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I. IITRODUCTIOK 

1 In classical field theories the notion of energy-momentum 
tensor is used for description of the evolution of a given 
physical system. This notion is introduced in some different 
ways for a given field theory and, moreover, it has been con­
nected with notions, different in their mathematical structure 
and definition, such as canonical, symmetric energy-momentum 
tensor of Belinfante /1/ and symmetric energy-momentum tensor 
of Ililbert /1,2/. Some connections between all these tensors 
are found and used for constructing one of them by means of 
the others /1-3/. 

2. A given physical system can be described by UBing a bagran-
gian (scalar) density of the type /1-4/: 

*: = *(VV vABj±> YABil>j) := i=g.W\. *\±, V ^ ^ ) , 
where (0.1) 
:= means "by definition", A,B,... - multiindices, 
A := i 1...i l, В := j r . . j m , l,m,... <HtK, g * 0 , 
i.3,k,..STi i n , э 2 . 

V A с 7~B(JC) are field variables, considered as components 
of contra- or covariant tensor fields of (finite) rank. V g 
can be metric (VB = gjj) or nonjuetric (V B + g^) field vari­
ables. 

There is a possibility for describing a physical system 
by means of a Lagrangian density of the type /1/: 
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Table 1. 
tfethod? of obtaining local conserved quant i t ies 

Method Laî rangian 
density 

Form of the identity Local conserved 
quantities 

1. Method of 
energy-momentum 
complexes 

* : = * ( V VA,i' 
A,i,J 

\*4i 

A.£ k + A^lk j + A^. 1^ . . + Complexes (pseudotensors) 
+ A ^ 1 * * ,i.3il of energy and momentum 

(s. 1,3,10,11,14) 

2. Kethod of 
the Drivileged 
vector fields 

8 * 

8 * 
VA " S i 3 К 
VA * « id A 

^ V A + *',! = °-

A A,i 
+ ( a* 8V A,i,j " »i,j 
Э* /Э* 
3v 

+ ( 

A,i 
a * 

2(32 ) ]i v 
av. . . >J u rt A.i.j 

3v. -•*V.J . XI 
A,i,D 

Quantities in which 
structures the compo­
nents of the vector 
field I with nonsimple 
•physical interpretation 
together with the 
functions V, and their A 
derivatives are in­
cluded 
(г. 14-19) 



I'able 1. 
(continuation) 

"etlodir of obtairin'r loc?l conserved auantities: 

'.'ethod La»rangian 
density 

Form of ths ident i ty 
Л * - (*гх) /i 

Local conserved 
quantities 

3. Kethod of the 
covariart de­
rivatives of 
the vector 
fields (CDVF) 

i.k r!-*(Bld.8iJ,k' V + \ £ /i + V J £ /i/d + 

" . V V ) 
°ij,k,l' A' A,i' + \ £ /1/3/1 = ° 

Covariant conserved 
quantities 
(p. 2,10,13) 

t . .'.'etnoc of 
Lagransiars 
with cov»riant 
derivatives 

V. 

VA * «ii 

p, г* + T?. 1 г к

/ . = о 
к к /1 

VA/i- VA/i/J> 

Covariant (tensor) 
conserved quantities 
(s. 5) 



* : = * ( g l j f V A
E, V A

B /., V A
E / i / . ) : = 

:-K=i.L<E V\, V A E / l , VA ) , (C.2) 

A A 
whore V „,. is a oovariant derivative of V „ along the basic 
vector field E< (or B^). 

The methods of obtaining quantities of the type of 
energy-ir.omentum tensor in (pseudo)Riemannian spaces with la-
grangian density, depending on covariant tensor fields and 
their first (and second) partial (or covariant) derivatives 
are given schematically ir. the Table/5/. 
3. In previous papers /5/ the possibilities have been considered 
of defining tennors of the type of an energy-momentum tensor 
for field theories ir (pseudo)Rierr.annian spaces without torsion 
(V -spaces) and with torsion (U -spaces) /6,7/. By means of the 
method of Lagrangians with covariant derivatives (KLCD) the s.c. 
generalized covariant Bianchi type identities (GOBI) are obtained. 
On the ground of these identities the connections between the 
s.c. generalized canonical energy-momentum tensor, the symmetric 
energy-momentum tensor of Belirfante ar? investigated as well as 
the conditions under which the symmetric energy-momentum tensor 
appears to be a local corserved quantity, i.e. a quantity of the 
type T̂ .. obeying the condition 

