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The first of December of this year is the 200-th 

anniversary of the birthday of N.I.Lobachevsky. The author 

presents this paper to celebrate this great day. 

The creator of the non-Euclidean geometry Lobachevsky· 

din not consider the geometry alone. Having no doubt of the 

self-consistency of the new geometry and being convinced in 

its validity, he posed the problem of astronomical 

verification of the geometry of our visible world. 

Supplementing the available at that time data on parallaxes 

of stars by his· own observations, he found out that the 

constant k specific of the non-Euclidean geometry is larger 

than the distances from the Earth to the nearest stars 

[l, pp. 207-210). This unsatisfactory result did not however 

prevent him from posing the problem of what kind of changes 

will occur after introducing a new geometry in mechanics 

[l, p. 261].The second problem inevitably follows the first 

one as soon as one starts considering celestial bodies under 

the conditions of the non-Euclidean geometry. But having 

introduced a new geometry into celestial mechanics, 

Lobachevsky went further and posed the problem of what 

changes this introduces into Newton's law of gravity. He 

himself answered this question giving a fundamental solution 

to the Poisson equation in the non-Euclidean space 

[2, pp. 158-160). 

Those were completely new problems and Lobachevsky's 

idea " one should not doubt that the forces produce all by 

themselves the motion, velocity, time, mass, even 

distances and angles ... when it is true that forces depend 

on the distance, then lines can also depend on angles " 

[2, p.159) leads us far beyond the scope of the Newton 

mechanics and theory of gravity. With this idea in mind one 

can go even far beyond Einstein's theories. 

In the present paper,· a new approach to the theory of 

gravity, based on Lobachevsky's geometry is expounded. We 

start with a fragmentary statement of Lobachevsky's 

differential geometry and end .up with the exact solution of 

the Schwarzschild problem in the Lobachevsky space. 
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1. ?NTRODUCTION OF LOBACHEVSKY GEOMETRY 

Lobachevsky's geometry is completely defined by the 

metric 

d 1 2 = La(3 d xa d xf3, (1) 

in spherical coordinates p, 8, ~ taking the next form: 

d 1
2 = 

where 

d p 2 + r 2 
(d 8

2 + sin2 
8 

r = k sh ..E.... k" 

d ~2) ' (2) 

(3) 

Straight lines in the Lobachevsky space are geodesics with 

respect to affine connection with the components 

L a = 
2
1 L aer ( a L + a L · - a L ) 

µv . µ erv v erµ er µv ( 4) 

where L aer is 

tensor Ler(3 

the cometric tensor determined by the metric 

and unit affinor o~ from the condition 

a aer L = 0
0 L er(3 ,_, (5) 

aµ is the 

coordinate x µ 

partial derivative with respect to the 

Geodesics are determined upon deriving the 

system of equations 

d 
dT 

d xa a d xµ d xv 
dT + Lµv dT dT = o • a E {1, 2, 3}. (6) 

It is interesting that the components (4) remember all 

about the metric (1) they have been generated by. Indeed, 

they compose a tensor 

L a 
µv(3 

which equals 

= a L a - a L a + L a L er 
µ v(3 v µ(3 µer v(3 

2 

L a L er 
ver µ(3 (7) 

La = (L oa 
µv(3 µ(3 V 

L a v(3 o ) k-2 µ . 

Consequently, 

L = _!__ k 2 L a 
µ(3 2 µa(3 

This is nontrivial as in the limit 

k-oo 

the components (4) forget much about the limit metric 

Ea(3 d xa d x(3 = " lim 
k -+ 00 

La(3 d xa d xf3. 

In this case, the limit tensor 

E a 
µv(3 

composed 

connection 

= a E a 
µ v(3 

like (7), 

a E a + E a E er 
v µ(3 µer v(3 

a er 
Ever Eµ(3 

of the components of the 

( 8) 

(9) 

(10) 

(11) 

(12) 

limit 

E a = _!__ Eaer ( a E + a E 
µv 2 µ erv v erµ aer Eµv) • (13) 

equals zero. Consequently, there can be 

coordinates y through· which the connection 

represented as 

E a -µv -
a a X 

-~er 
a Y 

a2 Yer 
axµ a xv 

found such 

( 13) will be 

(14) 

In they coordinate map the components of the metric tensor 

Ea(3 are independent of the coordinates. This is·probably all 

we can say about the metric ( 11) if only the connection 

components with the zero curvature tensor (12) are known. 

However, we can add that the metric ( 11) defines the 

Euclidean geometry as in spherical coordinates it takes the 

form 

Ea(3 d xa d xf3 = d p 2 + p 2 (d 8 2 + sin2 8 d ~2
) • (15) 

Meanwhile, the connection (14) is invariant with respect to 
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affine substitutions 
y<1 = A<1 y0 + B<1 (16) 

0 
and defines only the affine geometry rather than a much 

richer Euclidean geometry. 

