : ; 1 
,( •• _1 . ·. 

Let. us investigate now the transformation• of this kernel in the limit of.R -+'oo_'.. As.· 

·j 

i . . '' . ' j • - ' ' ., ,'. • •.' : . . ' ,, ' : . ~. - '•' ,' : 

R -• oo and n / R -> p, n' / R -> p' • we have the following correspondence rule n/ R ·-> p; · 
n' / R ·_, p'· . , . , • . ' . . . . . . , . , . .: i .. i 

, . . , - ' ·: ( \) 

re~~ [.2,:1)r(n¥ J:z) ·.• ,nn'(n + l)!(n' + l)!i ⇒ .{·•(4pj/)\ '}/+1
· 

rc~+J)r(~) (n::...:1..::..1)!(n1 -1::.1)!' ·' (p+p')2 ··, 
· 2 . , 2 J , ./ . , . • • '• · , I ; ' - , , . • ': ',' ·_,' : , • • :,, ·, . : " ' ' I , ._- '\'. - ' , -~ · .:I , '. 

. F ·.·{· --:-n +·!',. -':n'.+ 1,: 1, 1·1 I} ... ···• .. · ': F .. ·{.I.+ 1; .. z .. +.11.,·· 4pp' ·}· 
4 3 ··2'2-•~·.·1-n+n' .. =*,2 1 '•··,2z+2•·' ( + ')2 • )· ' 2 >, 2 ' ' •, I ,, • ., p p, t\ • ''. ',,,\',• • / l , .. ...___,,,'- •,, ,•• 

arid consequently · · · '· · 
' . ' ( ' ' • -, . ; '' ' .: 'I " , -~ _,:. ·, ,. ,. . '. '.,' \ ' ' . , ·, ' i ' . · .. " • l ' .- . . \ ' ... 

· ••· / .· .; 7 e: a'(l!)2 {·(4pp') }':1
• ·{t'.f,.1,'1+11····4pp'.1.·.}; 

hm R · Wt n, n = . ----''--'-- . , 2F1 . .. · .. , . . . . , 
R-oo i } 

1 
) ,' ,, 7r (2[ + 1 )! (p .+ p')2 •· .· .'• .. • 2/+2. , (JJ+ p'f 1 ' 

'!, \ • < ' < : -J •4 
' ', ,,•, O • ', < ,'. 

0 

,, •• : ~ ,· ' :, -. , ./ , ' ' i ':. ' ' ,_ < i ' :, 
Comparing with ,the representation of:_the ~~gendi-e fonctio,n oCthe second kind 
through the hypergeometrical sets [17f 1 

· ' 1 i . . . . . . 
:· • , ; /. '' '-,.. ." ·, •. ' , ':'1 1' .' '" ·,: ,,:,: ': ·, / .' ", • ' ",, i' 

' ,Q =• , ·2"'i'[r(l+µ)fp,{'1+p, 
" · (z :H)1•+1r(2 +.2µ) 2 

•
1 

in th~ ·~as~ of z ~ (l ; p;~)/2Pf 'Ye ob'tain: th~f 
I • ,, l' ''' ''' , ' ' ,_., L 

i,.1 ., ,1im,.Ii,,Wic~:f{,j ··~ ·~ 2aQ;(p2 + p'~) 
. . ' ' . ' Rcoo ',L .. ' '.) . ' it ; ' 2p[I_,'/ 

and thus we get the well~. know11 Schroedinger integral equah 
in the flat momeritu~ space [i4]' .• i ·. : ... , ,,· · '-, . 
, ,·' 1 .. t.,·. /• .I ·:, :·•.~, .•' ;"•, .•,i1 \1·/•'>- l\.{'~i:\) ,',\ 

'I 
I 

, .. (~2 ...,.2E)F'(p) ~ 2a /oo Q, (P,2 + p'~)F(p')p'. dp, 
. . . •. _ , · rrp lo .. · 2pp' , , . . , . 

; . ' '.: ., . \j ':'. _:,,~--., ... ,." ·" .. , :;;,:/-- ,:,_· ....... ,:- /,, ·,'.::: <··\. \ . ·•, ,: ' 
In the case.of l.= 0 the form'of the kernel essentiaHy simplifies, Indeed,'.we have 

·.' 
• . r,:', , •'' a'.' ·• · , '. .(•-n +·1, \-,,n' 
o/o(n,n)=- _, .,, _,4F31,- ;,., ,-.L-' 
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Nm~ u~ing tl1e formula [19]' 

4F3{2, •b~~;a~ ~'b~; I 1} = 
. ' , ' " . ' .', .· .. ' . . ' ·': . ·. . ,, \ ' . 

