


1 Introduction ‘
The existence of intimate relationships between W-algebras on one hand and conformal’’
field theories and integrable systems in 141 dimensions on the other (see, e.g: [1-12]) is -
a fairly well-established fact which has profound and far-reaching implications in mod-
ern mathematical physics, especially in - what concerns the string theory and 2D-gravity:
One of the most exciting discoveries in this:area is the understanding of the property
that various W algebras and their superextensions provide the second Hamiltonian struc: *
tures for the generalized KdV and KP hierarchies as well as superextensions of the latter.:
For instance, the W, (Virasoro) algebra defines the second Hamiiltonian structure for the'*
KdV hierarchy [5] W for the Boussinesq one [6], W), for the KP hierarchy (7], etc.z A+
natural description of the correspondence between the W algebras and 1 + 1 lntegrable
hierarchies is achieved in terms of pseudo-differential operators [8]. It is of interest to un- -
derstand these remarkable relationships proceeding directly from the intrinsic geometries
of W symmetries. Besides providing new insights into the geometric origin of the above
hierarchies, this could shed more light on the geometry: of the associated theorles such as™
W gravities, W strings, etc. ’ :

To understand the geometry behmd a symmetry group G, the key concept is to’ con-"“
sider it as a group of transformations acting on the coset space G/ H. with an appropriately -
chosen stability subgroup H. This is the content of:the famous nonlinear (or coset) re-
alization method [13]. In the papers of two of us (E.I. & S.K.} [12, 14,:15], it has:been
argued that the most direct and fruitful way of revealing geometric features.of W sym-
metries is via this method. However; it-had been originally invented to treat the Lie type -
symmetries, therefore, its application to: Wy symmetries encounters difficulties because
Wy algebras for N > 3 are not Lie ones. A way out of this difficulty has been proposed
in ref. [12]. It consists in replacing Wy algebras by some associate infinite-dimensional
linear algebras W which appear if one treats as new independent generators all ‘the
higher-spin composite generators present in the enveloping algebra of the basic Wy gen-
erators (these are the spin 2-and 3 generators in the Wj case, the spin 2,3 and 4 ones in
the Wy case, etc). Wy symmetries can then be viewed as particular realizations of linear -
W§ symmetries. To the latter, one may apply the entire arsenal of the coset realization
techniques. The authors of ref.[12] have constructed a coset realization of the product’”
of two light-cone copies of W$® and have shown that after imposing an infinite number
of the inverse Higgs [16] type covariant constraints on the relevant Cartan forms (this is
called the covariant reduction of a given coset {12, 14]), one is left with the realization
of W3 on two scalar 2D fields which coincides with the well-known sl; Toda realization
of W3 [4, 10]. As a consequence of the covariant reduction constraints, the scalarfields
turned out to satisfy the sl Toda lattice field equations (or their free version, depending
on the choice of the vacuum stability subgroup) which thus had proven to be intimately :
related to the intrinsic geometry of W§°. An analogous treatment of the sl; Toda system
(Liouville theory) in the framework of much simpler nonlinear realization of W (Virasoro)
symmetry has been earlier given in [14] 1. ‘

1, symmetry is linear, so there is no direct necessity to pass to something like Ws° while constructing
its nonlinear realization. llowever, this necessity comes out if one tries to understand the KdV hierarchy
in the nonlinear realization approach [17].
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In the present paper we construct coset realizations of W3° (its one copy) which are
different from those found in [12]. We demonstrate that there exists a set of the covariant
reduction constraints which reduces the number of independent coset parameters-fields
to the two fields’of conformal spins 2. and 3 identified with the currents of W3 and si-
multaneously gives rise to the Boussinesq equation for these fields. Both the spatial ()
and evolution () coordinates of these fields naturally appear as the parameters of the
coset considered. The generator to which ¢ is attached coincides with the Hamiltonian
used in the standard Hamiltonian approach to the Boussinesq equation, thus establishing
a link between the second Hamiltonian structure for this equation [6] and our geometric
approach.  The Miura map for the Boussinesq equation gets also a simple geometric in-
terpretation. One enlarges the coset by adding two spin 1 generators from the stability
subgroup and then imposes additional covariant constraints which covariantly express the
spin:2 and spin 3 coset fields in terms of the two new spin 1 fields. The resulting.expres-
sions are just the Miura transformations relating the Boussinesq equation.to a “modified”
Boussinesq equation. Thus the Miura map arises as a manifestly covariant relation be-
tween parameters of a coset of W3°. Quite analogously one may construct further Miura
map onto the two spin 0 fields which leads to the Feigin-Fuchs type representation for
the spin 2 and spin 3 fields. One should transfer two spin 0 generators from the sta-
bility .group to the coset (the remaining generators still form a subalgebra) and impose

. appropriate inverse Higgs constraints. The zero-curvature representation for the ordi-

nary and modified Boussinesq equations, as well as the relevant matrix Lax pairs, appear
very naturally in this picture, basically as the. Maurer-Cartan equations for. the reduced
cosets. The W3 symmetry of the Boussinesq equations established recently in [18] also

immediately follows, it is recognized, as left W3 shifts on the relevant coset manifolds. -
. The higher-order equations from the Boussinesq hierarchy can be produced by. consider-

ing more general cosets of W§° with additional evolution parameters associated with the
higher-spin generators. '

» The:paper is organized as follows.

‘In Sect.2 we consider a toy example of the nonlinear reallza.tlons of Virasoro (W)
symmetry and show that some essential features of the entire construction can be seen
already in this simplified situation. In particular, the holomorphic component of ‘the
conformal stress-tensor comes out as a parameter of some coset manifold of W;; the
Miura maps amount to covariant constraints on the coset parameters, etc.

‘In Sect.3 we recapitulate the basic facts about the linear.algebra W$° following ref.
{12] and list its some subalgebras which are utilized while constructing coset realizations
of W3° symmetry in the next Section.

In Sect.4 we construct three coset rea.hzatlons of W3° and give necessary technical
details (parametrizations of the coset elements, Cartan forms).

Sect.5 is the central, there we apply the covariant reduction procedure to the cosets
constructed in Sect.4 and show that it results in expressing an infinite tower of the coset
parameters-fields in terms of a few essential ones: either the spin 2 and spin 3 fields u,
v, or two spin 1 fields u,, vy, or two spin 0 fields ug, vo. Simultaneously one obtains
dynamical equations for these fields, namely the Boussinesq equation and two types of
the modified Boussinesq equations. We explain the geometric meaning of the appropriate
Miura maps and zero-curvature representations and make contact with the Hamiltonian

o it L e

formulation. :

In Sect.6 we study transformation properties of the Boussinesq equatlon under left
shifts of W5° on the original coset elements. We show that in the realization on the spin 2
and spin 3 ﬁelds the W3® transformations constltute the W3 symmetry of the Boussinesq
equation revealed in a recent paper [18].

