
0 fill BAMH e H Hbl M 
. MHCTMTYT 

RAB PHblX 
MCCIBAOB8HMM 

AYfiHa 

E2-92-134 

D.Ebert*, Yu.L.Kalinovsky, L.Miinchow, M.K.Volkov 

MESONS AND DIQUARKS IN A NJL-MODEL 
AT FINITE TEMPERATURE 
AND CHEMICAL POTENTIAL 

Submitted to "International Journal of Modern Physics A" 

•on leave of absence from Department of Physics, Humboldt University, 
Berlin, FRG 

1992 

• 



1 ·Introduction 

It fa ·now generally believed that wi!h increasing temperature a!11 baryo; · 
, . : ' ' ' '. '--· - ' 

/ number density the hadronic matter undergoes a phase transition to 

.the quark- gluon plasma which is expec.ted. to 'ap~e~r in ult~~- rela- .. 

tivistic heavy ion collisions .. Of particular interest is he;e the question 
- ' . . . ' 

how th~ quark condensate < ijq > as a chiral ~rder parameter cha~ges· 
,. ' ' ',) ., - . 

i~ a lrnt and dense :0:uclear medium, an·d at which temperature a~d/ or 

baryonic ::cliemical potential the chiral symllletry. i~ resto~~d. ·Related 
. . - '·,, 

interesth1g question~ are the behaviour of the relevant quark and m~-
., 

son q1.1antities (masses of constituent quarks and. mesons, coupHng and 

dec~y cons~ants) as functi~ns of the temperature· and che~ical poten-· 
, •.I. .• • . ' , .. '" ,; . ' ' 

tial. 

In latti~e QCD. Monte C~rlo simulations useful numerical res~lts 

have bee~ obtained in the region of the h~dro~·~nd qu~rk~ gl~on phase 

at vanishi~g 'ba~;Oll number·. density, (1 }_ The qua~tit'ative · r~liability 

~oflc1;ttice ~alculati~~s is h~;e.ve~\e1;' so~ewhat ii~i~ed technic~lly (in 

p'a'.rticular,. there are· diffi~~ities ~ith taking into a~coun(th~; chemi~ 

~al Jote~tiai' de~e~dence due to th; co~ple~ fermion dete;rriinantf; 

so. they need to be supplemented by.aiternaiive ~naly~ic:al app~~aches 

applicable withi~ ''si~pler'; QCD- motivated models.'.. C~~;esponding 
., ; • • - - • ' ' < 

supplementary appr.oaches to the question of the _chiral phase transi-
, . , ~- . ' . ~ 

t1on h~~e recently been ~ffered by th~ study of effe~tive Lagrangian 

. ~o·d~ls by u~ing chiral p~rturb,ation theo~y (2] a~d· ~f NJI, m~d,eis[3], 
• t • ,_ • " < 

which· for zero temperatur~ and density suc~~s~fully r~proguce the low 
~,- ' - ,. • •. ' . ':.' ' ~· ' . 

energy meson physics [4)- (5) .. (Clearly, the NJL models are t11com-- . -· . ,·- > . : ·.·._' ~'; '-1 . , • 

plete since they do not contain a reliable confinement mechanism. The' 
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quantitative results should therefore be considered as only approximate 

ones.) 

In addition to mesons, there exists an increasing interest in di-
. ,· ' 

qua;ks. Diquarks play an i~teresting role in the hadronization of the 

QCD action within the functional integral approach where th~y are 
... ? . , .. .· . . . . 

required to form baryons as quark- diquark bound states [6]. 

In arecent letter [7J: we have discussed some bulk properties of 

composite me;ons (a, i,)i,w,ai) and diquarks (Ds,D~,Dv,DA) arising 

in an extended SU(2) x SU_(2) NJL- model, restricting us to the case, 

of zero temperature and density (see also ref. [8]). _ 

In the present p~per,' we investigate the meson- diquark system 

agai11 for the case . of nonvanishing temperature and -b~ry~n' number 

density ( chemical p~tential µ) a11d study the ir~1plications of a hot and 

dense nuclear medium for the relevant meson and· diq~ark quantities. 

. The-paper is organized as follows. We follo~ closely the work [7], 
. . . , \, 

butto keep this paper self- contained, Vfe r~view the boso11ization for-

malis:rn ill some detail in section 2. This part is al~o needed to fit the 
. . 

modefparameters (quarkmassm, four- qu~k coupling constants Gi, {;i' 

and momentum cu.t-off A) from the properties of the va~uum ( < ijq '>) 

andthe rele\i-ant me~on and diquark characteristics at T = µ = 0. 

In s~ction 3 we de~ive the .· chi~al . meson-. di quark Lagrangiali by 

functionaf integral bosoni~atioii techniques ; generalized to finite tem

perature · and chemical ;·ot~11tiaL To calcui~te qu~k loop integrals 

arising from 'the loop' expansio11 of the quark det~rminant;· we find it 
, ' , ' , • • • l • _:· • : l c < ·_• · ', 1 > '. , • .' ·:,. • _ : ' .- • '. ' .' ••• ~ : • " ' 

convenient to use quark propagators of the "real time" formalism [9]. 