~ (\; 1)(;·)( b~-f ){~(N ,; 'bi+ t(l + a - ~) ~ w(b'-:-1) _:_ \Jl(a ~ b~ N)}~ 
, , .. I', + a. 1 •. ; . , . .. , 

/ '\ / ' • '.' • • , • J ,' _,,. ' • f. , ' ,· , -. - i • , t '·, '· 

. where w(n)' is.the l?garithmic derivative ofthe gamma function, 1one can easily see that. 
\ j \ ', i ' : •- , , • • ,'' ' '• I ' ' • '·, '•,. ' I j ' 1 . ,. '•, ' , ' ' : ' .' ~ 1 I• 

' · · ·> . · - ·· a ·{· n + n' · . · ·· n + n' n - n' . '. · n' .:_ n· } 
l%(n, n') = --. \JI(~)+ '11(:---.) - '11(--_)-,-- '11(-,· -. ·-) . 
, , . , ,rrR ., - . . , 2, . .. . - 2 ... ' . , 2 . 

Atlarge numbers-ii' and~,· th~ k~rnel ha; 'the asympt~tic form' , 
.• ' I • ,e ,, '•, \ ; < •; > 

• I 

, ·, . , , .·· :a·-··21!' .·(2)'+1 ~(n+l)! 
:;·

1;(n,~,)~ R,(21+1)!! 7:'i , . ~~;.l-1)! 
"• < : ' '; , , I • / , I [> • / '. • : , , , ,: " ~ , : '_ , >, ! ,"•; • i • , , \' , , •

1 

· The last relation admits us to examin'e the Kantorovich reduction theorem and .obtain 
' ~xplicit esti~a:tion~ of the c~~vergence ;at~ of the :solution \~ith respect to large numbers.' 

, I . • , , , , '., i • 

.,n,n , 
-~ ( 

• -i f ~ .: · :, ', : · ' , , • ' '.. , • 'J I , ·; '. ,,_· , , ' . , I , r , , , ;; , ·,, , , ~ 1 ' 

3.2.:' The keii1el Wi(n, n') f~r. the potentials V~(x; R)'=;= a(Rsinx)P-2 
• • ~ .. , •' .", ~- :: ''• • ' ,'1', •,°. ' t ' ,- • .' •' .;.-,· ', ,• 'f 1· . ' ''., '.' ', ·, (• ,, !) _I ,•,• • .; J ,_ ' 

Let' us .write the int~gra:1 Tepresentation for the k~rnel W,(n;' ~') \~ith 'the potentials. 
V"(,; R)=a(Rsinx)P'"2 .'· · ·•::·,, .•. ·: · .' ··. :. · ,,, 
. , A, ,._ , -✓ • • •• , • ·•· ·, ,. 

wp-2 ii";.;, ' ~221+1(/ !)2 j n •.nT(n,...:..1)r(n' -1)' ' 
' ·'' ; ( ' ) . :: 1r(R)2-P '~T(n,;+ l, -t;· 1)r(n'+l + J) 

,:1,i,•; '/,'.: (,,;/ ,•:_', 
1 

·1 .·::;'· ,·', .\•··, /, •: .~· .. ;: 

']• (1. L'i2)'+. p:.:.1,.2cl+1 '(;)c.'H•'' ,(.x)d;;·.•.· 
•· ,- , I n-1-;l n'-1-1 . •. 

',:.\ ,:--;~,•,!:.·,,i<:i.:<,r :',, ~ ''.·\, ··,,\,,-'/~·.{r,,,1·':i·,\".' 

:- (19) 

. Ai th~.int~g~a~d contal~s ~~!odd f~ncdon;>¾f~2(n,~1(is pot zero if the:qtmntum '. 
numbers n.u n'. have the same:parity. The integral (19) has be~n calculated iri ref. [20]. 
ai1d in'o~r notation it reads as follows: : . .. ,, ~ . . •. • . \ - ,1 ' 

·If,(i~:.:,_z:-:1); (,~,__:'/-.'1)are_~v~n, the~·<. I 

i ·•· : • y· ·· •.·, .. ·· ~,~;_, a.rnn,(R)P:-.2r(z':+ tl!jr(£)r(;.'+1±1 )··: ·., 
' ~p-2(n ti') - (-1)-.-, -. ·. , 2 2 2 '. , , 

• I· , ' , : -;-1 · : \ ,' f(l t-3/2)r(n'-;+I )r(~ + n•,+;+I )r(~ - ~•:-;-:1
.) 

