


1. INTRODUCTION

Recently the problems involving a conventional character of
the concepts of simultaneity and distance have been widely dis-
cussed. In particular, the so-called generalized Lorentz
transformations¥* have been considered that apparently take into
account the indicated fact by introducing simultaneity parame-
ter ¢ or space parameter «¢ 78,7/ and both guantities in the
general case’® . For ¢ = 1)2((1 = 1/2) these transformations
transit to ordinary Lorentz ones whereas for ¢ # 1/2 "time ari-
sotropy"** is allowed which leads to the anisotropy of propa-
gation velocities of physical signals.

Remind that in defining the concepts of simultaneity and
distance, the existence of the elements of conventional agree-
ment is associated with the fact that time sending (t;) and
arrival (tp) of a reflected light signal are quantities direct-
ly measured by the radar method by means of which the indica-
ted concepts are practically introduced. We get rid of the con-
ventional agreement when passing from coordinates t and z¥¥%¥
to the times of sending and return of the light signal. Mathe-
matically this simply means the replacement of variables.

Unhabitualness of the introduced "time description'" is the
pay for this transition. The advantage of the new description
lies in direct measuring and other corresponding kinematical
and dynamical quantities. In this case the mathematical langua-
ge of relativity theory is simplified.

However, in the general case of four-dimensional space such
a simple picture already takes no place. On the contrary, the
transition to directly measured times makes mathematical appa-
ratus complicated. In addition, the formulation of relativity
in the new variables*¥*** has the same (equivalent) right to
exist and in a series of cases it may be more convenient. Spe-

*see /l’uand also'5/ where references to other papers on this subject can
be found.
**Space anisotropy for ¢, £ 1/2.
In the frame of (1+1)-space.
****Taking into account a similar replacement for another pair of coordina-
tes.



cial Lorentz transformations and quantum mechanics of particles
having spin 1/2 are the examples of this.

2. TRANSITION TO QUANTITIES DIRECTLY MEASURED

In the above radar experiment the coordinates

ty + ty to=t;
y 2 = e (1)
2 2
are assigned to time t of the reflected light signal and dis-
tance z to the point of reflection.
To transit to directly measured quantities t; and t,, deno-
ted below by x! and x2, replace the variables*

xtap =t-z, xzst2=t+z. 2)

For the interval squared we find

dr2=dt-dz=dx1dx2=gikdxjdxk, (3)
i.e.

81y =Bgy= 0 and 80~ 8py = 172,

According to (2), for components of covariant velocity we get

Jodt _doe at az (4)
dr dr dr dr
or
1 dx dx! 2 dx® dx® 1,-1
U = ce—— = /--—' U© = ee— = -_—= . d
dr v dx 2 dr v dx 1 () (47)

Taking (4) and (4°) into account, instead of energy E and mo-
mentum p for a body with mass m we have

p’=E-p=mua p2=E+p=mu2 (5)
whence
plp? = (m)2. (57

*Some time ago these variables were considered by Kotel ‘nikov 'Q'and

.
Dirac ‘197, see also’!1’,
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It is important to note that u' and u2, as well as x* and x2,
are directly observed quantities. In fact, from an experiment
on measuring Doppler frequ#ency w we find

1 2
u =w/w® or U = o /w. (6)

Knowing m, we can find p! and p&.
Taking (2) and (5) into account, for invariant action S we
have

S = Et—pz=;—<p‘x2+pzx‘). (7)

In the frame of our approach let us introduce quantity (v)
which corresponds to usual velocity of motion B. The quantity
introduced describes the change of one coordinate relative
to another and is expressed through S

2
H_Z:—‘:-}-t%' (8)

It is evident that v can vary from 1(8 = 0) to =(8= 1), i.e.
the velocity of light is an infinite value as for limiting
transition to classics. If the sign of f8 is variable, i.e. the
direction of motion reverses, instead of (8) we have

1-
v = B _ -t (87)
1+8
Thus, in the opposite direction the velocity varies from 1
to 0. In its physical sense v is equal to the ratio

tb+tp
V = s, (g)
tb-tf
where tp(th) is the time during which light (a material body)
travels some space cut back and forth (t* = ty, - tl)'

3. TRANSFORMATIONS FOR COORDINATES.
THE "ADDITION'"THEOREM FOR VELOCITIES

Using (2) and (8), special Lorentz transformations for the
coordinates are written as

I3

2= vV% 1 x® o172y 2 (10)



or
’ -y 2 .
PLIL M S (107)

where u = ul.