Tb:en,: ~e .. derive ·formulae for ~esoii and diquark masses as' ~~il as 

coU:pli11g cori§t~ts ~ 
0

fonctio11S'of i and µ. · ,' · · 
J ;_ ~ 
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-Sectiori, 4 contains discussions of meson and diquark propertietat. 

finite temperature and density. 

Finally, in section 5 we present a short summary of the results. 

2 The effective ~eson- diquark Lagrangian 

at zero temperat:ure and density 

,· 

Let us con~ider a SU(2)L ® SU(2)R ® SU(3)c NJL model defined by_.\ 

. the Lagrangian 

. -,., , (4) 
.CNJL = ij(i8 - mo)q + .C. t 

; . Ill 
. , (1) 

where q( x) are quark fields .with· three _colours and two flavours, and 

mois the mass ofUght current quarks. 

The four- quark interaction term .cf~t in (1) describes the interac

tio:n- of qij and qq- .pairs leading to the formation of ~eson and diquark 

· b~U:nd states and is given by [7] . --· ... 

4 

.Cf~t = L { Ga(ijMMq)(iJMMq) + 
a=l · 

(2) 

+ Ga(iiM~CTijT)(qTcT M~q)} 
C 

(In the following we will omit summation symbols having in mind sum

mation over repeated indices.)" · 

In eq. (2) MH, and Mn are meson and diciu~k projection matrices, 

respectively, 

MM = M~ ·• ~~4
1J

1 
, · M~ = M'1pg = !tr,tae'1l' , (3) . 

3,, 



and er is the transposed matrix of the charge conjugation (C = ,2-,-4 
). 

The quantities 1(,0 are Dirac matrices 

{K0 ,·a = 1,2,3,4} = {l,i,5,,µ, 1µ15 } 

(EP) 0 p is the Levi- Civita tensor in the color SU(3)c space and F 1 and · 

··· 11g'are generators in the flavor SU(2)rspace 

} { 
1 a1 . a2 , {F1,l=0,l,2,3. . "..,12, ./2, ..,12' a3 } ./2 ,·. 

{1{g = O l 2 3} = {F1
, l = 2,~ 12.} . ' g ' ' ' ~ _----.,--,--

. IA 3s 

· with a; _being Pauli matrices. . . . 

Finally, the constants G0 and GO are chosen to be equal in pairs 

Gl = (]2 = G ' G3 = G4 = -G' ' 

G1 = G2 = G , G3 = G4 = -G'. 
(4) 

Next, it is convenient to introduce the generating functional of the· 

NJLmodel . ' 

Z[µo] , j Vq'Dijex~{ij d4x(CNJL+ µo(iJ,oq)} , · (5) 

where µ0 has the meaning. of a (bare) chemical potential. 

l 
.I 

i 
I 

Using a standard procedure _for introducing collective meson (<I>) , 

and diquark '(w+, w) field~ (for brevity Lorentz indices are omitted) we , · \ 

derive the expression [7] . ~ 
. . . . . I 

z_ _ j V<I> vw+ Vw exp{ i j d4x£eff[<I>, w+ ,w]} (6)" J 
with the effective m~son- djquark Lagrangi~n . j 

Leff. - .-[(:;)2 + 1-w~apgwapg]-
a Ga · • 

r' ;<,(7) 

;:;- ,Q.rl1:1,(St) ~i½rr1n(lt4§f p+_s~g} 
·: \: 

~").,. \. 

~ •• 

In.this for~~la the-symbol Tr acts on internal as well as on spinor 

· indices, and also includes integration over space- time variables. · The, 

ex~ression sr is the transpose of the. quark propagator containing me

son fields. Its inverse is given by 

Sil = so1 + A'1i;1<I>T .. (8) 

.So1
----: _iB,----: mo+ µo,o. ,. 

and 

D = Mtc:_w0 , n+ ~ w+0
cT Mt (9) 

Let us remark that the expressions Trln( ... ) e~tering into (7) con-
. ' - -

tain diverging integrals which should be regularized. Since this model 

aims to describe spin-1 mesons a gauge- invariant regularization is cho

sen [4, 5, 7]. 

For the d~scription ~f the physical quantiti~s we dete:rmin~ the 
. . . 

. quark- condensate < ijq >o= ( J°6/2G) < a >o and the vacuum ex~· 

citation value of the quark numbers < q"'t°q >o= -( J°6/2G') < Wo >o . 