T, i , . = 0, where T . . = g T . k = T.. . (0.3) 
i /j -j bjk l ji 

At the same time it was shown that the covariant Euler-Lagrange 
equation (CSLE) for the field variables in U_-spaces, in contrast 
to the case of V -spaces, are not sufficient conditions for the 
existence of the symmetric energy-momentum tensor as a local 
conserved quantity. 
4. In this paper the possibilities for obtaining tensors of 
the type of energy-momentum tensor (generalized canonical, sym­
metric ,etc. )will be considered by means of the KLCD for field 
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i i 
theories in spaces with affine connection Г (Г]._ Ф !£.-) and 
metric g ^Ец/к : ^ °) (s.c. Ьд-арасев). The purpose is the rela­
tions between these energy-momentum tensors to be found as well 
as the connections between them and the covariant Euler-bagrange 
equations in Ln-spaces (s. Part II. of the article). 
5. In Sec. II. the application of the MLCD will be considered 
in Ьд-spaces and on its basis the GOBI will be obtained. In 
Sec.Ill the introduction of the notion of generalized canonical 
and symmetric energy-momentum tensor and the relations between 
them will be discussed. 
6. Abbreviations, symbols and definitions 

In order to have a clearer description of the results, 
some abbreviations, symbols and definitions, connected with the 
later introduced notions will be given i~: advance. Here it is 
useful to recall the paper of Thome, Lee and Lightraan /8/ where 
many notions, characterizing the existing gravitational theories 
(and not only these), are defined. 

Abbreviation s 
CELE 
СЕКТ 
ETC 
GCEI 

= covariant Euler-Lagrange equations 
= canonical energy-momentum tensor 
= Einstein's theory of gravitation 
= generalized covariant Bianchi type identity 

GCEMT := generalized canonical energy-momentum tensor 
LCQ := local conserved quantity 
MLCD := method of Lagrangians with covariant derivatives 
SEMT := symmetric energy-momentum tensor 
SEMT(B) := symmetric energy-momentum tensor of Belinfante 
SEMT(H) := Symmetric energy-momentum tenBOr of Hilbert 

Symbols 
A,B,C,... - multiindices 
dim M - dimension of the differential manifold И 
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3 - coordinate basis vector field 
{Э.} - coordinate basis in p. x e T (L ) 
E^ - noncoordinate basic vector field 
ЛЕЛ - noncoordinate basis in p. x € T (L ) 
I k> x K x n 
g := det(g. .) - determinant of g. . 
gjj - components of the metric tensor g 
i,j,k,l,... - indices 
X - Lagrangian density 
L - Lagrangian invariant (scalar function) 
L - space with affine connection and metric 
T.. - components of the torsion tensor T (f.. . = - Т.. ) 
Т х(1^) - tangential space in p. x e l ^ 
U - (pseudo)Riemannian space with torsion 
V - components of a contravariant tensor field 
Vg - components of a covariant tensor field 
V - (pseudo)Riemannian space without torsion 
Г!, - components of the affine connection Г 
/^ - covariant derivative with respect to the basic 

vector field E. (if E. = 3., then ,. means cova­
riant derivative with respect to the coordinate 
x 1 (i = 1,2,..,,n)) 

- partial derivative with respect to the vector ,i 
field E (or 3 ) 

«*uv - Lie derivative of the components of the vector 
field v along the vector field u 

Definitions 
L -space := n-dimentional С -differential manifold M (k = 2, 

3, ,..,«•) provided with nonsymmetric affine con­
nection rand (symmetric) metric £ with g . :̂ t О 

•v1 ! = v i / / - u V d - v w • u ! = u4- v == v ± E i 
6 



1 _ - - v 1 , + i t f . v * , v 1 , := E.v 1 ( = Э-v 1) 

T i ; . k := - T ; j i

k = r ^ - I J k - C i ; j

k (in noncoordinate basis) 

= Г".к - Г : к (in coordinate basis) 
Oi i j 

^ S . E . , . [ E . , B j ] := E .3 . - E.E. . C ± i \ 

^/3 -- *\i + Ч Х ' Ло 
V AB/I - V A E * ^ V B - r B i V D "Г'А.__с;А;)т-.т A •- i i С •- 1 i ^ i • bCm ji ' • i 1-.-l l, Ь •- J^.-Jj , 

В := к,...к , D := 1....1 

S r_ J ••= - 2 J g^ .g_ .g1 . ..g1 .g, . ..gi . Си k=i Jk m J, jlc_-| 0 k + 1 J X 

