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1> We ·cbnsider. ~' gauge field A ( µ; V, ... = 1,' ... , 4 )' of ari ' ,. µ 

_arbitrary,.Lie group Gin t_h~ i:i'pace- IR~' 2 orsignature·; (-++.:'.),,'· 

, It is· known that for A'· ·one may define the: self-duality equa-· 
µ ,' ' ' ' 

' . . ' ' ' .:.. . \ '\ 
tions~ ·solutions -of \which satisfy the Yang-Mills (YM) equat:1-

' · • 2 2 • · ons -in IR ' ., owing ·to ·'the· Bianchi· identity. Many integrable' 

.equations in (1+1) dimension may be· obtained by reduction of' 

the:1self-dual Yang:.:Mills (SDYM) equations fri (2+2) dimensi,on. 

These redUC;ti'ons·were•disctissed b}" Wartl·l1], 'Masori and Sparc.. 

,ling ·~2], . Ablowitz; Chakravarty' and· Clarkson. [3] and many 

.9thers . 

. It is known, in particular, that the SDYM equations. in 

2 2 2 1 · · IR :' may be reduced to. the- equations in IR • , which ·are equi-

valent•. to the•. equations of· modified principal - chirai . model 
, ' 

(see (4,5)) and to the following equations in IR1
'

1
: the equa-

tio_ns. of princiP,al chiral model, Toda model; the Ernst, Liou~ 

/ville, sine-Gordon, Bullough-:Dodd, NLS and KdV equations·; _the 
' ~ . "--.., 

' ' ' t 

equatio.ns of relativistic string moving in 
. '1 q·.:1· 

the space IR • 

(see, e.g., [1;2,6;7]), If Aµ depend on one 
·,· \ . 

coordinate·(nu~l 

or non-null) then the SDYM equatfo~s admit reductions to the 
. I 

Euler-Arnold equations for n-dimensional rigid body, the ge-

ne,ralized Kovalevskaya .. top and modified Nahm equations ( seT · 

[1,3,._8,9]). 

The redtiction· of' the SDYM equations in d=4 to the soliton; 

equations in d=2 dimension, 'i~ interesting· , from di'ffe~~rit 
. •' .. 

· points of· view. Firstly, the SDYM ?quations in d=4 play a. 

·part of a universal._ integY-able system fl".om_ which many others 

could be obtained by reduction. Secondly, this·reduction;per-



-mi ts cine to make' correspond·e~ce between the ,inverse _scatte

ring method and the twister method (see [1,2,4;5]). Thirdly, 

taking any.solution of the, soliton equations in d=2. (see, 

e.g., [10713]) one can obtain the solution of the SDYM equa

tions in,.JR
2

'
2 

or the solution of the modified chiral model 

equations in IR 2
' 1. 

In this paper we shall_ show tha_t the SDYM equations_ in the 

-space ·IR
2

' ~ may be reduced, to the_ equations, mentioned. in abst

ract a,s well as to the_ Burgers equation, modified KdV (MKdV)· 

equation·and to the generalized MKdV equations introduced by 

Athorne _and Fordy [14]. 

2. In IR
2

'
2 

we introduce, null coordinates t =' 2- 1 / 2 (x +x ) ; . 
· 1 2 · 

·u =' 2-
1

/
2
(x -x ) , y = 2- 1

/
2
(x +x ) , z = 2- 1 / 2 (x -x ) , and set. 

2 1 _3 4 . 3 4 

A = 2- 1
/

2 (A +A ) 
t · 1, 2 ' A = '2-

1
/

2
(A ..:A ) , A = 2- 1 / 2 (.A +A ) , A = 

u 2 1 y 3 4 z .. 

= 2- 1
/

2 (A -A ) . A 
. , 3 4 gauge field . Aµ takes values in the Lier 

aigebra !'l of the Lie group G. The'SDYM equations 

·F = F 
14 23 F = -F F = -F 

24 31 34 12 

for.F =8 A -a A +[A ,A] in null coordinates can be rewrit-,µv µ p V µ µ V · , . · 

. ten in the following way: 

F = 0 
tz F = 0 'F + F = 0 

yu ' tu zy ( 1) 

Let us_ suppose that the gauge field.depends only on t and 

·,z. In this case Eqs. (1) take the form 

8 A -a A +[A ,A]= 0, 
l z z t t z _.[A,A] = 0, 

y u 

a~- +'a A +
1
[~ ;A ]+[A',A 1·~ o 

tu zy l u z y 

2 ~- :1 ;; 

. -- '~ ~ 

(2) 

f 

~ 

We set. 

U := A 
0 z 

V := A 
0 t 

U •:= A 
1 u 

l, 

V •'- A· 1. - - y 
.. (3): 

It is easy to see that Eqs.(2) may be.written in \he ·form of 

'"a zero curvature condition" 

'\ 

a UO.) 
t 

a V(A) + [V(A),U(A)] = 0, z .. (4) 

where U and V linearly depend on a spectral parameter A:· .-., .. 