The minimum conditions for .Ceff _lead to equations fo~ the scalar field 

• <1>0 =1,1=0 - a ~nd the. time co~p~nent ~f the-~- ~~~o~ field · · 

, 6£~ffl . . . 1 . [.( IO) ] 
. Ba u=<u> · ~ -. 2G < a.>o -iTr MM $4>o = 0 , 

(10) -

<5£eff 
bwo lwo=<wo> -

1 ' 
2G, < wo >o -iTr[(M~)oS<I>0] = O 

• d :'!, 

where the inverse of the modified "free~ quark ·P.ropag~~~r S"'~ ·is _now . 
given by 

" • ·, • .. ~ J (. ,,..~ • ! • < ~ - • ,-'( ;' ~: , '' • . ; · , ·s;{= i8-·m + µ,o·-; · 
,! ~ 

(11) 

5 ,. 



with 

·m = l G 
mo - -· - < a >o= mo - - < iJ.q >o J6 . 3 . 

(12) 
l G1 

µ = µo + v6 < wo >o= mo -·T <·iJ.,oq >o 

All other fields have < <I>T >o= 0. _Equations (10) and (12) are the 

gap equations for the constituent quark mass in and the renormalized 

- chemical potential µ. 

.. In order to introduce physical fields a and w with vanishing vacuum 

· expectation values we ha.vet~ perform' the cha:nge of variables 

. . .. I . ·. C . ' • . ; • I , I • 

a=<a>o+a, wo-<wo>o+w0., Wi=wi, (z=l,2,3) (13) 
.\ ·•, 

. Then, the inverse quark propagator has the form 

.•!! 

Sil = [,O(i 8 .+ µ) + -yV_ - m] + MA1<I>,T = 
.. ,8f . . . .. ;, •. ,·· .· 

1 
• 

(14) 

- 8-1 + MT <I>'T 
, <I>o . !J . . ' 

(In• the Jollowing w~ use again the notation Sipo-+ So)-; 

Let us now derive the' expressions for meson and. diquark :masses as 
'. - ) ' 

well as for coupling constants; To this we expand the Lagr~ngian .Ceff. 

to second order in meson and diquark fields. (Linear terms disappear 

as _a ~onsequence of the equation of motion). We obtain 

c,<2> = -[(<I>T).2 + ~W+0w0] + 
eff · 4Ga •: 'Ga 

'(15) · 

+ .!.Tr[S MTS, Mr']<I>T<I>r' + 2iTr(S M 9 S, M 9']w+0w0' 2· 0 M O M . .. 0 D O D 

6 

i 
' 
l 
J 
j 

· where use has been made of the relation .. 

cTsf(x,y)CT = -So(x,y) 

. i). Meson masses and ·coupling constants. 

The masses of all mesons and diquarks as well as the corresponding . 

kinetic terms are expressed in the one-loop ·approximation by divergent 

integrals of the typ~ 

Laa'(-') _ ' 1· d4k l . /(,a 1 /(,a' q - tr-y ( )4 A _A ___ _ 

,. 21r (k-:-:ri) (k-q-m) 
(16) 

. which in a ·-low~ Jtio~e~tufu ex~~~i~n may be ix;r~ssed by. logarith: 

mically and quadratically.divergent parts .- , .. , . ,: ,:- .. 

!A d4k 1 .· 
11 = :_i, '. -~ (rn2 _ _; k2·)· I 

- f•: 

- 8~2 [~3-✓ A~,"!-•.Tf':2 ~ tn2ln(~ !. ✓ 1+ ~~)] 
,.. . . ' ' . :-. . . . 

(17) 
I ;' •~ "<t\, !A d4k . 1· . ·t.·•:· ., ... ,;' ,; ; .·.', ·.~ .... · 

, . 2' . -l .: .(21r),4, (m2_-.~2)_2,. .·· . ··J t, ;, 

•. , ·· .· · 1 -A · . m -

~

. 2 

· .. : .. ·.•·., ,__:' _. [ln(-2+· }-'(l+-· )-1/2] ;;,:·• 
, - 81r2 m A2 I - _, .! : • . •: .•.. , .c: ., ,, ·. : . : ... ·· , ,)·.-.. - :. ·. •· 

. · Here the quantity A3 . denotes a non- covariant cut- off in the- three-

:J momentim ~~~c~. int;odu~ed . af~~~ ·i-~~egrati~n< o~~r · k0, 2·• · 'A~ ·~, ;esult, 

j _ . we get the following exp~ession·for the effective meson Lagrangian (15): ., 
1 . 1 2 · ; · · · ·, .C~k -. 'S { ~-2G· + 4 [h+ (~ "':" 2m2)I2l}S + 

+ <P{ _}_!_+, 4 [l1,+;q
2 
I~]} .P, + . •' 

· ··· 2G 2 - · · 
2 This formulation with a non- covariant cut- off is convenient for 

. the subsequent applications to the case·of nonz~ro temperature . 

:7 



1 
gµv 4 . , · ;; - > ' l :_ - - - : • 

+ Vµ{2G' - 3(q2gµv - ql'qv)l2}Vv + (18) 

+ Aµ{;;•~ ~(~2gµ~ - d11i[ ~'.6m~iv)l2}Av + 
+ A1,(~4imq~h)l\+P(1-itnq~/2)A1,_,, /._., 

.. - - ·;/'. ·. . 

· From thisformula we obtain,.takiriginto account field renormaliza

-tions, the following expr~ssions-for the:cotipling constants: •. 

