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1. Introduction 

As follows from the analysis of studies of the thermodynamics of gluon 
systems, a more complete investigation of peculiarities of deconfinerrient 
requires a more close interplay of the lattice description [1-9] and statis­
tical models [5,10]. However, this is a complicated problem as· there is 
no such statistical model that would be consistent both with the SU(2) 
group- and with the SU(3) group-lattice data. 

Indeed, the approaches based on the Baacke method [10] and bag 
theory [11,12] predict that the deconfinement in SU(2) and SU(3) 
systems is a first - order phase transition, whereas the lattice calcula­
tions support the second - order deconfinement in the SU(2) theory [5]. 
Besides, the above class of statistical models for the transition heat ~t 

produces the relation ~t ~ tsB(0dec) , where tsB is the energy den-
. sity of the ideal gluon gas and Odee is the deconfinement temperature, 

whereas lattice studies of an SU(3) system give much smaller value, 
~t ~ tsB(0dec)/4 [9]. Results of the phenomenological model. [5} in. 
which the free energy is a sum .of two terms describing low - momentum 
massive modes of the gluon field and high - momentum massless gluons 
are in good agreement with lattice data for the SU(2) theory. However, 
since the model predicts second-order deconfinement, this approach does 
not describe the SU(3) system relative t_o first - order deconfinement 
(see refs. [4,9]). 

In this paper, we present a statistical model (!f the deconfinement in 
SU(2) and SU(3) systems whose results are in good agreement with 
the lattice calculations._ Basic points of the proposed approach are as 
follows: 

First, possible coexistence is considered of nonseparated phases of 
glueballs and gluon plasma. Concentrations of the phases in our model 
are determined from the conditions of thermodynamic advantage. Note 
also that unlike stratified Gibbs mixtures, our phases coexist in. a homo­
geneous system. The importance of such heterophase mixtures is demon­
strated in a series of papers devoted to general problems [13-16] and to 
applications, in particular, to studies of quark - hadron matter at high 
baryon densities [17-22]. 

Second, we take into account the interaction between plasma gluons 
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• 
and their interaction with glueballs in the effective-field approximation. 

The paper is organized as follows: In sect.2, we consider a simpli­
fied approach, based on the restriction rules in differentiation, as a first 
approximation that gives a qualitative behaviour of the mixture and sat:­
isfactory estimates. The results illustrated with figures are presented. In 
sect.3, we expound a more involved approach to the mixture using cor­
recting functions and allowing a good agreement with lattice predictions. 
The corresponding results are also supplied with illustrations. 

Some preliminary results of our approach have been announced in 
refs. [23,24]. 

2. Model with restriction rules 

2.1. Fundamentals of method 

As said in the Introduction, a key point of our approach is the possi­
bility of simultaneous production of glueballs and unbound gluons from 
vacuum, the phases of glueballs and gluon plasma being not separated 
in space. Using the total density of •gluons in the system, 

P = Po-+ L npnj, 
nj 

(1) 

where Po is the density of quasifree gluons, Pni is the density of 
glueballs of sort nj consisting of n bound gluons, we can determine 
the concentrations of phases in the mixture 

w = Po o- -p' Wa = ! LnPni, 
p nj 

(2) 

W 0 + Wa = 1. (3) 

In formulae (2) and (3), the index g stands for gluon plasma; whereas 
the index G , for glueballs. 

The density of unbound gluons in our model is given by the expression 

+oo -1 

Po= 
2
~

2 
J k2 [exp ( w(k, pi- µo) - 1] dk, (4) 

. 0 

~;;::i:;.~-<i.:• ;.~.,,::/~ 
.1,,/.:f:: •~ ~••~~w_,..,~,_, 

.j 

' 

whereas the gluon spectrum in the mixture is defined by 

B 
w(k,p) = k + -. 

. p 
(5) 

In expression ( 4), e0 represents the number of internal degrees of free~· 
<lorn of gluons, e0 = 6 (SU(2)) or e0 = 16 (SU{3)) ; µ0 is the chemical 
potential of plasma gluons. The choice of the gluon spectrum, eq. (5), is 
based on the following: The energy of gluon plasma in the simplest case 
of the MIT model is defined by the expression [11] 

E = L n0 (k) • k + BV, (6) 
k 

where n0 (k) is the distribution of gluons over momentum; V is the 
volume occupied by plasma; B is a constant called- the pressure of 
QCD vacuum. If the term BV is interpreted as the epergy of gluon 
interaction in plasma, then the interaction energy per one gluon is clearly 
equal to BV/ N ,where N is the number of gluons in plasma. Therefore, 
using the condition 

Ln9 (k) = N, 
k 

we may add the given quantity to the spectrum of gluons in plasma and 
rewrite the plasma energy in the form 

(7) ( 
BV) E=Z:n0 (k) k+N . 

k , . 

