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§1. GRADED LOOP SPACE 

1.1 Bosonic stгings. Let us consideг the Lie gгoup G=Rd- 1
'

1 xG, wheгe 
о 

Rd- 1
•

1 is the gгoup of tгanslations of d-dimensional Minkowski space and 

G
0 

is а simple compact Lie gгoup . It is known (see, e . g. (_1-5]), that the 

phase space of the open Ьosonic stгing, moving in the Lie gгoup G, is а 

manifold т*(G) xQG . Неге т*(G) is а cotangent bundle оvег the Lie gгoup G, 

descгiЬing the motion of the stгing as а whole, and QG is а loop space of 

the Lie gгoup G, descгibing the oscillatoг's degгees of fгeedom of the 

stгing . The quantization of the finite dimensional manifold т*(G) is 

standaгd , theгefoгe, we shall consideг fuгtheг on only the manifold QG . 

1.2. Loop spaces . The space r.G , which we shall also denote Ьу Q, is an 

infinite-dimensional analogue of flag manifolds (see (6 , 7]) . Denote Ьу 9 

and sc the Lie algebгas of the Lie gгoups G and Gc гespectively , wheгe 

Gc=G0C is а complexification of G. ~he ~ ~ QG of G is defined as 

r.G=LG/G, 

wheгe LG is the space Map(S 1 ,G) of C
00

-smooth mappings of the unit ciгcle 

S1 into G and G in the denominat.oг is identified wi th the gгoup of cons

tant maps S1
--) g е G. The ciгcle S1 we identify wi th the set of complex 

о 

numbeгs having the modulus 1 . 

Consideгing LG as а gгoup with гespect to the pointwise multiplication 

of G-valued functions, we see that QG is а homogeneous space with the 

oгigin о, which is the class of the constant mappings S 1 ~ 1eG in LG . The 

tangent space of QG in the oгigin о is natuгally identified wi th the 

space Qg=Lg/ g . 

1.3. Ghosts. Owing to the гequiгement of invaгiance of the theoгy with 

гespect to the changes of the paгametгization of the stгing , the physical 

phase space · is а submanifold in Q oЬtained Ьу symplectic dimensional 

гeduction w . г . to Diff(S1 )-ac tion (see, e . g . (8]) . Неге Diff(S1
) is the 

gгoup of diffeomoгphisms of S1 pгeseгving the oгientation of S1 and the 

gгoup S1 is ident i fied with the subgгoup of гotations in Diff(S1
) . 

Fог the covaгiant imposing of the condition of Diff(S1 )-invaгiance the 

phase space Q must Ье extended up to the gгaded manifold (Q,Gh), 

containing togetheг with the commuting cooгdinates <•~} on Q the anticom
n 

muting cooгdinates {cn, bn} called Ьу "ghosts" [ 1 , 8] . Маге pгecisely , the 

functions of о~~~2п 

... '" • . . .. ·n UИ'""'Eryt -4 - ......... н-: ~,,.. n .... •' ,, . il 
'1 tll~f'il4! !icr.,ttwuoO f\ 1 

t ~Лt-КПЕКА \ -- --



ф ф 

с(и)= [ cn exp(-inu) , b(u)= [ bn exp(-inu) , 
n =- m n ;- oo 

n - n 
с =с bn=b -n' ( 1 ) 

with the Fourier-components cn and bn , which are the anticommuting 

variaЫes 

cmcn+ cncm= cmbn+ bncm= bmbn+ bnbm=O ' (2) 

are considered [1] . The line ove-r the letter means а complex conjugation. 

We conside r the real vector space W with basis {cn , bn} . Let us intro

duce the Grassmann algebra 

Л(W) = ~ Лq ( W), 
q =O 

generated Ьу cn and bn from ( 1 j, (2) . Not ice, that we i de nt ify W and 

Л1 (W) . In the algebra Л(W ) one may introduce 2 -grading . Indeed , Л(W)= 
2 

= Л0 (W)ФЛ1 (W) , where 

л · (W) = ~ Л2 Р( W) , 
О р=О 

Л (W) = ~ Л2 Р" 1 (W) . 
1 р=О 

We set grф=O if фЕЛ0 (W) and grф=1 if фЕЛ1 (W) . 

On Q we introduce the constant sheaf Gh of the Grassmann algebras 

(i . e . Gh=QxЛ(W) with projec t ion Ghэ(~.ф) ~ ~EQ and with discrete topolo

gy in Л(W)), sections of which are the functions on Q with values i n the 

algebra Л(W). For any ·open subset U in Q let us denot e Ьу Gh(U) the space 

of continuous sections of the sheaf Gh over UcQ. In particular Gh(Q) is а 

set of all continuous sections of the sheaf Gh . 

А manifold Q together with а sheaf Gh of graded algebras Л(W) is а 

simplest example of а QlU1d..ed ntal1.Цold (Q,Gh) .(supermanifold) [9 , 10] . In 

our description of graded manifolds and ghosts we follow Kostant [9] , Be

rezin [10], Kostant and Sternberg [ 8 ] (see also [11-13]) . 

1.4. Tangent space ; The ~ on (Q, Gh) are identified with the 

sections fEGh(Q) of the sheaf Gh . The space Gh(Q) = СФ(Q)0Л(W) is the al

gebra of functions on Q with values in the Grassmann algebra Л(W) . 

Let us consider the graded vector space Gh*(Q)=Hom(Gh(Q),~) . An 

element о=о +о Е Gh*IQJ will Ье said to Ье а ~iд.V..,on. of algebra 
о .1 

Gh(Q) at ~EQ if а gгaded Leibnit z гule takes place 

о (fg)=o (f) g(~) + (-1)
1 

grf f(~) о (g), 
1 1 . 1 

where 1=0,1, f = f0~ Е Gh(Q) = СФ(Q)0Л ( W) , g = g0ф Е СФ(Q)0Л(W) , gro =i, 
1 

grf ~ gr~. grg ~ grф ( see also [12 , 13]) . 

~he ~ ~ Т ( Q,Gh ) of graded manifold (Q, Gh) at the point ~eQ 
~ 

2 " 
\о.'"" 

... 
.;:-., 

is defined to Ье the space of all diffeгentiations of algebra Gh(Q) at 

~EQ. ln local coordinates {~~.cn,bn} on (Q,Gh) we have 
dlooG 

n 

о = [ [ а~ .Е_~ 
n д~ 

n 

+ n д n д ) 
[ ~~ acn + :l аьn . 

where а~. 
n 

n 
~. 

~= 1 n"O n 

:ln Е Gh(Q), gr~~=O , grcn=grbn=1. 
n 

1.5. For о=о +о о'=о'+о'ЕТ (Q Gh) а ~h~AnA 
о 1 . о 1 ~ • '#'~ ~ is deflned Ьу 

[о o'J =о о'+ I-1J 1 J о' 
1 • J 1 J J о 1 , i,j=0,1 . 

In partlcular , for the loca l basis д 
{-~ 

д~ 
д д 

. дсn ' дьn } of the space 
n 

Т (Q,Gh) one has [9,10] : 
~ 

д 
дr~ .. 
д 
дет 

.Е_ v -
д~ 

n 

д 
дсn + 

.E_v 
д~ 

n 

д 
дсn 

.Е_ ( v)= 0 v 0т д-rр. ~n р. n' .. 
д 
дcm(cn) on 

m 

д 

д~~ 
m 

д 
дет 

д 
дr~ 

д 
дсn -

д д 
дсn д~~ 

т m 

д 
дет 

д д д 

дьn + дьn дет 

д n д n 
- ~ (с ) = -11 (Ь ) = 
д~ д~ 

m '" 

~ m (bn) = ~ m (cn) =О 
де дЬ 

д д д д 

дr~ дьn - дьn д~р. =О, 
m • 

д д д д 

дьm дьn + дьn дь'" =О, 

~ n ( ~~) = ~ n ( ~jl) = О, 
де • дЬ • 

~ ,. (bn) = cSn 
дЬ • 

1.6. Tangent bundle. The tangent space Т (Q,Gh) may Ье splitted lnto 
~ 

the direct sum of the subspaces : 

Т (Q,Gh) 
~ 

Т (Q) Ф Т (W) , 
~ ~ 

where Т (Q) coincldes wi th the oгdlnary tangent space of the manlfold Q 
~ 

at point ~. and the vec toгs fгom the subspace Т (W) do not actually 
~ 

depen·d on ~EQ, because the s heaf Gh is а constant sheaf. Finally, 

T(Q,Gh) 

is а~~ оvег (Q,Gh) . 

u 
~EQ 

Т (Q,Gh) 
~ 

1.7. Forms . ~he <>р~ of dЦ.(.€flenUal. q-(.ortmo а Е Лq(Q,Gh) at ~EQ is 

defined as the set of all q-linear maps on Т (Q,Gh) with values in Л(W), 
~ 

characterized Ьу the graded symmetry condition : 

(grE +1)(grE +1) 

а<е .. . .. е. е .. .. . е >=<-1> J J•
1 а<е .... . е .е ..... е>. 