2. LOBACHEVSKY'S GEOMETRY AND LORENTZ GROUP 

Four functions 

x = k sh ~ sine cos tp, • y = k sh ~ sine sin tp, 

z = k ch ~ cos e, u = ch 2-. ( 17) 
k 

of the -spherical coordinates 

three-dimensional surface 

p, 

in 

e and tp define the 

the four-dimensional 

centro-affine space with the Cartesian coordinates x, y, z 

and u. The latter is the hyperboloid cavity 

·k2 u2 2 
X y 2 z2 = k2 ' (18) 

in which u >0. In the Cartesian coordinates it is defined by 

the equation 

✓ 2 2 2 2 u = 1 + (x + y + z) / k (19) 

We have obtained the one-to-one (or, as now it is called, 

bijective) mapping of the Lobachevsky space onto the surface 

(19). Diffe~entiating the functions (3) and (17) we get 

d x 2 + d y 2 + d z 2 d r 2 + r 2 (d 0
2 + sin2 e d ip

2
) , 

k 2 
d u = r d P , 

Hence, we find that in the 

Lobachevsky's metric (2) equals 

dr=udp. 

coordinates x, 

d 12 = d x2 + d y2 + d z 2 - k
2 

d u
2 

4 

(20) 

Y, and z 

(21) 

where du is the differential function (19) so that 
2 2 2 2 2 2 . 2 

(k + X + y + z ) k d u = (x d X + y d y + z d z) . 

(22) 

Consequently, the internal geometry of the surface (19) 

in the four-dimensional pseudo-Euclidean space with the 

metric (21) coincides with the Lobachevsky geometry. 

Therefore, isometric transformations of the Lobachevsky 

space are given as linear transformations of the coordinates 

x, y, z and u conserving the quadratic form in the left-hand 

side of equality (18) and not changing the sign of the 

coordinate u. By the Poincare definition transformations of 

that type form a Lorentz group. Thus, the Lorentz group is 

isomorphic with res_pect to a group of isometries of the 

Lobachevsky space. 

According to (21) and (22) the metric tensor components 

of the Lobachevsky space in the coordinates x, y, and z 

equal 

-2 -2 
La/3 = ca/3 - k u xa x13 , (23) 

where ca/3 are the constants (in the present case equal to 1 

at a= (3 and Oat a~ (3), 

xa = C X<1 
a<1 

Consequently, 

1 

2 

-2 -2 
(aµ L<1v + av Luµ - au Lµv> = - k u x<1 Lµv 

(24) 

(25) 

The components of the cometric tensor in these coordinates 

are equal to 

a<1 -where c c<1/3 - oa 
/3 

La/3 = ca/3 + k-2 xa x/3' 

Therefore, 

L cxo· x = u 2 x a 
(1 

s 

(26) 

(27) 



Consequently, 

La= - k- 2 xa L 
µv µv 

(28) 

A simple form of the components (23) and (28) allows one to 

easily prove equality (8). 

According to (6) and (28), in the x,y and z coordinates 

straight lines in the Lobachevsky space are determined after 

the solution of the system of equations 

d d xa 
ct1 dT 

- k-2 xa L d xµ 
µv dT 

d xv 
dT = 0 , 

(29) 

a E {1, 2, 3}. 

Calculating the second derivative of the function ( 19) 

get 

we 

d du -2 d xµ d xv 
cf7. dl - k u L µv cfT cfT = 0 . (30) 

Now denote by 

r = {x, y, z, u} (31) 

the vector of the four-dimensional centro-affine space in 

which the surface (19) is the Lobachevsky space. The 

quadratic form (21) is denoted by (d r,d r) In this 

notation the surface (19) is given by the conditions 

( r, r) = - k
2 

, u > 0 , 

and eqs.(29) and (30) are written in the form 

d d r 
ctTdT 

d r d r ) -
k-

2 
r ( ctT • ctT -

(32) 

0 . (33) 

Hence, it follows that a straight line of the Lobachevsky 

space lies at the intersection of the surface (19) with the 

two-dimensional plane of the centro-affine space, passing 

6 

through the center r = o. 

3. VELOCITY SPACE IN THE SPECIAL THEORY OF RELATIVITY 

In the four-dimensional space-time of the special 

rel a ti vi ty theory the velocity of a material point can be 

represented by a bundle of timelike parallel straight lines. 

The combination of all these bundles is the three­

dimensional space of velocities. In that space, the absolute 

geometry based on all the Euclidean postulates except for 

the fifth one is realised. 

In the Lorentz case, we arrive at the Lobachevsky space 

of velocities assumiqg that the constant k equals the light 

velocity c, and the distance p equals the rapidity of a 

particles. In this case, the quantities (17) are equal to 

the components of the four-velocity of a particle. The 

components of the usual velocity of a particle in the 

Lorentz case equal 

v 
1 

= c th ! sin e cos q:, , v 
2 

= c th ! sin e sin q:, , 

v 
3 

= c th ! cos e . (34) 

In the Galilean case c = oo and the space of velocities 

is Euclidean. Instead of the surface (19) in this case there 

appears the hyperplane u = 1. As for the Galilean group, it 

is isomorphic to the group of isometries of the Euclidean 

space. 

So the light velocity plays the role of the Lobachevsky 

constant in the space of velocities. This is the essence of 

the special rel a ti vi ty theory. It is interesting that a 

the perimeter of a circle in the Lobachevsky space is a 

particle momentum; and the area of the circle, its energy. 

As in cosmic rays one can observe and at accelerators 

achieve rapidities much exceeding the light velocity c, in 

the high energy physics one cannot do without • the 
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Lobachevsky geometry. 