The corresponding transformations for p! and p? take a simi-
lar form. Taking the known substitution 8= the into account,
eq. (10) can be presented as
*oe%xt, 2% e A (10°°)

Combining (10°) with their particular (U) Lorentz transfor-
mations

auxt”, 1 -ulha?”, (11)

we are led to the "addition" theorem for velocities
w=uU (multiplication rule) (12)

with w the velocity of the resulting transformation which ta-
kes the place of the two initial ones.

4. TIME DEGRIPTION OF EVENTS IN (1+2)-SPACE

In a more general case of (1+2)- space the coordinates of
reflection of a radar signal are expressed, e.g., as

1 1
h=34%1+t1),r=E-a21-H),r+X+z=t22-tr (13)
Here the first index denotes as before the sending or arrival
of the signal;and the second one,its ordinal number. The ref-
lected signal is devided into two. The latter goes in the di-
rection of axes x and z to the starting point. The expressions
for x and z calculated using eqs. (13) are extremely cumber-
some. Therefore already in this case the transition tc the
times directly observed makes mathematical apparatus greatly
involved. Measuring the coordinates z (instead of r), we have

g 2 2
1 t +t12—2t
z=(t_-t ), r+x+z=t_ -t  t=-—A12 11 (14)
22 12 2 1 2(t +t._ -2t
2 " 12 1
Already from the expression for t one can see that the
transition to the time coordimates is hardly reasonable.
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Thus, only in the particular case (t22 =ty and tig =ty
i.e. when the point of reflection lies on axis z) the conside-
red replacement of the variables is related to the transition
to the quantities observed. As far as the special Lorentz
transformations is concerned, in this case they are simple in
form (10) as before.

On the other hand, as any space coordinate can be expressed
through time, the common use of one time and three space coor-
dinates cannot be considered preferable to another description
(equivalent to it). The only criterion appears to be only sim-
plicity and convenience of this or that approach.

5. TRANSITION TO (2+2)-SPACE

Rewriting formulae (2) in the form

x1 Z+ 1 2 Z + ix (2°

=-z+ix,, x =z+ix, 27)
where X, = -it, introduce

3o oxviy, xtoxsiy (15)

by analogy to (2°). In this case for the interval squared we
find

dr2=ax'ax? « axlax? - g_kdx‘ dax ¥, (16)
1

i.e. the matric tensor By takes the form

0100
100 0

%,> {0 0 0 1 (17)
0 0 1 0

Further on we shall conditionally say that (2+2)-space is de-
fined by the quadratic form (16).

Geometrically, for example, in the plane x3%* of Cartesian
coordinates x2 and x? the square of a distance is equal to the
area of a rectangle with sides x? and x*. In so doing, a set
of points corresponding to constant distance "a' is given by
equilateral hyperbola x*% = (a)2%/x3. Now the rotation through
angle @ in the plane Xy evidently corresponds to the transfor-

mations



x3 _eitg3, x4 _g-lax4

which are similar to (10" 7).
The scalar product of two wectors X and Y is defined by the
expression

xv=é.(xivz+xzvi+x3v‘+x‘va)=J2~xiYi. (18)

3 4

According to (47), let us introduce u* and ut, Components
u! are expressed through components of usual velocity B,:

u‘+u2=2% u2-u1=2ﬁz%

e
(19)
u‘—u3=2ﬂx% u3+u4=2i6y%
2 ~1/
where Y=(1-ﬁa) 12 , and they satisfy the relation
ala?ivtutot. (20)

Taking (19) into account, for general Lorentz transforma-
tions we get

x1=[(u1)2x1 +ududs? —ul(u4x3 s xt Yy,

x2=(udux? (22 - vt cukt)ly,
(21)

~18 1 ~232 ~i~279 3.2 4 .~

P G e T " -uH)" x 1y,

Id - 4 ’ —~f ’ —~
xto[atutx? 2 0%%E —H%x? LutuRxt )y

where u!®- y1® | 1, ¥ =(i‘ +Ez)'l

Using (10°), special relativistic formulae of transforma-
tion for components of a second rank antisymmetric tensor Fik
take the simple form

F12=F12 , F13=uF13' F14=uF14 ,

, , (22)
F34= F34' F23=U-IF23 , F24___u-1F24-

For electromagnetic field Fik g expressed through inten-
sities B and #| of electric and magnetic fields by means of the
equalities

2
P28 F'ACE +H +1E +H),
z b4 y y x
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FY-E, -H +iE, +H), F** =N (23)

z'
. 24
FP B, ~H, +i€, +H), F =k +H +iE, +H).