1 J j+1 q 1 j+1 J q 

where Е е Т (Q,Gh) аге homogeneous . In paгticular, the space Л 1 (Q,Gh) ls 
J ~ * ~ 

isomorph ic to the space Т (Q,Gh ), wh! ch is 
~ 

For the local basis { d~~ . dc n, dbn } of the 
n 

3 

dual to the space Т (Q,Gh) . 
* ~ space Т (Q,Gh) the following 
~ 



commuta t lon гelations take place [9, 10] : 

d~~ d~v + d~vdr~ = d~~dc" - dc"d~~ = d~~dbn - dbnd~~ = О, 
m n n m m т т m 

dcmdc" - dc"dcm = dcmdb" -db"dc m = dbmdb" - dbndbm = О, 

(d~~)c" + c"(d~~) = (d~~ )b" + b"(d~~ ) = (dc")~~ - ~M ( dc") = О, 
m m m т m т 

~~ (db") - (db~) rM = c m(dc") - (dc")cm = bm(dc") -(dcn)bm = О, 
т т 

cт(dbn ) -(dbn)cm = bт(dbn) - (dbn)bm = О . 

Finally, the орегаtог d of exteгnal diffeгenti ation 

manifold ( Q,Gh ) Дn the loca l cooгdinat es has the foгm 
dl mG ~ д 

ct = [ [ ct~" а:,~ + 
~= 1 n>'O n 

n д n д 
[ (ctc дсn + сtь aьnJ 
n 

§2. SYHPLECTIC SТRUCТURE 

on the gгaded 

2.1. Symplectic foгm. On the gгaded manifold (Q,Gh) l e t us intгoduce а 

nondegeneгate 2-foгm w е Л2 (Q,Gh) with dw=O . The manifold (Q,Gh) pгovided 
with such 2-foгm w i s called the щmp.lec.Uc QfUl.d.€d rn.a.rU.&oid and denoted 

Ьу (Q,Gh,w). 

То intгoduce w we consideг the tangent space T
0

(Q , Gh) = T 0 (Q)ФT 0 (W) at 

the maгked point ~= о. Let < · , · > Ье а ( nondegeneгate ) invaгiant symmet гi c 

inneг pгoduct on the Lie algebгa g. On Lg let us intгoduce the following 

2-foгm 

k 2П 
W

0
(X,Y) = 2rrf du <X( u),Y'(u) > 

о 

(3) 

wheгe X,YeLg, Y':=dY/ du , k is an integeг numbeг . This foгm is cl osed on 

Lg and, mогеоvег, w
0

(X, У) =О if at least one of the maps Х , У is con

stant. Hence (3) defines the closed 2-foгm 1<1
0 

on the tangent s pace 

Т (Q)=Qg=Lg/g to Q in the oгigin . 

о Any vectoг ХеТ (Q , Gh) always may Ье splitted into the sum Х = XQ + Xw, 
Q о w 

wheгe Х еТ (Q) and Х еТ (W). Put 
о о 

w (XQ, Yw ) = w (Xw,YQ) =О 
о о 

(4) 

• . Q Q 
fог any X, YeT.(Q,Gh). Notice , that foгmula (3) defines ~<~ 0 (Х , У) . Each 

vectoг Xw fгom Т (W) has the foгm 
о 

W 1 
2 П ( с д Ь д ) Х = 2rr Jo du Х (u) дё(u ) + Х (u) дЬ(u ) . 

4 

w w 
Fог the vectoгs Х , У fгom the subspace Т о ( W) of the tangent space 

Т (Q , Gh) we set 
о 

w (Xw,Yw) 
о 

1 
2 П ( с Ь Ь с ) 4П J
0 

du Х (u) У (u) + Х (u) У (u) . (5) 

2 . 2 . Foгmulae ( 3)-( 5) define the closed 2-foгm 1<1
0 

on the tangent space 

T
0

(Q,Gh) at the oгigin oeQ. This foгm is non~geneгate so tгansfeггing it 

to otheг points of QG Ьу left tгanslations of gгoup LG we oьtain the 

(left-)invaгiant symplectic stгuctuгe w on (Q,Gh) . We obtaln 
k 2П 1 2П 

w = wQ+ww= 4П J du<d~(u) Л d~' (u)>+ 4П J du(dc(u)dЬ(u)+dЬ(u)dc(u)), (б) 
о о 

wheгe ~eQ, c,beW. 

2.3. Repaгametгization. Consideг the action of the gгoup Diff(S1
) on 

the symplectic stгuctuгe w. The action of а diffeomoгphism feDiff(S 1
) on 

а map ХеТ (Q,Gh) is defined in the usual way f X(u) := X(f(u)) . 
• * 

The foгm wQ' which is the гestгiction on Q of the symplectic foгm w, 

ls invaгiant with гespect to Diff(S1
) in the sense that 

Q Q Q Q 
wQ( f*X, f*Y) = wQ(X ,У) 

fог any feDiff(S 1
) . 

Undeг а гepaгametгization u -? u'=f(u) of 5 1 the diffeгentials dc(u) 

and dЬ(u) tгansfoгm as [1] 

~ du -1 du 2 
dc(u)-? dc'(u') = ( du') dc(u), dЬ(u)-? db'(u') = ( du') dЬ(u). (7) 

Fгom (б) and (7) it is obvious that the foгm w is invaгiant w . г.to the w 
action of the gгoup Diff(S

1
), theгefoгe the symplectic stгuctuгe w=wQ+ww 

on (Q,Gh), intгoduced in (б), is Diff(S1 )-invaгiant . 

2. 4. Poisson bгackets. Using the fact that the foгm w geneгates an 

isomoгphism between the tangent and cotangent spaces in any point of Q, 

we can associate wi th any obseгvaЬle f fr:om Gh( Q) а Hami ltonlan gгaded 

vectoг field Xr on (Q , Gh) accoгding to the гule 

df ( · ) = w( Х r, · ) . (8) 

ObseгvaЬles on (Q, Gh) foгm а Lie supeгalgebгa with а gгaded Lie bгacket 

given Ьу the Poisson bгacket defined Ьу 

{f , g} = w(X ,Х ), 
f 9 

wheгe Х , Х аге the Hamiltonian gгaded vectoг fields coггesponding to 
f 9 

5 



observaЬles f,geGh(Q) [9,10]. Notice, that 2-form w may Ье locally repre

sented as an exterior differential w=dA of 1-form А. 

2.5. Bosons and algebгa Vect(S1 ). The 2-form wQ is invaгiant under 

Diff(S
1
), so the Lie algebra Vect(S1

) of the group Diff(S1 ) may Ье iden

tified with а subalgebra of the algebra of Hamiltonian vector fields on 

О. А subalgebra of the algebra of the observaЬles corresponding to the 

algebra Vect(S
1

) of Hamiltonian vector fields on Q is generated Ьу the 

functions Л given Ьу the formula 
n 

k ZП lnU 
- 2П J du <Э' ' (иJ,.-'(и)> е л 

n 
о 

where .-enG, n=0,±1,±2, .. . 

relations 

The functions Л е Cm(Q)®1 
n 

{Л ,Л } = (m-n) Л i\ =Л 
т n m+n n -n 

and give the representation of the algebra Vect(S1 ). 

( 9) 

satisfy the 

2.6. Feгmions and Vect(S
1

). The 2-form w , which is the restriction on w 
W of the symplectic form w on (Q,Gh), is also invariant under Diff(S1 ) . 

Therefore in the Lie superalgebra of the _ observaЬles Gh(Q) one may choose 

а subalgebra Vect(S
1

) .generated Ьу functions ~ glven Ьу the formula [1) : 
n 

. 2П 

~n ~п J du ( c(u)b' (и) + 2с' (u)b(u)) 
о 

lnU 
е ( 10) 

where c,beW, n=0 , ±1,±2 , .. . . Functions ~е 1®Л(W) also satisfy the commu
n 

tation relations of the algebra Vect(S1 ): 

{~ .~ } = (m-n) ~ , 
т n m+n ~n ~ 

-n 

With the help of (8) we can associate with any function ~ from (10) а 
n 

graded vector field on (Q,Gh) acting only in odd directions. 

2.7. Bosons®feгmions and Vect(S1 ). We introduce the functions 

( = л + ~ 
n n n ( 11 ) 

which Ьelong to the algebra of the observaЬles Gh(Q) = Cm(Q)®Л(W) on (Q, 

Gh) . From the definition of the symplectic form w (see (б)) it follows 

that {Л .~ }=0, and we obtain 
m n 

{( ,(} = (m-n) ( 
m n m+n ( = ( 

n -n 

In other words, ( also give а representation of the algebгa . Vect(S 1
) . 