U(A)=Uo(z,t) + AUl(z,t), V(A)"'.Vo(z,t)+~Vl(z,t).,_' ( 5) 

Proposition 1. All the integrable equations in d=2, vhich 

have zero curvature representation (4),(5), may be obtained 

by reduction of the SDYH equations (1) if the components At, 

A , 
u 

Vl 

A , 
Y. 

A of the gauge field are identified with U, V, 
z 1 · 0 0 

by (3). 
l 

.Proof follows from formulae (1)-(5). 

UJ 

; i \ 

Note tha·t Proposition 1 actually follows from representa-

•. tion of the SDYM equations ( 1) as a zero curvature equation 

with spectral parameter A (see [15]). 

3. Example O •· Burgers . equation. For !'l=gl ( 1, IR) let us 

choose• 

U= u(z,t), 
0 

V = u2 + u o, z u
1 

= v
1 

= o , . ,(6) 

where u is a real function, u = au/a£. Substituting (6)'into z ' . . 

(4), (5) we obtain the Burgers equation: 

u=2.uu +u t:0 • •• ' z . z z . ··. (7) 

Notice that this example is trivial from the.point of view 

3 



f • 

the YM theory because (6) corresponds to the Abel1an gauge 

field A, with F =O. · · µ µv 

Example 1. N-wave model. Let us consider !'i'=g1(2n, IC). 

Suppose that (see [10-12]) 

U
0 

= [U
1

, W] u = o.diag(a, .. . ,a) 
1 1 n 

V = [V, W] , V = o diag(b , ... ,b) , o· 1 1 1 •n ( 8) 

where W is an arbitrary matrix w.i th zero diagonal, 0 , a J, bJ 
I 

(j, ... =1, ... ,n) .ar~ constants and a 1> a
2

> ... > an Substitu-

· tion of (8) into (4), (5)' leads to the equation 

cu1 , atw] .:. cv\. a~w].,+ [cv1 ,w]. cu
1
,wn ·~ o , (9) 

describing the evolution system with quadratic nonlinearity. 

· If one takes o=i and w+ = -w, i.e., W .is an antihermi tian 

matrix ·and !'i'=u(n), then (9) will describe nonlinear interac

. tion of N=n(n-1)/2 wave packets [10-12]. If one additionally 

,requires WE so(n) and atW=O, then Eqs.(9) will coincide with 

the Euler-Arnold equations on the algebra so(n) (see [16]). 

Example 2. One-dimensional gas dynamics equations. For§'= 

= g1(2,IR) we choose [17]: 

U=[U,W], V=[V,W]+Q, 
0 1 , 0 1 

. [s. 
Ul=- oz :J. · [(u...:pa)s, .·O ) 

V1= z • 

, 0 (u+pa)r; . 

' , 
W= _a~-'( 0 

4cx2 -1 

1) [ ; {st+ (u-pa)s} 
o•a= z zz 

0 
1 r {r + 

z t 

, ' } ' a · , 1 
+ -- {< r + ( u+pa) r ) - ( s + ( u-pa) s ) (o 

4 cx2 . t z· . t z • 

·:4 

' i 

0 . l 
+) 

(u+pa) r } 
z z 

0) (10) 1 J 

I 
;\ 
t 
f' 

I 

r 
1 
-} 
.: 

where r and s are. real. functions, of (z,t).. a=a(p) is some 
p 

function of p, a'= da/dp and p=p<r-s> is given by I a(l;;)dl;; = 
Po 

=r-s. It was shown in [17] that after substitution of (10) 

into (5) Eqs. (4) are equivalent to the OGD equations of a· 

one-·dimensional plane isoentropic flow of gas. 

Example 3. Boussinesq equation. Now let us consider §' = 

=g1(3,IR). We put 

u,= [ ~ 
-1 

0 
3 
2'-1+(;! 

v, = H 
-J 

0 

0 

-1 

[

-u 

V = w-u 
0 z 

w -u 
z zz 

~i ' ul· = [ ~ 
0 -1 

0 

_1_·u+/3 
2 

1 w--u 
2 z 

0 

0 

0 ~] 
where u and ware real functions of z,t; (3=const. 

-1 l 
+u:(;! • 

( 11) 

Substifuting (1~) into (5) and (4) we obtain the following 

sy'stem of equation·s: 

w = w 
t zz 

u 
zzz 

J. (u2) - (;!uz ' 
4 z 

u = .1 w 
t 3 z 

- u zz 

Excluding w from (12) we obtain the Boussinesq equation 

3u + 4(;! u + 3(u2
) + u 

tt zz zz zzzz 
= 0 

for the function u. 

( 12) . 