Taking the gluon spectrum in the mixture of gluons and glueballs by 
analogy with (6) we arrive at the formula (5). Note that the alternative 
variant of choice w = k + B / p9 corresponds to. a less stable state 
of the mi~ture, as it may be verified. Also we should stress that the 
computation of the quark plasma energy with the spectrum of the form 
(5) gives results in satisfactory agreement with the fermion sector of the 
energy of the SU(3) system with an· isodoublet of light quarks above 
the deconfinement point [25]. 

As seen, the spectrum of unbound gluons in the mixture w(k,p) 
depends on the total gluon density that contains both Po and Pni 
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for \/n,j. Consequently, w(k,p) defined by (5) describes not only the 
interaction of quasifree gluons with each other but also their interaction 
with glueballs; the latter being of course sensitive to the gluon plasma in 
the system. However, at a given step of our consideration we will assume 
that glue balls are strongly bound states of gluons and .their energy in the·· 
equilibrium mixture slightly depends on gluon plasma. 

To describe the interaction of hadrons with each other, let us first 
apply the Van der Waals method, as it is done by many authors [10,17,26]. 
In this case the following equality 

Pn; = ( 1 -J;,Pmi) P., 

is valid, where 

+oo 
en; j k2 

·'ifn;= 21r2 

0 
[ (.✓k2 + M~; - µn;)- 1]-

1 

dk. 
exp O . 

(8) 

(9) 

Here Vnj is the volume of the particle core; Mn; is the glueball mass; 
en; is the number of internal degrees of freedom of a glueball; µn; is 
the chemical potential of nj glueballs. Upon a simple algebra we obtain 
the relation 

Pn; = /rn; ( 1 + ~ VmiPmi)-I (10) 

Since the main contribution to thermodynamic characteristics of the glue­
ball phase comes from particles with the minimal masses, we will consider. 
only the low-lying glueballs with the following properties [27,28]: 

e20 = 6, M20 = 960M ev; e21 = 6, M21 = 1290M ev; 

e22 = 6, M22 = 1590M ev; 60 = 11; M30 = 1460M ev; 

61 = 36, · M31 = 1800M ev 

This choice is argued as follows: The lightest glueball of. the above set 
has a mass about 1000M ev, which is in good agreement with estimates 
for the SU(2) system [5,29]. In the SU(3) case this value falls into the 
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range of lattice predictions (30,33] and agrees with model estimates [34]. 
Besides, if an unusual narrow resonance o++ recently discovered [35] in 
the mass spectrum of a pion pair produced in proton-proton collisions is 
considered to be a scalar glueball, the experimental estimate of the mass 
gap of glueballs in the SU(3) case amounts to 975 ± 16M ev. 

Using the relation 
V20 M20 
Vnj = Mn;' 

(11) 

following from the bag theory [11] when the radius of the particle core is 
assumed to be proportional to the bag radius, we may reduce the number 
of model parameters to two, v20 and B . 

Characteristics of the equilibrium mixture of gluons and glueballs 
( concerning equilibrium of a heterophase system see ref. (36]) are deter­
mined from the condition of local extremum of the free energy 

aF aF 
( dF)0,v = 8N dNg + L aN. . dNn; = 0, 

g nj n3 
(12) 

where N9 arid Nn; are, respectively, numbers of plasma gluons and 
glueballs of sort nj . Since the relations 

8F 8F 
8N

9 
= µu, 8N. . = µn; n3 

are valid, and the increments dN9 and dNn; are independent, we 
obtain from (12) the following equality 

µ9 = µnj = 0. (13) 

Solving the system of equations (1),(4),(5),(8),(9),(13) we determine 
the functions p( 0), wu( 0) and WG( 0) for various sets of the parameters 
v20 and B . These functions are used to determine other thermodynami­
cal characteristics of the system, specifically, the grand thermodynamical 
potential 

+oo 

!l(O, V, µ9 , {µG}) = 0;;~ j k~ In [ 1 - exp ( w(k,pi- µu)] dk+ 

0 
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+ L Olnjvf 
. 2,,,.2 

nJ " 

+oo [ ( ✓k2 + Af2 ) l nj - µnj 
/ k2 ln I -exp -

0 
dk, {14) 

where the volume V1 free for motion of clusters is expressed by 

V, = V ( I -: ~ •.;N.;) , 
and {µa} is a set of glue ball chemical potentials. However, owing to 
the first approximation being quite rough, inaccurate use of the above 
potential may lead to a number of inconsistencies. In particular, there 
arises ambiguity in the definition of the pressure, because 

Besides, 

an n 
av =I= v· 

+oo -1 

an _J_ l 9 V J k2 [ (w(k,p)- µg)- i] dk 
aµg ..,... 21r2 exp (} ' 

0 

+oo 
an =I= lni V1 J k2 

8µ . 21r2 
nJ 

[exp ( Jk' +:~; -µ.; )- 1] _, dk. 

