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1. I n t r o d u c t i o n 

J.ecent investigations / 1 - 4 / have shown that the one-loon 

approximation in c;uantum chiral i.'ield theory is in 000d O.[!;l'cem~ont 

with the knovm experimental data in the description of str·ont;, 

v;eak, =d electromal_;netlc interact Lons cf 111esonE at lo\u enerto;ies 

( {S <.<. 1 Gev). hen the one-locp approxi:nation is considered 

in such theories there arise a number of r>roblems. Tn particular, 

these concern the Lemoval of ultraviolet divergences in the non-

polyn01nial theory and correctness of perturbation expans i.on in 

the strong coupling constant. 

In the present paper these problems are investigated in the 

nonlinear model of $){-interactions invariant under the 

,;u(2) x :~U(2) group with the Lagrangian/51 
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•::hm:e U ( ~) is the unitary rnatr ix depending on the pion field 

1i , /·:-' ~ )2 ;ev is the weak pion decay coupling constant and • X" 

' is the nucleon mass, Tn the chiral theory under consideration 

(;he role 

;ua 1 t i. L.J' 

of the strong couplinG of jj'.J -interaction plays the 

M.j t=;, • "'he phen!Menological constant of :;r;[ -lute

is connecteu r;ith M. /f l>y the Goldbere;er-Tre Lman 
r. 

l':tc L; Lon ,9 
r·;Jlat Lon /o/ 

,.-.1 9 = ~ ~ :_l 
1-r. 

v.here ~ li Ls the uxial cur·rent constant. 

As to the oriu;ln of the constant gA there exist two points 

oJ vLm· .. 1·irst, one can regard the origin of ~•\ to be the 

eLLect of hic;her orders of perturbation theory in the constant 

lj·:-
tii • ~Jocond, 9 ~ arises when for the realization of Goldber-

uCl'-'~'l'eiman relation in the tr·ee-a.Jproxirnation, one inserts, into 

the l,ap·an~;;ian, the nonninimal .in the number of derivatives terms 

of 1i' J{ -inter·action/7 I. e keep here the .Lehmann point of vie\/11 

that the orir;in of (j 't! is con.1ected with the higher orders of J,,. 
perturoation theory, 

In the present paper the re'lorrnalizatLon procedure for 

a ctonpolynomial Lat;rangian is formulated and a number of 1·elations 
~ 

between the renorrnalization constants (like the rJard identities in 

chir-al-invarlant theory) is obtained, lor the removal of ultra-

violet divergences arising while investigating nonrenormali-

zable ~~rt of the Lagrangian we use the superpropagator me

thod/B,9/, 
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r.e have considered the strong ver·tex of ftA -interaction 

and the weak vertex of fo -decay in the one-loop approximation. 

•;,hen taking into account the renormalizations they lead to thv 

same value of fj14 , This follows from the axial current cons!crva-

tion and confirms the chiral lnvariance of the accepted r·enorrn;,_ 

lization procedure, 

lo'inally, the last question we discuss in this paper concerns 

the estimation of the contributions of higher order·s of pertur-

bation theory in the constant { ~;;) , rn this co-meet [on ·.1u 

consider the contributions of the tv;o-loup approxLmat[on to the 

pion polarization operator. '!'he performed c;"lcula t LOns sho•·: that 

in spite of bhe Iact that the expansion p;uameter· .Ls r·athex· large 

l .M~;(t,.r.f;)2 :c.co/the contributions of the tl'o-loop <HJjJl'OXLm.a

tion are relatively small and are not Leyond the accux·acy of 

chiral theory (-20-30; .. ), It should ue noted, that our calcula

tions have a model character. e do not i••ke into account, fox· 

instance, the in t..erac t; Lons i th all other hyper:ons · . .irich contri

bution ;rray l>e vexy consideraole/2 • 3/, 'l'herefore, the quantitative 

results obtained, for example, for the value of 9 ,~ 
1 

should be 

treated rather car·efully. 