----"1 ,.; - 1128 P- ·z112p z _ 
39

2 __ 

i 
ii ., 
' -l S - ZS ' - S ' S - Sqq - 412 ' 

(19) ' ) 

V, -zl/2v, 
: _µ•',:, y . I' 

and meson masses 

1/2 . 
,- Aµ- Zv_Aµ . . ; ,_, 

-- -- g 3 
-3(...f!.)2 = - _, , Zv ----: , 2 -: 812 · --

2 ( 1 11) ' 2 ·2 _\ 2 
Mp = 4Gl2-212 -' l\1s. , Mp +\4m 

-_· ·-2 , 3 2 - 2 • i - 2 ·< ' -
.iUv = BG'l2 ' l\,fA = l\1v +6m . 

(20) 

An additional rescaling of pseudoscalar field~ appears when taking 

_ into account nondiagonal ti'ansit_i~ris ,df thrtyp~·- 7r -~ Aµ- In fact, 

.diagonalizing the Laiangi~n (18). by introducing physical fields A~ -

Aµ+ ,\8P (,\ = --./6~/ 1\1; ), whd:~ Afa1 is th~ mass of the axial- vector 
- - - __ I - - - • , _ .. - -

~~~~h ~~; orie- im1sf ~es~J~ the' ps~uclosc~~~ fi~Ids '~; foll6~~~: '.-' 
.·.-_: {;::, .-. -~ ,' ·~-:'\,, ; . . ! --- .. 

•- C'. ,,.,,;_~,~--\,_-,,Pi -.:"'.,z:-1~2Pf,.-, .z = 1 :-:- .6 ;.;:. '-· _ ~, - _ - __ ., , __ , (21) 
, a, 

As a result, we get for'the mas~es of p·seudo~cal¥" andsc_,~lar mesons 

.. ;:.~-·~;,i..::~- .. \,'"·,,-; 

_ 1 ~ z-1 , 
_ 

2 

= _1_( ~•-,81,)z-! - 412 • mG . ; ,. ,'(22) = M, 412 G . ", ,, , ... ' 
·-: - - ._:t:' \;; , ~. ,_-:. ;·. 4 

1i1i, 

;J\1s2 ·=--- M 2 z:+.4m2 - . _, .~J-. ... 1r' _... . ... ., . . . ~--
r }~-~ ··y•- ,, 

lJ 

.;i 
1 

,t! 

i 

and the coupling constant 9P'qq is ~qual ,to -

9P'qq = g"K_qq = 9Sqq z-1/2 °('.23) 

Now we determine the parame~ers of the N ~L model in the case of 

a three momentum cut-off A3. 

The four principal parameters of the meson sector of our modelm··_ 

(or mo), A3, G, G' may be fixed by four physical quantities: 

1. the pion decay constant Fir ~ 93Mev obeying the Goldberger- · 

Treiman relation· -

Fir=~ 
9Sqqz-_1/2 

m 

9irqq 
(24) 

2. the constant 9p of p- decay p - 27r (g;/47r -~ 3) (see eq.(19))t 

3. the pion mass Mir= 140MeV (see eq.(22)); -

4. the p meson mass Mp= 770MeV (see eq.(20)); 

Note also that the gap equation (12). 

1 ' --
m = mo - v'6 < a >o= mo + 8Grri11 

connects the constituent: qU:ark-rilass m. and 'the ·current quark mass 

mo. 

Then, from (19) and (24) we;get the.·value. 

: ··:.m =280MeV. ·-.r~·._ 

;From equations (19) we get the·f~llowing exp;ess·i~~ f~r the i~t~gr~i '. .. ~. , 

I2(m): . :~ ; - ,,;~:" .' \ /~-);. c.,. 

,,,·r:-' 
J \.._,t> 1 1 

( 
2)-l 

. 12 = -- = - ~ = -
1
- . 

· .,;;·, ,, .. , J,9i :-:- f3n:- _4n:. :,-- .c, 2f1r,:. 
I •• ._ . 'f -. . ',~:•: •:~;,>-:;•. 0 ... 

o_, 
(-, ",, 

· (25) 



which yields the following estimate for tl~e cut:-off:parameter A3 

A3 = l.03GeV . (26) 

Fu~thermore, from (20) we can-·determine the constants G 

G ··10.45(GeV)-2 ,,_ {27) 

andG' 
. I, 

/ 971" -( )-2 G = ~ = 48 GeV (28) 
M -p 

{ ~ ' . ~ 

. Using these relations we obtain for the current quark m,~ss _thees:-, 

- timate 

mo_:_ 4mM1/GZI2 ~ 2Mev . (29) 

ii). Di9uark mas~e~ 

The diquark masses -can be calculated from meson masses with the 

help of a simple substitution ofthe constants G and G' in (20) by G /3 

and G'/3 , respectively 

(- a 
MnP_, MsG,-+ 3) 

a 
kln5 = Mp(G-+ 3) 

- - G' 
MnA = Mv(G'_-+ 3 ) , 

G' 
Mnv =MA(G' -+'3 ) 

(30)_-

Futher, taking into account scalar- vector di quark mixing we get for 

the physical diquarks the mass formulae [7] 

2 _(,, 3 - 'I1 ... ~I 2 2 - 2 
Mn, = -=-- --2T)Z , Mn = Mn, Z + 4m 

s 4GI2 .1.2 - p s 

M
2 - 9 - 2 - - 2 2 
DA = -=- ' Mnv = MnA + 6m 

.8G'l2 

10 

. (31) 

wh~re the -diqimrk mixing ·co~stant •z · is 'giv~1i by 

_, 

'I ~ ~ ~ 2 -- m, 
... 1 6- -~>. 
Z ---• - MiJv (32) 

/ 

3· 
). 

NJL model at finite temperature and 
• I 

+ 1: 

paryon_ n_u:r;nber. density 

:) f , ~' -