0 

These difficulties appear because the definition of the grand thermody~ 
namic potential does not include additional terms, the correcting func­
tions, whose meaning will be explained in the next section. A reason­
able approximation of characteristics of the glueball mixture can also be 
found without corrections that highly complicate the computations. To 
this end, it is necessary to employ the restriction rules in the course of 
differentiation, which is made in the following way: We introduce an 
auxiliary function 

n (0, V,µ 9 , {µa},X, Y) = 
+oo 

= 0;;!' j k2 ln [ 1 - exp ( - k + ~ - µ9
)] dk+ 

0 

6 

! 

+ '°' fJlni VY !+
00

k2 l [l. ( ✓ k2 

+ M;j - µnj) l ~ 22 . n -~ ----- -~ 
. 7r (} ' 
~ 0 . 

{15)_ 

and define the differential of the grand thermodynamic potential by the 
equation 

dn = lim lim d ff, 
X-+B/p Y-+V1/V 

{16) 

where the differential_ d n is taken at X, Y = constant . Now all the 
ambiguities in defining thermodynamic characteristics vanish, 

an n 
p= -av= -v, 

1 an ---, Pg - V aµg 
1 an. 

Pn; = V aµnj {17) 

and the volume density of the energy of the system acquires the normal 
form, 

an 
E = n + µgNg + LµnjNn; - (} ao. 

nj . 
{18) 

It is to be noted that the restriction rules are frequently used in differ­
entiating the effective thermodynamic potentials. As a rule, the effective 
thermodynamic potentials include either the temperature- and density­
dependent spectra of particles or the free volume dependent on th<:!ir 
number, as in the.case when the sizes of particles ~re taken into account. 
In these approaches that do not use correcting functions, differenfo~.tion 
with respect to the above-mentioned characteristics is not performed in 
order to prevent inconsistencies. · · 

2.2. Results of consideration of model with restriction rules 

Numerical analysis of the model with restriction rules provides the fol­
lowing results. For SU{2) and SU{3) mixtures with any set of the 
parameters v20 and B in a certain temperature region dependent on 
the parameters the functions t:/EsB, p/psB and w9 get sharply increas­
ing while wa gets decreasing ( p58 · is the pressure of the ideal gas of 
gluons). The behaviour of the functions t:/t:58 and wa for the SU(3) 
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mixture at B 1l 4 = 235M ev and various values of r 20 = (3v20/ 41r) t/3 

is drawn in Figs. 1 and 2. When v20 increases and B is constant, 
the growth of f/fsB, p/psn and w9 and decrease of wa become still 
more sharp. And finally, when -v20 = v~~(B) , these functions acquire a 
point of inflection, at which their derivatives with respect to temperature 
become infinite. As is seen, when v20 < v~~(B) , deconfinement in a 
mixture of gluon plasma and hadrons is a continuous transition, whereas 
deconfinement for v20 = v~~(B) is a second-order phase transition, 
according to the Erenfest classification. Specific heat of the SU(3) 
mixture at B 1l4 = 235M ev and r20 = 0.Sfm ~ r~~(235) is shown 
in Fig.3. When v20 > v~~ ( B) thermodynamic characteristics acquire a 
typical loop (see Fig.1) testifying to a first-order phase transition in the 
system. 

It is interesting that if v20 = 0 , then a basic role in the mixture at 
asymptotically high temperatures belongs to glueballs, and the quantity 
f/ Esn is much larger than unity; whereas for any v20 > 0 , when 
0 _. oo , we have 

w9 _. l, E/Esn _. 1, p/psn _. l; 0 _. oo. 

For. the SU(2) mixture our results are in the best agreement with 
lattice data if B 1l4 ~ 165M ev and r 20 ~ lf m , and deconfinement 
in the· mixture is either a second-order phase transition, or a close to 
a second-order transition continuous crossover with a high maximum of 
specific heat at the transition point. So, in Figs. 4 and 5 we present the 
results of the consideration of the model with restriction rules for the 
SU(2) system at B 1l4 = 165M ev and r20 = 1.2fm (Odee~ 210M ev) . 
Note that both in SU(2) and SU(3) variants the agreement for f/fsB 
with lattice calculations is good, but for p/psn it is worse since in the 
temperature region Odee+ 20dee the pressure in the model is twice that 
in the lattice calculations. 