The form of Maxwell s equations in the new variables is un-
doubtedly unchangeable.

6. DIRAC EQUATION IN (2+2)-SPACE

The variables heing considered can be assumed '"natural' for
the Dirac equation. Thus, in these variables each of four equa-
tions has only three terms instead of five. If the Dirac equa-
tion is presented by matrices y! in the common form

iyl 2= = m)y =0, (24)
Jx
we have
A 1 7
000 0 0 1 0 O
,b-)r o000 2 oo 0o
0 0 0 1f° 00 0 of°
0 0 0O 0 01 0O
J L J (25)
) ( )
0 0 0 0 00 06 1
s _Jo oo o0 4 loo0o-1 0
Y  *lo 1 00|l*”7” % ]loo oo
-1 0 0 0 00 0 O
\ 7/

In this case ¢ is expressed through the former wave function ¥
by the equalities

¢r‘ = ‘l’1 ¥ lva. “”a

2 4 :

Note that new matrices y' have only two elements different
from zero. As before, they satisfy the following communication
relations

='P2 ;‘I‘Q. (26)

ylyk«i-yk‘/l =2g]k1. (27)
For bilinear scalar form we have

s = v (y' +yHy = Ju. (28)
where ¢ is the function "relativistically adjeint" of ¥.
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Using (2) and (15), introduce the 4-vector of probability
current density for particles with spin 1/2. We obtain

-1_.t_.z_ * _7.1
1"=] =] -¢2w2+w;¢3_wy ¥,

- (29)
R R IR S J R I
i.e. as before
if=uy"y (29°)

although each expression of (29) has only two terms instead
of four.

As for special relativistic transformations for componenis
of bispinor wave function ¥, they are of the following simple

form:

-ve ve
ll’x,fu Uar Vs =" Yoa- (30)

Hence, using (29), it is easy to get the formulae of transfor-
mation for 4-vector components

13.4 ___13,4: (31)

’

1 1 .2

T Lt T

It should be also noted that spinors are now related to 4-
vectors by the following simple formulae

N 2é= - ll=
PI.I—D Pl. 92.2 P P2
12 21 (32)
%}=-P =%. -Pk =p =D;
Taking into account that in spinor representation
¥, ¢
77=(1)| £=( 2)0 (33)
3 4
where two-component quantities
1 3
n=(". ) and £=("1) (34)
72 '3

2

are dotted contravariant and nondotted covariant spinors, let
us write the Dirac equation in the form



B&ﬁfﬁ=mr)é. Eal-sr)’s=mfa. (35)

Here, using (32), operational spinors P“B and P B correspond
to operational vector % —13 .
On the other hand, with the help of p egs.(35) can be writ-

ten as

-~

piaif = my, 6i01" =mé. (36)

Using (2) and (15), e.g., "components of contravariant matrix
4-vector' are expressed through Pauli’s matrices

20 =1-0. 20%=1+0.. 20° == +ic . 20% =0 + o, (37)

z z x v x y
where I is the unit matrix which takes the form of known pro-
jection operators

1_ |10 O z_ |1 O 3. |0 O 4_ |0 1
"‘[0 1] ’“"{oo ’”‘[-1 o> =0 of ®

7. CONCLUSION

As previously noted, in the frame of (1+1)-space not only
the time but also the space coordinate is commonly introduced
using conventional agreements. The transition to quantities di-
rectly measured in experiments (the time of sending and arri-
val of a radar signal) makes it possible to get rid of the
above conventions. As a result, (special) Lorentz transforma-
tions, the "addition'" theorem for velocities and so on are
simplified.

In the general case, however, the transition to times di-
rectly observed complicates the mathematical apparatus of the
theory. In addition, the considered formulation of special re-
lativity in noneuclidean space is equivalent to the conven-
tional one. It appears more convenient to describe spinor quan-
tities, e.g. the Dirac equation.
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