(13) 

4 •. Let, us return to the SDYM equations (1). We now suppose 

that the components A , A , A , A of the gauge field depend . ' ' t ' u ' y z . . 

only on t and x=y+z= 2 1
'

2 x. Then a A= a A= a A and ' 3 . y µ ,. Z µ , X µ 

Eqs.(1) take t.he form 

~ 



a A - a i. +[A·, A J 
l Z X l l Z 

0, a A - [A ·;A ] = 0, 
X U U Y 

a A - a (A -A )+[A ~A ]+[A-~]= 0 
l U X Z y l U Z y 

We define: 

U := A 
0 z 

V := A 
0 t Ul:= Au'· V .-

1 
A - A 
', z y 

It is· not difficult ·to verify that now 

rewritten as a zero curvature equation. 

. a U(A) - a V(A) + [V(A),U(A)] =·O 
l X 

V = U 
2 1 

Eqs.(14) 

(14) 

(15) 

may be 

(16) 

where V and U depend on a spectral parameter A in the 

following way: 

2 V(A) = V
0
(x,t) + AV

1
(x,t) + A V

2
(x,t), 

U(A) = Uo(x,t) + AUl(x,t), v2 = ul (17) 

Pro!)osit~on 2. All the integrable equation!f in d=2 having 

zero curvature representation (16),(17) may be_ obtair:i_ed.by 

reduction of the SDYM equations (1) after the identification 

of the components At, A , 
u 

U
1

, V
1 

·by formulae (15). · 

A , 
y 

A
2 

qf gauge field with U
0

, V
0

, 

Proof follows from formulae (14)-(17). 

Remark. The SDYM equations (1) for gauge fields depending 

only on t, u and x are equivalent to the equations of the 

·modified· chiral model in· IR2
' 

1 
( see [4, 5]). ·· That is why each 

solution:of the model (16), (17) gives the solution of the 

rriodified chiral' mod~l equations in IR
2

' 
1

• 

s. Example 4. Generalized NLS equations. These equations 

J 
;~ · . .i 

;t 
,1! .,· 

! 

, 

;.1~·-· 

I 
··' '·,1 

were introduced by.·Fordy and Kulish [18] (see also [19, 20]) .. 

Here we shall follow [18, 20]. Let G/H be the hermitian: 

symll!etric space, §' and H . be _the Lie algebras of the Lie 

groups G and H. Then§'= 1{ ®~and [U,H]cH, [H,~]c~, [~.~]cH.· 

A' special feature of hermitian. symmetric ·spaces· is the· 

existence of an element AEH such that 1{ = { BE§': [AiB],,;O}. 

Matrix adA has only three distinct eigenvalues .. 0, ±a and 

· .. + .•· + . •·.· ·+ -·+ . +·· ·-' 
[A,H]=O, [A,X-]=±ax- for all x-e~-. ~=~ ® ~. 

Let e±a be a basis of the space ~± and A be pn arbitrary 

constant diagonal.matrix. Suppose that [18, 20_] 

U = - L ( qae + r -a 
e ) ' u = ·-A, V = U V = u 

0 (X -a 1 1 0 ' 2 1 
(X 

' 1 (X - (X . 1' (X -(3 ' 
- A, (18) V =- - L (q e - r e )+ - L qr [e ,e 13 ] 

o a,a x a x -a a a,(3 . a -

where qa= qa(x,t) and r-a= r-a(x,t) are- functions of x, t. 

Substitution of (18) into (17), (16) •gives the generalized 

NLS equations 

a qa, = qa + .L a . B · o -o . . a . 
t xx 

/3,o,o 
R/3 _., q q r .. + w q 

,'1, 0 . (X 

-a r-a 
t 

-a " = r + L 
xx /3,a,o 

-a .. 
R_

13 
_ r-(3r-oqo 

' '1, 0 
-a 

+ war (19) 

where. R/3 ~'1, _ 0 are components of the curvature. Jei:ii:;,or of the : i 

symmetric , space G/H, given by [e13 , [ e
0

, e_0 ]] =R~. 
0

, ..:. 0 ~ex·, Tn,e 

numbers w are linear combinations of the.eigenvalue~ of A. (X . . . 

-(X (X * -(X (X * We can_ set a=i, r = (q )· or r . = -(q )·· , where ~- _is a 

complex.conjugation [18]. Some solutions of the generalized. 

NLS equations with this restriction may be found, e.g., .in 

6 7 



[ ] 
' 0: -o: -o: 0: . • • ' 13 . , If ;q =r. =O. and r =-q ., then .we obtain the, integrable; 

. . t t 

hamiltonian system, 

0: 
qxx 

= ·[ Ro: Bao . 
~.a,o ~.7,-0 q q q - wo:qo: (20) 

connected with the hermitian symmetric space G/H [20). On the 
' . ' 

I 
other hand, if in ( 14) we require the components of gauge 

field be independent of t, then Eqs. (14) will coincide with 

the modified Nahm equations considered in [8,9). Therefore, 

Eqs. (20) · are '.reduction of the modif.ied Nahm equations. 