2 A sketch of nonlinear realizations of Virasoro sym-
metry

For reader’s convenience and to make more clear what kind of nonlinear realizations of
W3 symmetry we are going to construct, we first dwell on a simpler case of Virasoro (W3)
symmetry. We will demonstrate here that the holomorphic component of the conformal,
stress-tensor can be treated as the coset space parameter corresponding to a kind of the
coset realization of one copy of this symmetry. The Miura map and the Feigin-Fuchs
representation for this component naturally appear in the framework of some extended
coset spaces of W, as W;- covariant constraints on the coset parameters.

We restrict our study, like in réf.[14], to the truncated W; formed by the generators

Wo={L.1, Lo, Lnye-yLayein} n2 =15 [Ln, Lu] = (n = m)Lntm . (2.1)
In what follows we will denote by W3 just this algebra and, depending on the context,
use the same term for the corresponding group of transformations.

As was observed in ref. [14], the standard realization of W, as conformal transforma-
tions of R! (or S!) coordinate z can be easily re-derived within the framework of coset
realization method. It is induced by a left action of the group associated with the algebra
(2.1) on the one-dimensional coset over the subgroup generated by

LOlea ny ',TIZO. (22)

Namely, parametrizing an element of this coset as

§(z) = e

and defining the group action on it following the standard rules of ref. {13]
90 g(I) = g(I') h(Ii.qO) y Go = €xp (Z AnLn) H (23) :
. n>-1

where k is some induced transformation from the stability subgroup, one obtains for =
the standard conformal transformations (regular at the origin)

=) (2. (2.4)
n>-1

The above coset is not reductive in the sense that the coset generator L_; is rotated
by the stability group into the genera.tors of the latter and this causes some difficulties in



applying the standard techniques of ref. '[13] to the present case. The simplest reductive
coset manifold of W, is obtained by treating all generators (2.1) as the coset ones:

g(z) = g(z) — ezL-; . (H eu,.(:;)L,.) . eu;(z)Ll eu(z)Lg euo(z)Lo , (2’5)
n2>3 o

where the coset parameters are regarded as fields given on the line manifold z, i.e. as a

kind of goldstone fields, and the special arrangement of factors has been chosen for further.

convenience. Under the left W, shifts the coordinate = as before transforms according
to the rule (2.4), while the coset parameters-fields transform through themselves and the
function A(z). For instance,

fup = =+ X
Suy = i —XNu+ —;—)\"
Su = —M'—2VNu+ l)\"' , etc. . (2.6) k

We observe that ug(z) transforms as a 2D dilaton, while u(z) as a holomorphic component
of conformal stress-tensor. To see that the latter property is not accidental, let us look
at the structure of the Cartan forms for the nonlinear reallzatlon in question.

The Cartan forms are introduced as usual by

‘ g—ldg_—_ Z w"L" . o (2,7)
. n2~-1 R

and are invariant by construction under the'left action of W, symmetry. They can be
easily evaluated using the commutation relations (2.1). A few first ones are as follows

w_y = e "“dx
wo = (ug—2u)dr
w = e (u) + (u1)? = 3uy) dr . ) (2.8):

Note that the higher-order forms, like wy and wy, contain the pieces linear in the relevant
parameters-fields (beginning with u3). Now, keeping in mind invariance of these forms,
one may impose the manifestly covariant inverse Higgs type [16] constraints

Wy = 0 ) Vnzl] ) (29)

which can be looked upon’ as algebraic equations for expressing the parameters-fields
uy, 4, u, (n 2 3) in terms of up and its derivatives in a way compatible with the
transformatjon properties (2.6). Thus ug(x) is the only essential coset parameter-field in
the present case. Using eqs.(2.8) one finds the.coset fields u; and u to be expressed by

1 1[1
u = Euf, you=g [;(uf,)2 + ug] . (2.10)

N

We see that u indeed has the standard form of the conformal stress-tensor for the single
scalar field in the Feigin-Fuchs representation (an arbitrary parameter that is usually
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present in front of the Feigin-Fuchs term can be attributed to a rescaling of ue)." Thus
we have succeeded in deducing the Feigin-Fuchs representation for the stress-tensor as a
covariant relation between the parameters of certain coset manifold of W, symmetry.

The above coset realization of W2 is not unique, there exist other ones, with less trivial
stability subgroups.

The first possibility is to factorize over a one-dimensional subgroup with the generator
Lo ’ ‘

Hy, = {Le} . (2.11)

The relevant coset element and Cartan forms are obtained simply by putting ue = 0 in
eqs. (2.5), (2.7) and (2.8). The set of Cartan forms now consists of those living in the
coset (w—_1, w, n > 1) and in the stability subalgebra (wo = —2u;dz). The coset forms
now undergo homogeneous Lo rotations while wy transforms inhomogeneously. The only
essential coset field in this realization is u;; all others are expressed in terms of it via the

covariant constraints _
wy =0, Vopr (2.12)

For u one obtains now the representation
1
=3 [(U1)2 + u'1] , - (213)

which is known as the “Miura map” for the stress-tensor (u; is interpreted as a U(1) Kac-
Moody current). Thus the Miura map also naturally appears in the nonlinear realization
approach:to W, as a covariant relation between the parameters of the coset of W, over
the subgroup with the algebra (2.11).

Fmally, one may extend the stability group algebra. by including the generator L,

H={Lo, L} : o (214)

(further extension is impossible since adding, e.g., thé generator L, would immediately
entail adding an infinite set of W, generators and we would return to the non-reductive
case discussed in the beginning'of this Sect.). The set of the associate coset fields starts
with u which is independent in this realization.  All higher-order fields are expwssed
through u by the constraints

wp = 0 V"ZQ ) (215)

-which are still closed under the left action of W,.

A few words are of need regarding the geometric meaning of the procedure of elim-
inating higher-order coset fields in the above examples. In all cases, after imposing the
inverse Higgs constraints, we are left with the Cartan forms on the stability subalgebra
and the form w_;. The associate generators form subalgebras which are particular cases
of what was called “the covariant reduction subalgebra™ in ref. [12, 14, 15]. These are
the one-generator subalgebra {L_;} in the first example, the two-generator subalgebra
{L_1, Lo} in the second example and the algebra si(3,R) = {L_, , Lo, L1} in the third
example. The coordinate z parametrizes the one-dimensional cosets of the correspond-
ing subgroups (“covariant reduction subgroups” in the terminology of ref. [12, 14, 15])
over the stability subgroups while the surviving coset fields (uo(x), ui(z) and u(z), re-
spectively) together with their derivatives of any order specify embedding of these curves



into the original infinite-dimensional cosets of W;. . As was argued in [19] on a simple
finite-dimensional example, such curves (and two-dimensional hypersurfaces in the cases
considered in ref. [12, 14} and Section 5 of the present paper) form fully geodesic sub-
manifolds in the original coset manifolds. Thus the role of egs. (2.9), (2.12), (2.15) is to
single out one-dimensional geodesic submanifolds in the cosets of W,.