\ I.. 

, . { .•. __: n-1-1 ' !!±1.±! z + I±!\ f , , •} 

(n'+l+I)r(n.,-'/)4{3 )ii 2~·£~·A,i~. f'_
2 
.. -~i:1 l , 

·,,'" ·y\•,'.:.-~· .:.~·-·\, .. ,· . .-·:···,·,·,-<·2~,·~· _\·-.: ~-2·•,•,~21•,·:\ 

), (n'..:. /~'1) ai~'o'dd, then . , ' <.~, :,.· • :>",~ ~n,:n.'('R• ):p-2r···(/ +·'• I±!).r(f) 
,,. --"-,--1-, · ynn· .. ,, - · 2 2 

;.' T'/1. 1 'l /'l\T'fn'-!\T'f1 _LP ., n! 
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I'(n + l + l)I'(n' _:z)· . ·{· ..'..:n~I+ 1 ill+ 1 l + 1±! e 1•· }. · · F' . 2 , . , 2. , · '· ..• 2 , 2 1 , / ·JI 
I'(n'+l+I)r(n:..:..l) 4 ,3 [+·~ 1+r+!!'.±!. l+e_·n'-1 ,· . (-) 

,, . . ~ , t 2 '· · 2 _ .. _ 2 ' · , 2 , 2 , 

The forciulae (20) ~rid (21) may be combined into oil~ foi:m~.tla if we mal{e {1se of the,· 
transformation (17) for 4F3(1). As a result the kern~l tak~s.in the following fon~1,.: · i 

, ' \ . • ' J ' . . • 

. , . · .. ·. ., ; ' cx..;:;;;;(R)P..:.2 I'(l + tl!)f(F.)r(~)· . 
. wp-2(n 'n')'- (':._1)n-;n 2 2 2 . 

. ,. . ' .,... -·. I'(l + 3/2)I'(l + n';n )r( ~ + n-;n' )I'(~ + n~n• L . 
. ' . ' ' ' 

I'(n + l + l)I'(n;.- zj . ·{ _ ,;-~-1, ~ n-~-
2

, 1-: ~, ~ ,- }. , . , ,,., 
I'(n'.+ l + l)I'(n - l) 4f3

, • r-H, 11
- ~,' l +·n•;n _ 

1
- . 

;'_ (22) 

._,,,_,._··. '' ! . : ·,, '·. -, ... , ;" ,_ ' ..,,,:· i ·. .,. ./'.·_·,•·,;.<·· '-"-. ~- ·,: / > 
The last formula is not symmetric' in the quai::ttum,numbe~s ;.;:and' n', ·however; it', 

"doesnotdependontheparity(n:._z-l)(or.(n'..:..[-1)). ,; · · , : 
I~ th

1
e· c,:1se of p = 2M \2, M ~ 0, 1, 2,: .. o~ly the-foll?,vi;1g m~trix eleine1~ts, 

' . 1'~. ·,'·~;'7,:.-;_ .. · · ... •·: M·- .. ,·' .. ,•···,.r: 
_ , . . ,H'i (n,~), W1 (n,n±2), . , .Wi (n,n±2M). . . 

-:.-·::.:,~·' ::·:I ,·-, .,.--~·-.,_ ·,.:.·,, ·,_, · .. I . '. -·. '•;: .',•.· .. · .. · .:,.., "._(·',,:.·.,,'<·:'·,~"-~'c1!,,,' ':',. i '·; 

do not vanTsh> As a result the equation (11) is replaced by. the (2M+ 1):ter1~1 i-ecnrrencc . • . . . .. , ,· .. . . . , ..... I . ' . 
•relation for; quasiradial 1momemtum functions FN;( n, R): . , "1: ._. • • . 

