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1. INTRODUCTION 

"Recently F.Palumbo [l) proved that the QED Hamiltonian, as well as the 

QCD Hamil~onian and the Hamiltonian (1.3) of the,Yukawa modei with M
2 = 0 . 

are unbounded from below. 
This result seems to me to be extremely important. 
The standard approach to the QED is based on the use of the Hamiltonian 

(see, e.g., the text books by Dirac [2 ), Wentzel (31, Heitler (4 ), Schiff (5 I) 
. .. I .· 

H = H oF + H oph + H + H c: . ( l. l) 

Here H oF is the_ Hamiltonian of free Fermions (electrons and positro~s), · H oph 

is the Hamiltonian of free transverse photons, . the. term H 1 describes the· 
interaction between these three kinds of particles, H describes.the Coulomb • . . C • . . 

interaction between the electrons and positrons, 
The authors of books· [2-51 derived Hamiltonian (1.1) from the QED Lagran-
gian .... 

. .· 1 • . .. . . 
. = -·.-
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using the representation 
➔ ➔ 
A = rota + grad~ 0 .2) 

of the vector potential. Palumbo took a note of the fact that in a periodicity cube 
one has to introduce into the r.h.s. of eq. (1.2) one more additional spatially 

independent, zero momentuiri mode term "toz vV = f A(x)d3 xiv._ Th~n one gets. 

in the Hamiltonian ( l.l) a new term HP! . . 
. . 2 

·· · 1 ( a ) e ➔ • f • ➔ ( ·)d3 
Hp = - 2 ➔ 0 + ,fV Qol 1/J y 4"/IP X x. 

aq . . . 

1.1. This (Palumbo) term makes .the QED Hamiltonian unbounded from 
below. This result makes, probably, impossible to describe any physics by using 
the above approach to QED. 

1.2. F.Palumbo succeeded to catch main p!tysical feature of the phenome
non: that the (spinor) QED Hamiltonian, when written correctly, cannot des
cribe any physics. However, the result by .F.Palumbo can be considerably 
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enhanced. Palumbo's result for the Yukawa model is that the Hamiltonian (1.3) 

with M2 = 0 is unbounded from below. It is possible to prove that there exists 

some positive value M~ of the squared mass parameter such that the 

Hamiltonian ( 1.3) is unbounded f~om below if M2 < M~ (see Sec.2). This result 

is provoked by the (well-known) observation that the second·order perturbation 
theory correction to the squared boson mass for Hamiltonian (L3) is negative 
(and diverges). 

1.2.l. Usually, one represents the quantity M2 in eq.(1.3) as 

M 2 = N2 + oN2 and .includes into the unperturbed Hamiltonian H0 the part of 

the free Boson Hamiltonian, where N2 is substituted for M 2. Then, one uses the 

perturbation theory and chooses the quantity oN2 so as to eliminate the (diver

gent) perturbation theory corrections to the squared Boson mass N2
• Thus, one 

simply docs not consider the ·values of the parameter M 2
, M 2 < M~, ~or which 

the squared Boson mass is negative and the Hamiltonian 0.3) is unbounded 
from below. 

1.2.2. Let us note that scalar QED gives positive (and divergent) squared 
photon mass, and that one cannot prove the unboundedness from below of the 
corresponding Hamiltonian via the method of this work. Thus, combining spi
nor field with several charged scalar fields, one can construct the QED model, 
whose Hamiltonian is, maybe, bounded from below. 

1.3. The Hamiltonian of the cut-off Yukawa model is 

where* 

. I 
H = H oF + H oB + Hy' 

H -! a · 2 2 
oB - 2 L - a a + (M + k )qkq-k • 

( 
2 l 

lkl<l qk q_k 

H0 F = L E(p) (a;aP + b?J, 
lpl < l 

H~= Jv >. :1/J*( + k 
lpl,lkl,lp+kl</ p )Y41/J(p)qk: 

Here / is the cut-off parameter, E(p) = (p2 + m2
)

112
, 

(1.3) 

(1.4) 

(1.5) 

(1.6) 

* 
1 

We start from the usual forpi of the free boson Hamiltonian 
H08 = 2 f [.1t2 + (Vtp)2 + M2tp2 ldx , here tp(x) = vV L qkikx. 

9!nti.;,i-~,ii..tl 1n.cmyr~ 
••--:fr;.,.u ac r .,~1c1ivd . 
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y,,(p) == u(p, + )aP + u(p,-)b._P, (1.7) 

spin indices are omitted, u(fJ, ±) are the solutions to the Dirac equation with the 

positive and negative energy and momentum,,, a, a• and b, b*are usual Fermion 
annihilation and creation operators. 

1.4. The consideration of Sec.2 is based on my method of constructing the 
solutions of the second-quantized Schroedinger equation ( 6 ). The method deve-
lops the idea by F.Coester and R.Haag (7 ). · 

l.5. The quantity M~ has the order of the magnitude itn(l/m), g21, and 

g2i2 if the number of spatial dimensions is one, two and three. 

2. INVESTIGATION OF THE HAMILTONIAN 0.3) 

Here I shall prove that the Hamiltonian ( 1.3) is unbounded from below if 
the condition (2.12) is satisfied. 

At first, I shall average the Hamiltonian (1.3) over the riormalized Boson 
state 

QB = Const n e -wqkq-k , W > 0. 
b•O . 