The main points one learns from the above discussion are as follows:

i. The conformal stress-tensor u{z) as well as the 2D dilaton field uo(2) and the U(1)
Kac-Moody current u;(z) can be given a nice geometric interpretation as the parameters
of coset manifolds of the truncated Virasoro (W) symmetry (2.1).

“ii. The free-field Feigin-Fuchs type representation and Miura map for the stress-tensor

appear in a geometric way as covariant constraints on the parameters of these cosets.
These serve to single out geodesic curves in the original manifolds.
In the examples considered here the inverse Higgs constraints are purely kinematic,

they do not imply any dynamics for the involved fields. To gain a dynamics, one should -

arrange the fields to depend, besides z, on an evolution parameter, a time coordinate.
One way to do this is to add one more copy of W, and to interpret the coset parameters
associated with the two commuting generators L_, as the light-cone 2D Minkowski co-
ordinates. A nonlinear realization of such a symmetry generalizing first of the examples
considered here has been studied in ref. [14]. It has been shown that the relevant inverse
Higgs constraints not only serve to eliminate higher-order coset fields in terms of the 2D
dilaton, but also give rise to the dynamical equations for the latter, in particular to the
Liouville equation. Such a version of the inverse Higgs procedure has been called “the
covariant reduction”. An analogous construction for two light-cone copies of W3 sym-
metry has been given in ref.[12] and it has led to a new geometric interpretation of the
sl3 Toda -theory within the covariant reduction approach. In the next Sections we shall
demonstrate that there exists another way to incorporate the evolution parameter into a
nonlinear realization of W3 symmetry without doubling the algebra. The relevant cosets
of Ws are a more ar less direct generalization of those considered here. However, due to
the presence of the time coordinate, it will turn out to be possible to obtain dynamical
equations for-the coset fields from the covariant reduction procedure: the Boussinesq and

modified Boussinesq equations. But before discussing this we need to recall how to apply

the notions of nonlinear realizations to the algebra W3. As was shown in ref.[12], the only
conceivable way to do this is to deal, instead of W3, with some infinite-dimensional linear
algebra W3 closely related to Ws.

3 W;y° and its subalgebras

In this Section we shall briefly recall salient features of the algebra W3* and its relation
to W, closely following ref.[12]. To avoid a possible confusion, we point out that, like in
[12], we start with the most general classical W3 algebra possessing an- arbitrary central
charge. Its commutation relations can be found, e.g., in ref.[6] (see egs. (3.1) and (3.2)
below). -

The central idea invoked in [12] is to construct a linear algebra W3° from the nonlinear
Wj by treating as independent all the higher-spin composite generators which appear while

E

N
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considering successive commutators of the basic (spin 2 and 3) Ws generators.
Let us consider the defining relations of the classical Ws algebra [6] 2

Ln; L] = (n—m)Loym + 12(" — 1)bnym,0
Loy ] = (27 —m)Jnsm
Unidn] = 16(n —m)Jtd,, - g(n —m) (n2 - %nm - 4) Lo —
—g(n’ —4)(n® — nbnimo e
where
JW = _g E LacmLnm. - (3.2)

The structure relations of W3 are then deﬁned as the full set of commutators between L,,,
Iy JIn * and all higher-spin composites Jx e (s =2 5) which come out in the commutators
of lower-spin generators. All the composite generators, beginning. with J , are treated
as new independent ones. Thus-W$° is formed by an infinite set of generators

Ly Jny JW, JO) 5> 5,

It should be pointed out that the full set of commutation relations of Wg®, as is clear
from the above definition, can be entirely deduced from the basic W3 relations (3.1),
(3.2).. For our purposes here it will be of no need to know the detailed structure of these
commutation relations. : e

It will be of importance that the central charge c is non-zero in (3.1). The presence of
this parameter strongly influences the structure of W$°. For example, the commutation
relations of the basic generators L,,, J,, with some (of the spins 4, 5 and 6) composite
generators (~ LnLm, LnJm, JuJwm) contain in the r.h.s., apart from the composite gener-
ators, also basic generators which appear just due to non-zero ¢ in (3.1). In what follows
the presence of such terms in the commutation relations will be very important (cf. [12])
and this is the main reason why we should keep ¢ non~vamsh1ng in (3.1) 3. As an example
we quote the commutator i

(£, 0] = (3= m) IS4 - %(na — 1) Loy - (3 3)

The second term in the r.h.s of (3.3) is owing to the presence of non-zero ¢ in (3.1)1

Just as in [12], while constructing a nonlinear realization of W5°, we will deal not
with the whole algebra, but with its important subalgebra which contains all the spin
s generators(s > 2) with the indices varying from —(s — 1) to oo (this subalgebra is

2For correspondence with our forthcoming work on N = 2 super W3 algebra [20] we use a bit different
normalizations of the spin 3 and spin 4 generators J, and J$¥ compared to those used i in [12]. These are
the same as in ref: [21]

30ne can regard ¢ as a contraction parameter. After rescaling Jn =¢” *J,., JM = ‘1J(4) ¢ can

be put equal to zero. In this limit (3.1) contracts into the commutation relations of the “class1cal Wa
algebra” of ref. [22].



a genuine generalization of the "truncated” Virasoro algebra, eq. (1.1)). If one thinks
of W§° as an algebra of some 2D field variations: with holomorphic parameters (e.g.,
in the realization given in [12]), the above subalgebra corresponds to restricting to the
parameters-functions regular at the origin. To simplify the terminology, in what follows
just this truncated algebra will generally be referred to as Wge. We wish to point out
that the higher-spin generators of this algebra, when treated as composite, still involve the
basic generators with all conformal dimensions, both positive and negative. For instance,
in eq. (3.2) one restricts the index n to vary in the range n > —3, however the summation
still goes over the whole range —co < m < oo.

In the rest of this Section we list some subalgebras of the truncated W algebra which
will be employed in our further discussion.. The proof of closeness of the relevant sets of
generators in most of the cases goes by a direct inspection and essentially relies upon
the property that all higher-spin generators in W§° (with spins > 4) form an invariant
subalgebra [12].