4. NEWTON'S THEORY OF GRAVITATION 

IN THE LOBACHEVSKY SPACE 

The Lagrange function of a material point, if it is 

influenced only by the gravity force with the potential U, 

equals 

t-__!_ dxµdxv 
- 2 Lµv dt dt . (35) 

Consequently, the Lagrange equations of motion are 

V 
d (L 1 

(8 L ) 
d xµ d xv 

~) -
~ 

--+a U=0 , ( 36) dt <XV d t 2 a µv d t a 

i.e. 

d <X d xµ d X 
V 

~ + L o: av {37) dt d t µv dt dt + L av u = o. 

Here we have introduced the absolutely stationary (at rest), 

according to Newton, Lobachevsky space and the absolute, 

according to Newton also, time t, 

denial of the Euclidean postulate 

visible world. In this case, 

which is equi va 1 ent to 

of parallel lines in the 

the special relativity 

principle becomes invalid though the principle of kinematic 

relativity is conserved. 

1 
X ' 

In 
2 x, 

the 
3 

X ' 

space-time 
4 

X ' where x4 

SxT 

= t, 

with the coordinates maps 

the absolute time gives the 

differential form 0 = d t. Writing down this form as 

0 = e d xa, 
a 

(38) 

we introduce in SxT the covector field with the components 

6
1 

= 0, e
2 

= o, 

8 

e
3 

= o, e = 1 
4 

{39) 

and the factorising metric 

e d xa d xb = 0 0. ab 
The factorising time tensor determined by it equals 

(40) 

e = e e (41) 
ab a b 

The introduction of the Lobachevsky geometry defines in SxT 

the cometric tensor hab with the components equal to 

h a(3 = L o:(3 

As 

ho:4 = 0, h 4 (3 = 0, h 44 = 1. 

hab e = 0, 
b 

(42) 

(43) 

the time tensor and cometric tensor are coupled by the 

condition 

e hsb = o. 
as (44) 

The equations of motion (37) define in SxT the affine 

connection. Indeed, they can be written as equations of 
geodesics 

d 
ds 

~a+ra~m 
d S mn d S 

d xn 
ds = 0 ' (45) 

by substituting s =At+ B, 

Hence, we find 
where A and Bare constant. 

f'o:=La 
µv µv 

f'o:=O, 
µ4 

r o: = Lav a u 
44 V ' 

f'o:=O, 
4V 

r 4 = o . 
mn 

(46) 

Consequently, the world trajectory of a material point in 

the gravitational field U is a geodesic line in the world 

SxT with respect to the affine connection (46). 
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Essential!~, the world trajectory of the material 

point, which is not influenced by any forces, is a geodesic 

line with respect to the affine connection with the 

components fa equal to (46) at U = canst. Thus, we have mn 
two connections at once. 

When there are two connections (say rand f), then for 

each tensor field two covariant derivatives V and~ are to 

be composed. For the vector and covector fields one assumes 

that 

V Ta = a Ta + r a Tn , V T = a T - r a T 
m m mn m n m n mn a 

(47) 

~ Ta = a Ta + f a Tn 
' 

~ T = a T - f a T m m mn m n m n mn a 

The difference 

p a = t'- a - r a (48) mn mn mn 

is called the affine deformation tensor. 

In the present case, the affine deformation tensor 

equals 

p a = - e e has a u (49) 
mn m n s 

For each affine connection r there are composed the 

torsion tensor 

S a 
mn 

and the curvature tensor 

R a = a r a - a mnb m nb n 

It is obvious that 

S a + S a 0 • 
mn nm 

= r a 
mn 

r a + mb 

10 

- r a 
nm 

r a r s - r a r s 
ms 

Ra 
mnb 

nb 

+ Ra 
nmb 

ns mb 

= 0 • 

(50) 

(51) 

(52) 

All the affine connections considered here (for 

instance,(46)) satisfy the condition 

r a = r a (53) 
mn nm 

so that their torsion tensor equals zero, and the curvature 

tensor obeys the algebraic identity 

Ra +Ra +Ra =O 
mnb bmn nbm 

(54) 

and the differential identity 

V Ra.+V Ra +V Ra =O. 
k mnb n kmb m nkb (55) 

Moreover, we will consider only the equiaffine connections. 

For them the contracted tensor of curvature 

R = R s (56) mn smn 

is symmetric, i.e., 

R = R (57) mn nm 

Another contraction of the curvature tensor equals zero: 

R s = 0 (58) mns 

In the case (46) the curvature tensor equals 

R o: = L o: 
µv(3 µv(3 

R o: = 0 µv4 
, R o: = 0 

µ4(3 ' 

R o: = a U o: + L a: U v 4 
(59) 

R = 0 µ44 µ µv ' mnb 

where 

uo: = Lo:u au u, (60) 
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and the contracted curvature tensor, according to (8) and 
• 

(9), equals 

R = - 2 k- 2 L 
iiv iiv R

44 
= ~ U, Rii

4 
= 0 , R

4
V = 0 , (61) 

where 
A= Liiv (a a - Lu a) . 

ii V iiv U 
(62) 

Note that the gravitational potential U is a scalar function 

in the Lobachevsky space with the metric (1), Uo: is the 

vector in this space, R o: is the covariant derivative of 
ii4 4 

the vector Uo: generated by the connection (4), Rii~~ is the 

curvature tensor (7) for the connection (4), and A is the 

differential Laplace operator generated by the metric (1). 