2. The renormalization scheme. 'rhe Ward Ldenti ties 

·;onsider the nonlinear .Lac;ranc; Lan (1) inVIJriant UT!'.id: the 

:::U(2) x ~:U(2) group taken in the exponential p11%·arnetrization. 
'l'o calculate divergent diagrams in perturbation theory v;e 
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shall usc the superpropagator method, according to v;hich for the 

x·emoval oi' the divergences one should calculate the whole set 

of diagrams with the fixed number of vertices and arbitx·ary number 

of internal lines. In this case our theory will be finite without 

.inserting the counterterms • However, irrespective of problem of 

ultrav Lolet divergences the calculations by perturbation theory 

x·equire the .r·enormalization of the physical quantities. According 

to this 1.e shall .insert, .into the .Lagrangian, only such counter-
--" 

terrns •.·.•hich renormalize the quantities of the initial Lagrangian 

(1) (fields, tnas<:es, charc;es) and shall not insert t;he counter

terms containLng any new structures. 

One should, ho.,ever, take care that the x·enormal.izations do 

not b1eak the Ln.itial chiral symmetry. This requirement puts 

definite bounds between the x·enormalization constants r;hat results 

in the existence of definite chiral ard identities. 

'PILus, the .in Bert ion of the counterterms into the Lagrangian 

is equivalent to the renox·malization of the quantities in the 

~heory: 

X ( 1'1. F. tt, ·r.) t- JJ. X Crt. FJ ·41) jT) = X (.Hz,>\, r= z) Y~u't:U:). (2) 

'l'he counterterms arising under the renormal.ization of the 

Green functions are: ~ 1 ~ \jJ ( l.y -1) , .M. tV lf! (Z 2 • i) 

M. ~Jr\l-'(z~-1)) .. F 

contain the spinor fields. 

h·om eq. (2) we have: 

j\11. ·- i1. . 

F'"' 4' :r If' ( z., .• 2.- .i), 
+ counterterms which do not 
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Z2. =ZMZ't', 
z = z z z 4h..z-l 

.$,.., 't']i ' 
(j) 

. • ... 12.. - fl 

zn+2. = ZMZ~ ZJi z_ . 

Now, if we want the counterterms in the Lagrangian to be chiral

invariant and to reproduce the structure of the Lagrangian, v1e shall 

demand the equality 

Z.2 = Z_-, -= • ·- =Z,,+2 = to be held. (4) 

This, in turn, leads to the relation 

4/' 

Z=zli~. (5) 

The obtained . ard identities (3), (i>) and (5) follow from cq. 

(2) and from the chiral symmetry of the Lar;rangLan. 'rhe com:.i

deration of pLan-pion interactions also leads to a number of Lden

tities between the renormalization constants of pion-pion ver

tices. 
l 

Ilence, we have 3 independent 1·enorrnalizat Lon constants: 

Z Z _ Z . "'hey are fixed by the normalization of the '+ J Jl 1 M 

proper renormalized Green functions (see fig. 1): 

")I I fr) 
LR.(M.)=O, ll.ll-lo)=O. L. (JVI.) = 0 

ll 

~ -~·-Q (C(4) 

l'ig.1. 

H) In the case of 111,=0} flR<o)::Q 
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'l'akl.ng into account the identities (3),. ( 4) and (5) we obtain 

the unique finite expressions for all the Green 

f'unct ions: 

G = Z-1 G R ...- ])R= z~l.]) )-; = z, r, oR·= zoo~ (6) 

\'lhere r and 0 are pion-nucleon and pion-pion vertices, resp. 

'rhe renormal~ation constants are determined by the follov1ing 

equations: 

Z l · } J I z .z:' (Jiil) I .. = ·t- .L.. l M.) . = l - ·- Z. = 1 + fl. to) 
.... ' 0\ .1"\ ) :Jr . J 

z_=z z =i-tL'(JI.t)-.?=cM) z =Z. (7 ) 
I i"\ 'I' 1\\. , il To • 

;;. 'rhe calculation of the strong vertrex 

As an example consider the three-point vertex function 

(see fig. 2) 

:<~-

PAP, r ( P~. f.<., CJ.) pf, p;,_L, g2)= i + ... 

r: ·= z f 
~ r 

Fig, 2, 

Let us calculate at first the renormalization constant Z, =Z""Z"". 
In the one-loop approximation the contribution to the Zr 
come~ only from one diagram (Fig, 3) 

- ..... p / \ p 
t t ' J 

:E'ig. ;;. 
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.2 " ~ . 311 { cL K ( lVl.- k) 
L.... ( p) =- L {;!r.)'l,F2.) ( lo('l- !It\~~ if.)[cp -K )~,. Ll-.1 (G) 

'"~'his integral as well as the follol":.i.ng ones c:an l;o cx~1·esced 

by the same divergent integral J : 