Д 
Lagrongian system := A set of fie1d variables g,., V (with 
V в д , V ji/i/j, V B = §ij o r V E ̂  Sij)» characterized by means of 
a scalar density Jf of the type (0.2) called Lagrangian density. 

to V Б 

functional variation of the invariant function L with respect 
A . SL 

SVAB

 := 9 v A B " (

9 v A B / i V i (

9 v A B / i / . V o / i • 

where 
Эь . = Эь ЭЪ 

9 v A

B / i '" 3 ( v A

B / i ) " 3 ( v A

B / i / ; j ) 
Д 

Covariaut Euler-Lagrange equations for the f ie lds V B 

SVAB 

II. 5KERGY-K0BT3BTUM TBESORS PROK LAORAFOIAT S WIT4 COVARIA^T 
DERIVATIVES 

1. The f'XCD consists of three essential steps /5/ needed to 
obtain the s.c. generalized covariant Bianchi type identities 
(CCBI) by mesne of which the corresponding energy-momenta are 
defined: 

a) Representation of the Lie variation of a Laprangian 
density along an arbitrary vector field by means of the Lie 
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derivative of the components of the tensor fields (and their 
first and second covoriant derivatives) along this vector field. 
In this way an identity for L will be obtaired. 

b) Representation of the lie derivatives of the compo­
nents of the tensor fields (and their first and second covariant 
derivatives) by means of their cov=riant derivatives only and 
the components of the torsior. tensor using the commutation rela-
tior between the Lie derivatives and the covariant derivatives 
and the connections between these derivatives, 'writing down the 
identity for L in a form, dependent on the components of the 
vector field and its first covariant derivatives. 

c) Obtaining the GCEI from the identity for L under the 
condition of arbitrariness of the vector field. 

2. Let us now take up all three steps of the uiCD in the case 
of L -space to find the corresponding GOBI. 

a) The Lie derivative of the Lagrangian density X of the 
type 

* = F £ . L ( g i r V* B, V* B / i, V * B / 1 / J ) , d et(g..)^0, (2.1) 
- g>o, 

along an arbitrary vector field £ can be written in the follow­
ing form: 

«£*- F I { " + |-b-iKs]} = 

If one assumes that the functional variation Ŝ f of •£? 

ie connected with the variation of the field variables V p 
(and their first and second covariant derivatives) and g.. 

along the vector field I, i.e. 8 :=«*£, then the s.c. Lie 
variation jt.X of J£, equal to the Lie derivative of X along 
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I, can he given in the form: 

. £*= ^ ( I y j i 1 + J . L . g 1 V 4 g 1 3 ) = 
Э * jf „А Э У , ,.,A ч Э У t , , , A ч 

= fe**v в + э ^ Г " * " в/1} + ivr—T^ ( V VI/J ' + 

В B/ i B / i / j 
+ i b - ^ s i j • ( 2 - 4 ) 

From the last identity for it it follows the identity 
for the scalar function (invariant) L: 

В E/i B/i/o 
+ i b - " ^ e l d " Ь/ii1 = 0. (2.5) 

g l J A 
The variation of the field variables V B and the metric 

tercor components g.. along the vector field £ are given by 
means of their Lie derivatives along £, and the variation of 
the nonsymmetric affine connections (and with it also the com­
ponents of the torfion tensor) is given implicitly by the Lie 

д derivative of ths first and second covariant derivatives of V . 
b) By means of the Lie derivatives of the tensor fields 

g. ., V _ and of their first and second covariant derivatives, 
the identity (2.5) can be obtained in the form: 

<Pi + P i M / ) * 1 * ̂ / j - ° • (2'6> 
where the following expressions for the Lie derivatives are 
used: 

+ v W J / i • (2-8> 
rf,£(V B / i / j 5 = t v A B / i / 3 / l c + ( s 0 1 A L ' v C B / i / i - S B l ^ D / l / j ^ t a n 1 + 



,„ A1VC „ D1VA ..к 
+ ( SCk V B/i/j " SBk V D/i/j ) £ /1 + 

+ v AB/ k/3 £ k/i + v AB/i/k £ 4/o • ( 2 ' 9 ) 

c) The components of the vector field '£= £ E^ an? their 
first covariant derivatives S.1,. can be considered as arbitrary, 
independent functions of the coordinates in L -space (i.e. in ^ n 
a coordinate syeterr /9/, in which in p. x g L n тЛ = О, 
£*,• = £* J. If the identity (2.6) is fulfilled for arbitra-
ry f 1 and i.1 ., then the components of the tensors, sitting as 
coefficients before £ and £ /J have to be identically equal 
to zero, i.e. 