The reflection symmetry n —+ —n of the original relations (3.1) implies the existence of
a'wedge subalgebra Wa-in W° [12]. It is constituted by an infinite number of generators,
with the indices varying from — (s —1) to (s — 1) for each spm st s

L, Ly L,
Jo Joy S & S
W= 3.4
A J£43) J£42) Jg) Jéq Jl(4) J2(4) J§4) , ‘ (3.4)

(dots mean higher-spin generators with proper indices). An interesting factor-algebra of
this wedge algebra is the si(3, R) given by: Sl ~

Wa{J, .. I} ~si3,R) . (3.5)
. One more important subalgebra of W3* is constituted by “thre following generators
g {J—z,J-l,L 1y Loy Jo, iy iy o, P (n 2 =3),0 (525, > —s+ 1)} . (36)

It is the maximal subalgebra of the truncated W§°. We see that it is obtained by adding
to the wedge algebra (3.4) an infinite rest of the higher-spin generators with'all positive
conformal dimensions. All these generators still form an ideal and the factor-algebra over
this ideal coincides with the si(3, R) (3.5). .

One may narrow the subalgebra (3.6) successwely removing from it some generators.
It is easy to check. that the sets of generators :

H = {J, +2L_,,L0,J0,L1,J1,J2,J“’ (n>=8),J (s >5n>—s+1 )} (3.7)
Hl = {J—l +2L—17L01 J07J1£4) (Tl Z _3), J'(:) (S Z 57 n Z —-s+ 1)} ’ (3'8)
Hy = {Ja 420,00 (n2-3),J (s25 n2—s+1)} (3:9)

4The precise relation of W{° and this wedge algebra to the W,-type algebras and their wedge subal-
gebras (see, e.g. [23]) is not quite clear to us at present. For instance, W, is known to contain each spin
only once while this is not true for the algebras Wg°. It is likely that W, can be obtained asa N — oo
limit and truncation of W§°. '

still form subalgebras:

H, CH, CHCG. " (3.10)
Note that H; and H; can be extended by adding the generator J_,

H=H @y, Hi=H,®Js. (3.11)

The algebra H has been already utilized as the stability subgroup algebra in the Toda
type nonlinear realization of W3 [12] (under the restriction to one of two light-cone copies
of W considered in [12], with the second 2D light-cone coordinate regarded as an extra
“time”). The algebras H, H; and H, will serve as the stability subgroup algebras in new
nonlinear realizations of W§° we will construct in the next Section.

4 Nonlinear realizations of W3*

As has been argued in ref.[12], extending the nonlinear realization method to the Wy type
symmetries implies replacing the latter by symmetries based on the linear algebras W§
and then constructing coset realizations of these Wg§® symmetries according to the general
prescriptions of ref. [13]. Once this is done, the original Wy symmetry is expected to

emerge as a particular field realization of Wg. So a nonlinear (coset) realization of Wi

should always be understood as that of W®. Just this point-of view has been put forward
in ref.[12] and we will pursue it here. In this way in [12] the sl3 Toda realization of W
symmetry has been reproduced starting from a nonlinear realization of the product of two
light-cone copies of W:;” symmetries. Here we construct a set of nonlinear realizations of
one W°. In Sect. 6 we will prove that they also amount to sonié ‘specific field realizations
of the’ W3 algebra (3.1), (3.2). In the next Section we will show that these lcaluatxons
bear a deep relation to the Boussinesq equation and Miura maps for the latter.

Any nonlinear realization is quite specified by the choice of the stability subgroup H

‘or, equivalently, its subalgebra H. So-in the case at hand one should start by fixing the

appropriate H C Ws°. Like in [12] we will always place the entire set of higher-spin gen-
erators (starting with the spin 4) in the stability subalgebra and consider first a nonlinear
realization of W$° with (3.7) as such a subalgebra. This choice can be motivated by the
following reasonings. In Sect. 2 we have learned that the spin 2 conformal stress-tensor
u(z) can be interpreted as the essential coset field of the nonlinear realization of Vira-
soro symmetry W; with the stability subgroup corresponding to. the algebra (2.14). There
arises a natural question whether it is possible to give an analogous coset inter pretatlon to
both spin 2 and spin 3 currents associated with the Wj algebra. Clearly, the appropriate
stability subalgebra of W$° should become (2.14) upon reducing W5 — W, i.e. taking
away all generators except for:the W; ones. The algebra (3.7) just satisfies this criterion.
Inspecting the set of the W3° generators which are out of (3.7), i.e. belong to the coset,
we find that the lowest dimension ones are J_3 (cm™?), L_, (em™!), Ly (em?) and Js (cm?).
With the generator L_, like in the W, case, it is natural to associate the coordinate z. The
last two generators have true dimensions for identifying the associate coset parameters,
respectively u and v, with the spin 2 and spin 3 currents. All lnghm -order coset generators
have growing negative dimensions so the corresponding parameters-fields are expected to
be expressible in terms of u and v by the inverse Higgs effect. But there still remains



the generator J_;. The dimension of the coset parameter related to it is inappropriate
for treating this parameter as a field. On' the other hand, one cannot put J_, into the
stability subgroup as its commutator with, e.g., J; yields the coset generator L_; in

the r.h.s. Thus, the only possibility one may conceive is to treat this parameter as an

additional coordinate, we call it ¢, in parallel with z and to allow all coset fields to depend
on it. One observes that ¢ has the same dimension cm? as the evolution parameter of the
Boussinesq equation [6], so in what follows we will refer to it as to the “time” coordinate.
Note that the interpretation of z and ¢ as the coordinates parametrizing the “spatial” and
“temporal” directions is quite natural from the physical point of view, for the translations
along these directions are entirely independent as a consequence of commutativity of the
generators L_; and J_,.

With all these remarks taken into account, an element of the coset space we are
considering can be parametrized as follows:

g = et =Lt evsls . (H g¥ntr efnlﬂ) celn g% (4.1)

n>4

As usual in nonlinear reallzatlons the group G (associated with W3 in the present

case) acts as left multiplications of the coset element. This induces a group motion on the
coset: the coordinates z, ¢ together with the infinite tower of coset fields u(x,t) , v(z,1),
a(z,t), €ulz,t) constitute a closed set under the group action. We are postponing the
discussion of all symmetries induced on the coset parameters in this way to the Section 6
(their number is infinite in accordance with the infinite dimensionality of Ws*).