J For the -description ofthe pr<_>perties of constituent· quarks, mesons arid_ 
,, 

j _ diquarks at finite temperature-and baryon number;densitywe'consider·" _ 

shortly· the thermodynamical properties of the particle system. In rel-, ,, , 

-ativistic theory, Pa:rticle numb~r -is not con~erved. Therefore, whe~ 

discussing- the thermodynamics of quantum field_ theory: one_ uses t~e 

grand canonical formalism with two· Lagrange multipli~~s: /3 = 1 /T (T · -
- -

i~ the temperature) and µ0 is the chemical potential~ 

The thermal av;erage- of, an operator_ 0 over the grand canonical• 

ensemble associated with the NJL model (1) is 

< 0 > , z--}Tr(oe-P(H-µoN)) (33) -

J where Z is the grand partition _function defined by 

'? 
1 

Z = Tr( e-P(H-µoN)) = 

- • L < ile-P(H-µoN)li_> 

i ' 

(34) 

Here N = J d3xq10q is the number operator for u and d vale1:1ce quark 

and H = f d3x1-l is the Hamiltonian derived from -CNJL· 

ll 



All the thermody,namical parameters of the system ( entropy S, pres- . 

sure P, bary~n number N/3) can then b~ calcul~ted fro~~- . 

· By using the standard methods (see [10]) Z can be rewritten in 

terms• of the following path integral: 

Z = N j VqVij exp{l dr J d*NJL( r, x) + µ,N)} (35) 

· whi6h .is ~ery sirilar to the zero temperature expression_ (5). Here 

·r = ixo, and the integration :has to be performed over antiperiodic 

Grassman fields, q(O) = -q({3). 

~n the "imaginary time" formalism one gets the following expression 

for the quark propagator in the momentum space 

. sP( )--L 
0 p - J. ' . . p-mo 

wh_e~e no,wrf = (iwn+µo,P), arid.wn = (2n.+1)1r/{3 are Matsubara fre-'

quencies·. For a free field this looks like a zero- temp~rature propagator • . 
. ' . - . ~ . . . ' -. -. ; . 

expect that p0 is replaced by (iwn +µ 0).·: In particµlar, the Feynmari '_ 

rul~~ are similar .t~ the ze~o: temperc1.tu:re case, with, the following mod-

jfications 

~ .• f 

; 0 . . (. . ) · p 0 ---+ . ZU:'n:+ µo . 

J ::d,p- . .:: .; .. :. ·y-· ,:,:d.p '-f .. 

(21r)4 -+ (21r)3 {3 I: 
.-·· ! ; . ·.- '·' .•· . , ... • .n 

(36) 

(37) 

Fo.r subsequent applications- it i_s more convenient to use instead of· 

sg (p) an equivalent represent~t~o:µJor the qu~rk propagator derived in · · 
the ·"real time" formalis~ [9] , ": ·, . ·. "' 

S(p,T;µof\ ;_, (ft+ moY{;2'~<'li + i~ ~ , ., _ 
1
~;- .• . .' ,·, :~111•;·-•~1 j_;.•·.>.r1:_;.'--•.~~>,· :"".'.\;''~ . ;-,~ .. 

12 

J 
}-
i' 

, {· i ~ 

. ·1 
.) 

J,-
\ 
! 
l 

,J 
<l 

, . (38). 
. . ' 

+i21r8(p2
/~ m5}[0(po)n(p, /Jo) +·'0(~po')n(~; µo)]} 

' -. -

,vhere 
, , •, , .'• ~ ', • l , ~; • • l : 
\. . . . . 

n(p, µo) = (1 + ~xp(E - µ0)'t3)-1 
(3~) 

-~. ;, :: / 

n(p, µo) ·. (1 + eX:p:(E +·µ,oi/3)~ 1 ·;, ,'(40) 
,:,._\' 

are the Fermi- Dirac functions for quarks and antiquarks, respectively,._ 

and {3 = T-1,E = Jp2 + mfi. 
, .· After introducing collec:'tive fields as in the zer~~ temperature case, 

the path- integral can now be re'\Vritten in a form analogous to (7),.• 

. where in s;1 the inverse propagator -S0~ has to be replaced by th~ -

.• i11:verse of S(p, T, 'µ0 ). Finally, due· to.the nonvanishing termii.l expec-. 

tation values < a >, < wo > the bare parameters in (38) have .to be 
. - . . --: . ' . ' ' . _·, . -. ,_ .· - . ' ' ' ' 

shifted according to mo-+ m, µo -+-µ (see eqs.(12); {13)). 

_Let us first lo.ok at the analo~ue of ~q;. (10) for tp.e_quar~ ccmden-., 
.-· , ' . ( ', .' '. ' " . .. ,, . ·, 

sate and averaged quark number. Using the Green function S(p, T, µ) 
. , ;~ . - \. 

~11:d: performing ~. count our ,integration in t\1e~ rolllplex •(po)-. plane we 
'obtain 3 