L(M.)=-1M~(1+J), Z'u'~~.)-=.~~{it J), (')) 

•11here p., - ( IV\. )2. r - -4;;F = 0 LL and 

J i )' c1. k 2. I. -~ M. = ·- · ·· · -- , D = 1\1 ( •U) 
( ) :n 2 

( K2-2KI' +If:: \(K2.tif) I 

'l'he integral J (M )can be calculated b.:r the superpl'O!>at.:atol· 

technique (see. ;,ppendix). As a result, ·,e have 

J .!:;_j> l ( JV1. 2. .,. J "' -
(t"l\) = i11 41rF) t .:z,c- .~ = -o.~~ (11) 

where C = 0.")77 ..• is the Euler constant. '"hen, ac•.;ordlng to 

eq. (7), ~:e i'ind 

ZM 1- L{M) 
i+.f[?,(i-+J), 

J:lo\. 

z"' l -t L I (1'-L ) =' i ~ -1 ~ { i -1 J ) ) ('i2) 

Z, = ZMZ'f .i -1 31~ ( 1 -+ J ) . 
:onsider no· ... the vertex function r . ln the given approxi

mation there are j vertex diagrams ( l ig. '+) 
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,,,> p,> r,> '~ 
>. ,-- ~- '~- -"-I --

i"~ t, . P.,. 
Q. b c. 

}ig. 4. 

_.1 

·epa:rat i.ng the Born ter,n, V'e come to the following ox pres-

s ton ior the vertex function 

r( Pi,h.,(t ,p:,r~l,rf2)= l +f(.i.)t- .21(l), (13) 

-~ (L\ .... (2.) 
v:here J corresponds to the diagram 4a and 1 corresponds to 

l•i> and lc. On the mass shell we have 

r tO ·= - till\ 2 ( "'-" 
(2w)" F'1 .) -( ~t<..:! ___ L_K_j\_+_i-~-)2 = - ~ ( 2 -t J ) , 

(14) 

·-(2.) 2 z ( l~) l = i" =---.:..__=- P...(.i+J). 
} [Vl ,-

Hence for the renormalized vertex function on the mass shell 

we find 

r~ ( lvt , j\1 , o , M. 
2 

, 1•r'. c ) = u .f 3 1~ c 1 + J ) J ). 

'L 1 - ~ (3 -+2J)] = f + ~ J = j A. 

(15) 

Substituting the value {> =0.66 and J =-0.35, obtained by the 

s. p. -method, for 9 A iie finally have 

9 A = j_ - 0. 2-3 
(16) 

4. The calculation of the axial constant of 

To show the consLstency of Ghe accepted renormalization 
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scheme and perturbation theor,y with the basic requirements of 

chiral-syrmnetrical theory, in particular, with the Goldbergel·

Treilaan relation, consider the renormalization of the axial 

constant in the weak J& -decay in our model. l!or this purpose ·· e 

shall add, to the initial Lagrangian (1) 1 the terrn descritJ ing 

the interaction of hadrons v1i th the ,.,ea<t 1 •;;.:;:-ton current 

X'= :l,-r [r;r , .... (1'1) 

-~ 4 ·- ..... 
where J ~r ·=: ]) t' jf G. -+- 2 "4-' t 6 r 1? 1.JJ 
and ])r is a covariant derivative of the form: 

• • I i • :D Jr' = o Jr'.,-(~,-- 'jf'jf )(J,n.Z_L)ro .r. 1 z.- fEl r r J Jr'J. z · r , -y r- ( 1 ~;) 

The relations bet·.·.·een the renor:~alization conotants, obtain.ud 

below, z·equire the insertion of the quite defined counterterl'ls 

for this inte1•action, narnely: 

I l j'- J-" 1:1?1. =]) ?.J= (7 -1)+i4lt6,..6,\.IJ(Z.,-i)L. c-19) 
~ ~ ~ . ~r 

Honce, the ren.ormalized axial vertex oi' )' -d~:cay is 

~ -. 
[~ = z., lf" • (2U) 

where the contribution to r~ <.:o.aes from the follOI':ing diagrar-ts: 

=)<::+ 
::alculating fp in the one-loop approximation, r;e obtain 
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. , 1 J/1.2. ( (1-L ,.,q-~)o, .. (.k-K)5;· J.~_ (21) 

~r L-If, = ~rt,. t ;.Ji2 (4~rFl.)il(,z-M.2 ... ~~,JLt"-~):!-M~.~t.1l'f 1<\\.,d 

On the nucleon mass shell for the transfer •nomentu•n CJ_..., 0 we 

l;et 

·rr = i _ ~ ~ ( 3 ·-t J > . (22) 

_./ 

t.'erfor1ning the renormalization, according to eq, (20), we 

obtain the following expression for r/ 
r ~ -
~ - i. r j'>J = ~A (2.5) 

coinciding v;ith eq. (16), This is the consequence of the axial 

current conservation. Thus, the Jr tf -interaction vertex and 

~he axial vertex of ~-decay are equally renormalized•). 