Besides the above minimal coset we will need also extended cosets with the stability
subgroups generated by subalgebras H; and H, defined in egs. (3.8), (3.9). The relevant
coset elements are represented by

g = geu1L1e'U1Jxeszz (42)

g2 = grevoloenl | : (4.3)
where uy, v1, v2, Uo, Vo are additional parameters-fields, all given on the space {z, t}. It
is worth mentioning that the subalgebra (3.8) and the associated nonlinear realization of
W3° generalize the subalgebra (2.11) and the realization of W, related to this choice. In
the realization of W3° on elements (4.3) all Virasoro generators belong to the coset, so it
is ‘an extension of the realization (2.5).

Let us now turn to constructing Cartan forms for the above cosets. lee in the W,
case these are defined by the generic relation

Q=gldg= Z wWnLn+ Z 0.J, + Higher-spin contributions , (4.4)
n>-1 Cn>-2

and by the analogous ones for two other cases, with g replaced by g, or g,.
The explicit expressions for the forms which we actually need can be obtained by using
solely the commutation relations (3.1) and (3.3). For the realization (4.1) these are

wyg = 0, w; = 160vdt — 3udr :
0_4 0, 0p = —6udt , 0, = —8¢adt , 0, = 12u%dt — (Svdz + 10¢,dt)  (4.5)

il

w-1 = dz
Wy = du -+ 320£4dt 4'(/)3dI
3
w3 = d‘(,/)a + ( u - 5‘(,/)4)(11 + (56055 — 240uv)dt
Wy = d'(/)4 (‘(/}5 - ut,/;;,)da: + (89656 - 3200¢3 + 6384“54)(# (4.6)
0_2 = dt

03 = dv—6&dz + (36u)s — 121)5)dt
0s = dbs— (7€ — 2vu)dz + (2003 + 48uthy + 80v? + 8u® — 14¢be)dt . (4.7)

The Cartan forms (4.5) belong to the stability subalgebra and transform mhomogeneously
under left Wg° shifts. The forms (4.6), (4.7) are associated with the coset generators, so
they are transformed into themselves and other coset forms.

In the realization corresponding to the coset (4.2) some Cartan forms on the stability
subalgebra get contributions from the new coset fields u;, v1, vs and, besides, the Cartan
forms wy, 1, 02 become belonging to the coset. Due to the special arrangement of factors
in (4 2) the forms associated with other coset generators are linear combinations of the
previous coset forms w1th the coefficients dependmg on the new coset fields. We give here
the explicit expresswns only for the new coset forms

wi = duy + (u] + 1207 — 3u)dz + (1600 + 48uv, — 48v,u? — 64u,v; + 6407)dE(4.8)

01 = dvy+ (2ugvy — 4vy)dz + (12uuy — 843 — 4uS — 64v, v, — 16u;02)dt (4.9)

0, dvz + dugvy + (403 4 duyve + ufvl‘ — 3uvy — 5v)dz + (12u? — 1094 + ul
+16v] — 64v] — 64uv10y — 24ulv? — 6uul + 24uv? + 160vv; + Suy1)3).(4.10)

il

Finally, the net effect of passing to the coset (4.3) is homogeneous rotations of the
previously defined forms by the group factors with generators Ly and Jo and extension of
the set of coset forms by wy and 6y. The latter forms are given by

Wo
bo

duo +.(32u101‘+ 64v2)dt — 2uydz ‘ '
dvg + (6u] — 24v] — 6u)dt — 3vydz . )

As the last remark we mention that the form (4.4) (and its analogs for the cosets
(4.2) and (4.3) €, and £2;) by definition satisfies the Maurer-Cartan equation

=0 =0A0. : (4.12)

5 Boussinesq equations and Miura maps from co-
variant reduction of the cosets of W° ‘
Here we generalize to the W3° cosets the inverse Higgs procedure (alias covariant redﬁc'-'

tion) which has been already applied in Sect.2 to simpler examples of nonlinear realizations
of Virasoro symmetry. A new feature of this procedure in the case at hand is that it will
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ead not only to the kinematic equations for expressing higher-order coset fields in terms
of a few essential ones but also to the dynamical equations for the latter. This is directly
related to the presence of the extra time coordinate t.
We begin with the coset (4.1). A natural generalization of the constraints (2.15) is as
follows
Wp = 0 N Vﬂzg 0m =0 ) Vm_>_3 . (51)

Upon imposing these constraints, the one-form § (4.4) defined originally on the entire
algebra W5® is reduced to the one-form valued in the algebra G (3.6)

Q=>0%cg. (5.2)

In accordance with the terminology explained in Sect.2, G is the covariant reduction
subalgebra in the present case. Taking into account that H coincides with the si(3, R)
(3.5) modulo higher-spin generators, one may, without loss of generality, regard just this
sl(3, R) as the reduction subalgebra and consider only the si(3, R) part of 27!, This part
obeys the Maurer-Cartan equation (4.12) in its own right, without any contributions from
the higher-spin generators. We will make use of this observation a bit later.

Let us now inspect egs. (5.1). As opposed to the W, constraints (2.15), each of egs.
(5.1) ‘actually ‘produces two equations, for the coefficients of the différentials dz and dt.
Using the explicit structure of the lowest coset forms, eqs. (4.6) and (4.7), one finds

1
¥3 ZUl

1.3 1
Yy = 5(2u2+ —u")

1 " ” M
= = 5.
s 60(21uu +5u )= 2(v-{-guu) (5.3)
1.1,
= e = . 4
& 330" = Y etc (5.4)

We see that the higher-order coset fields are expressed by the inverse Higgs constraints
(5.1) in terms of two independent ones, u(z, t) and v(z,t), thus generalizing an anal-
ogous phenomenon of the W, case. However, for all coset fields, except 13,14 there
simultaneously appear two expressions coming from equating to zero the coefficients of
the differentials dz and dt in the appropriate forms. Requiring these expressions to be
compatible amounts to the set of dynamlca.l equatlons

_ 160
R T
4
v = %u"’— %—u'u , (5.5)

which is recognized as the Boussinesq equation [6] (after appropriate rescalings). lts
another, second-order form is obtained by differentiating the first equation in (5.5) with
respect to t and then using the second equation

o= —-%u""-{- 128(u?)" . ) (5.6)
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With making use of the Maurer-Cartan equation (4.12) o'rie may show that the rest of

_ constraints (5.1) does not imply any further dynamical restrictions on the fields u, v and
-serves only for the covariant elimination of higher-order coset fields.