<iJ.q> 
. J q4p . . [.' ... 

- -i6 (2i)4 tr1, S(p, T, µ)] -: :L 

~· ,_ t ·• 

. . . . , . . (41) · · 6m A3 ''p2. · " " ' -· ; ·. . · ' · 

- - 1r2 1 dpE(l-n(p,µ)-n(p,_µ)), . : 
-----~----'-'--·•-•\_._.;<_, -,; .. ,- :;-J; ' r .··, :'f~-;,_11 ~{_~: : ,1.~ : 

.. 
3 In contrast with ref. (11] there appear independent constants G, G' 

.:,:,~: -~'-·'. ,, !~ '! •. :·-. _ _..·,.-•:: .·,.,1_: ,\·,_,-- _, -:·:. 1•i_ ... ); ·.:z~•- 1··••::,t,•·_t -.,,... 

in eq.(12). Since our model contains a yector interaction, we, .. do not 
\ :,;.• ~ ·::~·:-1•.1" 'U _-: ,• .:: :,C1;~<-, ;·,_; -:-.• .:- ;•---.-, .. ••:~ ;,•-.. _'1!-,f •:1< <~~/ •~ .. ;; ·•··· 

need any Fierz transformations to generate < q+q >=/- 0. 
:: 
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· · <iJ-yoq> = -i6J(:~4 tr;,(-roS(p,T,~)] 

(42) 

·61A3

_ ( ) = 7r2 o p2dp n(~,µ)-n(~~µ) ' 
. . . 

where· A3 is a noncovariant three- m~mentum cut- off which is adjus~ed 

'to reproduce various meson properties at T = µ --:- 0. 

Then, we may represent the thermal gap equation for the con

stituent quark mass in the form, 

m(T,µ) . mo+8Gm(T,µ)I1(m,T,µ)_ (43) 

where 

I, ( m, T, µ,) . , (2~ )' .t dp~ ( I - n(p, µ) - fi{p, µ,)) . ( 44) 

denotes the T- andµ- dependent gene~a:lization of the function I 1(m)·, · 

· . introduced in (17).: Analogously, the expression 12( m) heco~es now a_ 
function of the terilperat,ure T and th~ chemical potenti~ µ is given by· 

I2(m, T,µ,) . 
2

(
2

1
,,)

2
[; dp' ( 1 - n{p,µ,) - n(p,µ,)) . . {45) 

To calculate meson masses we have _to evaluate the loop integrals · 

(16)~y the substitution S(p) .. -t S(p,T,µ) 

• · L001(q) = tr7 J (:~
4
Sp(P;T,µ)/C0 Sp(p-q,T,µ)JC01 {46) 

' ,. '. . 
. -

In our treatment of the NJL model the meson and diquark masses 
' \ 

· get contributions from the constant p~rts ir,itegral ( 46) in the limit 

p -t 0. ·clearly, the nieson and diqu~rk masses are, now functions of T 

andµ. 
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Let us now consider the behaviour of meson and diquar:k character

istics in a hot ~nd dense hiedium. · Obviously the ~oupling and rerior-. · 
,, . ~ . . . ,, 

malization constants depend on the temp~r~ture and chemical po~en-

tial through the integral 12(m, T, µ) 

and also 

1 
g}q<i(T, µ) = 1212( m, T, µ) 

9Vqq(T, µ) = 9Aqq(T,f) = v'6gsqq(T,_ µ) 

(47) 

(48) 

Additionally, taking into account the 7r - A-mixing effects we obtain 

. . [ 6m2(T, µ) ]-½ - . , . 
91rqq(T,µ) 1- MA2(T,µ) . ·. 9Sqq(T,µ) (49) 

·· and using th~ Goldberge~~ Treh~an relation (24)~ 

·F (T )- . m(T,µ) -· 
,r ,µ - ( -) 9,rqq T,µ 

-(50) .. -

After having determined m(T, µ) and F,r(T, µ) by ( 43) and (50) 

we can calculate all meson masses at finite temperature and chemical 

potential (see eqs.(20), (22)) 

M 2(T ) _ 
3 

mo m(T,µ) _mo· Z~1(T,µ) 
,r ,µ - G F;(T;µ)-:- 4Gm(T;µ)I2(T,µ)' 

M}(T,µ) = M;(T,µ) · Z(T,µ) + 4m2(T,µ),. 

M;(T,µ) 

M;l(T,µ) 

3giq,/T, µ) 3 
.. 4G'. __ BG'I2(T,µ)' 

- M;(T, µ) + 67'!'-2(T, µ) . 

- . (51) 

In a similar manner it is possible to ewluate diquark masses from 

the corresponding loop integrals LDD(q). As a result, we obtairi (~~e 

eqs.(31), (32)) 
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i, ;2• '. <· i-'. •.: ,_·: ; :,, 3 ·.,;; ::.;i i1(T/µ), :;.;~1 . , .. 
MD' (T, µ) _ ·.· C - _ . . - 2 ( _ ) Z JT, µ) 

0 ,, ,-._,'. .,,;: .;·~.; ,,, , .:,:,· .. 4GI2(T,:µ) ,.,:.J2 •T,µ) · . -. · ,, ,, ·, 
2 . 2 ' - . 2 

,,._ 'J :_.,_MDpJT,,µ), =r= ,MD'srr,,µ) ::Z(T,µ) +.4m:(T,:µ),.. ; .. ·; •.i 

.-. ;: ~ ;'.:' ,- ! ! 

M2 (T) = 9giqq~T,µ)= ·- 9 · . 
DA ,µ · '4G' ·. · BG'J.(T:, ')' . ,.,, .. ··• ·.,'·.· 2 ,µ 