P. + P, 3T. / c = 0 , P.3" = С . (2.10) 
l к ij l 

From the second identity in (2.10) it follows that the 
first condition would have the form F. = 0. In this way the 
generalized covariant Bianchi type identities (GCBI) for the 
invariant L can be written in the forr: 

Pi = 0 , (2.11) 
P^ = 0 . (2.12) 

I I I . GENERALIZED COVARIAET BIAKCiH TYPE IDENTITIES 

AND ENERGY-МОГ.ГЕКТШ TENSORS 

1. The i d e n t i t y (2 .12 ) can be r e w r i t t e n in t h e fo l lowing form: 

P.3 = 4 i - Kji - v.k\ + 2.g-. 6 i k + g^.L - V

1 - о , ( 3 . D 

where °' 

9 Y В/О 9 V B A / j a v в/.-1/к 

d V в/k/j 
v i f a An„C o DnTrA \3L „m 
K i = ( S C m V Б " SBm V Ь>ГГХ - R n ik + 

9 V W j 

+ £x - 'Vi^k 1 . (з.з) 
9 V в/к/з 

v i k J l = Q i k ; i l - p i k ; i l = ( Q i k J - p i k J ) / l ' ( 3 - 4 ) 
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i 1 Bi l а„Л . E a „A . . ft,.A . . 

<дъ 
a y В/к Э У E/k/m Э У B/ir./k 

E/ir, 

- < & T V / . ] / i - V 3 / i • » • " 
a v BA/m 

r >0 - с BJ r 3L с ,3L 8L . с 

0 E/k/m 0 V B/j/k 

* Л " vikj/k = « J W i ' (3-7) 

Q.0 = ( E p.DO vA r _ 3 с 1
А . \ С

Б ) | ^ - . (3-D 
ki After representation of V^ "̂  by meane of combination of 

a eymiretric end aritisyn'metri .c p a r t in к and j , i . e . 

V i k d l = Л ' Л + a V i k J l • <3.°) 

s V i 4 J l " 7 ( У 1 ^ 1 + W = BVi 3 K ' l := V i ( k , 1 ) l ' <?-10> 

а У Л = ?< У Л " У Л > = - а

у Л == V i C^l • O-») 
the components Г. w i l l have the form: 

VJ = O.J - T J - Q.3 , ( 1 .12 ) 
l г s i l 

where 

в J = t±i - K±

3 - У^\ , (.3.13) 

w .1k = l w jk = 1 mik , . 
i к g k w i 1 g k e i m 1' U . T W 

w m j ^ . s V r > l g

n k - s V n

k m

l E

n J - „ V ^ g ™ 1 , (3 .15 ) 

e T i J " r i j " 2 -S77 S i* " g i ' b ' ( 3 - 1 б ) 

r i j - « I k ^ ' ^ = ^ - « т ^ ! = ^ J 1 l • <Э-П> 
r i j k i . ^ i k ^ J + ^ k ^ i . ^ i ^ k . ( 3 . 1 f l ) 

2. The i d e n t i t y ( 2 . 1 1 ) , having the form 
x, _ 3L ,.A . 31 VA . 3L VA 
P i " ̂ A~- V B/i + ТГК - V B/3/i + Г-5 - V Б/j/k/i + 

a V E a V B/j 3 V B/i/k 
+ jj1—-в<„/« - b,4 - 0 , (3.19) 

3Bjk 
?jk/i " b/i 

can after a sequence of transformations be written aa 
11 



P< • Ь - Л / х + W i + 6 i 3 / j - Fi + е Л ; - ° • (3-2°) 
o v В 

where 
Fi = b r - V V + % • (3-21) 

B 

•4 = S i - S ^ a k + f r - s 3 k / i > (з.22) 
s i " » Л / 1 " W k / i " 

+ «i^V/l + V " Tkd + V j k 1 " « " « j ^ + 

+ r n 3 4 l R l d i k ' ( 3 . 2 3 ) 

w i ' , k = S i i * 1 ; 1 ! c = " W i k 3 , ( 3 . 24 ) 

w " k - - W l k ^ - ^ V * - e V f f

k V J + Л Ч

8

Ш 1 , ( 3 .24a ) 

V 4 = V l i + V i 3 . V ^ r V ^ 3 ' V ^ = V f 1^ (Э 25) 

ш s m a m s m m a m n: ' '••'•'-•" 