Thus we have succeeded in deducing the Boussinesq equation from a nonlinear real-
ization of W5? like it has been done in [12] for the sl3 Toda equations (starting with a
nonlinear realization of two copies of W5®). This shows a close relation of the Boussi-
nesq equation to the intrinsic georhetry of Ws®: it reveals a nice geometric meaning
as one of the constraints singling out a finite-dimensional geodesic hypersurface in the
coset of W§° over the subgroup with the algebra H (3.9). This hypersurface is home-
omorphic to the two-dimensional coset of the group with the algebra G (3.6) over the
subgroup with the algebra H (3.9). Taking account of the fact that the higher-spin gen-
erators drop out after such a factorization, this coset coincides with that of the group
SL(3, R) with the generators (3.5) over its six-parameter Borel subgroup generated by
{J-1+2L, Jo, Lo, Ly, i, J2}. The coordinates z and ¢ parametrize this coset while
the fields u and v describe the embedding of it as a hypersurface in the original coset
space of W3*.

The Boussinesq equation is known to be completely integrable: it possesses a zero-
curvature representation and the related Lax pair on the algebra si(3, R) [9, 18]. 1t is
instructive to see how these integrability properties are reproduced in the present geomet-
ric picture. After substitution of the expressions for higher coset fields, the most essential,
sl(3, R) part of the one-form Q7¢¢ deﬁned in eq. (5.2) reads

Q”" (L1 —5vdy —3uly)dz + [160vL1 + (9u® — —u")J2 +Jg—6udo— 2u’J1]dt (5.7)

As has been mentioned before, the original Maurer-Cartan equations for this one-form’
are closed modulo higher-spin generators. Discarding the higher-spin pieces in the com-
mutators of the si(3, R) generators in §0°¢, one easily establishes that the Maurer-Cartan

equation
. dethred Qred A Qred . (5 8)

implies the Boussinesq equation (5.5) and so provides the zero-curvature representatlon for
the latter. Recall that the original Maurer-Cartan equation (4.12) was purely kinematical.
It becomes dynamical after invoking the covariant reduction constraints (5.1) (5.2). It
should be emphasized that just these constraints are primary dynamical restrictions on
the fields u and v in the present approach; the zero-curvature representation (5.8) is their
consequence. This feature is typical for all other examples where the covariant reduction
proved to be efficient [14, 15, 12]. .

To obtain a Lax representation from egs. (5.7), (5.8), one introduces the “covariant
derivatives” ’

a a

atide g

where the si(3.R) algebra valued connections A; and A, coincide with the coefficients of dt
and dz in (5.7), and rewrites eq. (5.8) as the condition of commutativity of these covariant
derivatives. Note that in this way one obtains just the Drinfel’d-Sokolov type Lax pair [9]
for the Boussinesq equation (after choosmg 31(3 R) generators in the fundamental 3 x 3
matrix representation).

+AIV
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Let us turn to discussing the coset (4.2). As was already mentioned, it is an extension
of the W, coset associated with the stability subalgebra (2.11). So the relevant set of the
covariant reduction constraints should be an appropriate generalization of the set (2.12):

w, =0, VnZl y Om=0 7 val . . (59)

It includes the previous set (5.1) and, in addition, implies vanishing of the Cartan forms
wy, 61, 8;. The fields v and u still obey the Boussinesq equation (5.5) but now they are
expressed (like v;) through the fields v; and u; which are the only independent coset fields
for the realization at hand. Bearing in mind the explicit expressions for the additional
coset forms (egs. (4.8) - (4.10)), one finds:

1 . .
u = §(u’1 +u? +120%) ) (5.10)
v = l(lv;' + —l-u' v+ §ulv' + 2u’v, — 8v3) . o (5.11)
54 2 1 2 1 1 1

By the same mechanism as in the previous case (compatibility between the equatiohs
coming from the coefficients of dz and dt in the appropriate forms) one also obtains the
dynamical restrictions on the fields u; and v,

_8(‘0'1 +.4u1v1)' !

)
2
b = 5(u'1 — 2u? 4 2402)' . ) (5.12)
These equations can be easily checked to be consistent with' the Boussinesq equation:
differentiating (5.10), (5.11) with respect to t and making use of egs. (5.12) one obtains

just (5.5). R .
The expressions (5.10), (5.11) are a genuine generalization of eq. (2.13) and provide

a Miura map of the Wy currents u and v onto the two independent U(1) Kac-Moody .

currents u; and v,. Thus in the present case this map also gets a geometric interpretation
as the covariant relations between the fields parametrizing the coset of W3* symmetry.

By analogy with the modified KdV equation, it is natural to call eqs. (5.12) the
modified Boussinesq equation. It can be rederived from the vanishing of the curvature of
the reduced Cartan form Q% (with the higher-spin generators factored out)

Qe = [Jop—duyJ_y + 16(v] + 4uyvy) Lo+ 2(2u? 7241}? —uy)Jo + 16v, L_,]dt

+(L__1 - 2u1L0 - 3U1J0)d.”£ ) ) ’ . . (513) ":

and so is integrable like the Boussinesq equation. One observes that ﬂl is given on the
five-dimensional subalgebra of the si(3, R). So in the present case the covariant reduction '

actually leaves us with the coset space of the group associated to this subalgebra over
the subgroup generated by J_;, Jo and Ly. Once again, the coordinates ¢ and z are the
parameters of this coset while the fields u; and v, specify how the latter is embedded into
the original W° coset. E ) ‘

Finally, let us see which new features are brought about by passing to the coset. g,

defined in éq.(4.3). In this case the essential coset fields are ug, vo and, in addition to
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the previous constraints, one should require vanishing of the two newly appearing coset
Cartan forms wp and 8, given by eq. (4.11)

wyp = 00 = 0,=> (5'14)
1‘.
U = %u:’, m = 51}(’), (5'15)
16 '
do =~ o+ 2ubeh) , o=l — (up) + T )" (5.16)

The covariant relations (5.15) are analogs of the first of egs. (2.10), they give a further
Miura transformation from the U(1) Kac-Moody currents uy, v and the W3 currents u,
v to the scalar fields up and vo. For u and v one obtains the representation

1 1. '8 .
v o gl ge) 8

1 1 1. 1 2. 7 713

slgw + i‘éuﬁ'vﬁ + u0v6 + 5(%) vo — 57 (v0) 1, (5.17)
which, after appropriate rescalings, is recognized as the free-fleld Feigin-Fuchs typs repre-
sentation for the Ws currents {4, 10]. Once again, the dynamical equation (5.16) m(:luces
for the sets u, v and u,, v; the Boussinesq equation (5.5) and the modified Boussinesq
equation (5.12). It amounts to the zero-curvature representation for the reduced one-form

v o=

Ot =w Loy +0_J 1 +8-2J2 (5.18)
with
16 ,
w.y = e “[4dugsinh(4ve)dt + (dz + ?vodt) cosh(4vo) |