M'fiv(T,µ) = M'jyA(T,µ) + 6m2(T,µ) 

.••.:;(52)' 

Z(T,~j ·.· · y:_ 6;:f;~;) · .. · •. · 
Note that there exi;ts an: important ~ifference between M; and M1, 

··.. s 

despite their formal similarity'. ··1n::fact,;. because 6f·G # G the fir~t 

factor in M1, (see eq.(52)) .cannot be rewritten t_o,be ptoportionaLto 
s . '; . ;. . :• ... ' . . . . . . " ' ' .. 

m0 by usin·g the gap_ equation (43). Thus, for m0 -+ 0, M1's =/- 0 , 

ill,contrast ·with M; -+ 0. This:si~ply 0 reflects the fact that diquarks 

c·annot be Goldstone bosons. 

4 Discussipns ofconsti~uent quark ~~sse·s. 
~. ~i; ',.-~'•-·:-,-.,,, :-.,~ ... 

and 'ineson: and diquar-k.prope:rties at fl-
- - ~ \ • \.. • •. ' • ~ » :;: , ~ - , ' 

nite T andµ 

"'~ . - : 

Note ·that the depe~d~il~~ 1c>h, i~mperat~re· and che~ical' p9tential of 
\~ . . . . ' - . . . . . ', . ~ ~ 

m~ses of constituent quai-ks,:mesbn~ aiid diquarks ~ ~en ~s of cou-

. pltng. ~qnstants j~ :gytermil\ycl. in. pur mop.~l. by, twq, charaqteristic h1te-
·•. 

gi:~ls ,fr~~d h ( s~~, ( 44) ,;,( 45)) .. The fir~t)n,ter~sting .questionjs -,th~, 

I 6. 

behaviour-qf th~ c<mstituent quark mass' m(T,µ) as a function ~f T 

' and µ. The .answer is fouµd by a seif- consistent solution of, the termal 

gap equations, ( 41 ), ( 43). with inclusion :of eq.(12). The _behaviour of.· 

m(~,µ) is shown in Fig;la and Fig.lb. For mo= 0 the restoration of 

chiral symmetry is indicated by the vanishing of the order parameter. 

< qq >-+ 0 at critical val~1es. of. the temperature and chemical poten

tial, and consequently bi m(T, µ) -+ _o .. When m0 =/ 0 the sharp phase 

boundary.disappears. From Figures 1 we read off the values of the ~rit- .. 

ical temperature and density Tc= 210Mev, µc = 350Mev which ~re in 
. . . . . . . - ' 

agreement with other works,[3] .. Figures 2 exhibit the behaviour ,of the 

meson masses _Nlu, M1r, l'vf P and MA 1 as functions ofT and µ. As T, µ 

increase; the mass of the u meson decreases sharply. as a res~lt of the . 

decrease of the constituent quark mass. On the other hand, the mass 
,' - ' ~ • • - • • • < • 

of the ( would be) Goldstone pion ~vill _ persistently stay constant until 

the.critical conditions for chiral restoratio!}- are re'ached;'beyond which -
. . ' -

it cease~-to exist. Furtherfore, mpis merely independent of T (a:weak -· 

T- dependenc::e for T 2: 0 .. Mev. arises from gp(T, µ), _whereas MA;sh9ws 
' ,. . ' . - ~ - -

a sharp decrease similar to th~t of Mu. Finally, above the critical tern-

perature one obtains lv!:1-1 . MP,', as _i_s expected for_ a chiral,syminet:i;ic '.~ 

phase. The behaviour of the meson coupling constants 9uqq, 9Vqq = 9Aqq 

and of the 7r - A mixing factor Z at finite temperature and chemical 

potential is shown in Figures 3.:The.coupling c::onstants remainapprox-
• • - -:- ..:: ~- , ._ • • ', " ) '._ .' • < • -. 

imatively constant uO:til, T ~ lO0Mev, µ ~ 150Mev and_ then sligh!lY 

decrease whereas Z slightly increases forT > lO0Mev. Next, the pion 

'deca~ constant is.an importa~t physical quaO:tity which det~r~i:n~~ th~ 
scale;~£ lo~: energy chiral° riie~~l;; the~~ies: Its T ~ d~pe~d-e~~e

1 
is sh~wn ' 

in Fii:4. Clea.r(y, the'.sharp d~~rease i_~·T ne~; r ~'iC '2iOMev is as- . 
,1 •.·· 

Ii 



. sociated tothe,con~tituent quarkmass, as follows from the Goldberger-
. l • '·- • 

I -

Tr~im~ relation .. Recall that in our ri10del Fir includes the effec_ts of 
. ' 

7r ~ 4: II1i~h1g which were not taken into. account in [12] (for. the iiiclu-<, 

sion qf mixing effects jn a density- dependent theory see also [3}). From 