For the SU(3) mixture our results are in good agreement with 
lattice predictions at B 1l4 ~ 170 + 270M ev and r 20 ~ 0.4 + lf m . 
The range of the values of parameters depends on large inaccuracy in 
estimation of the temperature of deconfinement on the basis of lattice 
studies due to difficulties in transition from the lattice units to physical 
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units [6,9] If, for instance, B 1l4 = 210M ev , then r 20 ~ 0.66f m and 
a first-order phase transition occurs at the point Odee ~ 215M ev ; but 
when B 1l 4 = 235M ev , then r 20 ~ 0.82f m and a first - order phase 
transition occurs at the temperature Odee ~ 240M ev . In Fig. 6 we plot 
the function (f + p)/(EsB + Psn) calculated within our model (a solid 
line, B 1l4 = 220M ev, r20 = 0. 72f m, Odee ~ 225M ev ) and by the lattice 
simulations (points, the data for the lattice 243 x 6 ) taken from ref.[4]). 

3. The model with correcting functions 

To simplify the presentation of the object of this section, we first con­
sider particular cases of the mixture of gluon plasma and glueballs: in 
subsect.3.1 we discuss the thermodynamic correction in the case of gluon 
plasma; in subsect. 3.2 we analyze the mixture of glueballs; and finally, 
in subsect. 3.3, based on these results, we formulate the complete model 
with corrections. 

3.1. Gluon plasma 

As follows from the study of the gluon-glueball mixture within the model 
with the restriction rules, the spectrum of gluons in plasma is well ap­
proximated by the function 

C 
w(k,p9 ) = k+-, (a~ 1), 

p~ 
(19) 

where C is a constant of the dimension [M ev]3°+1 . To construct 
an approach consistent with thermodynamics for describing a system of 
unbound gluons with the spectrum (19), we should write the Hamiltonian 
of the system in the form 

() '°' + -+ -+ () H 9 = ~w(k,p9 ) a9 (k,u)ag(k,u) +U 9 (0,p9 )V, (20) 

-k,u 

where !9 (k,u); (ag(k,u)) are operators of creation (annihilation) of 

a gluon with momentum k in a quantum state <T obeying the Bose 
commutation relations. The term U(g)(O, p9 ) in (20) appears because 
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' the effective Hamiltonian in the mean-field approximation is always a 
sum of the operator and numerical parts, the form of the correcting 
function being dictated by the rules of statistical mechanics (36]. The 
gluon plasma with the Hamiltonian {20) in the thermodynamic limit 
possesses the following free energy 

+oo 

p<9>(0,V,N
9
)=e;:~ J k2 ln[l-exp{ w(k,p;)-µ 9 )]dk+ 

0 

+ u<9>(0, p9 )V + JL9 N9 , (21) 

and the chemical potential µ9 is given by the equation 

+oo -1 

pg= 2~2 
J k2 [exp (w(k,p;)-µ 9 

)- 1] dk. (22) 

0 

Owing to the relation 
aF<g> 
8N

9 
= µg, 

we can, by differentiating (21) with respect to the variable N9 , get the 
equality 

8F(9> 8U(9> aC 
8N -= µ9 + ~P - p°' . g g g 

(23) 

From (23) and the respective expression for 8F(9 ) /8N9 we derive the 
following equation for the correcting function 

&1(9> aC 
---= --
8pg p~ 

with the solution 

u<9>(0,p9 ) = 
1 
~ 

0 
Gp!-°'+ .-\1(0), a=/ 1; 

u<9>(0,p9 ) = Cln (,\:(o)), a= 1; (24) 
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where ,\1 (0) and ,\2(0) are some functions of the temperature, the first 
being of dimension of the energy volume density and the second of the 
volume density of particles. To determine the temperature dependence· 
of .-\1(0) and ,\2 (0), we make use of the well-known identity 

where 

aF(g) 
< H(9 ) >= p(9 ) - 0--

80 ' 

< ... >=Tr( ... exp(-H(g) /0))/Tr(exp(-H(g) /0)), 

and the right-hand side looks aS follows 

(25) 

F(g) -e°::) = ;:, T~'w(k,p,) [exp ( w(k, p~) - µ,) -, ]-I dk+ 

0 

au(9> 
+u<9 >(0 P )V - 0--v 

' _9 ao · 
Respectively, the left-hand side is given by 

() ~ + - - () < H 9 >= L..,w(k,p9 ) <a9 (k,u)ag{k,u) > +u 9 (0,p9 )V. 
-k,a 

For N9 -+ oo, V -+ oo and p9 = const 

+oo -1 

< n(9 ) >-+ ~; j k2w(k,p9 ) [exp (w(k,p~) - µ9
)- 1] dk+ 

0 

+U(g)(O,p9 )V. 

