


1 Introduction

The equations with impulse effect are models of real processes which
are sub ject to disturbances in its evolution acting in time very short
compared with the entire duration of the process.

The first paper in this direction is the paper by Milman and Myshkis
(1)(1960). The mathematical theory of ordinary differential equations
with impulse effect has been further developed in the papers [2] - [4].
The paper [5] initiates the investigations of the equations with impulse
effect in a Banach space: The first application of these equations in
quantum physics is given in the papers [6] and [7].

The advantage of the local field theoretical approach for studing the
properties of the vacuum is that it permits a different point of view
and a deeper understanding of the nature of vacuum energy. With the
application of the equations with impulse cffect in the impulsive moving
mirror model in Minkowski space has been given another point of view in
the field theoretical approach for studing the properties ol the vacuum.

2 Statement of the problem

Consider the differential equation with impulse effect of the form

d/ditX(t) = V(O)X({)|t#ta(n=0,1,...) (n
X(ta+0) = F,X(t.), (n=1,2,...) (2)
where
. 0 k()
Vi) = ( o(t) 0 )
with v(t) = —Vou(t) — Fuu(t) or for antisymmetric Flo is »(l) =

~Vur(t) and k(t) = TZL(1). For the impulse operator is

1 0
Fo = ( —Eop(ly) 1 )

o= (%40)

_ and for




with P,(t) = T Au(t) (see the paper [6]).

The operator V(t), for (t > to) is a continuous operator-function on
- t, the values of which are linear bounded operators mapping the complex
Banach space B into itself. The operators F, : 13 — I3. for (n=0.1,..)
are continuous and the moments t,,, for (n = 0, {, ...) of the impulse effect
satisfy the condition 0 <ty < ¢, < .... and lim,, .. {, = oc.

Definition 1. We say that X(t) is a solution of the equation with
impulse effect (1),(2) if X(t) is a piecewise right. continuous function with
first order discontinuities for t = (,,, (n = 0,1,...). and such that

d/dtX (1) = V()X (1)
for t # tn, (t > lo), (1 = 1.2....) and
X(tn+0)=F, X)) fort =t,. (n=1,2...)

For X, € B and t 2 tp the equation with impulse effect (1), (2) has
unique solution X(t) which satisfies the condition

.\,(to) - .\,0 (”

Then we can consider the family of operators W(t) defined by the
formula

W)X = X(1). (lg <! < ).
Denote by U(t,s) the evolution operator of the equation
d/dtX(t) = V(t)X(t). (4)

We note that for {, < t < t,4,, (n =0, 1,...) the following equality
holds

W(t) = (](I'~In)l“1:l;(lvt- ln—l )I"u—l“-l"(ll-ll))'

Definition 2. The equation with impulse effect (1). (2) is called stable

if
SUPgy<t<oo It Wl < oo.

Definition 3. The equation with impulse effect (1), (2) is called asymp-
totically stable if

-

lime—se || W(t)X]| =0, (X € B).

Definition 4. The equation with impulse effect (1). (2) is called uni-
formly stable if

lime_o || W(t)|| = 0.
Lemma 1. Let the following condition hold

¢ ]
V(t)/ dsV(s) =/ dsV (). V(1) (1> o). (5)
to !

(4
Then the solution X(1) of (4) for 1 > 1, with initial condition has the
form

X(t) = eV x,

The proof of Lemma 1. is standard.
Remark 1. For small t > {3 the condition is suflicient as well {or the
solution of (4) to have the lorm

X(t) = (-_‘f'o dsl'(.')-\-o.

In fact, let X(¢) = ef-o ds"l’)xu. The eqguality

ds\’(s)

(cf"o d.d'(s)), - V(t)ff"o

can be represented as
Tonsoll(n + DN dsV ()Y — (n)=' V(). dsV(s))") = 0.
We set A(t) = V(1) f, dsV(s) = [i dsV(s). V(2).
We can deform V¥ (1).C. [} dsV(s) — [) dsV*"(s).CV (1) = AC@)

0 _.q_llz - & . )
where C = ( g\ 0 ) and AC(1) = 0 if the following conditions
hold ; ;

k(t)/ dsv(s) =/ dsv(s). k(L) (6)
to to
t t

v(t)/ dsk(s) = / dsk(s). (1) (7)
to to

Then the foIlowihg equalities hold:
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Yool + DI (0o, dsV () V(O dsV ()" -
(n 4+ V), dsV(s)) =
= Yormol(n + DN S0 ([ dsV(s)V(e)( [y, dsV(s))"* -
V([ dsV(9)™) = Eozeltn + DY 0, k(S dst ()5 A1),
(flo dsV(s))* ' =0,i.e.