6 
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§3. COMPLEX SТRUCТURE ON (Q,Gh) 

3.1. The standard definition of (almost) complex structure on manl·

folds easily generalizes to gгaded manifolds (see, e . g., [12]) . Namely, 

(almost) complex stгuctuгe on gгaded manifold (Q,Gh) is а graded tensor 

field J, which is an automoгphism of the tangent space Т (Q,Gh) at each 
2 ... 

point .-en, such that J = -1 . 
... о . о 

3.2. Complex stгuctuгe J . Let us define the complex structure J first 

on the tangent space T
0

(Q,Gh) = T
0

(Q)@T
0

(W) = Qg@T
0

(W) in the orlgln о 

We shall consider the complexification Tc(Q,Gh) = Tc(Q)@Tc(W) of the tan-
o о о 

gent space Т (Q,Gh) and define the action of the operator J
0 on the vec-

o о 

с tors ХеТ о ( Q, Gh). 

An аrЫtгагу vector XQ belonging to the subspace Tc(Q) in the space 
о 

Tc(Q,Gh) can Ье гepresented Ьу its Fourieг series 
о 

х0 = L 
noto 

х0 z" 
n 

• 

Q с 
where Х eg 

n 
This vector Ьelongs to Т (Q) if ХЛ = х0 . The орегаtог J

0 
о n -n · о 

of the complex structuгe J
0 in the origin о is defined Ьу 

J 0 х0 = -i [ sgn(n) х0 z" = i [ 
о n 

х0 z" - i [ х0 z" 
n n 

(12) 
noto n<O n>O 

An агЬitгагу vectoг Xw fгom the subspace Tc(W) in Tc(Q,Gh) ls glven Ьу 
о о 

w n а n а ) 
х = [ ( 'Р де" + :t дь" 

n 

This vector belongs to the subspace T
0

(W) if ;n 
ne the орегаtог J 0 on Tc(W) Ьу 

-n -п 

'() • :t 
-n 

:t . We defi-

о о 

о w ( nа nа) ·( J о х = i [ 'Р де" + [ :t дь" - 1 
nS-N-1 n~N 

na ~ na) L tp де n + L :t дЬ n ' 
n~-N n~N+t 

( 13) 

wheгe the integeг-valued N is called the level of the vacuum. The cases 

N=-1 and N=O corгespond to the U(l)-invariant vacuum. The cases N=-2 and 

N=1 correspond to the SL(2,R)-invariant vacuum (see [1-4]) . 

3.3. Formulae (12) and (13) define J
0 on Т (Q,Gh). We transfer the 
о о 

complex structure J
0 to other points of QG uslng left translations Ьу LG. 
о 

I t should Ье pointed out tha t Т ( W) =Т ( W) Ьecause the vectors f'rom' Т ( W) 
. ... о ., 

do not depend on .-ео . Notice, that expansion (1) actually depends on the 
· О n n · 

complex stгucture J, theгefoгe instead of с and Ь ln (1), (2), ('13) lt 

is necessary to use с~ and ь" . 
о 

7 



3.4. Compatibility of J
0 

and w. The intгoduced symplectic and compl ex 

stгuctuгes on (Q,Gh) аге compatiЬle in the following sense. If J 0 is the 
r 

QpE:!ПI.toг of complex stгuctuгe on the tangent space Т ( Q, Gh) in а point 
r 

'1EQ and <иr is the symplectic stгuctuгe at this point , then 

<и (J
0 Х, J

0 У) = w (Х, У) 
'1 r r '1 

fог any Х , УеТ (Q,Gh). Могеоvег, the metгic g0 given Ьу 
'1 

g
0 (Х, У) : = w (Х, J 0 У) 
'1 r '1 

(14) 

on T'1(Q,Gh) is nondegeneгate. In paгticulaг, <иQ defines а p.a.eш:W-J<a~ 

Wшc.twte g(X , Y) + i<и(Х,У) on Q. The symplectic manifold (Q,Gh , <и) with 

complex stгuctuгe J
0 

we shall call ·th.e q11aded rм..eudo-J<iihl'-ert ПUlГIЦ.old wi th 

pseudo-Kahleг metгic (14) and shall denote it Ьу (Q о, Gh o):(Q,Gh,<и , J 0 ) . 
J J 

3.5. Complex structure J. Let us denote Ьу Т (Q ), Т (W) the subspa-r о r о 

ces in Tc(Q,Gh), coггesponding to the eigenvalue +i of the орегаtог J 0 , 
'1 - - с 

and Ьу T(Q), T(W) the subspaces in T(Q,Gh) , coггesponding to the 
'10 '10 r 

eigenvalue -i of the орегаtог J 0
. It is easy to see that the subspaces 

Т (Q )еТ (W ) and Т (Q )еТ (W ) аге the isotгopic spaces of the symplec-'1 о '1 о '1 о '1 о 

tic foгm <и (see (6)) . 

Consideг the change IJ' ---? IJ''=f(IJ') of the paгametгization of stгing . 

This tгansfoгmation fгom the gгoup Diff(51
) changes the splitting of the 

space Tc(Q,Gh) on the isotгopic subspaces . The action of Diff(51
) on the 

'1 
complex stгuctuгe J 0 is given Ьу the foгmula 

-1 о 
J : =f oJof 

* * 
( 15) 

The new complex stгuctuгe J defined Ьу (15) coincides with J 0 if and only 

if tne diffeomoгphism feDiff( 5 1
) is а гotation, i. е. f belongs to the 

subgгoup 5
1
cDiff(51

) . The complex stгuctuгe J given Ьу (15) is compatiЬle 

with <и Ьecause <и is invaгiant undeг Diff(51
) and J is also invaгiant with 

respect to the left action of LG . 

Tc(Q,Gh)= Т (Q )еТ (W ) е Т (Q )еТ (W ) We oьtain ( ) ( ) 
'1 • '1 1 r 1 r 1 '1 J 

The derivatives д/дет ( m~ - N-1) and д/дЬт ( m~ N) foгm the basis of the 
J J 

space Т (W ) . The explicit foгm of their dependence on д/ст,д/дЬт and on 
о J о о 

the complex stгucture J, paгametгizing Ьу some matгix, is given, fог 

• 11 m m example, 1n [4,14] . Analogous formulae fог '1 (J)eQ, с ,b
1

eW
1 

see also in 
n J J 

[4,14]. 

8 
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§ 4. ТНЕ SPACE OF COHPLEX SТRUCТURES 

4 . 1 . The space 

~=Diff(5 1 )/5 1 

~ the space of compatiЬle complex stгuctuгes on the gгaded 

loop space (Q,Gh). 

The manifold ~ and the vectoг bundles on it have арреагеd in Bowick

Rajeev [3] and was lateг studied in the рарегs [15-17,4,5,14,18-20]. 

4 . 2 . Algebra Vect(S1 ). The Lie algebгa of Diff(51
) is identified with 

the ~ Vec t(5 1
) оС~~~ оп 5

1 
having the bгacket 

[ 
d d ] d a(IJ')diJ' .~(IJ')diJ' = ( a(IJ')~'(IJ') - a'(IJ')~(IJ') )diJ' 

А basis of the complexified algebгa Vect (5 1
) can Ье given Ьу the vectoг 

с 

fields 

е = ieiniJ' d n = О, ±1, ±2, ... 
n diJ' 

subject to the commutation гelations 

[ е ,е 1 = (m - n)e 
m n m+n 

4.3. The gгoup Diff(51
) acts Ьу left tгanslations on the space ~ of 

complex stгuctuгes . Denote Ьу L the vectoг fields on ~ coггesponding un
n 

dег this action to the base vectoг fields е . The fields L satisfy to 

the same . commutation гelations as е 
n 

[ L , L ] 
m n 

n n 

(m-n)L 
m+n 

4.4. Complex structure J. on ~. The tangent space Т 0 (~) in the oгigin 

о е ~ consists of vectoгs 

v = L: 
n;tO 

v 
n 

L 
n 

subject to the гelations v v Define а complex stгuctuгe J on Т (~) 
- n о о n 

Ьу setting 

J
0

V = -i L sgn(n) vn Ln (16) 

n;tO 

This structuгe geneгates Ьу left tгanslations of . Diff( 5
1

) an invariant 

(integгaЬle) complex stгuctuгe J on ~ . 

4.5. Symplectic form on ~. We can also intгoduce (not uniquely) an 

invaгiant Kahleг stгuctuгe on ~ . In the base 

2-form 

9 

L } it can Ье given Ьу the 
n 



w'(L , L) = ( а m3 
+ ь m ) о 

т n m, -n 

which is nondegeneгate in two diffeгent cases - when а=О, ь~о ог а~о 

and -Ьiа is not а squaгe integeг . We shall suppose fuгtheг on that the 

second possibility is гealized. 