. M ' ' :\ l: . -.. ' ' \ i i i ' ; • ' .· /.1 :,. i ' ' ~2 - l' \. ;'_/ \ . ' _. ' / 
LD~•,n±2kH-', __ (n, n )FNl(rl:,R). -(EN- W1 (ry,, n),;::: 2R 2 }Fiy/(n,R) =:c,0? 
k=O • • · · . .· · •. , , _ . _ . . . _ . . 1 • , 

. FNl(O,R),;;, F}1(,l,~) ~ .,:. = FN;(z:~'):: o:' 
' i /, ~:,t' , f ·, - •' ~ ' • • '. , , .'- .: ;' >_,; I , -, , • :'.,\ .•' ,. \ :"' J ,. ' • •\ - ' 

, As an example, w~ report :certain simplest formulae of the non vanishing ·coefficients_ 1 

Wf(n,~'):~t M_:"'.; 1::, , •· · . _\ ' ··- __ , · ·, ' ·.· : ' , ' ' 
1 

• 

\'-

W?(n,n) = (cxR)2 {(n2
....: 1)'+ l(l.-+l)} 

i ; 2 , , (n2_'-l) ... -. , 

./-; ··, .. '( 
' '' .. ,·.' .·, ~J..'J :-1, 

l-V?_-(·n·n +"··_2·)'_' ___ -. · (cx __ R.)2-•~ (n ~l)(n• - z __ +_ '_l)(n+· z+' -, ll ' - --.-.' ' • • "";/\"v I ~ 
: · ' · ,4· - .. ·· ·· .-·.,:· n(n+1)2(n+2)'. ' 

\ . ' .~ . . ' 

~-•r, 2( ; 2.)- -~· (cx_R):i_ '· 
vv 1 nn- ---- _ . 

•· 1 • -· • '. ,· , :1.4 J _ ; (n-2)(n.-1)
27: , •·.-·· ._~- . ., ; 

,In th~ case of p-~ 2M+ 1, M = o: 1; 2, .·.'.,_the algebr;i~ eq~&ti~ri (11) is,~ot \-~duc~d: 
•. to th~ syst~in of si~ple r~currence rel,ations for FNL(n;R;)) '• ' -• ' . ' 

When'M '=,0;the ke~nel Wf(n,n') ofequation (11) .can be expressed through 6j 
~-- .- symbols. or. Rac~h ~oefficients fo~. quarteMnultiple moments of th~ group SU(l, l}:' 

, Comparing the expression 'for :wr ( n; ri') ~ith the representati~n''f~r 6j ~- symbols in 
term~ of_ the hyp~rgeo~etric func:tions '4F3 (1) of ~nit, argume~t [21 ]: C. < ;1 ' .. 

'' i 

i. 

. '\ ' ,:., \ .. ' 
: ' , ' . ' . f, 

( a , b.:. _c ) = ( -. 1 )";b+d+e. 
, d· e f ., . , · 

\ ·~(ab~ )fl( cde )~( ~ef)t:.(bdj) 

r(2f+2)r(a + ~- - c + l)r(a + c:..::. b + l)I'(d + e-: c + 1) 

[(a +i+ e + 2)f(b'+/+ d; 2)I'(a+c + d~ f'+ 1) ,' 
1 , I'(c+d ~ c + l)I'(a+e '-f+ l)r(b+ d-f + l)I'(c:.:.. a,.:.:. d + f + l) 

l . ·, ' ,:_. '1.;· '. ·.,'. -_,. _.- ' - ', . . . '. I 

, F {,-:--a-~+f, -b.-d+f, ~a-+e+f __ +l,b7d+f+_ 1, __ 1}, 
1
-' 

4
-

3
,. , . -:-a-c-d+f,'-a~_c-d+f+l, 2f+2_ ;' ,. 

whet'~ i'(abc): . ':'. ' 
. . . ' '. \ 

I .~(abc) ~ 
I'( a+ b..:.: c,-t i )r(a - b+ C +l)r(b + C -'a+ l L 

, .> .I'(a+b+.c+2) · 
/ ',\' ,'' ' i, ,' 

. .. ' ,' . " : • I". • . ~-- -

:/ w~'obtain the rcq11i;.c(IJ<?rm11la: ,\-· , . 
• • -, ~ < , ,, ' • ' I ' 

. ·_;,·, :,.,.:;_,·, --~-'3/2: '',_.-(''';1•·...:½·· "';-1), 
: . Tl~ (n~7i.) =.(::-1) 2 .,.;;;:;, .1-1/2\.', _! · 1-1/2 · 
I ·' _ , : ; : , , . ; ,' .. 2 