Now let us recall the connection resulting from (46) at 

canst and denoted by r a We will call it the mn u = 
background one. The curvature tensor 

connection and the contracted tensor 

and (61) at U = canst. 

Consequently, 

R a 
mnb 
R mn 

R R =eeAU. mn mn m n 

It is obvious that the equation 

R R =4rraM mn mn mn 

where M is the mass tensor equal to mn 

Mmn = p em en 

of the background 

result from ( 59) 

(63) 

(64) 

(65) 

and p is the mass density, is equivalent to the Poisson 

equation 

A U = 4 rr a p (66) 

in the Lobachevsky space. 
Note that a is the gravitational Newton constant. Mass 

12 

embedded in the region of the Lobachevsky space, is equal to 

the integral 

m = J J J P YT d x
1 

d x
2 

d x
3 (67) 

over this region where L is the determinant of the matrix 

(Liiv). 
It is interesting to note that the gravitational 

equation (64) includes the contracted tensor of curvature 

R of the background connection r a. In the limit (10) 
mn mn 

eq.(64) turns into 

R =4rraM (68) 
mn mn 

in which nothing reminds the background connection. The 

thing is that in the limit (10) the contracted tensor of 

curvature R equals zero. To the point, the complete tensor 

of curvatur:nR a also equals zero in this limit. mnb 

5. FUNDAMENTAL SOLUTION TO THE POISSON EQUATION 

IN THE LOBACHEVSKY SPACE 

In the sphere of radius pat small values of p / k one 

can approximately use the Euclidean geometry. The mass 

density M lying at the origin of coordinates x, y, z ( see 

(17)) equals 

p =Mo (x) o (y) o (z), (69) 

where o (x) is the Dirac function as in these coordinates 

YT== 1 
u ' (70) 

and at the origin of coordinates u = 1. The solution 

satisfying the Poisson equation 
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~ U = 4 rr o Mo {x) o (y) o (z) 

and the condition 

lim U = o 
p->oo 

is called the fundamental one. 

(71) 

( 72) 

Lobachevsky has shown [2, p.159] that the "attractive 

force" is directed towards the center and is reciprocal to 

the area of the sphere; moreover, if the radius of the 

sphere equals p, then its area equals 4rrr 2 where the 

quantity r equals (3). Consequently, in the spherical 

coordinates the fundamental solution has the following 

partial derivatives: 

a U = A 
~ 

-2 r au = o, ae au = o, 
8q) 

where A is some constant. Integrating (73) we get 

U = _ A k cth _E__ 
k 

+ B, 

(73) 

(74) 

where Bis the integration constant. From condition (72) it 

follows that B = A. As in the small vicinity of the source 

the function turns into the Newton potential U = - 0 M p- 1 
, 

then A= o M Consequently 

U = 0 kM ( 1 - cth ~ ) . 

Note that outside 

solution satisfies 

the 

the 

source the fundamental 

Laplace equation 

b. U = 0. 

In accordance with (62) 

Au= - 1 - a ( ,..rr Lµv a U) . ._.rr µ V 

In the spherical coordinates the operator (62) equals 

14 

(75) 

(76) 

( 77) 

ij 

·~ .. 1 . .,, 
I 

1 

r2 
a 2 -r 
ap 

~+ 
ap 

~(-1-
r2 sine 

a 

ae 
sine ~ + _.! 

ae sin2 e 

6. THEORY OF GRAVITY WITH TWO CONNECTIONS 

a2 
-). 
8tp2 

(78) 

In the Einstein theory of gravity, the principal 

geometric object is the cometric 

gab 8 8 (79) 
a b 

defined in space-time X. It is of normal hyperbolic type. In 

the vicinity of every point X E X one can choose the 

coordinates 

1 2 3 x4 = t, ( 80) X = x, X = y, X = z, 

so that at the point x the quadratic form (79) becomes equal 

to 

gab a 
a 

a = a a + a a + a a - c- 2 a a 
b 11 22 33 44 

(81) 

where c is the light velocity. Like in toe special theory of 

relativity, the light velocity c is the Lobachevsky constant 

in the space of velocities. But in the general case we 

should now speak about the space of velocities of a particle 

at the given point x EX. 

The time tensor in the Einstein theory equals 

e ab 
-2 

= - C gab . (82) 

It is coupled with the cometric tensor by the condition 

e gsb = _ C-2 Ob 
as a 

(83) 

Another derivative geometric object of the cometric (79) is 

the volume tensor 
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d V, = C d Xa /\ d Xb /\ d xm /\ d xn 
abmn 

(84) 

where 
C - -1 

1 2 3 4 - C ,.,....--=g (85) 

and g is the determinant of the matrix (gab). 