1 16 .
0., = —e *{2ujcosh(4w)dt + -2—(d:c + ?v{,dt) sinh(4vg) ]
6_; = e ™dt. (5.19)

Thus in the present case the original coset of W3° has been covariantly reduced to the
two-dimensional coset of the three-parameter subgroup with the generators Ly, J.1, Ja2
over the one-parameter subgroup generated by J_; + 2L_;. :

In conclusion of this Section we briefly discuss the relation to the Hamiltonian a.pproa.c.h
which provides one more link between the Boussinesq equation and the algebra Ws. It is
known [6] that this equation can be interpreted as a Hamiltonian flow on W;. Namely,
it possesses the second Hamiltonian structure with the Poisson brackets between u and v
forming W3 '

@ = {u, H},o = {v, H}, (5.20)
H = 40¢ dzv(z,t) : (5.21)
& a
{u(,), u(wt)} = %[éa—ygnua—u]s(z—y)
. a .
(ule), o) = —2 [0 4] )
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{o(ot), vy, 1)} = e [ 1 & 5 & Y

W E e w T o .
- —gu" + 124? 9 ——lu"’ +12uu’ )| 8(z — y) (5.22)
8 dy 4 )

where the fields in the r.h.s. are evaluated at the point y. Decomposing u and v in the
Fourier modes with respect to z, one observes that the algebra (5.22) implies for these
modes just the W3 algebra relations (3.1), (3.2).

We wish to point out that this Hamiltonian formalism matches very naturally with
our nonlinear realization approach, though the precise relation between these two is as
yet not clear to us. If one substitutes the Fourier decomposition of v in the Hamiltonian
(5.21) and integrates over z, H is recognized, up to a scale factor, as the generator J_.z,
just the time translation generator in the nonlinear realization scheme.

As far as the modified Boussinesq equations (5.12), (5.16) , are concerned they can
be given the standard Hamiltonian form like (5.20) with the same Hamiltonian (5.21)
expressed in terms of u;, v, or ug, vg by egs. (5.11), (5.17) and with the following
underlying Poisson structure '

(e} =2 28 -1), alm 0o} = 1 8-, 62

{ul(zvt)vvl(yvt)} =0,
{I‘O(Ivt)vuo(%t)} = —% 8z -y, {vo(-’t»t),vﬁ(y»t)} = _% 8(z —y), (5.24)

{UO(I,t),Uo(y,t)} =0.

These Poisson brackets are characteristic of the {/(1) Kac-Moody currents and free scalar
fields.

6 "W3 symmetry of Boussinesq equations as left Ws*°
shifts ‘ )

When studying integrable systems, one of the most important questions is which symme-
tries preserve the given equation. In the previous Sections we reformulated the Boussinesq
equation in the framework of the nonlinear realizations approach as one of the covariant.
conditions which single out a two dimensional geodesic hypersurface in the coset (4.1) of,
W3°. Symmetries of Boussinesq equation are then the set of W3* transformations acting
on the coset elements (4.1) from the left

go(A) g(z,t,u,v,...) = g(&,§,4,0,...) Iz(/\,.r,t,ll,lr;. ). (6.1)

Here go(A) is an arbitrary element of W3® with constant parameters and the induced

element k belongs to the stability subgroup H generated by the sct of generators (3.7).
In principle one could directly evaluate Z,, 1, ¥ by using eq.(6.1) and the commutation

relations (3.1). However, in the case at hand even the infinitesimal transformations of the
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fields §u,év and coordinates éz, 8t are very complicated functions of time ¢ and all the
higher-order coset fields 1, &, o it is not too enlightening to try to give them explicitly.
Below we will pursue another approach, in which transformation properties of the fields
u,v and coordinates z,t are obtained together with an additional condition fixing the ¢
dependence of the transformation parameters.

Let us begin by writing down the Cartan forms for the transformed coset (6.1)

Q R0k 4+ hVdh (6.2)

0 = g“(i,f,ﬁ,ﬁ,...)dg(i,f,ﬁ,'ﬁ,.._)ip S )

]

where we have made use of the fact that the group parameters in (6.1) do not depend
on r, t. Now, the induced element h of the stab111ty subgroup can be parametrlzed as

follows
h = eauLu ea;L; eb_lJ.. boJo b;J; eb"” h - ; . (6 4)

where k stands for the factors spanned by higher-spin generators Keeping in. mind that
the higher-spin generators form an ideal in the stability subalgebra and comparing the
Cartan forms associated with the generators L.y, Lo, Ly, J_2,J-1,Jo, J1,J2 in both sides
of (6.2) we immediately obtain the following set of equations (let us rernmd that the
parameters a and b are 1nﬁn1tes1rnal) : Lo

w. = w-l —_ agw_1 + 16b10_2 + 8[]-100

0 = dag+ 64by0_o + 8b_;01 — 2a,0_y
wy = da—1+4 & + a; — 8,0, — 8boly — 16b_10;
0.y = 0_3—2ag0.2—b o, - (6.)
0 = db_y—4ay0-g—2boi_y ' :
8, = dbg+ 0+ 3b_1&y — 3bo_, ,
0, =. dby+ 0; + aghy — 2a,00 — 4b0 1 + 2botn

0 = db+ 02 + 2a0fz — a0, + bion
L (6.6)

From the explicit expressions for the lowest Cartan forms (4.5), (4.6) and (4.7) we
obtain the following equations for the variations of ﬁelds and coordmatcs

Su = a(z+ 6z, t+6t)— u(z, t)}# é[ﬂét) —6u(6t)+480v(6t)]
Sv- = 9z + bz, t+ 6t) — v(z, 1) o ‘
= 1(150 [ (6t) —6u(6z)+240v(6t) 8u' (6t)"+8u" (6t)’] s (6.7)
(61) = 2(sa) | |
y ’ : ' 1 "
(6z) = 16 [Su (6)' — 5 (82) ] (6.8)

Several comments are needed concerning the transformations properties (6.7), (6.8).
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. First of all, the time dependence of variations of the coordinates éz, 6t is controlled
by the differential equations (6.8) which involve the field u(z,t). It is hardly possible to
find the general solution of these equations in a closed explicit form. Nonetheless, after
expanding the coordinate variations and the field u in Taylor series with respect to ¢ .