Consequently, we may conclude that 

d.-\1 = d.-\2 = O 
dO dO . 

Therefore, for the correcting function u<9 ) we have the following equalities 

u(g) = - 0-cp1-a + .-\1, 
1-a 9 
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u(g) = C ln(pg j >..2), >..2 = const, O' = 1. (26) 

To complete this subsection, we make the following comments. When 
we consider a system of particles with the spectrum 

w(k, 6, p) = E(k) + Uapec(O, p), 

where €( k) is the kinetic part of the spectrum, Uapec ( (}, p) is the energy 
of interaction of a particle with an effective mean field, and (} and 
p are, respectively, the temperature and density of particles, then a 
thermodynamically consistent approach requires the following effective 
Hamiltonian .. 

+ - -Helf =.I:w(k,0,p) a (k,a)a(k,a) +Ucorr(O,p)V, 

k ,a 

in which ! ( k, a) ( a( k, a)) is the operator of creation ( an~ihilation) of 

a particle of any statistics with momentum k and in a quantum state 
a; V is the volume occupied by the system. The functions Uspec(O,p) 
and Ucorr ( (}, p) are connected by the system of differential equations 

OUspec OUcorr _ O 
p~ + an - , 

OUspec OUcorr _ O 
Pa9 + 80 - . (27) 

The first approximation, as is discussed above, can here be found with 
the use of the Hamiltonian 

~ + - -+ Helf= ~w(k,0,p) a (k,a)a(k,a), 
-k,a 

together with the restriction rules in the course of differentiating. 

3.2. Mixture of glueballs 

The effective Hamiltonian of a mixture of glueballs of different sorts ( the 
limiting case of the mixture of plasma with glueballs when pg = 0 ) is 
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written in the form 

H(G) =LI:< ✓k2 + M~i + u~f>({pa})) t; (k, s)an;(k, s)+ 
nj -k,s 

+ u(G)({pa} )V. (28) 

where !n; (k,s) and an;(k,s) are operators of creation and annihi--lation of a glueball of sort nj with momentum k and in a spin state 
s satisfying the Bose commutation relations; U!f> is the energy of 
interaction of a hadron of sort nj with other glueballs; {pa} stands 
for the set of densities of glueballs; u<0 > is a correcting function. Upon 
standard computations we have expounded above we arrive at the system 
of equations 

0U!f) f}U(G) 
LPn;~+~=O, (Vmi), 
nj Pm, Pm, 

au<C!> au<a> 
~ nJ 
~Pniao + 80 = 0. (29) 
nJ 

While constructing a thermodynamically consistent mqdel it is reason­
able to give up a rough Van der Waals approach to glueballs and use an 
approach of the Hartree type. Note that the hadron spectrum given in 
a Hartree approximation provides good results in the description of the 
high-temperature gas of hadrons produced from the vacuum [37]. In our 
case it is convenient to employ the following approximation 

u!f> = An;(P - pg), 

where p - pg is the density of gluons in glueballs, 

p-pg = LnPni• 
ni 

(30) 

and An; is a constant of dimension M ev-2 
• To get certain results from 

(29) and (30), we take two arbitrary sorts of glueballs nj and mi . It 
is obviously that 

au<a> 
{i---:- = -nAn;Pni - L nA1pPlp· 

Pni lp#ni 
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This equation can be transformed to 

auca> 
~ = -An;(p-p0 )- L p1p(A1pn- lAn;), 

PnJ lp#nj 

integration of which gives 

u(a) = - ~nj (p - Po)2 - L Pn;P1p(A1pn - lAn;)+ 
n lp#nj 

+ cp( {pc;}), 

(31) 

(32) 

where {pc;} denotes the set of glueball densities without the variable 
Pn; . Differentiating (32) with respect to Pmi we arrive at the equality 

auca) An;m 8cp 
-- - ---(p-p )-p ·(A ·n-mA ·) +-
a - 0 nJ m, nJ a . 

Pmi n Pmi 

On the other hand, from (29) we have 

and, hence, 

au<a> 
~ = -mAmiPmi - L mA1pPlp, 

Pm, 
1 4 . 
p,...m, 

8cp · m 
-a= (p - PoH-An; - Am;)+ Pn;(Am;n - mAn;)-

Pmi n 

- L Plp(A1pm - lAm;). 
lp~mi 

Since the function cp( {pc;} should be independent of Pni , we obtain 
the relation 

nAmi = mAn;, (Vn,m). (33) 

Using the notation cI> = A20 , from eq.(32) and relation (33) we get the 
following result 

(a) - ~ - ) Un; -
2 

cI>(p Po , 

U(a) = - cl> (p - p0 )2 + ,\3 , ,\3 = const, 
4 

14 

(34) 

.\/ 
·!} ,, 

i\g 
J :\ , 

l 

where ,\3 is to be put zero because for cI> -+ 0 the mixture of interacting 
glueballs should transform into the ideal gas of glueballs. 