5. '"he estimation of the two-loop contribution 

""hile computing such quantities as electromagnetic pion 

i'or·m-factor and pion polarizability in the one-loop approximation 

we considered the diagram ·,·1ith two vertices of the strong 

type (see/3/), Here naturally the question arises about the con

tribut Lon of ~he higher or·ders of perturbation theory in the 

strong coupling. 'l'o answer this question •:.e sh\'111 consider the 

one-loop diagra!ll. \"Jith two strong vertices and estimate the contri

bution of ~he ne;:t tv1o-loop ap_pr·oximation (see fig. 6a-e), 

iii) The vector current analogously v:ith the electrodynamics, 
is not renora.alized in the given :nodal. 
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--0- -0- --o---
u. b (. 

·--.-o--..- - -o - -- --
c.L . e 

Fig. 6. 

To diagram 6a there corresponds the following expression 

tl.) ~~~.a r 
bii n ( p;:) ·= a.ll F:: Rep"")+ CO"<>t )~ i(2frr)~F2 ,)dK ~p \ hT;. (24) 

"·-l T " .. ,.tl • c JVt - K '> ~ .. J ( .(\-\ - K. - r ) J , 
where 

R ( ;c) ·= - f.. ( ~) 2 ( . cl k . ·-
P r,2 LorF Jt~<2.-M.2 .. ,t-)((K+J")~-l''t~.,t\ 

It is easy to convince oneself that, for instance, the 

electro:nagnetic plon radius, calculated in the one-loop apllroxl-

mation, coincides •::lth the value of the second der.Lvative of the 

[l (i.) . .i. 2. K) 
function . ( p"") taken at p = m r. 

' 

i ( .2. \2 t.l.'l ., l -3. _1- .::: a. 
2. rop~) Jl Cp-) ~ 2.- 3(L,~rF )2. 

p = m:n ;; 

(25) 

Let us show no\": what kind. of corrections \":Lll give the next two

loop approximation (.ig, 6b-e), 

Note, first of all, that four dlagi·ams, represented in figs. 

6b-e ;;ith the vertices corresponding to the interaction Lagrangian 

ii) Further for simplicity .1e shall put mJr = 0 
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(1) are equivalent to three diagrams represented in figs. 7a-c, 

here one of the vertices with the pseudoscalar coupling is 

replaced by the vertex .:ith the pseudovector coupling. 

--o--- ---o--- --0---
___./ 

lig. 7· 

•ro these diagrams there corz espond the follov1ing expression 

n (2.) 11'2.) n'2.) . f112\ = + b + (26) . ~ c 

.where 

(l) / 111./j) cL~t.d9 ) fl ~.Jl ==-·-. ,..~o t,TG("-Ht<~,-c(~)h1J'" 'J ~\. (2TT)'6 F'~ L -(~-q)~j I 0 l 

.. GlpH.) 7 =- _ _L_2 ~( 2A -t 8~)» .. J ( lo;F ~ I ~ ' 
~ 1CZ-) 12. 111\.\ . ~ ,/,li.,,~ 0 ) . • . " -
Oi·l b ·-== -,--2 · . c-21p (;(q)6<;T fi(~<-)p~.:;lJ" 

.} (2;r) F'~ H t\-1)2j • I 

,. G ( p + ¥- ) l -= - 2 4
2 B (- 2 A + B 2.) J 'J. ) J (4~F) I 

~;, n~2.)= ~ .M.~ 2 (. JK,1q_ ~p\hTial"')6-;T"'b(tj)• 
J (21T)& F.lj J 1-£ K-~ )2_) L 

("( .. G J' b. It (A B \ ,-, "'~5 TI(. o(i<.)D~sfl (p·H) = ---2-r -t 3) b,J . 
I (4TF) 

