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1~ The probability_theory o:r quantum mechanics differs _essential
ly from the classical p~ob~bility theory12 ,3,5,G/, first of all by 
its law of.addition o:r probabilities. The significant distinction was 
discovered by Bell/8--111. The hypothesis .that the.correlator of compo
n_ents of two spins i in the singlet state can b~ written according to 
the classical probability theory as an integral with respect ,to some 
hidden variables ).' does contradict qi.Umtum mechanics. 

Quant~ and ~lassical theories can be compared ·in the so-called 
phase space. representations. Phase spahe representatio~' (PSR) 1is ~· 
fonnalism'; where probability densities are represented by functions 
of ,phase space variables (the tenn . 11repres'entation 11 ·i~ .used in sence 

: of the. Dirac 'theory. of ;epresentations). For. e~ample~ s~ch ~ forma
lism .was introduced long ago by W:i.gne;_; 111. In.q~antum. theory PSR 
is not defined uniquely. unlike in classical,theory. Different: PSR!s ~· 
can be introduced. using a relevant completeness relation in appropri
~te forms. For this approach ~ q~antum mechanics and. quantum field

the.ory see·'r~fs./1 9•20/andin, theci_ries o~-,spins ~.1.and;2 see 
refs./21-23/~ Here we consider the case of spin 1. . , 

2~ Algebra of the spin 1 JxJ. matrices is given by 
A ~· • . • 

S.· S· = 2.·1. . 
.I J ' 

(1) 

[
A A ] , A 

_~j 5"- = '~-E.. jkes t , (2) 
,...· 1\ A ·,.. ,.,_',.. ~ '' .. A'.-' 

::. .._ s; sk. + s. k.S.t5;. ::= ~ i.i s.k + S ~ ks.;. . (3) 

The latte~ is the Duffin- Kemmer algeb~a in the J:..d:l.meD.sio.ri.al. ~pace~) 
Using eq. C2)we ·can·br'ing it into an~ther :r'orm: 

• I . • . • , , 

(4) i~i5jslc.r~ tf>q~-"'~isl"-~ ... +ib""~t~ 
Here and in what 'follows 'the braces mean,the total symmetri'zation'" 
without division by n!,. e. g.' ., 

. (• ·'. "' 

{
A ,/ft. 1: "A.' "•A 

· 5·~·.s=S·5•+S·S· 
· · 'L l · :" J . .) '1. I· 

{s~ ~" s~c.3=(s,s~+5;s;J51c.~sk(si.s 1 ~s,;s;.)t&~5 ... si+ si~~.s~_:, (5) 

The trilinear relation (4) follows/22/ immecli~tely ,~rom the .Iii-imal 
annihilatio'n polynomial (<l~')3 ~Citg.)sO (<C'-=1).' ' ' · ·· 

x)For some extension of ~the algebra C3? see re~ .124( (A;pendix, 
eq. (.!.5). . -----· 

Gllt.c:Jlhnr';lnlln tm~ A 

;.l..!~,...!iMJr oce.'je.louum:J ~ 
.. 6t1Snt.-IOTEKA U 

-----.,·-.. ' ~-



Let us give the traces we need in what follows 
A • f."' A ) ~ U" ~ ... '\ • . 

t.t-1.=:!1, t.r5j=0 1 .t.r\.S)Sk. =t.':'~lc.> tYSj_::.k.St1:1.Ejk~>. 
(," A ~. A '\ <{ ((:' A A A A • A A 

~y"&.)sk."'ts-J= 9.. :Y\.\.s.isk.st;stsk.sj)s"')= ~i~c.~e~+~.im~lc.t· (6) 

~he matrices 1., si and {s;.sjl form a .. total basis for 3x3 
matrices,.and the .completeness relation is written in these terms as 

follows· ··' 

It I e II 11\ + 1: lgi\e !lsi"+ ~H.sis.i!\~U\sis~1\\=l 1 ~ e \\1.\. · <7> 

Here I .. ·I 'II···\\' I··· ft, \\· .. , . denote matrices witl:J. point'ing out the 
position of matrix indices:, e.g., 'if 15dliD 1\~i.U mearis (S,i)J.f>l5i).~t, 
then 11.1\liDfti.\ means (1.)~col1l)'t.\!t='Oc~..'i>b'llf». . 