The free energy of a system of glueballs with the Hamiltonian (28) 
and specifications (34) in the thermodynamic limit looks as follows: 

p(a)(e, V, {Na})= L µn;Nn; - = (p - Po>2V + 
nj 

+oo 

+ ~ 8;~:' J k2 ln [ 1 - exp (-wn;(k, {p;}) - µn;)] dk, (35) 
nJ 0 

where 

Wn;(k, {pa}).== ✓k2 + M~; + n: (p - Po), (36) 

and {Na} is the set of numbers of glueballs, Nn; is the number of 
glueballs of the sort nj . The chemical potentials µn; are determined 
by the equation 

+oo -1 

. = !ni J k2 [ (wn;(k,pa) - µn;)- 1] dk Pn, 21r2 exp 0 . (37) 

0 

To complete this subsection, we note that for any effective Hamiltonian 
of a system of particles of several sorts having the form 

~~ + - -Helf= L..J L)t;(k) +U;(0, {p})) a; (k,a)a;(k,a) +U(0, {p})V, (38) 
; ,;,a 

the following relations 

~ 8U; 8U ( .) 
L..JPia- + r = 0, 'IJ ; 

; P, P, 

au; au 
~Piao+ o0 = 0 
' . 

(39) 

+ - -are valid. In (37) a; ( k, a) and a;( k, a) are operators of creation and 
annihilation of particles of the sort i ; t;(k) and U are, respectively, 
the kinetic part of the spectrum of particles of the sort i and their 
interaction energy with an effective mean field; {p} is the set of particle 
densities. · 
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3.3. Mixture of glueballs and gluon plasma 

The mixture of gluon plasma and glueballs is described by the following 
Hamiltonian 

H(g,G) = L I:)w(k, {pa})+ Un;(0, Pg, {pa})] ~nj (k, s)an;(k, s)+ 
nj -

k,a 

+ - -+ Lw(k,p) ag (k,u)ag(k,u)+ 

k ,er 

+ (u(0;p9 ,{pa})-_:(p-pg)2)v, 

where Wn; has been defined in subsection 3.2, and 

C 
w(k,p) = k + -. pa 

(40) 

(41) 

In the expression (40) !g ( ... ), (ag( .. . )) is the operator of creation 

(annihilation) of a unbound gluon; !n; ( ... ), (an;( ... )) are the glueball 
operators of creation (annihilation); the term Un; ( 0, pg, {Pa}) in the 
glueball spectrum and the term U(0,pg, {pa}) in the correcting function 
are stipulated by the presence of unbound gluons in the system. 

From expressions(39)~( 41) we can derive the relations 

" 8Umi au pg 
L...JPmi-0-+ a= o:C a+t; 
mi Pg pg p 

" aumi au p L- Pmi-- + -- = anC-g-
mi apnj apnj pa+l' 

(Vnj); 

" aumi au 
~Pmi7ii) + a0 = 0. (42) 
m• 

which give the following solutions: 

a) if a =/:- 1 , then 
C ar, 

U -n-+-a' nj - pa Pni 
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a C 1-a " ar, U = -- p + T/ - L- Pn;-a., 
1- a . Pn1 

(43) 
n1 

where T/ is a function of the temperature and densities of glueballs; 

b) if a = 1 , then 
C ar,1 

Un; =n-+-, 
P Pni 

( p) " ar,1 U = Cln ~ + T/1 - L- a,Pmi, 
4 mi Pm, 

(44) 

where ..\4 is a constant of the dimension of the particle density and r,1 

is a function of the temperature and glueball densities. 
Further consideration will require the free energy of the mixture of 

gluon plasma and glueballs which has in the thermodynamic limit the 
following form 

+oo 

F(g,G)(0, V,Ng, {Na})= e;:!' J k2 ln (1 -exp ( w(k,pi- µg)] dk+ 

·O 

+oo 

~ e~:2V J k2 ln [ 1 - exp (-wn;(k, {pa}~+ Un; - µn;)] dk+ 
n3 0 

+ (u -: (p- pg)2) V + µgNg + "'f;µn;Nn;• (45) 
. n3 

In this case the chemical potentials obey the relations 

+oo -1 

pg= 
2
~

2 
j k2 [exp (w(k,pi-µg )-1] dk, (46) 

0 

+oo -1 

Pni = ;~ J k2 [ exp ( Wnj ( k, {pa} )0 + Un; - µn;) - 1] dk. ( 4 7) 

