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The Lorentz invariance postulate which 
is unavoidable in describing the production 
processes of the elementary particles seems 
to be not enough exploited from physical 
point of view. The requirement of the Lo
rentz invariance both with respect to ~he 
variables and with respect to the n-point 
functions used for describing reactions 
with n -particles n>4 has been mathemati
cally investigated in detail/I~The represen
tation of the spaces of n-point L~rentz 
invariant differentiable functions (and 
distributions) onto appropriate spaces of 
Lorentz invariant variables are discussed121 

and the conditions for validity of (1) is 
stated. 

Let us denote a set of n four-vectors 
p1 , ... , p by p and let rr be the mapping which 
carri:s any set p in the set of Minkowski 

d 0 0 -+ -+ f( ) s c a 1 a r pro u c t s 1\P j = p i p j - p1 p j • Let P 
be a differentiable function invariant un
der the orthochronous Lorentz group f then 
f(p) is uniquely r_epresented/2/ by the 
functions F(rr(p)) and F 1112 i 314 (rr(p))( the ar gum en t s 
of which are scalar products) by 

f(p)=F(rr(p))+ .. I . Ai
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(rr(p)) (1) 
. l;5;••<•2<ia<•,P• 

in which besides simple invariants like 
scalar products there appear the variables 
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A11121314 each of them means the determinant 
of the components of the four vectors p 1I 
P 12 •Pt3 and P1 4 · These variables are not all 
independent 13{ Let us recall some properties. 
The determinants are skew symmetric coeffi
cients of the exterior form of degree four 
of the vectors p1 , P 12 ,p 13 and P14 . These 

I . . d d "f four vectors are l1near~y 1n epen ent 1 
and only if A 1I 12 1314 .j, 0. This property. is 
invariant to GL(4,R) which is the automor
phism grbup of the affine vector space R4 

The linear forms admit as a group of symmet
ry the holoedric extension of GL(4,R). An 
exterior form is regular if the rar.k is 
equal to the degree, otherwise it is. called 
singular. Atii 2t3 t 4 ,bO is a canonical regular 
form of degree four which preserves the 
value under the special linear group SL~,R). 
If one chooses SL(4,R) as the group of auto-
morphism then R4 is called unimodular vec
tor space. One calls R4 the Minkowski space 
when one chooses the Lorentz group as the 
automorphism group. Actually the Minkowski 
space is a geometrization of the indefinite 
quadratic form (the real-valued function on 
the vectors p1 of R4 linear in p1 . ) with the 
signature 2. 

Now for a given process th~ minimum and 
maximum values of any A (sometimes we sup
press indices) depend only on the energy 
of the colliding particles. These .variab
les are pseudoscalars,and they are inva
riants of SL(4,R).They are connected exclusi
vely with the multiparticle production re
actions. Therefore we have proposed/~ to 
use experimental data for getting new empi
rical information about the multiple pro
duct~on mechanism from the different reac-

· ... , ... '• 

'' 
' 

I 
~· 

)~~ 
a 

l 
,.vt. 
.,"\ 

i!i• 
··;#: 
·W• 

( \ 

I J 

tions and at different energies, utilizing 
the histograms with r~spect to A. 

As a starting step consider the process 
a+ b -+a I + a 2 + a 3 + a4 or a-+ a I +a 2 + a3 +. a 4 for any 
particles which satisfy the conservation 
laws. Shortly speaking after averaging over 
the other variables which characterize the 
process let only A1234=det tp 1ki 1=I,2,a,4 ; k=O,I,2,3 
be left.· In the center of mass system of 
colliding particles, from the ene~gy mo
mentum conservation artd from the property 
of tensor product to be distributive with 

( -+ -+ ) -+ respect to sum we have A= yT p1I x Pti ·Pi , 
1 :S i 1 < i2 < i3 ~ 4, where ys as us u a is 

3
d e -

note~ c.m.s. energ~ Now for a fixed s the 
variable we consider is the value of the 

det l k I . . · · . h · h · h P. •=•I .• 2,.3 ,k=l,2,3 w 1c 1s t e 
I . 

measure of the volume of the parallelepiped 
built on P1 1 ,p 12 and f 13 . For any choice of 
.i 1, i 2 ,i3 one gets the same value for A1234 . 
The experimental distributions on A 1~4 
for p +P-+ P +P + 17+ + 17- have been performed 
for ten values of the energy bet~een 
4.0 GeV and 24.8 GeV. A strong shrinkage 
( I 51, fig . 1 ) wit h r e spec t to t he energy i s 
obtained when ~hey are compared with the 
phase space distributions, for details 
see/5/.For 77-+p-+ 77-+77- -.,17+ + p the results 
are similar but we have only two values of 
ene·r gy 16~ 