The third derivative geometric object of the cometric 

(79) is the Christoffel affine connection 

r a -mn -
1 

2 
gas (am gsn + an gsm - as gmn) ' (86) 

through which one can determine the Riemann-Christoffel 

tensor (51), Ricci tensor (56) and then the Hilbert scalar 

ab R 
R= g ab 

and the Einstein tensor 

G = R mn mn 
1 

2 R gmn • 

(87) 

(88) 

The latter together with the mass tensor M enters into the • mn 
gravitational equations 

G =8rr.rM 
mn mn 

which are transformed into 

R = 8 rr .r (M 
mn mn 

where 

M = - c 2 ab g M 

1 

2 

ab 

(89) 

M e ) (90) mn 

(91) 

As is known, Hilbert derived gravitational equations 

(88) independently of Einstein, taking the variation 

16 

i5 1H = J G mn 
/5 gmn d V (92) 

of the integral 

IH=JRdV. (93) 

Though independent· of the choice of the coordinate map, 

the Hilbert integral does not contain any information on the 

gravitational field energy. Therefore, Einstein substituted 

it for the integral 

[ = J E d V , 

where 
mn 

f = g (I"' a lb 
mb an 

r a r s) 
sa mn 

which satisfies the necessary condition 

/5[=/5IH. 

(94) 

(95) 

(96) 

The Einstein integral ( 94) depends on the choice of the 

coordinate map, and thus, it disadvantageously differs from 

the Hilbert integral (91) but contains information on the 

gravitational field energy. Based on this integral Einstein 

determined the so-called pseudotensor of the gravitational 

field energy which, like the integral that generated it, 

depends on the choice of the coordinate map, which is in 

disagreement with his requirement to formulate the laws of 

Nature independently of the choice of coordinates. This 

point is in the focus of a seventy-year discussion. 

The introduction of the energy pseudotensor cannot be 

justified also from the point of view of the tensor analysis 

unless 

affine 

one introduces 

connection r a mn 

one more object 

independent of the 

the background 

cometric tensor 

gab Having introduced this connection, let us substitute 

the Einstein integral (94) for 

D=J.'edV, 

where 
mn t = g (P a p b 

mlJ <'.lH 

17 

(97) 

p a p s) (98) 
sa mn 



and Pa is the affine deformation tensor (48). Variation of 
mn • 

the integral (97) at the fixed background connection equals 

where 

o D = J (S mn 
__:__ S ) o mn d V , 

2 gmn g 

s = R - __:__ ( R + R ) 
mn mn 2 mn nm 

ab s = g s ab 

(99) 

(100) 

(101) 

( Here it is assumed that the background connection is 

symmetric but not necessarily equiaffine). Therefore, the 

gravitational equations (89), and correspondingly (90), are 

changed by 

(102) s 1 
S gmn 8 TT a M - - = mn 2 mn 

or, which is the same, 

s 8 TT a (M - 1 M e ) = -mn mn 2 mn (103) 

As one can see, equations (89) are conserved provided that 

R + R = 0 . (104) 
mn nm 

But to return back to the Einstein case itself, the 

background connect_ion should satisfy a stronger condition 

than ( 104). The fact is that the canonical tensor of the 

gravitational field energy, given by the Lagrangian (98), 

coincides with the Einstein pseudotensor provided that in a 

given coordinate map the following equality holds: 

but then 

r a= 0 ' mn 

Ra = o . 
mnb 

(105) 

(106) 

On the contrary, if the condition (106) is fulfilled, then 
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one can find such a coordinate map in which the coordinate 

equality (105) is valid. 
So the theory of gravity with two affine connections 

developed here includes the Einstein theory as a special 

case with the condition (105). 

Assuming that the action of sources of the 

gravitational field is indepel'}dent of the choice of the 

background connection, we get the equality 

V sm M = 0 • 
s g mn (107) 

Therefore, from eq.(102) we get the corollary 

V gsm ( R · + R - gab R g ) = 0 . ( 108) 
s mn nm ab mn 

It is interesting that left-hand side of the last equality 

can be transformed into 

(~ - p ) [ sm ( R + R ) ] ab R (109) 
s s g mn nm - g ab 

where 
p = p a (110) 

s sa 

Therefore, if the background connection satisfies the 

condition 

~ (R + R ) = 0 ' 
(111) 

s mn nm 

then according to (108) eq.(102) results in 

(R + R > 
mn nm 

<llm = 0 
' 

(112) 

where 
<Ila = ( ~ - p ) sa _ mn p a 

s s g - g mn ( 113) 

The corollary (112) is of great interest in connection with 

the discussion of harmonic coordinates as the condition of 

harmonicity can be written as 

<Ila = 0 . (114) 
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Therefore, the •vector <Ila will be called the anharmonicity 

vector. 

7. CHOICE OF THE BACKGROUND CONNECTION 

In the case when there is no gravity we assume that 
r a = r a 

mn mn 
( 115) 

This is a trivial solution of the gravitational equations 

(103). Indeed, in this case everywhere on the· manifold the 

mass tensor should be equal to zero, and consequently, these 

equations should take the form 

S = 0 . (116) mn 
The condition ( 115) means that the background 

connectio_n can be represented in the form of the Christoffel 

connection. This connection should necessarily be 

equiaffine. Consequently, eq.(116) should take the form 

R = R (117) 
mn mn 

The theory expounded in sect. 6 does not impose any 

other conditions on the background connection and admits a 

large freedom in choosing them. 