0 

When 0, V, {Na} are fixed and pg -+ 0, the free energy of the plasma 
- glueball mixture should tend to the free energy of the gas of glueballs 
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(35); and µn; calculated from (47), to the values of chemical potentials 
determined from (36). At fixed 0, V, {Na} and pg - 0 we have: 

1) µ9 - -oo , which follows from ( 46); 

2) ei:r j00 

k2 ln [ 1 - exp ( w(k,~)-µv)] dk - O; 
0 

3) µgN9 - 0 , which also follows from ( 46); 

4) µn; will tend to the solution of eq. (37) only under the condition 

Un; - 0, (pg - O); 

5) Moreover, it is necessary that 

U - 0, (pg - 0). 

As ,a result, using 4) we arrive at the equality 

aT/ C --=-n---. 
Bpnj (p - Pg )0 

for the case o-/ 1, (o ~ 1) , from which we get 

1 . 
T/ = -1 - 0 C(p - pg)l-a + T/2(0), (48) 

where T/2( 0) is a function of the temperature. Now from formulae ( 48) 
and (43) under the condition 5) we may for o-/ 1, (o ~ 1) derive the 
following equalities 

C C 
U11; = npa - n (p _ pg)a, 

0 0 u = --cp1-a - --C(p- pg)l-a_ 
1-o 1-o 

(49) 

Upon a similar procedure for o = 1 we arrive at the relations 

Un; = n C - n_!!_, 
p p-pg 

18 

U = Cln (-P-). 
p-pg 

(50) · 

Now it is to be verified that at fixed 0, V, Ng and when Nn; - 0, (Vnj) , 
the free energy of a mixture of the plasma and glueballs ( 45) tends to 
the free energy of the plasma (21 ). We will not overload the paper 
with cumbersome algebra and thus expound only basic results of our 
computations. It appears that the free energy is continuous at the point 
0, V, Ng, {Na} , where Nn; = 0, (Vnj), only at o < 1 and the constant 
..X1 in formula (26) is to be taken zero. Consequently, feasible values of 
the coefficient o obey the relations 

. 0 ~ 1, 0 < 1. (51) 

Note is to be made that parameter o is directly related to the degree 
of screening of interactions of gluons in plasma. 

3.4. Discussion of results 

Solving the systems of equations (1)-(3),(13),(46),(47),(49) for various 
sets of parameters ~, C, a we get the following results. The behaviour 
of the mixture in the model with correcting functions is analogous to its 
behaviour in the model with the restriction rules. Indeed, investigating 
the situation, when the parameters C and o are fixed, we find at 
a sufficiently small ~ (both in the SU(2) and SU(3) cases) that 
the deco~finement is a contin~ous crossover. With increasing ~ the 
continuous crossover turns to a second-order phase transition according 
to the Erenfest classification and then to a first order phase transition. 
With further increase in ~ the weak first order transition ( ~f < < fsB) ) 

becomes strong ( ~f ~ tsB) . 
However, in contradistinction to the model with restriction rules that 

fails to describe the pressure of SU(2) and SU(3) systems well, the 
energy and pressure of the mixture can now be described in agreement 
with the lattice data with an appropriate choice of parameters. It is to 
be noted· that this result 1s achieved due to the influence of correction 
rather than due to increasing number of the parameters. In Fig. 7 the 
relative energy t/tsB and pressure p/psB for the SU(2) mixture 
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are plotted computed by our method ( a solid curve, a = 0.62, i1> = 
2.5 • 10-3 M ev-2 , C1/(3a+t) = 175M ev ) and with the use of lattices 
( circles and squares are drawn for the case ()dee = 210M ev , data are 
from ref. [5]). For the SU(2) system, the calculations within the model 
with correcting functions well approximate the lattice data provided that 
a ~ 0.6 + 0.65, i1> ~ 2.5 · 10-3 M ev-2 , c 1/(3a+t) ~ 175M ev , and in the 
mixture of gluon plasma and glueballs there is either a continuous phase 
transition accompanied by a high peak of specific heat (Fig. 8) or a ' 
second - order phase transition (according to Erenfest). It is interesting 
that in the SU(3) case our results are in good agreement with the 
lattice results when a ~ 0.5 + 0.65 . This interval includes also the 
range of a value for the SU(2) mixture, therefore, it may happen that 
the parameter a is the same in magnitude both for the SU(2) and 
SU(3) cases. The acceptable values of C and i1> are in the regions 

c1/(3a+1) ~ 175 + 275M ev, i1> ~ 5 : 10-4 + 2 · 10-3 M ev-2 

and the temperature of a first - order phase transition varies within the 
range Odee ~ 225 ± 50M ev , which corresponds to the lattice estimates 
[6,9]. In particular, in Fig.9 we show the functions t/tsB _and p/PsB 
for the SU(3) system ( o, the lattice data for the energy from refs.[7,8]; 
6., the lattice results for the pressure [7,8]; D and ◊, the data for the 