§ 5. ТНЕ GRADED ТWISTOR BUNDLE 

5.1. The twistoг bundle. The bundl e п : Z ~ Q о vе г Q with the fibгe 

~ in а point ~ Е Q 
~ 

on Т (Q) will Ье 
~ 

consisting of compatiЬle inva ri ant complex stгuctuгes 

called the ~ &ш1.dle оvег Q. Points of Z аге 

paiгs (~.J ) , wheгe ~Е Q , J is а complex stгuctuгe on Т (Q) . Notice, 
~ ~ ~ 

that the space ~ also paгametгizes the space of the compatiЬle complex 
~ 1 1 

stгuctuгes on Т (W) and ~ ~ ~ = Diff(S ) / 5 . 
~ ~ 

5.2. DouЬle fibгation. Тhеге is а natuгal left action of LG on Z indu-

ced Ьу the left action of LG on Q and the огЬi t space Ьу this action 

coincides with ~ because any complex stгuctuгe J on Q is defined Ьу its 

value J in агЬi tгагу point ~ Е Q, е . g . in the oгigin о . Hence we have 
~ 

the douЬle fibгation 

z --~~ 

п 1 р ( 17) 

Q 

wheгe р is the natuгal pгojection of Z onto the oгbit space ~ - The fibгe 

QJ of р оvег а point J Е~ is identified with the space (Q,J) , i.e. with 

the space Q pгovided with the complex stгuctuгe J . It peгmits to consideг 

the points of Z as the paiгs (J.~ ), wheгe JE~. ~ EQ. If one identifies 
. J J J 

~ with the space ~. of the complex stгuctuгes on T
0

(Q) then one obtains 

the complex stгuctuгe J={J } on Q fгom J Е~ Ьу the left action of LG on 
~ о о 

Q. That is way it is convenient to denote JE~ and the complex stгuctuгe 

J={J } on Q Ьу the same letteг . 
~ 

5.3. Ghosts on Z. Afteг the intгoduction of the complex stгuc tuгe J on 

the gгaded manifold (Q,Gh) we have the constant sheaf GhJ= QJ xЛ(WJ) . We 

consideг the sheaf Gh= U Gh on Z wi th а natuгal pгojection Gh ~ z. The 
JE~ J 

sections of Gh will Ье the fun c tions on Z with values in algebгa Л(W) . We 

dencite Ьу Gh(Z) the space of all continuous s ections of the sheaf Gh . 

Раiг (Z,Gh) consisting of the manifold Z and the sheaf Gh оvег it is а 

10 

.. 

~ded ~~ maп~d . The coo г d i nat es ( ~. J ) on Z аге even cooгdinates 
~ 

on (Z , Gh) and the cooгdina tes с , Ь on W а ге odd cooгdinates on (Z,Gh) . J J J 

5.4. Complex stгuctuгe on (Z,Gh). In огdег to intгoduce the almost 

complex stгuctuгe :) on (Z,Gh ) , we sha ll define the орегаtог ::S on the 
z 

tangent space Т (Z,Gh)=T (Z) eT (W) at each point zEZ . Notice that the 
z z z 

vectoгs fгom Т (W) de pe nd onl y on J=p(z) and it is possiЬ!e to identify 
z 

Т (W) with Т (W ), whe гe ~=п(z) . Тhегеfо ге } on Т (W) is actually given z ~ J z z 
Ьу foгmulae (13) and (15) . ln огdе г t o define} on Т (Z) we consideг the 

z z 
bundles п- 1 (П2) and р- 1 (Т~) оvег Z wh ich аге the pull-backs of the 

tangent bundles of Q and ~ гespec tive l y . 

The pгojections п and р geneгate na tuгal bundle homomoгphisms 

dп: TZ ~ п- 1 (ТQ) , dp : TZ ~ р- 1 (Т~) . 

We call the keгne l o f dп the \9Cilt~caR aubl>und.fe v. of TZ and keгnel of dp 

- ~ ~&undfe Н of TZ . The n the fibгe V оvег а point zEZ is 
' z 

identified with the tangent s pace Т(~ · ) t o the fibгe ~ оvег ~=п(z) of 
z ~ ~ 

the bundle п : Z ~ Q and (Ьу р) with the tangent space TJ(:J) wheгe 

J=p(z). The fibгe Н in а po int z i s identified with the tangent space 
z . 

Т (Q ) to the fibгe Q of the bundle р: Z ~ ~ and ( Ьу п) wi th the 
z J J 

tangent space Т (Q). Denote Ьу }v the complex stгuctuгe on V induced Ьу 
~ z z 

the comple.x stгuctuгe :JJ on ~ i n tt1e point J ( c f . (lб)), and Ьу i):- the 

complex .stгuctuгe on Н induced Ьу the comple x stгuctuгe J on Q in the 
z ~ 

point ~ - Now we · define the complex stгuctuгe i)z on Tz(Z)=Hz0 Vz Ьу setting 

,) = i)h 0 i)v . 
z z z (18) 

The foгmula ( 18) de fines a n afmoa l compfea: blJu.u:,tWJe ,) on Z. Note that 

the pгojection р : Z ~ ~ i s а ho l omoгphi c mapping with гespect to о. 

5.5. Real stгuctuгe on Z. We define now а геаl stгuctuгe on Z. Note 

that the space :J=Diff(S
1

) / 5
1 

ha s а natuгal геаl stгuctuгe е. ~eneгated Ьу 
the mapping f(e

1
u) ~ f(- e 1u) fог feDiff(5 1

), e 1 uE 5 1
. The геаl stгuc

tuгe е . has no fixed points оп ~ . Intгoduce а 'teal ~ е on Z Ьу 

setting 

е : (~.JJ ----7 (~.e . (JJJ. 

It tгansfoгms the a lmost compl ex stгuc tuгe i) on 2 into the conjugate 

almost complex stгuc tuгe -;) . Fi Ьегs :J of п : Z ~ Q аге invaгiant undeг 
~ 
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е so, in this sense, they аге геаl submanifolds of Z. Hence, undeг the 

twi stoг coггespondence gi ven Ьу the di agгam ( 17) p,o{nto oj Q ~p.ond 

to tt.eal hotomoгtpiШ:. ~ of р : Z ---7 'З- . 

This situation гeminds the one fог hypeг-Kahleг manifolds [21) . The 

twistoг space Z is а holomoгphic bundle р: Z ---7 ';; оvег the Kahleг 

manifold 'J. This bundle has а family of геаl (holomoгphic) sections 

paгametrized Ьу points of Q. The noгmal bundle of any of these sections 

is identified (as in [21)) with the tensoг pгoduct of the tгivial bundle 

with the fibгe Qg and complex line bundle К- 1 ~ '3- which is the 

anticanonical bundle of 'J . It would Ье inteгesting to know if this 

constгuction can Ье гeveгsed as in the hypeг-Kahleг case. Ог, in otheг 

words, how to descгibe manifolds Q whi ch aгise as the spaces of 

paгameteгs of families of геаl holomoгphic sections of holomoгphic 

bundles р : Z ---7 '} wheгe Z is an infinite-dimensional complex manifold 

with а геаl stгuctuгe ? Such manifolds should have а collection of 

covariantly constant complex stгuctuгes paгametгized Ьу the space '} so 

they may Ье consideгed as infinite-dimensional analogues of hypeг-Kahleг 

manifolds . 

5.6. \.Je shall denote Ьу л the pгojection л : (э-,J ,с ,Ь) ---7 (э-,с,Ь), 
Э" J J 

where с, Ь аге odd cooгdinates on the gгaded manifold (Q,Gh) . In § 3 we 

have intгoduced the gгaded pseudo-Kahleг manifold (QJ,GhJ):(Q,Gh,w,J) 

wlth cooгdinates (э- ,с ,Ь ) . The action of the gгoup LG on (Z,Gh) peгmits J J J 
to define а pгojection р: (J,э-J.cJ,ЬJ) ---7 J on the space 'J . Thus, we ha-

ve а douЫe bundle 

(Z,Gh) '} ( 19) 

л l р 

• 
(Q,Gh) 

The flbгes of the bundle (Z , Gh) ---7 (Q,Gh) аге identified with the space 

,_ of the (compatiЬle) complex stгuctuгes on the space Т (Q,Gh) . The 
7 . 1 

fibre (QJ,Gh) of р оvег а point Je'J is identified with the gгaded 

symplectic space (Q,Gh,w) pгovided with the complex stгuctuгe J . 

§ 6. PREQUANТIZATION 

6.1. Тhе pгequantization bundle. Let L Ье а complex line bundle оvег Q 

with an Heгmitian stгuctuгe ( ·, ·). Suppose that L is pгovided with а 

12 

· ~ 

~ 

connection v12 compatiЬle with lhe Heгmitian stгucture (i . e . 

