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§ 1. Introduction . 

The ma.snetic solenoids have ·a broad'application in. physics 

arid ·techniqs (see, e.g., review their properties in /1,2/). The 

;• electri'c'~l ;oienoids''(E's) ~re much 'less !mown· objects. Under· . 

them we mean the system. of charges and ·currents: \'th:fch-'genera.te 

electrical field (EF). confined to the space-region- S of.finite 

extension. AlthOUf~h EF disappears outside S .the scalar elect;.;., 

ric and magnetic vector potentials could be different from zero 
' . ,,' . -·. .·,"" -, 

there •. 1"' far as we know . there are · only few ref.erences _treating 

this subject. In re=', /J/ electrical toroidal solenoid (ETS) was 

_constructed in terms of nonphysical magnetic monopoles current. 

'I'he nonstatic point-like ·and cylindrical ~s were studied in refs. 

/4/,/5/, resp. In both of them nonvanishing charge and current 
;-' 

densities were presented. In ref. /6/ there was suggested ES. v;ith 

__ nonvaninhing current density (that is in the absence of the char-

_ge density). It is the aim of present consideration to treat 

systematically ES. The plan of our expositi_on is as _follows; In 
§ ~ the main facts concerning magnetic toroidal solenoid (ivITS)

with the constant current _.in its windings are presented. In§ J 
/, 

the altern;tive viev;p~int on the MTS is given. It turns out 'that 

magnetic dipoles prope~ly.distributed inside the torus exactly 

reproduce the vector potential (VP) of the MTS with the constant 

current. The boundary conditions satisfied by the magnetic field 

strength and induction are discussed in§ 4_ • In_§ 5 we change 

the magnetic dipoles inside the torus by the electrical ones thus 

obtaining ETS. The nonstatic ES are investigated in j 6 • 

These ES emit the waves of electromagnetic 



potentials. They propagate off th_e solenoid with the velocity• 

of light. 

.§2. Some facts co_ncerning ll'.agnetic toroidal solenoids 

Consider the torus \ 

.. ( n-d\'2.-+ '.l'l.-=·\<.'2,.. 
S . . (2. 1) 

, _.. . ; N . , .· , .,..J . . . 

o 11 r., o - -' ...... .,, w}"\\f , - l<. · Si-. Y Introduce coordinates· I'- , 'V • ·s ~ C/1, \<,,. > c - • ~ f'T1 
The value of R-:. ~ corresponds to the torus I .· . Let the 

. constant poloidal current (fig.l) flovr 'over its surface. T'ne 

density of this current is 
_,., . 
cl ic. --4tr 

s,[-Q\ -r 
cA+· R C.O\ 'W n 'V • (2.2)· 

He~e. ~: 'lN 1 /c:. , I\J .is the total number. of turns 

in the poloide.l coil, l is t_he current flowing in a parti-..... . .. 

cular turn, h.'V ,· is the unit vector defining the current . 
. ·.• .. ➔ ➔ .... 

dir~ct~on .o~ the torus surface ny = V\t.C0\\{5' - ( Y\-y__ -loS':9 + 
➔ ; • llJ l) 

+Y\~~i"'~)S1~~ ': The constant:·'d • may be_also, expressed._ 

through the :magnetic f~ux , C?. inside T : --~ = (\), [ 1 fl' ( &\-
-J d~(i!.) ]~ 1 ~- MagneUc field (MF)B:H: 0 outside \ 

➔ ;-'t . ..., 
. inside. it. Here is the di-and B :.\A = \'.\ij • ~ / J> _ . 

·stance of the,_pttrticular_ point inside I .· frail! the .torus 

s~et_ry axis l _?-:: ~ t R. C.O~\\f) .. The ve9tor potential (VP~ 

p 

of the MTS was obtained in.:r'Ef • ./7/. Its properties were 
'. • I ',_ . • '> 

discussed in /8/. In the integral form the nonvanishing 
, . . . ' ' , 

cyl1.ndri~al components of vP are 
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1 
Jl 1 :: ~ fl' ? cl 'j c\ ,n . . : 1. ~ ~ i) , 

(2.J) 
lfi' 

.n n: ~ W t ( c\'3 w)-g · Q, le,l.;, \ 
J1 J- , ' . 2-\( . 2 L\ ?/ t, l. . 

. (~ J,\ = \ 1.'l,t- ~,, +R1.- ·lcl.J)C\JS1 )J :tRq , q ": (_?t-0)-g-J\-t.\-t\ 1\9\ t~_ -
Q,, l'X.) j_ic; the Ler;en,fre .function octhe 2nd 1cind). For the 

infinHely thin 'l'S ( R LL,~ ) these integrals can be takeu 

in a closed form (outnj_dp the solenoid)· 

J~. :. ~ R~ I [ Qi 1 ] 
i- ;L.(e,\J)''i. ih}\1 .9 -l_((jl..J,11) -d,Q_l \ct._}q. ) . 

(2.4) 

. ~ (<.'L I Qi . 't'l,+cl.'L. R :: - -- - . l (e,(,_ c,t._ \ - --
J ''tlc.kj)\\Jz_ si-~ 1 i fl,) 1 },- ··1..ciJ 

· At large distances this Ti folls like , 
7_-',_' 

n l ~. \o/li 1+ ~uis2.0 _· fl '\,.... _\i02. S11-12..(3 
J-ll"' 8 11 ~c .\'- . 'lq, .. , . 1 Jt_p "' 3 ll~_c "'- 1_:. 

_§ ::. alternative viev:point.on th_e MTS . ', .. . ,., . 