6. Examples. Matrix KdV equation. Consider !:i'=s1(2n,IC). We 

set (cf. [21]): 

[ :n -::] · [ Qn 
0~ l. l o -1 l u = u = V = 

n' 
1 

n 

0 . 1 1 . u ' -1 o· - 0 
. ll n 2 n 

[ 

u 1 X 

Vo = 4 2u2 +uxx 
-2ul·· 

-u 
X 

V = U 
2 1 

(21) 

where O and 1 are zero and unit nxn matrices, u is an 
n n 

.arbitrary nxn matrix. If one substitutes (21) into (17), then 

Eq.,( 16) coincides with the matrix KdV equation: 

4 u - 3(u u + u u) - u = 0. 
t X X XXX 

(22) 

Equation ( 22) was introduced bY' Wada ti and Kamijo [ 22) and 

was considered by Calogero and Degasperis [23), Athorne and 

Fordy [ 14) •and by other authors. 

Example·6. KdV and modified KdV'equations. In Eq.(22) let 

us take· n=L Then Eq. (.22) coincides wi'th the q;tandard KdV 

equation• 

8 

r 

4·.u - 6 u u - u ~ 0 
t X XXX 

for the··real function u(x,t). 

Now let n=2 in (22) and 

u = [ :: iw l 
2 ' w 

(23) 

,where w(x, t). is a real function. Then, matrix KdV equation .. 
(22) is reduced to the standard MKdV equation [22): 

4 w - 6 w2 w 
l X 

- w 
XXX 

= 0. 

If n=m+k (k~1), then matrix u can be chosen in the form 

u = [ 
VVT 

iVT 
X 

ivx l 
T 

V V 

(24) . 

where v is the mxk matrix and superscript T means matrix 

transpose. After substitution of (24) into (22), 

reduced to the generalized MKdV equation 

4 V - 3(V VTV + VVTV) -.V = 0 
l X X XXX 

'introduced by Athorne and Ferdy [14]. 

Eq. (22) is 

(25) 

7. T? each solution of the equations mentioned in Examples 

1-3 the· identification (3) permits one to correspond a real 

soluticin of the YM equations in the space ~2
•

2 and a complex 

solution of the YM equations in the space ~3
•

1
• To each solu

tion of the equations mentioned in Examples 4-6 the identifi

cation (15) permits one to correspond a solution of the modi~ 

fied chiral model equations in ~2
•

1 
• 

Moreover, · as it was shown by Ooguri and Vafa [ 24), the 

. •) 



,:, 
strings with· a gauged N=2, supersymmetry on the 'world-:-sheet 

have. as a target space the ,space IR 2
'

2 with two time-like di

mensions. Additional time-like dimensions in the theories of 

· °'the Kaluza-Klein type, in the· theories of strings and membra

nef> ~ere also considered by Sakharov (25], Aref,eva and Volo

, vich (26], Blencow and our'f (27], Popov (28] and othei:: aut

hors.·. In the low_.energy 'limit the equations or' motion of ·the 

. bosonic,~ector of the o~en and heterotic'N=2 s~rings c6in~ide 

with the SDYM equations. (1) for_gauge fields in IR~'
2

• There.--: 

' fore .the solutions of the equations from E~amples 1-6 _give 

vacuum configurations for the open and heterotic N=2 strings. 

The authors are grateful to B.M.Barbashov, A.T.Filippov, 

A. T. Fomenko'; V. G. Makhankov, V; K: Mel, nikov and V. V. Trofimov 

. for helpful dis.cuss ions'. 
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HBaHOBa T.A., IlonoB A.n. 
COJIHTOHHbie yp_aBHeHH.H 
H aBTO,IJ;yaJibHble KaJIH6pOBOtJHbie IlOJI.H 

E2-92-I49 

IloKa3aHo, tJTO ypaBHeH~.H aBTOAYaJibHOCTH AJI.H Ka
JIH6pOBOtJHbIX IlOJIP.H MOryT 6b!Tb pe,D;YQHPOBaHbl K ypaBHe_
HH.HM ByccttHecKa, MOgeJIH N-BOJIH, OAHOMepHOH ra3OBOH 
AHHaMHKH /orn/, MaTpHtJHOMY ypaBHeHmo KopTeBera-ge 
Bpttca /Kj.J,B/ H 0606ru,eHHbIM HeJittHettHbIM ypaBHeHH.HM lllpe..:. 
AHHr~pa /Hill/. 

Pa6oTa Bb!IlOJIHeHa B Jia6opaTOpHH TeopeTtttJeCKOH qm-
3HKH omrn. 
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