(V12s,t)+(s, V12t ) = X(s , t) fог any sections s ,t of L and any vectoг field Х 
х х 

on 12). It is necessaгy to choose а connection v12 so that its cuгvatuгe 
F 12 coincides with the symplectic foгm w12 on Q. The foгm w12 is the cuгva-

V . 
tuгe foгm of the compl ex line bundle L оvег Q with а connection v12 if and 

only if the cohomology class of w
12 

is integгal (see [22,23) ). The bundle 

L ---7 Q is called in this case the fYL€4ШlfLЙ~ &un.d.le. Ву defini tion 
. Q Q Q Q 

F ,..,(Х,У) = = !([V, V 1 - V ) and locally we have V = Х- iA(X), 
v" х У r х • У 1 х 

wheгe А is а connection 1-foгm. 

6.2. The pгequantization sheaves . Let us consideг а complexified Gгas

smann algebгa Лс(\.J) (=Л(Wс)) and diгect pгoducts 

Q = Q х Лс(\.J) , Q = Z х Лс(\.J) 
gh gh 

of the mani folds Q, Z and of the vec toг space Л с( \.J) =Л( W) ooiC . \.Je i ntroduce 

tгivial vectoг bundle 

(20а) Q ----)\), 
gh 

Q ----) z 
gh 

(2ОЬ) 

with а natuгal pгojection on the fiгst factoг . 

Now let us intгoduce а tensoг pгoduct of the bundle L ---7 Q and of 

bundle (20а) : 

L ® Q ~ Q 
gh 

( 21) 

А sheaf of sections of this bundle will Ье denoted Ьу GhL . This sheaf is 

called а Une &un.d.le ~ оvег the gгaded manifold (Q,Gh) (see [9)) . 

Analogously, let us intгoduce а bundle 

L®Q ~z. 
gh 

(22) 

wheгe [ is the pull-back of the Ьundle L оvег Q to the twistoг space Z. 

It is obvious that L®Q is the pull-back of the vectoг bundle LooQ оvег 
gh gh -

- - - L Q to z. А sheaf of sections of the bundle L®\2 we shall denote Ьу Gh ; 
gh 

it is а line Ьundle sheaf оvег the gгaded twistoг manifold (Z,Gh) . 

6.3. The sheaf GhL is called also the ~ ~. and the 

space GhL(Q) is called the ~ ~· If we denote Ьу 
H=Г(Q,L) the space of sections of the bundle L, then GhL(Q)=H®Лc(\.J) . 

6.4. Let us intгoduce а connection V in the sheaf GhL, i . e. for any 

13 



open set U с Q and f or any gr aded vector fi e l d Х we wil l define а linear 

map Vx : GhL(U) --7 GhL(U) locall y given Ьу f o rmula 

Vxf = Xf - iA(X)f , 

where 1-form А Е Л 1 (Q,Gh) has degree g rA=1 . f Е GhL(U ). The curva ture of 

this connection i s cal culated wi th the help of the graded commutator 

[9,10] . 

6.5. Connection V. We shall choose а connecti on V s o that its 

curvatuгe FV coincides with the symplec ti c form w on the gгaded manifold 

(Q,Gh) . We can do this if and only if the cohomo logy c l a ss, defined Ьу 

the restгiction w
0 

of the foгm w t o the ma nifold Q, i s integгa l (see 

[9)) . Let Х Ье а vectoг field on Q. As the components Vx of the 

connection V we t a ke the compone nts of t he connecti on ha ving the 

curvature equal to w
0 

(see Sec t .6 .1). lf Х co incide s with one of the 
-т - т С basic vectoг fields Xcm = а;аь1 о г Xbm = а1ас 1 from T

0
(W) then we put 

J J 

v< 1. о> 

Xcn 
J 

v< о, 1 > 

Х n 
с 

J 

а 
гь-n 

J 

icn 
J 

n2: -N, 

а , n:!S -N-1 , 
гь-n 

J 

v<I,o> = а 
Х n - -n 
ь ас 

J J 

ibn , n2: N+1, 
J 

v< 0
' 

1 
> = ·а . n:!S N 

Х n - - n 
ь ас 

J J 

( 23) 

It is not difficult to veгify that fог the curvatuгe tensoг FV of the 

connection V we have 

FV( Xcm , Xbn 
J J 

FV( Xcm ,Xcn) 
J J 

= i( v 
Х m 
с 

J 

v 
xbn 

J 

FV( X~m ,Xbn 
J J 

+ v 
Xbn 

J 

о 

v 
Х m 
с 

J 

о 
m,-n 

(24) 

and F,.,(X , У) = О if Х Е Tc(Q) and У Е Tc(W) . This connection V can Ье 
v о о 

transferred to other points of Q using left tгanslations Ьу LG . Its 

curvature form . FV coincides with the symplec t ic 2 - foгm w on (Q, GhJ . 

6.6. As already noted, the space GhL(Q) of sec ti ons of the sheaf GhL 

may Ье written as а tensor product 

GhL(Q) = Н 0 Лс(W) 

of the space Н of sections of the bundle L ( the Fock space of the 

prequantization of the string) and of the algebгa Л с( W) ( the Fock space 
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of the pгequant i zation of ghos ts). That i s why the connectlon V ls 

wгitten as а tensoг pгoduc t 

V = VQ01 + 1<1JVw 

of the connections v0 and Vw. wheгe the connection Vw is given Ьу (23) . 

6.7 . Quantum ghosts. Fo llowing the pгequantization constгuction of 

Kostant and Souriau, t o ea ch observaЬle f fгom the Poincaгe superalgebгa 

Gh(Q) one may corгespond the Hamiltonian graded vectoг field Xr Ьу foгmu

la (8) and the орегаtог 

f ; O(f) = f - i V 
х 

f 

(25) 

acting in the space GhL(Q). О( 1 )= id. In paгticulaг, to the "classl.cal" 

ghosts vaгiaЬles c n 
J 

- n 
с 

J 

and bn 
J 

the гe co ггespond the "quantum" ghosts 

cn - i V 
J Х n 

с 
J 

bn 
J 

bn - i V 
J Xbn 

J 

It is relatively easy to check that 

""m -n "'n -m 
с ь + ь с 

J J J J 

"'m "'n ""n '"'m 
с с + с с 

J J J J 

= -iw( а 
дет 

J 

а 
дьn 

J 

bm bn + bn bm 
J J J J 

- io 
m, -n 

о . 

§ 7. GRADED ANALOG OF ТНЕ WARD'S CONSТRUCТION 

(26) 

7.1. Anti-self-dualit.y. Let Е Ье а homogeneous ( wi th гespect to LG

action) vectoг bundle оvег Q pгovided with а left-invariant connectlon 

VQ . А connection VQ is called ап.й- аеЦ-dиаl ( ASDJ if its cuгvature 
F Q has the type (1,1) with гespect to any invaгiant compatlЬle complex 
v 
structuгe J оп Q. This def i niti on is analogous to the one in the conven-

tlonal twistor theoгy, cf . [24, 21,25] . 

7.2. Waгd's const.гuctlon. Let the connection VQ on Е Ье ASD. Consideг 
the pull-back Е = п*Е of the bundl e Е to the twistoг space Z and denote 

-Q Q -
Ьу V the pull-back of V to Е . The cuгvatuгe - -Q F_Q of V is hoгizontal and 

v 
has, obvlously, type ( 1,1) wi th r·espect to the almost complex stгuctuгe д 

on z. We show that Е --7 z is holomo гphi c . lndeed, we can define t.he 

д-орегаtог on sec tions s of Ё Ьу s e tting 

- - -(0 1)as:= v . s 
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(27) 
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-(0 1 ) - Q - 2 
wheгe V ' is the (0 , 1)-compone nt of the conne c tion V . The n д co i nci -

des with the (0,2) - component of the cuгvatuгe F_Q whi c h van i she s because 
v 

of the anti-self-duality of VQ 
-2 

So д =О and it means that the соггеsроn-

ding almost complex stгuctuгe on Е i s i nt egгaЫ e. Ву t he cons t гuc t ion , 

the bundle Е is tгivial when гestгicted t o fibгe s ~ of п : 2 ~ Q. Hen
r 

се , undeг the pull-'-back t o the t wi stoг s pace Q.f1.Й .-ы1-&-cl.u.a1 ~ &undte 

Е o.uert Q ~ to holoтOГ!pli,Lc ~·ecton &шwl'ei} Е 0-1.9€11 z t.ruлШll 011 

~~r 
7.3. Anti - self-duality of wQ. Le t us conside г now the Waгd 's const гuc-

tion fог а pгequantization bundle L оvе г Q. Th i s bundl e has а connecti on 

.f2 with the cuгvatuгe F Q equa l t o t he sympl ect i c f o гm wQ . The cu г vat uгe 
v 

F Q has the type (1,1) with гespec t to any inva г iant compatiЫe complex 
fJ 
stгuctuгe J on Q because WQ i s compatiЫe with any of such stгuctuгes. So 

the connection VQ on L is ASD and we сал appl y the Wa гd' s constгucti .on . 
Denoting Ьу [ the pull-back of L to the twistoг space 2 we shall oьtain 

that [ ~ 2 is а holomoгphic line bundle . In paгticulaг, if G=Rd- 1
'

1 

t hen [ i s t г i v i а 1 and t he a.fJruY.U c.om.plea: blJшc.tu.n..e д 011 2 i4 ~ 

in tl1Lo. ca.Q,e . 