Instead of the poloidnl current (2.2) one·uay ~qually use 
' ' ~ --f • ''--f' I ,. o • 

~- /9,IO/ the ma~ne,t:i:'"?tion'j.:-_( 'lot-M . It is confinea cor..::il,i--

tely inside TS nnd given by 

➔ -. 

M. :: .(\I\ \ \\-1£1 . t\.,\ =. . .. . > . ) 1 • \ 
~ 0 l P-- ~t-P-:c\Y-+1:-z:). 

_fr) Lti( 
,. • '-<!. 

(J.l). 
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•. 

Here 8t~) 
•rs ( R LL. G\ 

·is the. step fu_;;ction. For the infinitely thin 

) J.A. reduces to ... 

11-:. ..l q) cS(oLcl)·/~C~),'·.· 
v'V\ 4rr :J · · · c:: ·, 

'l'he VP is eX}Jressed throuih. the magnefization m fo.llor:s 

/9, IO/ 

-r 

Jl li) ~ ~ M l~ 1
) X 

. _,. ➔-,·' 

'1 -'l 

:\1 -rt'\:> rAV
1
• 

CJ::i) 

(J~J).: 

What is the physical meaning of these relations? Eqs. (J.2) 

and (J. _J) mean that infinitely thin U'.l.'S can be reali_zed as the 

closed chain of magnetic dipoles (fig~2)
0

: ~n fact the .vdue 
➔ . . . 

of VP·at the point 't produced by the magnetic dipole situa-
-. -· ' 

ted at 't is eiven by (see, e.g., /9/) 

-y -, 

,Al't):-h.-\ 
~ ~ -, . 

h ')( ('1.-1.) 

,\{-tt'\~ 
(J.4) 

~ 

Here V\ and \'Y\ . are' the direction and power of dipole, 

resp. Integrating this Eg_. over the circumference of the 

radius ol lying in the l= 0 pl~e l h = ni , 'i': d, i( J, 
➔ .. -, - - ➔ • ) n'J=\'1-=, ·Cos~- V\~•Sii,,'9) n_p=n~-Ccs~+ V\~ -j\l,. ~ we arrive to 
. 1.- .. 

(2.4) with~= 4~/R or. ~=Yii'M)t/ . Eqs.· (J.l) and (J.J) 

mean that finite MTS may be realized as a closed spin tub~- of 

the radius R , . In fact, integrating (J. 4)' over the volume 

'of '\' (underm. in, (J.4) one should tinderstand the spi~ densi

ty which co~ncides with the m~gnetization given by Eq. (3. 1) ) 

we get Eqs. (2.J). The closed spin tube (ferromagnetic ring 
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Vii th.'.the magneti-:~Hon in,dependent :'off a!)plied fields) was 

used by the Japanese physicists /11/, for the experimental inves:.. 

tigation of the A.~aronov - _Bohm effect. :L'he simpler case pre-·, · 

sents :.the cyiindrical solenoid. It- may be reali;ed. (f:i:g.2) as 
,. ~,· ~ . !... __,. 

a linear spin chain (or tube). _·In ;fact integrating Eq. (J~4): 
"'. .,. ' ... . 

over the r axis we arrive to the VP of the cylindrical sole-
. ~ , . 

no:L9-: Jl : n'.f. ~ / 1..rrJ , ~= 4 ii'tv\. ; ✓•• - .( ',,,;_ 

Such spin.chain (magnetized whisker) was used in.earlier 

experiments testing AB effect (see their' rev:\,_ew:. in ./12/),· . ,., ' - , ; ; ., ... ~-. "' :· •.: 

~4. The•pagnetic fi~ld ap~ b~undary con~itions 
' ,.' . ., ' ' . . •. . . ' ; -,-. -➔ '-'r 

Vie write. out the g~~era{ eq~tion~ defini~: e > H.I M . /9/: 
. ·..:., " ._·. ·+;, ;-· ,:--:--,:-_. :.:4~ ~ ~ ...... --,•:. ·4 . 

chv8:0:1.otH= i J, B= H+4rrM. ~ '; 
For the -TS ·with .the surface:,current conside.red in' i ,2· J':\~ 0. 

...., ➔ I : - ~ .• ~. • t ; > J .•. ~ ... , •• _ 

therefore B:: \-\ '.· ; bot,h .. _\nside an·d, outside TS. iOn ~ii: ~oundary > 
_o·f 8 is continuous whereas the tangential the norrnail., co~onent 

component ·of· R ·_ · suf:f ers ' ' 
finite jump equal ~o the:,surface· _ 

!t• 

current density. On the other hand 'for''the magnetized spin t~b~ 
, ... . ... -;-9'. , ._.. .. _ ~ . '' . ' - . - __,. . :· '.• 

treated in-~ J J:O M f O . A~ di.;,. t'1:: 0 for the particu-
, , ..... · ~-·· ,.. _.., .·. ~-·. ·, .. ' .. ' 

lar· choice of N · , so div \-\:.'trt H:: O . From this and 

the . cont.inuit-y of s~ and Ht -~~ the ~o~~ary of spin tube 

vie obtain H::'O · everywh~re, 8::1.0t~-
1 

cA{J~~O,Af~-¼,-li'l~~M. 
The solutio~ of the· latter ·equation is just ·Eq.,(J.J). · , . - ~ 

§ 5. Electrical toroidal·solenoids, 

?fow we substitute the· magnetic dipoles by the electric ones. 