Let us use this freedom and assume that in the absence 

of gravity the metric takes the form 

a b 2 2 (X (3 
g d X d X = c d t - L a d X d X , ab <X,-, 

( 118) 

where the components La(3 are independent of the coordinate 

x 4 = t and form the metric (1). Consequently, the background 

connection is assumed to be equal to the Christoffel 

connection,given by the metric (118), and we find it to be 

equal to 

r a = L a r a = o 
µv µv ' 44 

r a= o r a= o rv 4 = 0 
( 119) 

µ4 ' 41J ' mn 

It is interesting that the light velocity c didn't enter 

into the background connection in spite of the fact that it 

explicitly enters into the metric (118). Therefore, the 
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background connection (119) coincides with the previously 

chosen one, i.e., with the connection (46) at U = canst. 

Correspondingly, the curvature tensor of the background 

connection equals the tensor (59) at U = canst ,i.e., 

R 4 = o mnb 
Ra=O Ra=O Ra=O 

4nb m4b mn4 
(120) 

Ra =La = (L oa - L oa) k- 2 

µv(3 µv(3 µ(3 v v(3 µ 

The contracted curvature tensor of the background connection 

equals the tensor (61) at U = canst ,i.e., 

Rµv = - 2 k-
2 

Lµv R = o 
44 

R =O R =O µ4 ' 41J ( 121) 

It is remarkable that the covariant derivative of the 

tensor field (120) with respect to the background connection 

(119) equals zero: 

tt R = o . 
s mnb 

(122) 

Therefore, the condition (111) is fulfilled and we have the 

corollary (112) that in the present case means 

L <I>v = 0 . 
µv (123) 

As the determinant of the matrix (Lµv) is not equal 

to zero, of four conditions of harmonicity (114) three of 

them 

<Ila= O 

are corollary of the gravitational equations (103). 

8. SOLUTION OF THE SCHWARZSCHILD PROBLEM 

IN THE LOBACHEVSKY SPACE 

Let us solve the equations 

R = 0 R = 0 R = - 2 k- 2 L 4n ' m4 ' µv µv 

assuming that 
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g d Xa d Xb = V
2 d t 2 - F2 d p 2 - H2 d Q

2 , (126) 
ab 

where 

d Q
2 = d 0

2 + sin2 e d ~2 (127) 

and the functions V, F, H depend only on the coordinate p. 

In this case, nonzero components of the connection (86) 

equal 

r 4 = v-1 
41 

d V = 
dp 

r 1 
11 

-1 ~ 
= F d p 

r 2 = H-1 
12 ~ = 

d p 

r 4 
14 

r 1 
44 

d V = F-2 V dp, 

r 1 = - F-2 H d H 
22 dp' 

r 1 = r 1 
33 22 

r 2 
21' 

r 2 -
33 - sine cos e 

r 3 = H-1 ~ = r 3 
13 dp 31' r 3 = ctg e = r 3 

23 32 

(128) 

sin2 e 

In the same coordinates nonzero components of the 

background connection equal 

f:" 1 = - k sh .E.... ch p t" 1 = t" 1 sin2 e 22 k k' 33 22 

f:" 2 -1 cth p = t" 2, t" 2 = - sine cos e = k k 12 21 33 

f:" 3 = k-1 cth p = t" 3 t" 3 = ctg e = t" 3 
13 k 31' 23 32 

Hence, we find the anharmonicity vector 
2 

-1 - [ k F V sh ~ - _d_ ( ~) <lll = 
VF H2 k d p F 

<ll2 = 0 , <ll3 :;= 0 , <ll4 = 0 . 

(129) 

(130) 

According to (124), eqs.(125) result in the equality <ll
1 

= 0, 

which is equivalent to the equality 

d -1 2 2 dp ( F V H ) = F V k sh -yf- (131) 

In this case, all nondiagonal components of the tensor 

22 

Rmn are equal to zero, and nondiagonal ones satisfy the 

condition 

R = R 33 22 

• 2 sin e . ( 132) . 

Therefore, of eqs.(125) it remains 

following three equations: 

to satisfy only the 

R = 0, R = - 2 k- 2
, 

44 11 R22 2 sh2 k . ( 133) 

In this case we have 

R 
44 

R22 

= F-1 H-2 V _d_ ( ..!!._ ~ ) 
d p F d p 

1 
=1- VF _d_ ( ~ 

d p F 
~) 
d p 

1 2 H (R + V-2 F2 R ) = ~ 
11 44 d p 

1 
VF 

d (F V) 
d p 

d 2 H 
d p2 

(134) 

According to (133) and (134) we get the following equations: 

d 2 H H d H 1 d (F V) -- - -- - dp VF d p 
d p 2 k2 

(135) 

d 
2 

(_!!_~)=O 
dp F d p ' 

(136) 

d (~ d H 2 p 
dp F dp) = F V ch ]{ (137) 

Before solving these equations let us prove immediately 

that they result in the condition of harmonicity (131). Let 

us consider the covariant divergence 
V Gb = a Gb - rs Gb + r b G

6 

b a b a ba s bs a 
(138) 

of the Einstein tensor 
Gb = R sb - .2.... R ob , ( 139) 

a as g 2 a 

which equals zero, as is known. In the considered case, the 

tensor (139) is diagonal and independent of angles and time. 