7.4. Gгaded \laгd's constгuction. Now l et е Ье а sheaf on (Q, Gh) of 

Ghc-modules pгovided with а connec ti on V. А conne c tion V is called 

~-~-cl.u.a1 if its cuг vatuгe FV has the t ype ( 1,1) with гespect to any 

invaгiant compatiЫe complex stгuc tu гe on the gгaded manifold (Q,Gh) . As 

shown in Sec . 7 . 3, the connec t i on VQ in the pгequantiza t i on bundle L sati

sfies , this definition . Noti ce that the components FVw of the connection 

r;w given Ьу (24) also have the t ype (1 , 1) w . г . to any complex stгuc tuгe J 

on (Q,Gh) . Тhегеfоге the connec t i on V=VQ+Vw in the pгequantizati on sheaf 

GhL is ASD . Repeating the discussi on of s ect . 7 . 2, we oьtain that 

~-~-c/.u.a1 Меа.-& Gh L 011 ( Q , Gh) ~ to the hotomort.phU:. o.hea{ 

GhL Of1. (2,Gh) tltWiдl 011 f.i..&Jtei) ~ о& the &шldfe п : (2,Gh) ~ (Q,Gh). . r 

§8. QUANТIZAТION 

8.1 Kahleг polaгization. The intгoduc ing of the r.omplex stгuctuгe J on 

the gгaded symplectic manifold ( Q,Gh , w) defines а J<ahlert ~. 

i . e . а subbundle of vectoгs of the type (0,1) in the complex ified tangent 
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bund l e Tc (Q,Gh). Then the connection V in GhL split s i nto t he diгect sum 

V =1 V( 1 ' 01 Ф1 V ( 0 ' 1 1 of t he componen t s 1 V( 1
'

01 of the t ype (1 , 0) and of the 

component s 
1

V(O , ll of t he t ype (0 , 1) w .г. to J . Let us intгoduce а gгaded 
quant i zation space 

Gh
1

(Q) = { s Е GhL(QJ : 1 V( 0
'

11 s =о}. (28) 

coггesponding to the po l a г ization JE~=Diff ( S 1 ) /S 1 . Tt is the space of the 

holomoгphi c (w . г . t o J ) sect i ons of the sheaf GhL. Remind that GhL(Q) = 

НФЛс(W) , V=VQФl + 10Vw and 1 V( 0
'

11 = 1 V(~' 11 0 1 + 1 01 V~ 0 ' 11 . Let us intгo
duce 

Н1 = { f~H : 1 V(~ ' 11 f=O } · Л(W1 )= { ~ЕЛс(W): 1 V(~' 11 ~=0} 
- с -

It is сlеаг tha t Н=Н1 0Н1 , Л (W)=Л(W1 ) 0Л(W1 ) and Gh1 (Q)=H1 0Л(W1 ), wheгe Н1 
is the bosoni c quantum s pace and В1 =Л ( W1 ) is the feгmionic quantum space, 

coггesponding to the po l a гiza t ion J . Notice that instead of Л(W1 ) the 

space Л(W ) 0Лma x (W) is oft e n cons i deгed ( see, 
J J 

е . g . [ 11 . 18. 261 ) . Неге 

Лmax(W ) (vacuum) is а one-d imensional vectoг space oьtained Ьу taking 
J 

the wedge pгoduct of a ll the basis elements of W
1

. The spaces Л(W1 ) and 

Л(W )0Лmax(W ) аге isomoгphic . Ву definition these spaces аге the spaces 
J J 

of the ~ ~~ of the Cliffoгd algebгa Cl(Wc) of the space Wc 

( see [ 8, 9~ 11 ] ) . 

8.2. Inneг pгoduct. Remi nd that G=Rd-l , l xG and QG = QRd- 1
'

1 xQG . The-
. о о 

геfоге the pгequantization bundle L ~ QG is а tensoг pгoduct L=L'0L" 

of the bundle L' ~ QRd-!, 1 and the bundle L'' ~ QG . The bundles L' 
о 

and L'' аге pгovided wi th connec tions , the cuгvatuгes of which аге equal 

to w' and w'', wheгe w' is а гestгiction of the symplectic foгm w on (Q, 

Gh) to QRd- 1
'

1 and w'' is а гestгiction of w to manifold QG . 
о 

Tl)e bundle L is pгovided with а Heгmitian stгuctuгe (·,·). Let us 

intгoduce the inneг pгoduct 

((s , t)) = f (s , t) detwQ 
Q 

(29) 

on the space H=Г(Q,L) of smooth sections of the bundle L. We intгoduce 

the notations (w")=(w",w") wheгe А , В, . . . =1,2 and w" =с ", w" =b".In §3 the 
А 1 2 1 2 

metгic g on (Q,Gh). was defined (see (14)) . We intгoduce the inneг pгoduct 

((·, ·)) of elements wm, wn Е W Ьу foгmula 
А В 
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m n ( д д 
( ( WA , WB )) = g B wm, B wn 

А В 

Then the inneг pгoduct on Л(W) i s de fined Ьу (see [ 6 , 8 ]) : 
m n 

m m m n n n {de t 
g ( w i • w j) • i. j =1 . .. . . р, if q=p 

А В 1 2 р 1 2 q -((w w . .. w , w w . .. w )) -
А А А В В В 

1 2 р 1 2 q о. 

1 j 

if Ч"Р · (30) 

Of couгse, this i nneг pгoduc t may Ье a l so defi ned i n t e гm of integгal 

(see [10]) . The i nne г pгoduc t (30) i s C- l i neaг extende d on Лс(W ). 
Finally , we put 

((s , <p) ) =О , ( 31) 

if seH®l and <ре1®Лс(W). Thus , foгmulae (29)- ( 31) define the inneг pгoduc t 

on Н®Лс(W) . 

8.3. Metaplectic гepгesentation. We cons ideг the гepгesentation of the 

gгoup Diff(S1 ) in the space НсН®Лс ( W), the geneгatoгs О(Л ) of which аге 
n 

defined Ьу foгmulae ( 8) , ( 9 ) 

§3, 

and ( 25) . Remind that Н=Н ®Н and denote 
J J 

Н :=Н о 
о J 

As discussed in the complex stгuctuгe J
0 is not invaгiant 

undeг the action of the gгoup Diff(S1
), theгefoгe the action of the оре-

гаtогs О(Лn) do not р.геsегvе the space Н 0 • Моге pгecisely, the орегаtогs 

О(Л ) with n~O still ргеsегvе Н , but the орегаtогs О(Л ) with n<O - not. 
n о n 

Define the орегаtогs г (Л ) Ьу setting 
о n 

г (Л ) = О(Л ) fог n~o. г (Л ) = -г*(л ) fог n<O, 
о n n о n о -n 

* wheгe Г 0 denotes the Heгmiti an conjugate of Г 0 with гespect to the inneг 

pгoduct (( ·, · )). The орегаtогs Г 0 ( Лn) act now in Н 0 fог any n and аге the 

geneгatoгs of metaptec.ti.,c ~entati.on ( the Shale-Weyl гepгesentation) 

of the ~гоuр Diff(S1 ) in the space Н сН®Лс(W) . This is а pгojective 
о 

гepгesentation Ьecause (see [1-5]) 

( 
d+ c 3 с ) [ г ( Л ) , г ( Л ) ] - г ( { Л , Л } ) = -12 m - ( (3 - -1 2 ) о , ( 32) 

о m о n о m n m, -n 

wheгe (3 is the noгmal o гdeгing constant гesponsiЫ e fог the amЫguity in 

the definition of г (Л ) (whi ch will Ье chosen lateг) and с is the numbeг 
о о 

given Ьу 

с = 
k. d i mg

0 

k+<!!(S ) 

Неге <l!(g
0

) is the so-called dual Сохеt е г numbeг whi ch can Ье compu t ed fог 

simple Lie algebгas fгom the f o ll owing t аЫ е 

18 

<l!(sl ) = n . <l! ( so ) = n-2, <l! ( sp ) = n+1 , n n n 
<l!(e

6
)=1 2 , <!! ( е 7 )=1 8 , <!!(е 8 ) =30 , <!!(f

4
) =9 , ;e(g

2
J=4 . 

The г i ght-hand s ide of (32) is ca lled an ~· Usi ng left tгansla

tions Ьу Diff(S1
) we can de fine оре га t о гs г (Л ) wh i ch geneгate а pгojec

J n 

tive гepгe sentati oп of Vect(5 1
) i n t he s pace Н with the polaгizat i on gi

J 

ven Ьу а compl ex stгuctuгe J on Q. The explic it form of орегаtогs г (Л ) 
J n 

fог G=Rd- 1
'

1 .and Q=QRd- 1
'

1 is given fог exampl e in [1 9 ] . 