Then au Eqs. obtained 'in' i§ J,4 iem~in the -sain°e> The .el,~ct;i.:. 

cal polarization is given by p~ P-~~. -~here P:-(\>•()lj>-,l)·~{r)/~lr' 

for the circular dipole chain and P=~-e(R-JlJ-d\i..-\-it. J /1(.i'_p 

:s 



for the finite ETS ·~ Here~: (\).(t«(cA-L;li._p.1 )1- 1 

is the electric·induction flux through the cross 

and cp 
s'ection of the 

solenoid. In 
·~ 

Eqs. for ·t! 
➔ 

the absence of free charges i·ie have the ·folloy:in::; 
:1 ➔ ➔ ' ➔ ➔ -r 
\:: : div t·: Q \ r~t E = Q . , 1):E+~ii' P. 

Excluding \: 
. . . ...., 

we obtain ~qs. for <I) 

..,,. ' 

~,~ t= 0 

➔ rt 
'l..o{ 4n · : 4 1t 1.oi ·\-' · 

-f' 4 
To satisfy'Eq. (5.1) we put I)-:. 'to{,A 

,, . -
and get the follO\~ing Eq. ~o~'Jl ' : 

d,/A = 0 
!... ' ...,. 

{j .A =-~i< 1.ot P 
solution.is 
- ; ' ' . ..,, -f 

➔ ~1.ot'P ltJ.:') I ··s· ';;{ -r ,; 

ri = .. ""' ""''t , cl.V :. Y.('1,' J J7 ' \'t..;'1... 

-r ... , 
'1. - '1... 

)( ,i-"ii1> d\/' 
that coincides with 

,' ' ' ' ·. ... ➔ 

(J. J). It ~allows from this th.at l) 
.➔ .· ' ,', . 

(5 .1) 

,(5. 2) 

Its 

.C5.J) 

-:f, ·'· ,,·, . '-:,.. 

: 1otSl =- _4h\J Hen~e, E ::. Q . . The appear~:qce of vecto:" :,o-

tential is somewhat unmiual in el ectrostat'ic problems. In 
. ~ ,,- . .. - - ,·--) . , ' : : . 

Appendix we ·use the electric ·YP for t'he solution·· o'f, two known 

problems of ele~t~ostatics (p~l~~iz~t snhere a:~d ell:ipsoid) and . - ... . . ' .. -

prove that it has the ·same status· as:- the scalar one. 
r ~ ~-;; ••.. -- •• '. ~- ; ·_ . ;-l _·. ,,/•~,:,.! . 

ETS? How to verify' the exist·erice or·electric .fie_ld inside 

The are the s:m~- ~e~s '~~ · f o; t~e \,{TS. ;I~ \rief{y ~~um~~ate them 

1) the electromagnetic ·field "appea:rs·.·outside ::sTS 'when .11; moves 

· . 1mLt'o:rm~i _:l,n. the i:ned;um with E ~ ,t,1.. jlJ/,; , , . ,: 
• •., .: . ~ • .j . ~ ; ..•• ~ ;, . ' t .' ..,·,. ~ • . • ' • .. • , . , ' • • ; • . • • . • 

2) electromagnetic field appea:rs outside ,the aqcelerated Br.rs 
•,-~/•..: _,;., ·. ~-·;·•,_ .... '·•_;· , .. ! ::. ~- ,·-•-- -- , . 

(both. ,in: yacuwit. o·:r . medium )JV;(, 
,., < ' ' •• •• ~ •' < '•· • .,__ ) • ' • ' -. , 

.''\ '~., ,,_ .. 
t -/~-- ' ~~·· 
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J) the interaction o:f .the.external ,el'ectric.field (EF) with 

the electric dipoles confined inside ?.•.rs. is given by 

·-f '-f 

5 E'lrJ.l ." P ut v. U= 
At. large distances :fro:n the source of the- external, EF 

(or for nmall dimensions of BTS) this Eq. reduces to 

~ -r 

v\::.- t e{; .1v_t E~)\t -

,c. 

➔ . --r. 

l ~HP.)(~l't\_; 
i_e.. <1t t: 

(5.1) 

(5.2) 

Here E1:=S1~PcAV is the so-called toroidal electric mo-'.. 
--r -

ment /J/. f·or the pnlarizatio·n P given ctbove f (: is 
' ,t.., 

directed alonr, E'£S symmetry axis and is equal to f~ =-lii~cl(z ;· 
Eq. (5. 2) means that at lru0 ie distances ~TS, interacts with time, 

varying 1iF /J/. 'l'his iq. was us.ed in ref. /14/ to explain the 
' -~ - -

obr,erved rotation /15/ of nonmagnetic,olecules in the uniform 

1,Th' ·siowly 1varyinr, with time.' '~he situation looks much simpler 

for the cylindricnl electric so li;noid whiqh is obtaine9- by 

insertin,c; the linear electric /lipole chain into ,the _cylinder 

(fi~.J). This solenoid tends .t,o ,1Je_ or~ent~d along ,the external 

L•1j' c.~. 

The quention arises on the technical renli~ation of iTS. 
. • . ·. . - . ;' . , .- . . - ' . ~1 ·- - . '·" . .,. 

There· exist neutral dielectrics called electrects t!1at carry 

nonzero static. electric dipole moment· /16/., •illllonr, the ·differ'enf 

types ,of,,ele.c.tr~ts the mo,t· suitable seems. to ·be the ferro-· 

electrics.,which are the cle.ctric :'lnalor,ues of ferroraa~netics., 
' , 

Frorn -thesEl subsi;anceB thc.:,electri,fied· Tinr. ,_can, b_e manufactu:::-ec., 

exactly,,in .. ,the: SR,me •.vray. as tl,e ·.m2gnetized ri11g. in 'l'ononmra · · , 

7 



experiments.Ill/. It is rather curious that superposine.the 

electric and. magnetic dipole distributions inside the· torus 

we get electromagnetic toroidal solenoid.• 'i'he eiectror.iar,netic 

inductions differ from zer'O. onl; {nsid·e· T. Outsihe it there" a:·e 

·· ·nonvaninhing electric and maznetic VP. 