1 
, '. · 4 •, 2 , , \ 

' ' . 
4,' 'The calculation' procedu~e for eigerift.i.nctions· in 

i - ,'. l.', :'. ·\-, ... _,, ,.· .. ' '·, .. ,,,,., ' . .', I 

·, the momeiitu.111 re.presentation ·· : 
: _,;;·>· ,·,.,::,. ,:. ',· '. ',' .. ·· .... ' .:.-~ ':···,~.:·· ~\- ·. _,': .. , ',_>_ \ ,· ··, 1-., .· 

I ,' 

To_ solve .the cigenv,itlue problem for the· hoinogeneous system of equations (11) obtained.· 
Ill the -p~e~ious sedion ,in a \vicl~ r,;i1ge of.the q'\lm1tum numbers n; I and the 1;m'mnet.cr 

' ,:R the 11J)JJlic,rtion o,f si;e_cialci1lculi1t.io;i ,111ethods is needed: In practice one l!Sllallr make .. 
_· .t;;~ of some rccuri·ci1~e 1relatic;11s, ~<h11ittii1g to ffod 01it normal arid nonsi11g1ilai: s,;lution ' 

,-,. . ' \'.' ,· " ' .... ' ,.' ' ' ,.:, '. 1·· ' \ I' ·0 ' I-, ,,. 

of the_ evolutio'n eq11ation fo1' F( R): ,:'. '· 1 
.. • ' ' 

, ' , · •_' I,~. • ~ •,: ,. ,• •, 1 • ,· ,• , • '';. • ,t ' 

: oF(R) : \'. < -' . 
' . DR. = AF'(Il), ' 

:,- ·1 ,: ', .. ',' 
'P(Ro) -~ 1, 

I . '. ,· .. ,.. -' . ; , . . . , ,- : . ·.•. . . . . " . ·•:"-. . _._ ·" 
· ,\•ith the mah-ix of coefficients A fon'nallv• defined by the 'equation' 
·1 · · 1 I , · · · · ' •· -· -, • ., 

·, 

1· :,' (23) 

. (24) . 

· · ,:; ~(1) ~ (DF(R~)i(,R);I: 
I_· •. : .. ':,,\·._:.•,.:<\·:_ '/Df! __ ·-_:f.,·.· _'. '·· ,! . /.· 

The matrix A corresponds to the connection opei·,itor in' the Hilbert fibre~ lmndle: 

(25_) 

. 1t(.rn;1r;nj wit1{:a typi~al laycrFn ~,i,2(!114,;ll,f,1(R)) ~ricl,projection ;r: 1t ....... fl 011 
1

\ thdmse.B,= R; 1. or .C, as~ociatfd\vith U,1~' s?lutioiis ofthe spcct~i1l p1:oblcm (8), ( 11) . 
. which acquire the mcnning'6f the local ci-oss sections in the 'H. Then t.hc st.anclard gmige 

•• ',. • • ' •, .' ., ' .• .•' • • • > • • 1;· : '' ' I' ' .' \ . " • .. • ' , transformation. : J ! . . . . -~ , . ,. . . . . ' 

'}' 



,' 

/. 

\ , 

_,, 1 ·; , __ 

/. induces a new com~ection operafo1'. 
/! 

A'(R) = A(R).:. 1 AA(-R{- A(R)~ 1 ~A(R), ·~ (27)' 
,. ! ' I {JR ' ' , ' 

' • ' ' : ' ' ' ' I ,, . , I. '. .: '' :·;:. / . 
and for the' matrix of the coefficierits

1 
U( R) 'Yhi.ch plays t_h,e role of the transport op~rator 

of the frame of referenc~ e, EFfl over the base B, V= :FR-+ :Fn, or an e_lement of the_· 
holoriomy group, G, we have.an equivalent evolution· equation: . 