This operation evidenw g.•·ves ( 2 l 
B l a 2 2 

H B ➔ 1H B = -2 - - 2 + M q0 + const, 
o o aqo 

QB 

HoF ➔ HoF' 

I QB I gqo ~ [ • • • • ] 
Hy ➔1Hy= ,ffi L., (a b_P + b_PaP)AP + (apap + hiP)BP , 

lpl < l P 

here -1 ::5 A B :5 1, see eqs. (1.6) and (I. 7>. p, p 

2.1. Then, I shall consider the function 

QF=e" IOF>, IC=L CPa;b._P, 

(2.1) 

(2.2) 

(2.3) 

(2.4) 

here IOF> is the state of the Fermion bare vacuum: aPIOF> = bPIOF> = 0 

for all values of p. Let us determine constants C from the "Schroedinger equ
P 

ation" 

(H
0
F+ 1H~- h) QF= 0. (2.5) 

Here his the constant to be found. 
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Using the standard formula 

-,c ,c · l [ ] e Pe = P + (P, IC I + 2 (P, IC), IC + •.• 

one can rewrite eq. (2.5) as 

{,H~-h+ (H0 F+ 1H~IC)+½ [( 1H~ICjlt:]} IOF>=0 (2.6) 

(the operator H oF contains operators of annihilation linearly, whereas I H~ 

contains them bilincarly, thus the commutators we have written down are the 
only ones which do not disappear). 

In this way one can get the equation 
2 

gqo gqoC A gqo 
2C/E(JJ) + ,ffi BP) - 2 rY p + ,ffi AP= 0 (2.7) 

which determines a value of C . Herc the volume Vis large (V-+ 00); thus it is 
. ' p ' 

possible to take · 
gqOAp 

CP = - ,ffi 2E(fJ). 

2.1.1. Later on, eqs. (2.6) and (2.8) give 
(gqaAp>2 

V2E(p) '. 
- ~ gqoAle _ ~ 

h - L., ,ffi - - L., 
lpl < l 

2.2. Now we have • (I 2 2 •) QF 2M qO + HoF+ IHY QF= 

_ !( 2 _ _!_· ~ (gAp)
2

) 2 =! 2 2 
- 2 M V L., E(p) qoQ - 2 Z qoQ ' 

lpl < l 

Q= Q~QF= n (I+ C2) 
lpl < l p 

(cf. (8 )) • 

One feels here that if 

z2 <0, 

see eq. (2.10), our Hamiltonian ( 1.3) is unbounded from below. 
2.3. Of course, we have to calculate yet the quantity 

1 • l a2 

1 = 2 f dqo <I> (qo) QF( - 2-2) QF<I> (qo) = 
iJqo 

(2.8) 

(2.9) 

(2.10) 

(2.11) 

(2.12) 

1 • , •• • • If [( , )2 2] =2fdqOQF(<I>+,.; <l>)(<l>+IC<l>)QF=2 dqOQ <l>+D<l> +G<l> . (2.13) 
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Here the prime denotes the differentiation with respect to q 
2 0 

D= C/qo =-•_aQ 
L l + c2 2 Q aq , 
p p 0 

c21q1 
G- L p 0 

-. (l + c!)2. 

(2.14) 

(2.15) 

Equations (2.l,---3), (2.10-l l), (2.13-14) enable one to easily prove the sta

tement of this Section 

. ( <l>(qo) = / (qo)/ vQ, / (qo) = e-<qo - a)\ a ➔ ± oo) 
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Note added in proof. 

Taking into account of spin degrees of freedom insignificantly changes eq. 
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<2.1 I>: Q ➔ Q. I 1 + o ( vH 
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3aCTaBeHKO JI.r. 
YcHJteHHe pe3yJt&TaTa naJtyM6o o·HeorpaHHlfeHHOCTH CHH3Y 
raMHJlbTOHHaHa cnHHOpHOH K3lI, 

E2-92-175 

noKa3aHO, lfTO raMHJlbT0HHaH MO~eJIH IOKaBbl C 0030HHblM MaCCOBblM ttJte-
. 2 J·2. · 2 2 
HOM (M /2) 'I' (x)dx HC orpaHHlfeHCHH3y, eCJIH M < Mo; 3~eCb BCJIHlIHHa 

2 . . 2· 2 2 2 
Mo noJtO)KHTeJt&Ha H HMeeT nopsi~9K eeJtHlfHHbl g In (II Im I), g I H g I e 
CJtylfae. O~HOH, ~BYX H Tpcx npocrpaHCTBeHHblX pa3MepHOCTeH. 3~eCb g -

. KOHCTaHTa CBSl3H, m - q,epMHOHHblH MaCCOBblH napaMeTp H J - napaMeTp 
00pC3aHHSI. 

Pa6oTa e1,moJ1HeHa B Jla6opaTOpHH TeopernlfeCKoit q>H3HKH OIHIH. 

npcnpHHT Om,c)l~IIICIIIIOrci'm,cnnyTa 11/lCJlllhlX HCCJIC)lOBam,h . .ll.y611a 1992 

Zastavenko L.G. ·E2-92-175 
, Enhancement of the Palumbo Result Concerning 
the Unboundedness of the Spinor QED Hamiltonian from.Below 

. We have proved that the Hamiltonian of the Yukawa model with the Boson 

mass t_erm (M2 /2) f <p2cx)dx is unbounded from below if M
2 < M6, here M6 is 

positive and hal the order of magnitude /In(t2 / m
2
),· /1, and lt2 in one, two 

and three space dimensions; g is the coupling constant; m, the_ fermion mass 
parameter; I, the cut-off parameter. This result is correct also for the spinor 
QED. Let us int~oduce into the Hamiltonian of the spinor QED the photon mass · 

· term (M2 /2) f (ATr)2dx. Then the Hamiltonian is unbound_ed from below if 

M2 
< M6, the quantity M6 is estimated as above. 

The investigation has .been performed at the Laboratory of. Theoretical 
Physics, JINR.· . . 
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