In the eY..amples considered so far we have either forced 

the EUF to come out of the ETS by putting it into the motion 

or permitted the external EF .to penetrate inside E,TS and 
l • ' ·-...,,) 

interact with electrical dipoles ·confined th.er·e. 'rh.ere is no'n-

vanishing electric VP outside it. This VP cannot be eJimina-

ted by the gauge transformation as § .A~ dt:: ~-·· for the / 

closed·contours passing through the torus hole, Can we prove 

the existence of electric VP outside E'fS without penetrating 

inside it? (a suitable sere.en can be used ·to Obtain' iinp'enetra.;.. 

bility ·of the incoming particles). We do not see the .·obvious. 

.. answer. In fact, the analogue of AB.effect for'th:ls case is· 
the. quan tjmi scatte~ing of free magnetic charges on the electric 

VP outside ETS. However, these particles (monopoles) have ri.ot· 

been found in Nature up to now. 

§ . 6. Nonstatic electrical. solenoids 

• . · · · .I f · 'dP o 
To satisfy continuity equatio~ v'ilf CJ + ot = 

automatically we choose Jl and ~ in the fonn 
.. . ~-. . ➔· 

.P= ~'><.vt-,w-l) ~1' , ~=- ,:w C!:x.{>t--,_wt) Vf'. (6.1) 

It is suggested therefore that these densities are the perio

dical func.tions ·of time. In what follows we shall frequently ' . . ' 

omit the common factor exp l-' wt) • It should be restored·.· 

when.the time differentiation is performed or in final expres

sions -from which the real part should be taken. The ele.ctro-

8 

l~\ 

i.j.: 
'I 
i 

'f( 

) 
f.. 
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,) 
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·, 

\• 

magnetic potcl1tiv.ls and fie~d strengths c9rresponding to the 

densities (6.1) are 

~ = ~ \\n' 3 .- 't< i. s .G~ l~ /t_ ') ·J. {i') o\V: l<,-:. w/c.. 
➔ . _, . . • - ...,, c r -:-7. -r, _,,) , , . .A , ai.-Q. • _. 

-.A= "~"7..) \J"~l'l/L)·1l'l_ CAY, CAtv _+c:: at- ,C6.2) 

-; ➔ 

E =411v1 K = o. ·. G-1'\l'i /i') ::Q.~f (,~,i-1.1
\) /\tt~'i'I. 

. ) 

It follows from this that for the function f being confined 

to the finite region' of space S the same is valid for· the 
. ➔ 

_ electric Strength ~ •. On the other hand the electromagnetic 
~ - . . 

potentials '3 , fl are, certaintly different from: zero both· 

indde and outsi,de -s. Thus, densities (6.1)·.realize·nonstatic 

electrical sole~oid. Particularly, ~~ct·i;n. f .. may be taken 
. ' . t.. '1. ,_ f) i. 

to· be nonvanishing ,inside the ,torus. ( .P-J.) 4 ~ .. ~ " · _ 

•. only • For thir. one may simply p~t s, = 'iJ . 0 ((2.-J\_p-,nt.+l'L). 

There is k:Uo\'n. /4/ point-like
1

;ealizati~n. of electrical TS. It 

is obtained .f the ~ :..function choice· o,f function .,'J · is ·made: 
·!, ➔- -;' ·• ➔ "> -r 

5) ': S) · l\. ·~ l'l ): I d ~ I w l) V ~ {'l. ) ' 

~-: - crl [ 4\i' b~ l1) + K,_ U:~{\\<~) /'1. J 1 

. ~ ::: LY. en v Q~~l,\<'l) I 1.) (6.J) 

--f' 

\-\::. 0. ➔ ➔ '.> .. c = ~,«-t v b l't ), 

The realization of the cylindrical.electrical TS via the 

cylindrical capacitor was proposed in ref. /5/. Instead ,of this 

·. wo choose function f in sucn a way as to obtain the spheri

,:al ·nonstatic. capacitor: 

9 



. ([ . . . . 

9~4;'L~ l ~l'l.-'l,)- S('I-1.~\1~ 
➔ . -r .·. : - . . . . . •-. . . •. : 1,· . : ' . . .. . . 
~ = <-lv t 1.~: Gctt~'i,) .-Bt1.~-t-i.):: 

(6.4) 

This means: that. the charge 'density di.ff er~ from zer.o only .on , 
'.,_• • ~ • if 

the sphe:l:'ical shel,ls ( 7,-:: '1., a_nd ~ :.1..v. whez:.e it periodi-

cal,ly ch~n~e~ with ti~~; (take int~ account the
1 

omitted.,:fi:ictor. 
, -;-F 

exp l-1'. wt) ). The periodical current J flows betv;een 

these shells in the radial direction. The scalar and vector·· . ➔ 

potentials (i,'nly the radial component of ~ differs from 

zero),corresponding. ·to .these densities are :-

'-8 ~ L\\Q h(;) tK"L) [- io l1.)-:·J0t1..)]; 

H1-=·-i~ (~\1n.) (lv U.1- ~0 (~)] for 
,, • • ·, J ., • 

, '.,, .. ·.[\·ll) ·.,(I)(~'] 
~ =. L l~ Q.: ~~ \ K'"l.) ho li )- ti b ,_ 1 

: .. ' ·· .. · ; - .:i : ll) : ; . : t I) ·· ' 
for 

't >'t.'2,.-

~Lt, A '1.>Q."' ~ 1 (K'L) l ~ o \~) 7 ho ~t)'J 
' ':9 :. L ~ Q_ t ~ ~ l ¼'l) . ~ O l i) - ~ ~ l t'l) ~ i { '}_) lj . . 