fig.1- F'ig.4 we can conclude .that .our results derived for the meson sec- · 

_ tor of theNJL-IUodel.(1) within the "real time" formalism a.re in agree-. 

ment. with.other, works based on nonlinear chiral Lagrangians [2] as well 

as variants•NJL models [3]. Finally, let us consider the diquark sector. 

··As .has already been mentioned,. despite of formal· similarities in mass 

formulae (between the pion and the scalar diquark),·scalar diquarks are 

no~ Goldst~ne boson; so that M'jy; #. 0 for mo ""7'"' 0.' Nevereless, ·taking 
' • p 

· into:'iccoµnt the formal.similarities of mass formulae- for meso~s and• -

diquarks .under. substitutions G -t G /3, G'-•- G' /3, (see eq.(30)), i.e; 

Mu ~.Mvp; Mv ~ MvA ~MA-~ Mv.,; one expects to find the (rescaled)•·· 

behaviour shown 'in Figures 5 .. Again the mass .of.the vector (pseu

doscalar) diquark is,larger than the mass of the axial (scalar) diquark · 

due. to .the additional contribution of the constituent'. quark mass ( see 

eq.(52)). Note that the diquarkmasses approach each other already at 

. a -lowel". temperature T -::::: lOOMev and chemical potential. 

I 

5 - · Summary and outlook 

In this paper we have extended the investigation of the NJL model with 

bothmesori and diquark sectors considered in -[7] for T =-0, µ 0 to 
... the casJ ·of n:onvanishing temperature and chemical potential. A conve-

. nierii:·tool f~r studyirig the beh~viour of the quark system together with . 
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, collective meson and diquark excitations in a hot and dense medium 

.is the path- int~gral bosonization technique (12].which we have formu~ 

lated here for T =/- 0, µ =/- 0 using the "real time":formali~m. · From 

our model we have then derived the corresponding effective meson- di

quark Lagrangian and meson and diquark mass formulae which include 

mixing effects and explicitly depend on the temperature and ch~mical 

, potential. The: behaviour of the vacuum ( < qq >) and of the meson 

and diquark properties at finite temperature and baryon_n11:mber den~ 

. .5ity exhibits the phenomenon ·or restoration of the chiral symmetry at 

critical values Tc ~ 210Mev, µc ~ 350Mev which is in agreement with 

other works. 

·100 200 

T[MeV] 

JOO 

• J. 

:,, 

400 

Figure 4 The T- dependence,of the·pion decay constant F1r. 
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'· 

We consider this•effective m~son- diquark theory as an inte~mediate 

step towards an effective meson-:- baryqn theory [6]. 

An important question to be solved in the future for such a type of 

models is how to i11:corporate enough additional non- perturbative gluon·· 

dynamics into the effective current (x) current quark interaction of (1) 

in order to model confined- quark propagators. These are obtained 

as solutions of the Schwinger- Dyson gap equation and should keep 
' ' . . 

the properties required from the spontaneous breakdown_ of the chiral 

symmetry. An important.order parameter of gluon confinem~nt is the 

gluon condensate,< G;v >. A QCD-:. ~ptiyated NJL model with gluon. 

condensate has recently been considered in [13] for zero temper~ture. 

Clearly, it is interesting to extend this kind of models to the case T 4 · 
0, µ # 0 i~cludi~~ a: temperatu~~ depend~~t gluon condensate and t~ : 

study the r~lation between the chiral phas~ trruisitiou ( < ijq(Tc) >~ 0) 

.and the.gluon decondensation transition (< G;v(Td) ~~ 0). Recent 

_. lattice calculations strongly sugg;st the possibility Tc = Td.' · Work in. 
this direction is in progress. 
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