The shape of the histograms is of the 
form cp(s,A)= A(s)- t::.2 B (s ). The dependence on s 
is connected immediately with the extremum 
of the A for a given energy s. The modulo 
of f(f) in (1) for some restrictions of F 
and F 1234 can approximate the shap~ of the 
experimental histograms. But for doing it 
accurately the spins of particles should be 
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accohnted. Then·besides invariant functions 
the covariant polynoms enter in the ex
pr~ss ion of a spinor amplitude Au(P)= 

= .!
1 

P .(P) fi (p) where fi (p) ar·e N Lorentz inva-
t= Ul 

riant functions (distributions) and PUi (p) 
are N Lorentz covariant polynoms/7/, where p 
~elongs to physical domain generated by n 
four-momenta p1 , ••• ,p

0 
of then particles 

which enter in the process and u states for 
the sp~ns of the particles (two four-mo
menta p~rallel are excluded). 

But the aim of this note is not to ap
proximate the A histograms by using (1). 
The point is to emphasize the new regulari
ties with respect to A which has to be in
vestigated using the experimental data. 
Actually we have mentioned (1) to indicate 
one of the reasons to think of A as a va
riable which can be appropriate for getting 
some empirical information of the produc
tion mechanism of elementary particles and 
for connecting them with the mathematical 
structure of the orbit space/2/ (of the Lo
rentz group acting on the product of n Min
kowski spaces) and the n-point Lorentz inva
riant functions defined on it. Or more pre
cisely the new constraints of invariant 
functions valid for high en~rgy. 

In order to do this it seems to us that 
we have first to draw from experimental 
data the answers to the following questions: 

a. Do A distributions as functions of 
energy, i.e., cp(s,A) depend on·the nature 
of colliding particle or final particles 
(neutrino-production, foto-production, 
etc. , ) ? 

·~.~~~ 
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b·. For four inclusive reactions (four. 
exclusive particles) one can divide the 
interval· of the epergy of the four par
ticles in their center of mass system 
(p1 +P2 +P 3 + p4 ) 2 into intervals of the "fi
xed" energy. For the ev~nts corresponding 
to every certain energy to get the A his
togram. Will be the shrinkage the same 
with respect to energy~ 

c. Important is to know from the reac
tions with more then faur particles in final 
state for which a few independent determi
nants exist if they are simult~neou~ly going 
to zer~ for a giv~n even~. (There are 
n(n-l)(n-2)(n-3) /24 determinants but n'Dt 
all independent13/ sinceAi
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= 
=detlp.pkl. · · · · ·k k k k k I I= I l, 12. 13,14 • = I. 2· 3 • 4 . 

d. Finally A being a pseudoscalar it is 
interesting to investigate if there exists 
any asymmetry in the A distribution w{th 
respect to A= 0. 

It is possible to perform it for the 
channels where the four particles in final 
state are different thus they can be uni
quely labe~led, and the ordering of them 
permits one to introduce the orientation 
of the space. 

To summarize, the. variable A 1234 in the 
case of four particles with fixed energy is 
reduced to the volume of a parallelepiped 
which is a scalar density of weight -1. 
This variable equal to zero defines the 
singular domain of the physical region of 
the vectorsP 1 ,p 2 ,p3 andp 4 • For encreasing 
energy this region becomes prevalent. If 
we haven particles in final state the n 
4-momenta may be written in the form ofnx4 
matrix. The problem is to investigate the 

7 



i' I 

I 
8 

rank of this matrix using experimental da
ta for different processes a+b .... a1 + ... +a

0
.We 

stipulate that for increasing energy the 
rank is not four. That means that the"di
mensionality of the space generated by 
n 4-momenta is <4 • Thus the production 
of n particles at high energy is realised 
in a most"economic"way - the minimum num
ber of degrees of freedom. This statement 
has to be. true independent of the nature 
of the particles which are involved in the 

~ 

production processes and independent of 
the number n. If it is so then the support 
of the amplitude in (1) has to be ~n the 
singular kinematical region/ 1 •21. 
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zov and A.Stelmakh for their contribution 
in using experimental data. 
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