,. ·(6. 5) 

-~i: Q.~ [ ~' ("''l) ~~ li) ~ ~~) (1<1-) ~-0 U IJ ~ t'.t I ~rt:z..'· 

and :for '"l
1
L 1.L. '1,;'2- ·• He;e -~ll..li): ~-IT ~ Q,t). l0t:): 

. ll) !tr (I " l.'X.. 1.. .. /. hfi l':lC.)-:. f~c.. \-\,],1~X:) are th.e s~heriC?,+; B,~.s!Jel. fun~t.ionf. 

~rther ~Q. l i \:: jQ.· l \{ 'l \) . eta. The m.agnetic, strength 

\-\::. C) everywhere, while the electric one. dlf:fers .:fran ·zero 
. ... ➔ '>. . ., 

only inside the spherical capacitor: E_::Q.'l/'l . From .c.qs. 

(6~-2),. (6.J) and (6~5) it foliO\vs that·:for the noristatic 

electric' solenoid. ,there. exist tlie ·waves Of the ·electromagne~. 

tic potent:ials. They propagate off the ·soui-ce with· the lig,½t 
' ..... ~ 
velocity. As E::. \-\ =: 0 inside them,. they do· not carry- the· 

electromagnetic energy. This means that they can be observable· 

IO 

A\_ . 
!1 , . 

f: 

) 
:,,,,, 
l 

• 

(H ever) on the quantum levei only. (the electromagnetic po

tentL'.lls, · not the field s'trengths, enter into the Schroedinger 
➔ 

·equation). Let the space rer,ion s r:here E 10. is inacces-

si.ble for the observer Ca suitable ·11creen can be used). Ca~ he 

prove th~- existence of electromaEnetic potentials operatine 

· .. -.en.tirely outside S ? It seems at first that ;t is irpo.ss~ble. 

In fact, the trensformation· 
➔ .' _. ( ➔. . I 

Ji ~ --~ :: ~ - ~'k\c\} J ~ ➔ ~ : 
ui+1~:t. 
J L. <)'C 

•\\f-;'\\f 1=·\f Q::q) l-i.t.'J./~t) > ):.:::,¥- ~ G-"/C:1) ~(t')~V1 

elim'inaten electromagnetic potentialn outside s. If the func

tion .. A is single-valued (c.ontinuous) outside S then 'ljf 
and \f1 describ,e the same physical_ idtuati~n. ibis takes plc._ce 

for the point like solution of ref. /4/, for the cylindrical 

capacitor /5/ and f_or the sphericnl one. In all .thene c;1~es 

the electromagnetic potentials can be removed vii th out spoilinr, 

the sin~leYaluedness :proJ:)e1·ties of the r,ave f~mc tion · 2nd•, thun, 

they are not observab~~-. The acce.ssib{e spac'e regi·o~ ,(lyin~ . 

outside S) should be r,mlticonnected as multivalued wave funct-
, ,. • "/ - < 

ion2 a.re not 11ermissible in the s:~mply connected re~ions · of'. .. 

space., If this c~ndition is fulfilled (that is multivaluedness 
. ' 

of then p~Ucl_c vr{].v.eis travell ng t,l?nr, 

il.ifferent paths r:iay acquire dt:fferent phases ·before heir 

'I"' outside S) • 

subsequent recombining (iike in ma~netic or ,ele.ctrostatic,. 
. ,; ' . ' ' '. 

Aharo~oy - Bohm effect). This in r,rinciple could be observed, - . 

exper'imentally . 

Is it possible to com t:ruct nonstatic solenoid using only 

the_chaneing with time current density (i.e. for the vanishing 

I I 



, 

charge density)? Such a. _construction ,ms suggested in r.ef. /6/ 
. ,· . . 2,. . 2-) .. 

(fig.4). The torus · °{ <j>-Gl\-t fl= R is densily 

covered by the infinitely thin. toroidal solenoids ts l . It is 

claimed in /6/ that for the periodical current in the winding 

of lsi. the electromagnetic fields is confined to the interior 

of· the torus T. We prove novr t,r>t this does not. take plclce. 

For this aim we con:-:ider the case o:f infinitely thin torus I'. 

'l'he.setJof toroidal .solenoids_ tSL (being infinitely small 

now) can be treat'ed ~s ;;_· circular chain of to~•oidal mom~·uts 

/17/ •. 

➔ . ~ 

t,:Q.'.J(\'.)(-il.\Jt)-t-h1- ~CJ-ck)- &t1) 
(6. 6) .. 

. • . . . . ➔ . . . 
(see fig. 2 where arrows nov, mean toroidHl moments t ). '.J.'o this 

. - -r' 

toroidal moment corres·ponds· the· currentJ .. given by 
-i' -, 

~ ~ C. · 'Lot 1.o·L t /17/ • 1'he vector potential ·generated 

by the chain of·toroidal moments is 

.A~ s G"'t~1'l'J •"lot Lot l tri'\ diY 1 

(the facto.~ 12.'.)(.~l-(w \:.) is again omitted). The integra,-

_tion here is performed along the circumference of the radius cit. 
Integrating tv,ice by pa;;_ts w~ riet, 
➔ . c G .., ~ , ... ....., -,r, _ 5' ~ 1.ot 1.0t J ~\~ \'Li '1. J t l'1. ) · d\ V · :. 