Therefore, the first component of the covector (138) equals 
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_d__ G1 + r b G1 _ r 1 G1 _ r 2 G2 
d p 1 bl t 1 11 1 21 2 

r 3 G3 
31 3 

r 4 G4 (140) 
41 4 ' 

As in the considered case r 3 = r 2
, G3 = G2 

, then 
31 21 3 2 

v Gb = _d __ G
1 + 2 r 2 

(G
1 

- G
2

) + r 4 (G1 - G 4 ) • 
b 1 d p 1 21 1 2 41 1 4 

Then, taking into account the next formulae 

differentiable tensor 

G
1 = A - B, G2 = - A - C, 
1 2 

G
4 = - A - B, 
4 

where ,, I 

A = H- 1 F- 2 [ 
I 

H - H ( F V) -i (F V) ] 
' 

B = V- 1 F- 1 H- 2 (V H F- 1 H
1

) 

C = v-l F- 1 H- 2 (H 2 F- 1 v') 

and the formulae 

r 2 = H- 1 H 
21 

I 

for connection, one can 

combination 

V Gb = (A - B) 
b 1 

+ 2 H- 1 H 

I 
-2 

- H ' 

r 4 = v- 1 v 
41 

easily be convinced 

(2 A - B + C) + 2 V- 1 V 

(141) 

for the 

(142) 

(143) 

(144) 

that the 

A (145) 

equals zero whatever the functions F, H, V be. If these 

functions satisfy the gravitational equations (135), (136) 

and (137), then 
A = F- 2 k- 2 , B = 2 H- 2 sh2 _E_ 

k C = 0 

Substituting these expressions into (145) we get 

(146) 

V Gb = 2 k- 2 H- 2 F- 1 
v-

1 
[ (F- 1 V H2

) 
1 

- k F V sh 2kP ] . 
b 1 

(147) 

Since we have proved that (145) equals zero, we have also 

proved the corollary (131). 

A partial solution of the system of equations 

(135),(136),(137) satisfies the condition 

F V = C , (148) 
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I 
I 

where C = canst. 

Indeed, it follows from eq.(136) that 

2 d V = B F , H dp (149) 

where B = canst. Substituting into the latter the condition 

(148) we get 

d 1 2 dp ( 2 V ) = B C H-
2

• 

Substituting the condition (148) into 

equation 

d 2 H H - = 0 ' 
dp 2 k2 

whose general solution is 

H =Pk sh 
I\ 

p + p 
~ -

(150) 

(135) we get the 

(151) 

(152) 

where P and~ .are the integration constants. Substituting 

this solution into (150), we get 

1 

2 
V 2 = N - 8 C P- 2 k-

1 cth 
I\ 

p + p 
--k-

where N is one more integration constant. 

(153) 

We have to consider only eq. ( 137) but instead we can 

consider the sum 

_d_ [ (F V)- 1 _d_ ( _:__ V2 H2
) ] = F V ch ~ 

dp dp 2 k 
(154) 

of equations ( 136) and ( 137), which is more convenient. 

Substituting here the condition (148) , we get the following 

equation: 

d2 
--2 

d p 

1 

2 
V2 H2) = c2 ch ~ 

k 
(155) 

This equation is to be put in conformity with the above 
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results (152) and (153) from which it follows that 
!_ y2 H2 = • (156) 2 

I\ I\ I\ 

= [ N P2 k sh p + p - BC ch p + p ] k sh p + p 
k k k 

Differentiating this function we get its derivatives 

( + v2 
H

2
) 

1 

= N P
2 

k sh ~ (p + ~) - B C ch ~ (p + ~), 

(157) 
( _!_ V2 H2)" = 

2 

= 2 N P
2 

ch ~ (p + 
/\ -1 2 /\ 
p) - 2 B C k sh k ( p + p). 

Comparing this result with eq.(155) we find that the 

integration constants should satisfy the 

conditions: 

2 N P2 ch 2 ~ - 2 B C k- 1 
-k-

2 N P2 sh 2 ~ - 2 B C k- 1 
-k-

Hence, we find 
I\ 

2 B = C k sh ~ 
k 

sh 2 ~ 
-k-

ch 2 ~ 
-k-

2 N P
2 

Substituting this into (156) we get 

= c2 
' 

= 0 

- c2 2 " - ch P -k-

v2 H2 = c2 k 2 sh 
I\ 

p + p 
-k- sh 

I\ 
p - p 
~-

Hence, on the basis of (152) we get 

v 2 = c 2 P- 2 sh 
I\ 

p - p 
-k-- I sh 

and then on the basis of (148) we get 

F2 = P2 sh 
I\ p + p 

k I sh 

I\ 
p + p 
--k-

I\ 
p - p 
-k-

following 

(158) 

(159) 

(160) 

(161) 

(162) 

It is interesting to verify that the condition of 

harmonici ty ( 131) is fulfilled. Indeed, according to ( 148) 

it means that 
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I 

d 2 p (V2 H2) = C2 k sh dp -k-

and according to (160) 

2 ~ V2 H2 = 1 C2 k2 [ ch 2 p - ch ] . - -k- -k-2 

Consequently, the condition (163) is fulfilled. 

Thus, the metric (126), satisfying eqs.(125), is 

in the form 

(163) 

(164) 

found 

c2 P- 2 == d t 2 - P 2 k 2 { ==-l d €2 + sh
2
((; + ex) d n2 }, (165) 

where 

- -
sh((; - ex) 
sh((; + ex) ' € = p I k 

I\ ex = p I k (166) 

At a large distance from the source, i.e. at large values of 

€, it should asymptotically approach the metric (118), more 

exactly the metric 

c 2 d t 2 - k 2 { d (;2 + sh2 
(; d 0

2 }. 