V^k = V k

 + 7 i ^ , Г. ? k = R l l ^ , (3 .26 ) 

r l j k = r j l k = y 3k ml + v Ik ir.3 _ v 31 irk ( 3 . 
J J s m B s in s s vm S i k J . ^ n 

4 i j / k > 4 j A k i / j + ^ k / i ' x j k " g r V j / k ' 
T i • 4 - V • T ik k • 

Sk 3 = [ З - " <gj )/lVB/k + i7 ^Vl/k • C3.28) 
8 V B/J 9 V E/j/1 9 V B/1/3 

The components W. of the covariant vector field W depend 
on the components of the torsion tensor and of the covariant 
derivatives of the metric tensor in such a way, that in the 
case of g. . ,. ш 0, T. * = 0 they are identical with those de-10/K lj . . . 
fined in Vn-spaces /5/. The quantities Y±, &±

3, <S±

3 and Q 1
0 

can therefore have the same notations in Ьд-зрасев as in the 
case of V - and H -spaces. 

n n 
Bow the GOBI can be written as follows: 
Pi + в^/Л = ° 0.29) 
e i j " e Ti J = «i 3 • ' < 3 - 3 0 > 
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Э. On the basis of the obtained GOBI and in analogy with the 
tensors of the type of energy-momentum tensor, introduced ir 
Vp-ard Un-spacee, the tensors of the same type can be defined 
also in L -spaces. In accordance with the structure of 6.3, 
cT. , t.J and Q. , the following notations can be used: 

tj - canonical energy-momentum tensor for a Lagrangian 
system, 

Q. - generalized canonical energy-momentum tensor for 
a Lagrangian system, 

T, ̂  - symmetric energy-momentum tensor (of Belinfante) 
Q. - variational energy-momentum tensor (of Euler-La-

grange). 
The variational energy-momentum tensor vanished if the 

covariant Euler-Iagrange equations (CELE) are fulfilled. It 
mear.E that this tensor appears as typical of the baKrajlKia.n, 

4l&n &•£ Stkiif, 61tii«4 €&¥ V 6Al e, , -Melds ™Wo(v алте zio-t i r o n 0 1 a t n e r , e: х с е р т : ю г v ^ a n a g ^ , , i 

includeS in the Zagrangian вувtern, l.e. 

V - о . 
( J ^ ^ 0 or <3£d = 0 . (3.31) 

в 
4. Еу means of GCEI and in analogy with similar propositions 
for the cases in V - and U -spaces some propositions can be 
proved, expressing the connections between the different types 
of energy-momentum tensors. 

Prorosition 1. The necessary and sufficient conditions for the 
equality of the generalized canonical energy-momentum tensor 
(aCEMT) and the symmetric energy-momentum tensor (SEMT(B)), i.e. 
the necessary and sufficient condition for 

e.J - T J (3.32) 
1 8 1 

are the conditions 
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Q.J = ( S B 1 ^ V A D - S c i A 3 v C E ) . | ^ . О . (3.33) 

Proof: a) Fecessity: follows from conditions (3.32) and identity 
(3-3C). 

b) Sufficiency: follows froir cond.itioi s (3- 33) and i^en-
tity (3.30). 

д 
Frorositiori 1.1. If V 3 =yis a scalar field, then the con­
dition G.J = Т.-1 is always valid. 
Proof: For s c a l a r f i e l d s S j ^ ^ V ^ = S "• ) V C

I , = С ( rank V A . = 0) 

and t h e r e f o r e t he c o n d i t i o n ч^ = 0 i s always f u l f i l l e d . Frop 

i d e n t i t y (3.3C) fo l lows ( 3 . 3 3 ) . ' ience, t he v a r i a t i o n a l energy-

iroirentuir; t e n s o r f o r Lagr - . r - ian sy.: tonr;, c o n s t r u c t e d only of s c v l a r 

f i e l d s , i s i d e n t i c a l l y equal t o zero r e r a r d l e s s of the f u l f i l l : en t 

of t he CSLS. 

TV. CC1 CT.UCIOL 

In the present рчрег the possibilities r.re considers' f.ir 
obtaining ener̂ .v-inorrentun' tensors for theories in spaces? with 
affine connection and metric. 1>/ means of the М-СГ the s.c. <*p-
meralized covariant Eianchi type identities are fo"nd.. On t'-'e 
."round of these identities, the cornecti :ns between the ener."y-
-iromertum ten.-ors (canonical, symmetric and v riitior.al) are 
investigated ard possibilities for the existerce of the syirjnetric 
energy-ironentuir tensor as a local conserved quantity enn be easily 
four,::. 
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