- .. ' 

~ ( ~'Lo.cl cl.\l.f ~ ~1.) "~ i -+ 4n' t l{). 
(6.7) 

12 

:.A } 
. '·• J • l 

'.'rl'·. l 

. 
j 

·:··.·~ ·) 
I 

Here 

- · 1r . . -.. 
-I::~ ~xp( i K. t \eoi~ i~ -

. " "l . 
:As I is independent of ~ , · SO 

t :/ ( 11-/ e,\ ~- i~J<A1S~ ) ~L, 

a i~ ( ~~ ·l ) = O _and 

-, -P - -=;-B-
,/,; 

4 {it (fl) 4- Ki., 1 • V\i J ~-=- wit (6.8) 

To find the value of I we use the well kno\m expansion /18/ ~ t:,0 . 

Q:I. p ii d l :, . ~ ;'i\'f L 1: :~ i) -:l.,, 1t t icX) 1-(~i t ~:[) . 

. P~ttosigY). f-=T~;_+i~~ 1.ri~s~j''\ z7 r 
10' ~ 

Thus \ · Q ~~ \'\( t \:<'~ ~ c_l~ 

" l 
~ \. l l'l"tf )· 1~·\'\ 
k=O 

,...,. 

-' _«_'\... -.tr it\"'1--

'l.ntl. { 1~,r-. t\ i l~Sr. Hll) '.kt) .. 
"'+ I \I\ ui.,.t-t ?:"+-l -. • -.. 

Now 'we compare l: · with· i: . We try to adjust parameters ;( 

'.and 'i, in such a \Vay as to' equ~ize ·1 · ~nd ~ • This t~es 

place if. 

i ~ {tq.,+~'L) .}X ;_ Jyi,: 1,v 
'f,::[\j+~)~~i~JrL )11.

0

~[tj~Jf+ t1.] 1/2: ' ' 

(6.9) 

13 



:, 
I 

I 

! 

-.._ 
\ 

It follows from this' that 

I = t, Q,:J.p(id I c.i~J1 j ., t: 
L II i-. 

I J';i)\/1 
0 

w 
\ l 'lh~ 2), _\ . 'l.ri-t\ 
L 1- 14~ "'+, 
'n-:.0, 

(1) 

\-\ 1h-\"~ l \C.t') 
l.. 

f'{, ,,..., 

1, . ' 

l t~' · 1/L~t~ u(_i ,y \'\ I t 

(6. IO) 

where 1: , 'l and o\ are defined -by Eqs. (6.7) and ((,.9). 

It_ follows from ~his thatI is c_ertainly different from_ ze:;-o •. 

Then outside th.e ch.ain · of toroidal moment~ there are non.::ani~' 

shing-field strengths 

t '! = "° \\~ · l 

\-\'"L:: "~ .. ~~{\(sh~): l) -J \--\0::--"'i. 'rl:_t'l·i) 
'lS1\-;l;:1 dtl · · • · ... , . · '1. <3'1. •. 

-'t 
'l'hus f:' 

- ·-➔ ,·,.· ·• / ·,, 

and \-\ go beyond the interior of the torus and .·-

'this complete our proof. It is valid for the infinitely thin 
~ , , ' ~ 

torus -~,. But the'.mea,surements described in ref. ';6/ were peFfor-.· 

med for the torus of finite ~adius·. It is known that for the 

cylindrical solenoid-with periodical current in its winding the: 
-T ,.• . . ·. . ' ' 

vector potential S\ disapp~ars · outside the solenoid for: 

the definite values of \-<_ R ( \'-, -=.t.J / ( , R.. is the radiµs of 

t~e s~lenoid). su;p~s e. tha;· th~; same property take/pia~e for' . 

the current configuration of fig.4. Then the disappearance of 

the electromagnetic field outside T ob.served in /6/ may be'• 

1.4
1 

i 

. attributed to the ·proxir.iity of torus radius to the_specific 

value mentioned above. 

7. Cqnclusion· 

-Vie_ briefly summarize the main results- obtained: 

-1. -A ree.listic construction of the stat.ic electric toroi°:: 

dal· solenoid is presented.· Outside 'it there is electric vector 

-po,tential which cannot be. eliminated _by the gauge trannforma:-

tion. By solving the known electrostatic problems, in terns ·of, 

the electric vector potential we find that•it has the same 

footing as.the scalar one. 

- ·· -· 2. 1'he nonstatic electrj_cal 8olenoids are' considered. Both 

scalar and vector potentials differ from zero·outside these 

solenoids while inside them only electrical field strength is 

nonvanishine. 

·\le ·feel that present paper raises more questions than 

ansvrnrs on them., We rephrase the question posed· by liharonov · 

and Bohm in their· famous 1959 paper /19/ in the foll9yring way: 

Do the electric vector potential of the static electrical sole

noid: and the ele ctromavieti,c potentials of the :_nonsl:atic solenoid 

have the physical meaning? How their existence can: be verified 

experimentally? 
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Ap!)endix 

·:1e feel that the physical meaning of the electrical- vector 

potential should be stated more ~lea:!'ly. For this we consider 

the. :polarized sphere of the radius Ct. . Let the polftrization 
-t ' p has the constant value and is directed along C axis 

....:; . ""7 

p =.Po· h.t. Gco.:-1-). (A~l) 

In the absence of free charReS the Haxwell equatidns are 
..:; 

ct.·u tJ = 0 (A, 2) 

~ 

lot E = 0 (.A. J) 

-""7 -f ➔ 

1:)::: E+ 411P. (A~4) 

1'he usual solution of these equn,tions proceedr- o_f follovrn /16/. - -Excluding i) from Eq. (A. 2) we get Eqs. for E 
-9 

1.ot E: 0 - (A. 5) 

➔-

e,{ ,·u E - Y11 div 
"""? 