. energy and the pressure from ref. [6], solid lines are predictions of our 
model at a = 0.62, i1> = 10-3 M ev-2 , c1/(3a+1) = 225M ev ). Note that 
the lattice results for the energy and pressure shown were obtained with 
corrections using the weak coupling expansion [5,6,38] and for the case 
()dee = 225M ev . Our results agree with the conclusions of the approach 
[5,6,38] that when () > ()dee , glueballs still play an important role in 
the system, as well, and for a continuous crossover this role being larger 
than for a first - order phase transition. What more, the influence of 
gluon plasma is significant· when () < ()dee , though in a narrow interval 
of temperatures (Figs. 10 and 11). · As is known, an unbound gluon 
cannot appear in vacuum when p = 0 owing to its energy being infinite, 
which also follows from the shape of the plasma - gluon spectrum in our . 
model. However, in a medium consisting of glueballs p -=/ 0 , which 
m~kes the energy necessary for production of an unbound gluon finite. 
Therefore, it is no wonder that the gluon plasma influences the behaviour 
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of the system even b~low the transition temperature. Deconfinement in 
our approach is not the transition from a state when the system has no 
color objects to a state with color objects; it is rather the transition from 
a state dominated by colorless clusters to a state dominated by color 
objects (gluons). 

Besides, we would like to note the following. The integral 

+oo 

~ 1 k2 1 (1- (- k+Cfp
0

)] dk 271"2 n exp O ' 
0 

can be rewritten by changing variables k -+ T = k + C / p0 into the form 

. +oo . 2 . 

2~ 2 f (r-i) ln[l-exp(-i)]dT, 

k 

k- C 
p<X. 

As p is a function of the temperature, the above construction is an inte­
gral with a cut-off momentum dependent· on O . Therefore, introduction 
of the cut - off momentum [5,6,38] to a certain extent simulates interac­
tion of plasma gluons with a medium composed of gluons and glueballs. 
The palette of our results is more rich as compared to the model studied 
in [5,38] because particle interaction is more naturally described by de­
termining the gluon and glueball spectra dependent on p9 and {pc} 
and coexistence of phases is taken into account in a way consistent with 
general rules of statistical mechanics [36]. 
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WaHeHKO A.A., .~Kanosa·E.n., ~Kanoa B.~. 
CTaT~CT~~eCK~~ nOAXOA K AeKOHcj)a~HMeHTY 
s Y~CTO Kan~6pOBOYH~X MOAenHX 

E2-92-329 

npeAnaraeTCH HOB~~ CTaT~CT~YeCK~~ nOAXOA K paCCMOTpe­
H~IO AeKOHcj)a~HMeHTa s SU ( 2} ~ SU ( 3) rnlOOHHblX ·c~cTeMax. 
noKa3blBaeTCH, YTO cocy~eCTB_OBaH~e rn106onos ~ rnlOOHHO~ 
nna3M~ TepMOA~HaM~YeCK~ B~rOAHee, YeM pean~3a4~H C~CTe­
Mbl B B~Ae COOTBeTCTBY~~x Y~CTblX cpa3 .-~np~ 3TOM Y':i~TblBa­
eTCH B3a~MoAe~cTs~e nna3Mbl ~ rn106onos. Pe3ynbTaTbl ~ccne­
AOBaH~H OYeHb iopowo cornacylOTCH C peweT~YH~M~ npeAiKa~· 
3aH~HM~. 

_ Pa6oTa s~nonHeHa s fla6opaTop~~ TeopeT~YeCKo~ cp~3~K~ 
o~~~- . 

. , 

IlpenpHHT OObe'AHHeHHOro HHCTHT)'Ta !''AepHblX HCCJle'AOBaHHH. J{y6ua 1992 

Shanenko A.A., .Yukalova E.P., Yukalov V.I. 
Statistical Approach to Deconfinement 
in Pu.re Gauge Mode 1 s 

E2:-92-329 

We suggest a nE!w stati sti.ca l a·pproach for consi de­
ring deconfinement in SU(2}.and SU(3} gluon systems. A 
mixtu~e of coexisting glueballs and of the gluon plas-

. ma is shown to be thermodynamically more profitable 
than the corresponding pure phases.-The interactions of 
gluons and glueballs are taken into account. Our re­
sults are. in .a very good agreement with numerical lat-
tice ca lcul ati ons. ' · 
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