6t Z&tz)t , 6z=26,,:r.(:c) ", u(x,t) = %:: t, (6.9)

n=0 n=0 n=0

the role of eqs.(6.8) is reduced to expressing all functions § 2t(z) , 6nz(z) through two in-
dependent functions éot(z ) and z(z). So the transformations (6.7) are actually specified
by the two functions of the coordinate z, much like the realization of one of the light-cone
W3’s in the sl Toda system [12]. Thus we have proven that the nonlinear realization of
W5 in the coset considered is reduced to a kind of W; transformations of the fields u and
v. The same of course is true for other nonlinear realizations, with u;, v; and ug, vg as
the essential coset parameters.
" Secondly, after passing to the active form of the transformations of u,v.

bu=6u—6ti—bzu gvﬁév—étﬁ-6zv'

and eliminating time derivatives by the Boussinesq equé.tion (5.5) ka.n‘d constraints (6.8)
we obtain the standard W; transformations for the spin 2 and spin 3 currents:

3 ‘
= - =—— ‘ =~ bt =
u T y VE SOJ ) éx f ’ g
bomfT = 5"+ 20T+ JT"
beomgd = 3f' T+ fJ' R (6.10)
6, = 3g'J+29J .
bud = —-%g”’” - %g"’T —20g"T" — 12¢'T" + 32¢'A —'ggT'" +16gA" (6.11)
where
A = —4T?

and parameters are still subject to the constraints (6.8).

These transformations and constraints are just those deduced in a recent paper [18]
starting with a Lax representation for the Boussinesq equation. In our scheme they
come out in a nice geometric way as the W$° group motions on the set of essential coset
parameters {z, ¢, u(z, t), v(z, t)}. Invariance of the Boussinesq equation under these
transformations does not need to be checked, it directly stems from the fact that this
equation is a dynamical part of the inverse Higgs constraints (5.1) which are W3®-covariant
by construction.

Before passing to concluding remarks let us comment on the cosets of W3°° correspond-
ing to the choice of HY, H} (eq.(3.11)) as the stability subgroup algebras. In these cases
the generator J_; belongs to the stability subgroup, so one is left with one coordinate

z, on which all other coset parameters are assumed to depend. The covariant reduction
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constraints, like in nonlinear realizations of Virasoro symmetry (Sect. 2), do not produce
any dyna.mlcal restrictions and serve entirely for the covariant elimination of the higher-
dimension coset fields via the essential ones (u;(z), v(z) or ug(z), vo(z)). In particular, -
the Miura maps (5.10), (5. 11), (5.15) and (5. 16) arise as before. For the independent
coset fields the left W3° shifts generate the standard sly Toda-type W3 transformations
parametrized by two functions of £ which collect the constant parameters associated with
the spin 2 and spin 3 generators L, and J,,. These transformations are just those deduced
in [12] (as far as one light-cone copy of Wg° is considered).

These realizations actually bear a tight relation to those associated with the cosets
(4:2), (4.3). One may pass to a different parametrization of these coset elements where the
time factor e/~2 stands from the right (i is related to ¢ via a complicated field-dependent
redefinition). Then one may check that the first-order time derivatives of the coset fields
in this new parametrization are transformed into themselves under left W3 shifts and so
can be self-consistently put equal to zero, thus eliminating any time dependence of the
coset fields. This is equivalent to placing J_2 from the beginning in the stability group
algebra.

7 Conclusion

In this paper we have revealed a new kind of the relationship between W3 symmetry and

Boussinesq as well as modified Boussinesq equations: these have been found to emerge

in a geometric way as covariant dynamical constraints on the parameters of some coset

manifolds of W§® symmetry associated with W3. The Miura maps relating these equations -
to each other arise as a sort of covariant kinematical constraints on the coset parameters.

Put together, these constraints can be interpreted as the conditions singling out finite-

dimensional geodesic hypersurfaces in the original infinite-dimensional coset manifolds.

The spin 2 and spin 3- W3 currents and the introduced via Miura maps two spin 1 U(1)

Kac-Moody currents and two spin 0 scalar fields come out as the essential parameters of

three coset manifolds of Wy° embedded into each other. Thus the considered Boussinesq- .
type equations, related Miura maps, involved currents and fields prove to be intimately"
linked to the intrinsic geometries of the_ coset manifolds of W3°, just like the sl3 Toda

equations [12]. The common geometric origin of the latter equations and the Boussinesq

ones suggests a deep connection between them which can hopefully be exposed most

clearly within the present approach. The understanding of this relationship could:-have

important implications, e.g. in Wj strings and W; gravity.

An interpretation of Miura maps as the covariant relations between the fields parametriz-
ing coset manifolds of the W type symmetries seems to be especially useful in searching
for free-field representations of the currents generating more complicated W symmetries
and their superextensions. Usually this is a subject of some guess-work. As we have
argued in [12] and this paper, within the present approach finding such representations
becomes more straightforward and algorithmic. One starts by defining the appropriate
linear Ws° type symmetry and its cosets, then construct the Cartan forms and finally
impose suitable covariant reduction constraints. Doing so, we have recently found e. g .

‘Miura maps for the supercurrents of N = 2 super W; algebra [20, 24}.
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There remain some interesting problems with the Boussinesq equation itself. In partic-
ular, it is desirable to have a full understanding of the relationship with the Hamiltonian
formulation and the formulation which uses the Gel’fand-Dikii brackets. Also it is as yet
unknown how to incorporate in the present scheme in a simple way next equations from
the Boussinesq hierarchy. To this end it seems natural to extend the coset spaces of Wg°
by placing in the coset some higher-spin generators Jy; ) from the stability subgroup, e.g.
the spin four one I, and to mtroduce additional time variables as the coset parameters
associated with the generators J__", 1) €8 J_g New coset fields are expected to be re-
movable by inverse Higgs effect, still leaving u and v (or u; and v; or ug and vp) as the
only essential fields of the theory. At the same time, due to the appearance of extra time
variables, the essential fields could obey higher-order Boussinesq equations with respect
to these variables as a consequence of appropriate extensions of the covariant reduction
procedures employed above.

Finally, we would like to point out that the covariant reduction approach invented and
applied first in the case of Liouville theory [14] mainly for the practical purpose of con-
structing higher superextensions of this theory [15] now turns out to possess a considerably
wider range of applicability. It can be regarded as a universal tool for treating integrable
systems in a manifestly geometric language of the coset space realizations of appropriate
infinite-dimensional symmetries. The Toda systems [12], Boussinesq and KdV [17] hier-

archies certainly admit an adequate geometric description in its framework. It would be.

of interest to consider along similar lines other classical integrable systems, such as the
sine-Gordon and nonlinear Schrodinger equations, and to understand what are analogs
of, say, W§° in all these cases. On the other hand, one of the problems ahead is to apply
our nonlinear realization techniques to all known W type (supeér)algebras (e.g. Knizhnik-
Bershadsky superalgebras) and to deduce the integrable equations associated with them.
So our main goal is to provide a common geometrical basis for various integrable systems
in 141 dimensions and the present work should be regarded as a'step in this direction.
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