P. -(A. 6 ) 

Eq. (A.5) is automatically· satisfied if 

._.,. 
E :: - ~'l..C\tl ~ • (A. 7 ) 

Substituting this in Eq_. (A. 6) vi~ get equation 

..., 
A ':j ::. litr cAiu p 

-'I 

ct~u P -=-- Po•e.o~0. ~crz.-o...J. \A.8) 

16 

Its r.olution is "S -
( \ -f" 

.) \t-i'\ ~iv Pl{'):~ V
1 

. -
or explicitly 

~--=-. ~ ii'({~ P0 - ~~ _ for '"t, 7 a., · and 

~-: ~ «-P~-1-ws0 for 'l.L.~. 
➔ ""'?. 

Using (A. 7) and (A.4) we obtain E; 5J 
' '.:, () ~ E,.:: t II o. ro co\0/'l) 

Eo = -~ r(ei
43 Po Si110 / 11, 

') 

➔ .::; 

l) = E 
outside the sphere and 

E 1. = - ~ r; -r() eo~ e ) 

llrt: -: { ri rr·c.o}0 . , 

Ee= ~11-Po-5,~8 

Q\ g...,n-,·e-
JJ\): - ~ 11. ro · ~,k _ 

insi'de. it •. 

_O:.s) 

, (A. 9) 

(A.IO) 

.The other way to solve Eqs. (A,2)-(A.4) is to introduce 
~ 

electric vector potential. Excluding E:- from Eqs. (A. 2).;.(A.4) 
- ➔ - .- -

we get equations for, II:) . 

-.0iJ ~ = 0 

1,ot, ~' =- 411 .1,0{ p -, 
(A.11). 

\olP = Po·- ~ii. 0 · ~li-a.) ·hi~ (A.12) 

To satisfy- Eq. (A.11) automatically·we put 

17 



➔ . ..:; 

'3J =- 'lot 'Jl· 
) 

-? 

'J1\J H = 0 
~. 

(A.lJ) 

and fi~d the following equation for fl 
➔ . ""7 

8 _A ::- - 4 n' · 1-0t p. (A.14) 

Its solution is 
-, ➔1 

J : 'f . 1,~i. p➔~ 1 ) 
. .J \tt_-'1.\ 

or.in explicit form . 

o: 4 ~,o.'.!> n ~i"0 h➔ 
J1 -; ~· 11 • \"'() 1_'- . f 
➔ . -I 

.A ::, t II Po '1, si~e . YI~. 

outside the sphere and 

inside it . 

(.;.~ 15) 

Using Eqs. (A.lJ) and (A.4) we arrive to Eqs. (,~.9) e.nd (A. IO) 
➔ -

Thus, there are twoequivalent v;ays' ~o find E ·, 1) for thei 

~errnanently polarized sphere. They are expressed through the 

electrical scalar potential i:u the first case and the vector 

electrical potential in the. r,e cond case. As the space. outsic1e 
-; 

\ the sphere is sir.rply -co~ecte<¼ the pote7:1tials ~ and ,A 
may be expressed throur)l E ' t) e.nd thus, they. both .have 

auxiliary meariine. 

·N0\·1 we consider the prolate auxially symmejric· ellipsoid· 

l:.')....\- '¼ 't.-7,, .+ t. 'l... - • 
--i.,, - i .·.) .c_. ~c "7 B. 

Let this ellipsoid lkqs the constant pola:i:-ization directed 
• I 

(K.16) 
,: -

along the ?; axis. This:. electrO$ti;tti.c .<proJ:il~m ,:is \again .. easj.l,y 

solved in terms of either electric scalar /16/ or vector po-

ten tie.ls. 

18 .. , . '· 

Introduce the s11heroidal coordinates . 

. X:: °'·Shy Si1-, 9 ecs~ > ~:: (). 5~}' ~'" 0 ~1" ':Si ,l ~c. CA--.fl to>0 
Let the vclue J.l~).\o corresponds to the ellipsoid .(A.16) 

i ~ ~ -Sl.}\o 
) c.: ,c-t-~L_µo 

(A.17) 

Then polnri~ation is given by 

4 

p :-
,' ·-r 

0o · .. V)l- ·G (_}.(o-·JA). . (A.18) · 

Equations (A. 2) - (A. 4) with the pola:·ization. (A. 18) · may be 
. ., . . . ' . ' .':, : .. 

solved in te:,ms of either electric fiCalc.r or vector. potentials. 

In t).ic first case one hc.r, 

~:: 4n' 90 0. .s~iJAo ·CIJ50 . !10 (Y.,}Ao) 

C : 4 tr \Jo s l 'lJ,\o I • [ ~ii,. e' . f \o•<y,' }Ao) : vZ,'.\ 
C \.C.~1,,JA-WSt.~)11- :r 1 .v 

· (\ . ~tf,o C.JJ,JA~'. ,-;: 1 
-. Co\ CJ.. J.y.. ''JA J 

Here . . .. i Q~ •·•·· . D \!YI .. ·· .. 
f. . .... : .. ·.a· ·. • .. Q..(d,JA). \ Q. t.·c.h_;,. ~ll}_ 
j~~,_(}'>JAo):' ••,W\· ...... M . . . 

.. :_' ':, . . . . P. (~;,() .·Q (~}-16) 
W\ .. \vv Q, • .. Q. 