Here A and B are expressed in terms of d i. vergent integr·als 
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. - .M.2 ( d d . f> ( K- CL ) ---' B = J~:'l( _l ( ~------ \"' 

f-1- r,'t J K i[cpt~<.\'-J.'\.2 )[ ~~l-l"\.l.ll•)"-li\.,1(F:-ri)<-J .i ii~ .)u
1
,K\"-N'lc•;·-•n'\ 

B - ..L~ I I ( r '] - ,..,~;:!. ) ~ -= ,H\) ,.__~ d 1<- ---- \ ___:!__cL 
-. "! ( J( c; Cl . '} 2 , L 2. • ~ J - \ ~ •· . 1. ·2. .!. • ·2 l .,( ~ :r. l~tr~~s-M.lltCj1ii-'-M]<\ .rlt -lrp•K.\-l"'.'jl~<·tt! ·.'9-N)ll 

'l'he second dei.·.i.vati.ves of these quantities, unlike (2::;), c<~.nnot 

be expressed in terms of finite integrals und contui.n lo,~<.u:i.th11ti.-

cal divergences. It appears that all these quantities can acai.n 

be expresed .i.n terms of ~he integral 'J (see eq. (10)), 1:hich is 

calculated by the superpropagator method. It appears that the 

form of the superpropagator is the same. 'Phen '- e obtain 

I('V\2. j /n-2 
2 .---b p-._ J R = -2 ~ ( 2 -r J ) ~ ~ l"o u ") B _~. -== ~ { 2 t- J \ J 

p (27) 

~('0~4)
2

P>~=i~(~t-]) ~ ih~'-)
2

B~:-1~ J 
Thus, the total contribution from the nonrenormal.i.zed diar;I.·ams 

7a-c (or 6b-e) turns out to be 

a xi = aJP:>( ~ J + ~ - 3). ?. ,, 12 
(28) 

The account of t;hc Yertex renormalization in diacram Ga 

gives the additional contribution (see eq. (12)) 

CLX~ = bCL~( .L-t .J), (29) 

At last ;ve have to take into account the contribution fr·om the 

renormalization of the nucleon Green functLon and nucleon mass 

(see eqs.(7) and (12)). These renormalizations lead, resp. to the 

quant.i.ties: 
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ccx1 = .3et~(.Jt-;]) 
(50) 

a :x.~ =: - ~ctfl:>. 
(31) 

:..;wrunarizinc expre~~cions (28)-(31), we finally r;et for the two-

loop approximation 

_./ 5) :x = ~ l t J t 12 ~ o.l f-> = 0. o E.G (j2) 

L 'Phus, the second derivative with respect to p of the expression 

cor:r·espondin3 Lo diacx·ams 6(a-e) can be written donn in the fol-

lov:i.UG · .. ay 

.!_('l \2[ -,fi') . (2') J 
2np~J 1L (p'-)+ll(p~) f r~ \L. (i') 

.:= (.i+:() 2t'cp;cJ n ( p:l.). (33) 

. ~ =o 
where X is the quantity essentially s.aaller than unity. Hence, 

\',e Gan see that; the basic contribution to the pion Green function 

with the lees on the .nass shell comes from the one-loop ap"')roxima

tion. 

6. C o n c l u s i o n 

~ium1narizinr; all the results -,·;e have obtained it should be 

noted the follo1·:i.ng: On the basis of the chirJl-invariant aodel 

of interactions •:;e have sho1·m ho~1 the consistency renorm<c;liza-

tion theory is constructed using the superpropaGator method for 

the rer;ularization of divere;ent expressions. ;, number of relations 

bet,·.een the re"ormalization constants is found and the fulfilment 

of the Goldberger-'J'reiman 1·elation in the accepted perturbation 

theory is tested. For this purpose in the one-loop approximatcon 

there are calculated the corrections to the 1ri -vertex in the 
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limit of small transfer •!omenta and those to the ·;:euk coupling 

constant with axial current ( 9A) . The two-loop corrections to 

the selfenergy operator are computed, as 1.'•ell. 

lt should be noted also that all the calculated corrections 

due to higher orders of perturbation theory turn out to be small 

in spite of the absence of small pararneter in the pertu1·bation 

theory employed. 

The authors v.ould l.ike to express their deep gratitude to 

D.I.Blokhintsev and D.V.Shirkov for regular interest in the 

work and also to v.v.r;erebryakov, A.A.::lavnov and J.,. D.l'addeev 

for fruitful discussions • 

17 