8 . 4. Spin representation . Let us con si de г t he гepгesen t ation of the 

gгoup Diff(51
) in the s pace Лс(W)сН®Лс(W), which geneгatoгs О(м) аге gi

n 
с -ven Ьу ( 8 ) , (1 0 ) and (25) . Re mi nd tha t Л (W)=Л(W ) ®Л(W ) and denote 

. J J 

Л(W ) : =Л(W о). The орега t о г s О(м) do not рг еsегvе the space Л(W) and 
о J n о 

гepeating the discuss i on of Sect.8.3 we de fine the opeгators 

s (~ ) = О(м ) fо г n~O . 
о n n 

* s l м ) = -s lм ) fог n<O, 
о n о -n 

* wheгe S
0 

de notes the He rm i ti a n conjuga t e of S
0 

w~ r . lo the inneг pгoduct 

(( · , · )) (see, e .g. [8,9]) . The о ре гаt о гs S 0 (~n) act now in Л(W) fог any 

n and аге t he geneгato r s of the opin 'leprt.eo.en.taUon of the gгoup 

Diff(S1
) in the space В =Л(W ) . The e xpli c it foгm of s (~) in terms of 

о о о n 

cm and bn is given , for example, in [1,11,12 , 27] . The operatoгs s (м) 
о о J n 

may Ье oьtained Ьу the left action of the gгoup Diff(S1
). This гepгesen-

tation is pгojective and the commutation relations have the foгm 

[ 1, 4. 14] :-

s(мJ. s(мJ -s({~ . p})= - - m + ( N+N+-)m о . (33) 
[ ] ( 

26 3 2 1 ) 

J т J n J m n 1 2 6 m,-n 

8.5. Physical Fock space. Now we introduce the generatoгs 

р l<; J = г (Л J @ 1 + 1 @ s lм J 
J n J n J n 

( 34) 

of the ~ pnod~ of the me t a pl ecti c and spin repгesentations of the 

gгoup Diff(S1
) . The ope гat ors р (() ac t in the space Н ®Л(W ). Fгom 

J n J J 

(32) - (34) it follows that 

[PJ ( <; ) • р ( ( ) ] -р ( { <; • <; } ) 
m J n J т n 

=· --- m +( N +N+- +-- m u 
( 

d +с - 26 3 2 1 с (3) ) ., ( 35) 
1 2 6 12 m,-n 

The paгentheses in the гight-hand side of Eq . (35) аге equal to zero if 

d = 26-с , 

1 f the pa г a me t e г s d , с, 

(3 = N2 
+ N + -

6 

с 
+-

12 
( 36) 

N and (3 s a tisfy the гelations (36) one may 
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lmpose the condit i ons of the гepaгametгiza tion invaгiance pJ(l;nJf=O on 

the elements f fгom the qua nt um Fock s pace HJ 0Л(WJ) оГ the stгing wi th 

ghosts . If we consideг the space НеЛс (W) of sections оГ the pгequantiza

tlon sheaf GhL on the gгaded phase manifo ld ((J ,Gh), then t he physical 

Fock space Hph is glven as the uni on of the spaces of soluti ons of the 

system of diffeгential equations 

нрh= u нрh 
JE,. J 

нРh= { Ф Е H®Лc(WJ : Jv < 0 ' 11 Ф=O . р (( Jt=o}. 
J J n 

(37) 

depending on auxiliaгy рагаmеtег JE~ . Not ice . that Jv< 0
'

1 1 аге the fiгst

oгdeг dlffeгentlal opeгators on ((J,Gh) and р (( ) ~ге the second-oгdeг 
J n 

dlffeгential operatoгs on the gгaded manifold ((J,Gh) . The introduct\on of 

the Diff(S1 )-invaгiant Fock space Aph completes the proceduгe of geomet

гic quantization . In the space Aph one may set the subspace APh of the 
+ 

elements with positive- definite noгm. This subspace consists of the ei

genfunctions of the gho~ t numbe r орегаtог (see [1]) with the eigenvalue 

-112 . 

8.6. Тhе Fock bundle. As discussed a bove , t he connect i on U in the рге-

quantiza~ion sheaf GhL on (Z,Gh) is the pull-back of the connection V in 

the pгequantization sheaf GhL on (Q,Gh) . The connection U may Ье splitted 

into (1,0)- and (0 , 1)-components w. r . to the (almost ) comple x stгuctuгe J 

- - L on (Z,Gh) . Let us denote Ьу Gh
0

(Z) the spa ce of all holomoгphic sections 
- -

of the sheaf GhL on (Z, Gh) . Ву definition thespa ce Jf®13 = Gh~(Z) coinci-

des wlth the union of the spaces HJ 0BJ: 

Xs13 = U HJ0BJ = U { Ф Е H®Лc(WJ : Jv< 0 ' 11 Ф=O } · 
JE,. JE' 

wheгe BJ=Л(WJ) . In other words, the space Jf®13 coincides with the total 

space of the bundle over the manifold ,_ : 

Jf®13 ~ ".} . (38) 

wheгe the fibres оvег JE"J аге the vector spaces HJ0BJ . The гestгict\on of 

the conneGtion U on the fibre (() ,Gh ) of the bundle (Z,Gh) ~ ~ coinci-
J J 

des with the connection JV in the sheaf GhL and 

Н01З = Ф Е Gh (Z) : 
{ 

- L v<О,1)ф =о} . 
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8 . 7. "Twistor" representation of Diff(S1 ) . Now w~ consi deг the pull

back of tt1e fami ly {р ( ( ) } of the second-ordeг diffeгent ia l opeгators on 
J n 

((J,Gh), parametгized Ьу JE"J, to the gгaded manifold (Z,Gh). Following Bo-

wick and Rajeev [3,18], we consideг the Lie deгivatives !fL on ,_ a long 
. n 

the vectoг fields L and the орега tогs р (( ) act i ng in Н ®8 . Let us in-n J n J J 
tгoduce the connection D in the bundle (38) , which in the base {L} is 

n 

given Ьу the foгmula 

D = !f + р (( ) 
L L J n 

(39) 
n n 

The cuгvatuгe F of D in the base {L } was computed at oгigin in [3-5] 
О n 

and equals (cf . (35)): 

F ( L , L ) = ( ~ m3 
+ ( N

2 
+ N + 

О m n 12 

1 

6 
+ - {3 ) m ) о 

12 m,-n 

с (40 ) 

Obviously , that F
0

=0 if the paгameteгs d, с, N, and {3 satisfy the гelati

ons (36). 

The second-ordeг diffeгentia' l operatoгs OL on the gгaded manifold 
n 

(Z,Gh) аге the pull-back of the family {р (( )} of the second-oгder dif
J n 

fe r ential орегаtог on (Q,Gh) to the gгaded t wi sto г space (Z ,Gh). If the 

гelations (36) take place, then the орегаtогs DL аге the geneгatoгs of 
n 

faithful гepгesentation of the gгoup Diff(S1
) in the space Н01З . Accoг

dingly •• the definition (37) of the space Hph may Ье гewгit ten in terms of 

the space of sections of the prequanti zat i on sheaf GhL on (Z,Gh J in the 

following way : 

л рh { - L -( 01) } 
Н = Ф Е Gh (Z) : V ' Ф = О, DLnФ =О , n=0 , ±1 ,... . (41) 

Thus, we oЬtain the foгmulation of the conditions of the гeparamet гizati

on invaгiance and the definition of Aph in the twistoг teгms. 

REFERENCES 

1 . Gгeen M . B . ,Schwaгz J .H . , Witten Е . Supeгstring theory. Cambгidge 

Univeгsity Pгess, 1987 . 

2. Gepneг D., Witten Е . St ring theory оп group manifolds 11 Nucl . Phys . 

8278 (1986),493-549 . 

3 . Вowick М. J ., Rajeev 5 . G. The holomorph ic geometry of closed bosonic 

string theory and Diff($1 )151 1/ Nucl . Phys . 8293 (1987),348-384 . 