28(t) = = 0, (e DY T8, k(S dsV (s)™ FAC( S, dsV ()

Finally we get 1/2 || AC(1)}] < 2 ,[(n + NDY=" || AC()||k(k + 1)/2

I i dsV(s)I™=" =|| aC()/2(eMa W 1),
Then for sufficiently small t

‘e"f,.’ dsV(s)l| _ ” <1

and there exists an interval {Lq, ("] such that AC(1) = 0. (1 € [to.17]).

Applying the step method we conie to the conclusion that the equality
AC(t) = 0 holds as we|l if t belongs to an interval containing [to.17]. So
the equations (6) and (7) holds.

3 Main result

We say that the condition (A) holds if the following condition is lulfilled:
(A) [} dsV(s).C. V(1) = VI(1).C. [l dsV(s), (ty < T < | < ).

with
‘,rlr(t) — ( k?t) “?(’)(t) )

and f:dslc(s).v(t) = v(l).f: dsk(s): f: dsv(s).k(l) = I.:(I.)_L' dsv(s)
Remark 2. Let the condition (A) hold. Then for i, < 7 <1 < oc the
following equality holds

Vr().C.V(r) = V(7).C.VI7(L) with
k(t)o(r) = v(r)k(L); o(L)k(r) = k(r)e(/)
We say that conditions (B) are satisfied if:
Bl: Condition (A) holds.

B2: There exists a constant. T > 0 for which 1,4, =1, < T forn =

1,2,...

B3 e"f‘ VOl < e¥1=7) o0 0 < ¢ — 7 < T where 7 is a constant.
A Xll Sgull X||+haforn=12,.. and X € B so that
@192--Gn(r) < Le*t where n(t) = nfor t, <t < 41, while L and 6 are
constants.
If the conditions (B) hold, for the solution X(t) of the equation with
impulse effect (1),(2) with the initial condition (3) we obtain the following
estimation

IXON < et guednm ™ "’l. VSO e BB N )
< e"';:_‘”,‘; lamt |5 e ”““’\ oll + o} +
+e™ bR, <
< it t.....:)q Gnt || Faza.. F,ef'u dsV )y " 4+ elt=ti ng by +
+ert-tlp <
< . <
< € qaguigr | Xoll + {0, 4 Mt

fo_y + t"'“"""”q,‘q,,_.h,._z + ...+ (."““")q,lq,,_l...(/;h, }. (8)

Using this estimation we will find suflicient conditions under which
the solution of the equation with the impulse effect are bounded.

Theorem 1. Let the conditions (B) hold. Let by = hy = ... = 0.

Then for 6 + v < 0, limy—.,, X(2) = 0 and for § + 7 = 0 the solution
X(t) is bounded for ¢t > (.

The proof of the theorem 1 follows immediately from the estimation

(8).
Theorem 2. Let the condition (13) be satisfied. Suppose additionally
that

g=q=q,=...h=h =h, = ..
and let
ta=to+nk(n=12,..),1=1t+ Tk,
where n <7 < n+ 1, k <Tisa constanl and the inequality

gt <1



holds. Then for § + vy < 0 the solution X(t) is bounded on the hall axis
t> .

~ Proof. We can denote by M the expression in braces in the right hand
side in (8) and, having made certain transformations for nonrelativistic
case, we obtain

M = e‘y(r—n)k(qe‘yk _ l)"'.(q"e""" _ ])h

Under the assumption made, M is bounded. This fact and the condition
A, imply the assertion of the Theorem 2.

Theorem 3. Suppose that the following conditions hold:

1. The condition (A) is fulfilled.

2.There exist constants p 2 0 such that 0 < i(1y. 1) — p(l —ly) < o lor
0 <t <t < 0o where!i(a, b) is the number of points ¢, which lie in the
interval (a,8) (to < a < b < 00).

3. F = F, = F, = ... where the operator I is lincar and commutes
with f: dsV(s) fortg <17 <t <o0.

4. The operator F has a logarithm, i.e. there exists a linear and
bounded operator In F': B — B such that [ = ™",

Then the equation with impulse effect. is bounded. asymptotycally
bounded, uniformly asymptotically bounded il and only if respectively

¢
Lo da(Vis)+pin F)" < oo,

a) supyy,, || €
b) limy_.o, || e PP Y =0(X € B).
¢) lime_re | (f"o da(V (s)+In p," o
Proof. The operator-function W (#) has the form

W) = T it _ 50t -
= edo @V tn Flpte~to)] pritéo.1-lp(e—t0)] _ (9)
- ef:o d’V(’)elan(l—lo)eln F[p(l—to)]_lnl"'p(l—lo)I,-i(lo.l)-[l'(l—lo)] -

= o BVEHNFR) tn F{lpt-to)l-pli=ta)} pilto.t)-pl1~to)]

Taking into account the represontation (9) the asscrtions a). b) and
c) follows immediately.
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