Hence, it follows that 

C = c, P = exp { - ex}. 

(167) 

(168) 

It remains to elucidate what is the parameter ex equal 

to. We find it from the condition that at large values of€ 

the connection (128) should tend to the connection (46). In 

other words, al 1 the components of the connection ( 128) 

should tend to the background connection (129), except for 
1 , 

the component f
44 

, that should tend not to zero but to U, 

i.e., 

f' 1 - u 
44 

= o H (k sh (;)- 2 
• 

Note that the latter includes the very "attractive 

about which Lobachevsky wrote in 1835 [ p.159.] 
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force" 



This condition can be fulfilled as 
• 

F -l F -1 , 1 
H H = 2k [ cth ( € + a) - cth ( € - a)], = 

-1 ' -1 
H H = k cth ( € + a) , 

H H = k P2 sh(~+ a) ch(~ - a), 

V V = ! k c
2 sh 2 a I [ k P sh ( ~ + a)] 

2
• 

Comparing (169) with (170) we get that 

1 
2 sh 2 a = • M 

k c 2 

(170) 

(171) 

As the gravitational radius• M c- 2 is much smaller than the 

constant k we can approximately put 

a = 
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'-lepmtKOR H.A. E2-92-394 
fpaB11TaU.1tOHHhlll pa.zu1yc B npoCTpaHCTBC Jlo6a4CBCKOro 

CcpopMyJIHpoRaHhI ypaBHCH1tS1 TSiroTemrn B npocTpaHCTBC JI06a4escKoro. 
PcllleHa 3a.z.a4a o rpasnrau.uoHHOM noJie T04C4HOH. Macchi B npocTpaHCTBC 
Jlo6a4eRCKOro. B Hh!OTOHOBCKOM (HcpeJISITllBHCTCKOM) CJiy4aC 3Ta 3a.z.atrn 6hIJia 

'TIOCTaRJieHa 11 pellleHa caMHM Jlo6a4CBCKltM. B peJISITHBIICTCKOM CJiy4ae 3a.z.a4a 
COCT0HT B TOl\t; t1T06b1 CHa4aJia HaHTH a.z.eKB3THhie ypaBHeHHSI AJISI MeTpHKH, 
OTIHCh1Ba101UeH rpaBIITaU.IIOHHOe noJie, a 3aTCM Haiint H pclUCHlle 3THX ypaBHC­
Hnii. TaKne ypaaHeHHSI Haf1ACHh1 asTopoM tta ocHose pa3pa60TaHHoii HM paHec 
Tcopnn CABYMSI CRSl3HOCTSIMH, o.z.Ha H3 i<oiopi.1x H33hlB3CTCSI KpHCTocp¢cJiesoii, 
a RTOpaSI ~ QJOHOBOii. nOCJICAHSISI 3a.z.acTCSI ypaBHeHHSIMH ABH)KCHHSI cso6o~­
HOH MaTepuaJihHoii T04KH R npocTpaHCTBC Jlo6a4CBCKoro. OHa HC 3aBHCHT OT 
cKopocTH cseTa c. Haii.z.eHHaSI 3AeCh cTaTu,1ecKaS1 ccpeputtccKit CltMMCTpH4HaSI 

' ' ' ' -2 
MeTpHKa 33BHCllT OT 0TH0W~HIISI rpaB1tT3U.lt0HH0ro pa.z.uyca y MC MaCChl M 
K KOHCTaHTC k Jlo6attCBCKOro .I\JISI BHAHM0ro Mltpa: B npe.z.enc k ➔ 00 0Ha ncpe-

X0AHT B H3BCCTHYIO McTp11Ky WsapU.lllHJihAa. . 
Pa6oTa BhITI0JIHeHa B Jla6opaTOpmi TeopeTH4CCKOH cpn3HKH OJ.15B1. 

llpcnp;111T O61>c11u11c1111oro 1111cnnyrn 1111cpm,1x ucc;1c110Bam1ii. Lly611a 1992 

·, 

Chcrnikov N.A . . E2-92:.394 
s 1 ' 

· The Gravitational Radius in the Lobachevsky Space 
. . ' . . ' ' 

Equations of gravitation in the Lobachevsky space are formulated. The 
problem of the gravitational field o~ point mass in the Lobachevsky space is 
solved. In the Newton (nonrelativistic) case, this problem was posed and solved 
by Lobachevsky himself. In the relativistic case, the problem consists in that one 
should first find adequate equations for the metric describing the gravitational 
field and then find their solutions. These equations arc found by the author 011 
the. basis of the theory, developed by him, with two affine connections; one 
called Christoffel and other, background: The !alter is given by the equtions of 
motion of a free matcriale particle in the Lobachevsky space. It is independent 
of the ligth velocity c . .The· static, spherically symmetric metric found here 

depends on the ratio of th.e gravitational radius y Mc-2 
of mas; M to the 

Lobachevsky constant k for the visible world. In the limit k .:+ oo it turns into the, . ' . 

known Schwarzschild metric; 
The investigation has .been performed at the Laboraiory ofThcoretical 

Phvsics JINR. \ -. ~ ... , . 
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