21 



4 . Pilch К., Wагnег N. Р. Hol omorphic s tructure of superstring vacua // 

Class . Quant . Gгav . 4 (1987), 1188-1192 . 

5. Mickelsson J. S t ring · quantization оп group manifolds and the 

holomorphic geometry of Diff(S 1 )/S 1 
// Commun . Math . Phys. 112 (1987), 

653-661 . 

6. Pгessley А. ,Segal G. Loop group . Claгendon Pгess , Oxfoгd, 1986 . 

7. Fгeed D. S. Flag manifolds and infinite dimensional Kahler geometry . 

In : Infinite Dimens . Gгoups and Appl . Beгlin, Spгingeг,1985; 83-124 . 

8. Kostant В . , Steгnbeгg S. Symplect ic reduct ion, BRS cohomology, and 

infinite-dimensional Clifford algebras // Ann . Phys . 176 (1987),49-113 . 

9. Kostant В . Graded manifolds, graded Lie theory and prequantization// 

Lect . Notes Math . 570 (1977), 177-306. 

10 . Вeгezin F.A . Introduction to superanalysis . Reidel, Doгdгecht, 1987. 

11. Fгenkel I . B. ,Gaгland H ., Zuckeгman G. J . Semi-Jnfinite cohomology and 

strlng theory// Pгoc.Nat . Acad . Sci. USA 83 (1986), 8442-8446 . 

12. Schalleг Р . ,Schwaгz G. Anomalies from geometric quantization of 

fermionic field theories// J.Math . Phys . 31 (1990), 2366-2377. 

13 . Loll R. The extended phase space of the BRS algebras// Commun . Math . 

Phys . i19 (1988), 509-527 ; Schalleг Р . ,Schwaгz G. Geome tric quantiza

tion and field theories- the chiral anomaly example// Mod . Phys.Lett . 

А4 (1989), 483-490; Ewen Н . ,Schalleг Р . , Schwaгz G. Schwinger terms 

from geometric quantlzation of field theories// J . Math . Phys . 32 

(1991), 1360-1367 . 

14 . Yu У . Symplectic geometry and geometric quantization for the open 

bosonic string in the BRST formalism// Phys.Lett . В216 (1989),75-80 . 

15 . Kiгillov А . А . , Juгiev D.V. Kahl er geome try of the i nfinite-dimensio

nal homogeneous space М = Di ff( S1 )/Rot (5 1 
)/ / Funct. Ana 1. Appl . 21 

(1987) N 4, 35-46 (in Russian) 

16 . Nag S., Vег jovsky А . Diff(S1
) and the TeichmUll er spaces // Commun. 

Math.Phys. 130 (1990), 123-138 . 

17. Hong D. K. ,Rajeev S.G. Universa l TeichmUller space and Diff(S1 
)/$

1
// 

Commun . Math . Phys . 135 (1991), 401-411. 

18 . Bowick M. J .,Rajeev S.G . Anomalies as curvature in comp lex geomet ry 

// Nucl . Phys . В296 (1988), 1007-1033 . 

19. Juгiev D. Gauge invar iance of Banks-Peskin differential forms (f/at 

background) // Lett . Math .Phys . 19 (1990) , 59-64 . 

22 

20. Popov А . D. BRST-qшmt i za t ion о( bosonic s tri ngs and hy pe rtwistors / / 

Mod . Phys.Le t t . А25 ( 1990). 2057- 2062 ; Popov A. D. Genera lized twistors 

and geome tr i c quan t i za t i on// Theor . Mat h .Phys . 89 (1991) , 331-344 . 

21 . Нitchin N.J.,Ka rlhede А . ,Linds trёm U. , Ro cek М . HyperKahler metrics 

and supersymmetry// Co mm un.Ma th.Phys. 109 (1987) , 535-589 . 

22. Woodhouse N.J . M. Ceome tri c quantization. Oxfoгd,Clarendon Press,1980 . 

23 . Sniatyc ki J . Ceome t r i c quanti z at ion and quantum mechanics. N. У . , 

Springer, 1980 . 

24 . Atiyah M. F. Ceometry оГ Ya ng-Mi ll s Гiefds . Pisa, Scuola no'rmale supe-

rioгe , 1979 . 

25 . Salamon S . Quat e rni oni c Kahl e r manifo lds// Inve nt . Math . 67 (1982) , 

148-171; Саргiа М . М., Sa l a mon S . Yang-Mi 1 Js fields оп quaternionic 

spaces// Nonlineaгity 1 (1 988 ), 517-530 . 

26. Witten Е. Quantum fi e ld t heory, grassmanians and algebraic curves// 

Commun.Math.Phys . 113 ( 1988), 529-600. 

27 . Neretin Yu . А . Re present a t i ons оГ V.ira soro and affine algebras . In : 

Itogi nauki i t e hn. Sovr . pr o ЬI . matem . Fund . naprav . Т.22 . M.,VINIТI, 

1983, 163-224 (in Ru s s lan) . 

Received Ьу PuЬlishing Department 

on June 22, 1992. 

23 



SUBJECT CATEGORIES 

OF ТНЕ JINR PUBLICATIONS 

lndex Subject 

1. High energy experimental physics 

2. High energy theoretical physics 
З. tow energy experimental physics 
4. Low energy theoretical physics 
5. Мathematics 
б. Nuclear spectroscopy and radiochemistry 
7. Heavy ion physics 
8. Cryogenics 
9. Accelerators 

10. Automatization of data processing 
11. Computing mathematics and technique 
12. Chemistry 
13. Experimental techniques and methods 
14. Solid state physics. Liquids 
15.· Experimental physics of nuclear reactions 

~t low energies 
16. Health physics. Shieldings 
17. Theory of condenced matter 
18. AppHed researches 
19. Biophysics 

Поnов А . Д ., Сергеев А . Г . 
Бо эонные струны, АУХИ и геометрическое 
квантование 

Е2-92-261 

Мы рассматриваем открытую ~озонную струну , АВижущуюся в груnпе Ли 
G = Rd-1,1 х G0 , ГАе G0 -nростая комnактная груnпа Ли. Пространство T*(G) x 
х nG является фазовым многоо~разием струны . 3Аесь n: = nG - llfxктpюtcт/lo 
uетель груnnы Ли G. Тре~ование D i ff(S 1 )-инвариантности nривоАиТ к нео~хо
АИМости ввеАения АУХОВ и расширения многоо~разия n АО граАуированного мно
гоо~разия (n , Gh) струны с Аухами. Мы оnисываем геометрическое квантование 
суnермногоо~разия (n, Gh) . Что~ы наложить условие Diff(S 1 )-инвариантности 
коварнантны• о6разо• . мы_расwиряем суnермногоо~разие (n, Gh) 40 суnермно 
гоо~разия твнстоrюв ( Z, Gh), ГАе Z ~ nx :J, а :J = Di ff ( S 1 ) /S 1 - nространс т
во комnлексных структур J. на (о, Gh). Условие· Di f f (S 1 )-инвариантности на 
таисторном языке эквивалентно условию независимости от вы~ора комnлексной 
структуры J е :f ( аитнавтоАуальu()(тt. J . Это , в свою очереАь, эквивалентно 
равенству ну110 кривизны связности в. расслоении фоковских nространста наА 

nространством комnлексных структур'· 

Ра~ота выnолнена в Ла~оратории теоретической физики ОИЯИ и Математи
ческом институте им. В.А.Стеклова . 
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Popov A.D., Sergeev A.G. 
Bosonic Strings, Ghosts and Geometric 
Quantization 

Е2-92-261 

We consider an open bosonic string moving in the Lie group G = ~- 1 • 1 х 
х G0 , where G0 is а simple compact Lie group. The space T*(G)xnG is а 
phase manifold of the str i ng. Here n: = nG is а toop ~ of the Lie 
group G. The requirement of Diff(S 1 )-1nvar1ance leads to the necessity of 
1ntroduct1on of ghosts and of enlargement of the man1fold n to the graded 
man1fold (n, Gh) of string with ghosts. We descr1be the geometr1c quant1-
zat1on of the superman1fold (n, Gh). То put the condit1oп of Diff(S 1 )-iп
var1aпce 1n the c.ouatU.ant ~. we eпlarge the supe_rmaп1fold (n, Gh) to the 
~ supermanifold (Z, Gh), where Z ~ nx.:J and ' = Diff(S 1 )/S 1 is the 
space of complex structures J оп (n, Gh). In twistor terms the coпdit1on 
of D1ff(S 1 )-1пvar1aпce 1s equ1valeпt to .the condit1on of iпdерепdепсе оп 
the cho1ce of the complex structure J Е' (01\U-ыЦ-с:Ша.Ш.чJ. This is 
equivaleпt to the equa11ty to zero of the curvature of соппесtiоп in the 
buпdle of the Fock spaces over the space of complex structures ~-
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