PQ. "n.r'id', QQ. ar,e the ~~.gendre functions. 

fo:r: 

for 

. (A.19) 

M 7 J,\o 

j.J. f}), 0 

On ·the other hana. the. sqme eq1:1ations may be ,solyed ,in terms· .. . r ,- .. · ·c : :.. ,. • ~ . • • ' : ', • -- , ~ 

of eJ.ectrical vector ~otential. i'he answer is, -t . ..... .. : . . ·; , .. ,. . . 

Si = St· (\~ 
. .lii'-::. - l(( P0 0- i:A.JJ,o Sl_JAo Si"'0 · t,, (}A,JAo} . (,,. 20) 

19 



·, 
➔ 

Substituting .fl into E(l~ (A.13) · we· arrive 
. ➔ ";j

to c.b, t · 
obtained via the electric ,scalar !)otentiaL Thus, as fo:.· t!rn 

case of polarized s:1here th ere are .. two alternative ways. to 
.... - . ' 

solve the treated electrost2tic probler.1. ~et t'.1e n1:jo1· semi-

axis., .~ of the ellipsoid (A.'16/ ~ e:ri~s to infin'i ~~< r:hile ,. 

the minor one (b) re□ains the same, }'or this vre.put.ei.=&/St.J,lr,. 

in Eqs, (.A,19) and (a,20) 

It 'turI1s out that C\1"7 0 
1) ➔ Q) .A ➔ 'l.11H,:~'l./.P 

and then take the limit )Ao ➔ 0 
_,. -- ., :.,i - j 

E ➔-, 0. · · eve,ryv,here. Fu'rther , 1 

outside the ellipsoid anu 
·i ➔·4 /p · ~ st ;..;'lii' Po.P · inside it .. '.J.'!ius, w~ ·iecover ·th~. 

vect'or pot'ential of the electrical' cylindrida1 solen~id~ The 

same situation (that is 
-, ➔ 

the disappearance of EJ<P·· and nur-

viving of •Ji , t) ) takes ·:ii.J:ace for the toroil~l · kolen;id, 

The moral of these considerations is that j_n 'ten6~al 
: . .r • ,, 

elecfr:i.c vector __ ;iotential has ~qua.].' dte.tus: 11j.t)1, the scalar one. 

There are special situations in electrostatics for which sur-
• • ~ ' : .< ;_ ;_ '' "'>- ' ~-

vive either el.ectrical scalar or, vector, potenti~l~~ 
1

'.f-~e eiectri:.. 

cal toroiclal and cylindrical solenoids are of the 'latter kind. 

In~§ J-5 we have constructed. sta~ic magnetic and 
•' ' ,, -, ,, ' 

electric ~oienoids using the chains of mag~etic and electric.' 
• ,• .. ;. l 

dipoles, resp4 What happens if we change _these dipoles by the 
' ~ , ' ' ,, < ' -\ ' ·, 

static to~oidal (magnetic or electric) mo~ents (they are given 

by Eq.(6.6) with W:: 0 ,.in it)? It f~l{ow; f;om Eq~(6.B) that 

VP vanishes outside these. spin chains (or tubes). This ·means . 

that complete · self~screening takes place. 

20 
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Fig,l, Poloidal current. flowi~g on the surface of torus. 

Fig.2. The expl1-cit realizat;on of magnetic (electric) 

toroidal solenoid:bY: means of circular magnetic 

(electric) dipole chain • 

. 21 
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Fig. J. The explicit realiza.tion of magn·etic (electric) 

cylindrical soienoid by.means of linear ma~netic 
·" -• ., 

Celect:::-ic) dipciie chain~ · 

Fig. 4. The torus '.J.' is "dressed" by the toroidal solenoids 

ts c\·.'ith -altern'a.t~' cu:tr·e~ts i~- th~:i.r coil. Fni: 

' ·:, the ver; th
0

in 'riol~noid~-,tri --~nd' de;;se coverin;7, of 

'J:by lsc:· the elec·t:"r~~agnetic'field i~;:c'ahfined 

inside T (according to ref. /6/ ). 
22 
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Aq>aHacbes r.H. 
CTaT~YeCK~e 1-1, HecTaT1-1~eCK~e· 
3neKTP~YeCK~e coneH0"1Abl 

E2-92;.132 

npeAnaratoTCH . pacnpeAeneH"1H Jal)HAOB 1-1 .TOKOB, KoTo
pble pean~JYIOT CTaT"1YeCK"1e 1-1 HecTaT~YeCK"1e 3JleKTP~Yec
KV!e,. coneHO~Abl. '"1X cso(;;CTBa _ o6cyH<AatoTClL OcTaeTCH OT:-' 

. KpblTblM sonpoc O QJ~3~YeCKOM CMblCJle -3JleKTPOMarH~THblX 
noTeH4~anos B~e COJleHO~AOB ~ 06 "1X 3KCnep"1~eHT~nbHoc;; 
nposepKe. 

· Pa6oTa Bb1nonHeHa s na6opaTop~"1 TeopeT1-1YecKo(;; cp~-
·3"1K~ 01,1Sll,1. . .. 

llpenpHHT 061.e.:tHHeHHOro HHCTHT)'Ta i::iepllblX ~;cc.,e~OB8HHH, .lly6~a, 1992 

(_ 

Afanasiev G.N: 
The Static and Nonstatic Electrical 
Solenoids 

E2'.""92-132 

We propose the set of charge and current derisities 
which reali~e static and nonstatic electrical soleno- · 
ids. Their properties are discussed. The question on 

.the physical meaning of.the electromagnetic potentials 
6utside the sol~noids_and their experimental verific~~ 
tion remains to-_be opened. 

The· investigation has been performed at_ the Labora'."" 
·tory of Tneoretical Physics, JINR. 
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