' < I • \ '. • ' 

8U(R) _ . ·· 
9 , 8R ,-AU(fl), ,, (-8) 

\ 

,,. 
. . ' .,. .· . ' ., : ., -. '.'\, 

Its solutions ·are representedfo the foi:m'of P-exponential 
' " . , ' •. . ' : : ' . , .~/, . - ' , ' l, ,: ' \ 

f 1._ .... R: , ... "\ 

U(O) = 1. (29) 
,_,,/' 

U(_ll,) = PexpL A'(R')_dR'< , 
'. ·.• , ,- ,''.,·.,:,•;-,I •, < \ /'' I \ ' ,·_,. ' _: , ' ., _ 

Note !hat·an analogous constructimi for the matrices of finite tank realized in pn(cticc is 

(39), ' 

'well kn~wn" fro~ investigations of the Lypunov stability of systems of linear differeridai 
equations with v~riable ,co~ffici~nts;[22] .. ·. · ···· . ,: · .. < · , , , : , ·- ·, 
. .So,' the standard way of,obtaining the recurrence relations for- the coefficients F

f.consists in av-erngi~g of the.equatio'~'(8}:over some local frame 6£,referen~e-e E :Ftt; 
I , . • • . . . . .. , • . • . . . . . . . . . , 

R E.U·E 'B, for example, in the vicinity U = (0'<.R'<.t;) at,€1> O.·:Really; this' 
. r~duc:es to averaging with the basis ·~r the free q~asir~di.J s~luti~ns(3) and obt~ning a 
fi~ite system: with the matrices rif finite ~~nk nmax ,-./ in~tead of the infinite system of 
equation~ (11) :\.· , . . , , ' ,, - - . · \ . 

:•;/ ! .' ••\ • , ' t,' !. I ' •, ! , ~\<! , J:s {rE~.~0(R); EN(R)J<\:•+W,(n,_ri';R)}tNl(n;Rj ~O;, 
• / -: , n ;=/~! > : . .\.\} , .·\• ' ! ;\ <'. • >, ,' ' , : \ > -

, Another possibility consists in obtaining the approximate recurri;tice relations at l +I·$ 
,'n $ nm~x forthi; gauge~equivalent trai1sformation'.(26).' kmay;be const~µcted by means 

ofa suitable orthogonal.transformatio.n:.. , ·' · ' · · ' 
}' . , ' - ,. ' . ,. 

'·· 
n~~:&-l 

. -~.°' I 
• L TnkTn1k ~ {j~n•;; 
·k=I ( 

1:~·/r~dn:' ~. {j~k' '·(32) 
n=l+l 

C ~ ' 

. of the inidal frame' of referenc'e.(3) in the expansion (9) of the qusi~~ial solutions'' 
- '· '-::- ,.> : ,•,_ .1 . ' . • ,,·' ' 

nmdr._l · , ·-· ··~ r 

Ri-u(x,~R) == 'L, >At(X, R)Utf (R) 
. ! k=t' . 

where 
\' 

'!, 

., __ _ 

'; 

'(33) 
\, ' -

,.· ,, -.....,_'- / -
"'-· -firnar \ 1. __ .nma:i:, 

P~1(x,Rr= L, Sn1(x,R)Tnk, Utf (R) .~· 'L, TnkF:f, 
,.· n?:'l+t . : n=l,+1 , . 

'\ t 

,1 

I. 
\ 

I 

The corresponding recurrence r~lationdor the new ·~~effi~ients 
0

(34) take the following 
form . • ' , ., " • .. , . , ·, ' . C- - ~ 

~)~:' {~r~0(R) :+- Vkk,(,R) ~ ~MR)~kk'Ju0(R) ~ 0. 
'.,,._ '· 

(35) 

,Here the kinetic ~~d pote~tial ~nergies ar~ definelas --- . _, _,.,, -- --.- . 

. . nrn'cu: , . - ,· 

BJ:~0 (.R) =, I>TnkE~=0 (R)Tn~'.' 
n=l+l:-·:.. . 

(36) 

nm a% .nmo.r 

Vk'i.,(R) = I;· .b .TnkWt(~,n';~)Tn'k, ' (37) 

-n=l+I n'=l+I 

. '.~ and the matrix elemenbi"W,(n-, n'tR) are defined by eq.(12). • . . . . . . . . .· 

. . As coefficients Tnk one can make use of the complete and orthogonah~ith the weight 
• !Vk'"generali;ed.Chebyshev -~ysterri qf polynomials of the discrete variable Xk ·= COSXk 

·. . . ' . ; •: .:_ ' I /2 ' . · ~ , ';_ . ..- - '. · 
T.,,k - Wk Sn((X,k) , (38) 

on the ,grid~Wk = ·{xk E'(-1, 1), k ·~ I:, nma~ -1}, composed of the node~ of the,poiy-' 
.. nomials Snm.,i(;;kr~ 0 cif the continucius variabJe x~ E (:.:..1,1). Then the'integral(12) , 

may be calculated explicitly via the Gauss-Jacobi quadrature: , · 
' . : . - . . -. . · .. , ,· --~ 

1,,'m•,'_,/ -
W1(n;n''; R) =· Lj WkSn1(xk)V 0 (xi.; R)Sn1i(xk) ,. 
, ,- . ':' k=I . . '. - . . . 

. Thus, in the new representation.(33), the kinetic e~ergy operator on ,the sphere is 
given by thenondiogonal matrix,(36) ~f the r<:nk nma1 :.:_ 1; whereas the operator of 
the potential energy {37), becau~e ofthecompleteness.and orthogonality relation (32) 
at the meshpoiiits ofth_e g~id Wk,· is·defined by·the:diagonal matrix "of the same rank 

" ' -. . . " ·' i , .. • • , , 
nm~x - l ~ · ··, 

".. 
~~-a;~/· n~ar · · . . /_ - , . ·:_". nmaz ·. . , , ' \' ..... , - :. , , 

Vk'i.,(R) :=· b L '.fnkTnk'.'vkk'(xiou; R) E Tn'k';Tn'k' ='V''(xk; R)6kk' 
;· k"=l n=l+I , n'=l+l. 

(39) 

'. - ' : 

These ele~e~ts ar·e-defin~d by the origi~al values of the pote~tialenergy y 0 (i1c; R) on 
the discrete'grid cif meslipa'i~t~ corresponding'to·the nodes Xk E Wk, ,vhich are as ~sual' 
well tabulated.~ ·- . . .. - . . . '· . ·-· , . •. 

As a result.' the system of recurrence .relations (35) takes the form 
'\ ' , ' ' ' ' '' ' 

~1t{ is !n~~;;21;~ki+ (v0 (x~;R) =E~(R;))~kk;}' uf,,(R) ~o: ·. (40) 
k'.=I- n=l+l ·. , . . , ,· . ~ .• .. _ . · ,. ·- .. ; -1 •• 

. . . . ' ·' ,. ·- .• .. . ,, ' .. 
This system is usefol for the.investigations of the asymptotics of th,e solutions(ll) _ 

with respect to the number nmax ~ oo and the different limiting relations, because the . -
'nod~s Xk in this case are defined by means oflhe corresponding-nodes·of.the Bessel . 

- - - - ·- - . . -- .~ '.- •, . . : -. ~ . ·. \ . _, ~- . .·· .. · 



r 

' _, 

·. \ 

~ . ' - ' ' . ~ . '. ~ , - .~ 
functions [17].. Such investigation~ are required for cons~ruc~ing the asymptotics of 

. matrix elements of the connection operator A( R) necessary for understanding peculiari
,' ties of the structure of the Hilbe;t fibre b~ndle i£ defining the 'geometry and -dynamics 

of more complicated thr~e-body systems. · · . . _, . - '· · . 1 
· ·• · . 

. It is to' be noted that for low-lying' states one should im~ediately solve t.h~ system.> . 
'ofequrtion~ (31) with nuclei calculat~d in section.3. For highly excit1;d· states it is . 
. prefe~able to use the system of equations ( 10): ' -

5 - Conclusion 
,_ 
k 

Weshou!d hke to note th~t for the ,relativistic generalisation of the' Scliroding"er cqua
,tion on the sphe~e SJi the obtai~ed form of the equati~n is more' preferable since single~. 

, particle ene;gies are solutions of the Schwinger-Dysoii equations which, as a rule, depend 
'. ' in'a complicated way o'n moment~m: As has bee11 ·shown in ref.[12];1,he nonrelativistic 

,.· ·. ;~ Schwinger equation on t.he th;ee~di~;nsi6nal spher~ for the ha~monii;: potential w~Ii de- , 
. . scribes the.spectrum of_heavy quarkonia;'In this.connection, i( ~s inter~sting to derive• 

the system of Schwirigera:pyson and BetheaSalpet~r equations in .the three-dimensional 
, space of ~onstant po~itive purvattire for desfribingJight qu~;konia as Goldstone modes 
. o(these equatiC:0:s [23).' ,The s?.lution.of eq.(11) for the:ce?traLpote~tials and the rel'.1-
·• .. tivistic generalisation of this' equation are the goal ofourJurther)nvestigations: ' . 
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