3. Density matrices of interest are defined- by . 
_.,A A · _.. 1\. ___. _,~ ,A . · 

( ~s) ~ l~, a:.) = ~ {.m.,a.. )(t\.5) = W\. ~ lm,ct) · (m=:-1 ,o, 1) (8) 

-arid a.re- . . . , . . . 
§(1,il)=l1',(i)(1,ct\,.;, i(Cif: +1L)(<t~.), (9) 

9to,ci)= \o,Ci> <.o,G:\ ~ 1- ccr~)~, . . . . A • c1o> 

~<.-1 ,<i)=\~1,0:><-1,<L \ = ~(1;cl)= .~c.~~ -t)(a:s);" c11) 

They have the. pr.opt;!rties 

ty ~ (\'1\,a:) = 1, (12) 

L.. ~(m,a)=i, · ' · (13) 

W\~-1,0,t 

3 ~ d)"l"S)~ (Wl.,~) = 1.' . .. . . .. . . (14) 

where dtl(.s) = i.n b"(s"-1) d~S is a measure o.n ~i. • Equa.:. 

tion ~14) is the completeness. relation for the usual xYin sta.t~s 2. 

\ ~, 5) , .!hich can be treated as coherent sta.tes. ,Sphere S 
(&'-=1 or, a.'-=1·) serves as a.phase space in the theory of· 
spins, components ·of S being phase space variables.·.· .. :. 

It is characteristic property of many sets of coherent states 
that any observable can be represented by:1ts exp~ctation.values in 
the coherent states •. However, it is. not so .for J 0, Cl.> .• Indeed, 

from ·.,.:· 

· <.m,iL\ s;, \Wl.~'<t> ~tv- (5;. ~(.Wl ,il)]= WL a.;,·· 
x)See refs./14-161• 

2 

(15) 

' ' 

I I ~ 

I 

r 

•.,.., 

•, 

it. is clear that tlie states 1 o, <L· > lack this property: not only 
the 11observable 11 zero, 0 , but also the observables s. · ·have zero 

. . ~ 

expectation values. This sittiation with the eigenvalue m•O is common 
for all the integer spins~· .... 

The· probability to find the spin ·component n. along g in the 
state with the spin component Wt,. along a equals. 

!;>(n.,l:'; Wl,C1.) =tv· ( § (n.,t) 9(m,Ci.)}. (16) 

These probabilities are given in Table 1. 

Table 1. Spin 1. 4~(n.,f;m.,Cl) 

1 . -1 

0+<Lq;')'l. 2.[1-(.ii:.l\9.1 (i-d."t)'L . 

:·t 

4(Ci.f)2. i't1-<.ctl)i} 2.[1-(~it1 .. 

-1 (1-Cl.l)'l. '\2.[1-Gti')'-] (1 +c(P:)i. / 

The s~of· thes~ p~babilities -in each row (c.oiwm)-eqirals·wdty 

~ Y(tt,'(; m,~) = 2:_. s>(n.,f- Wl.Cl)=1· 
n.- 1,o,t . .., m.=-1 o 1 . > . ' . . 

(17) 

~ , _; · .' · ' 
1 

J - : : ,- , · I :..: , , ... ' -~ .-, . -

4. The completeness relation (7) can be written 'via .the above 
density matri~es and i~ other relative· forms as follows . 

~~?,)cirl5)L. I ~<.m,5?l0l~t"',s)U= \11.\sl\1\.U+ 11\le.~tl, 
· · Wl=011 ' · • . : · ·' 

(18) 

3\cl~(-s) \ y(.m,~)\8\IX(m,s)l= \1.1~\\1\. (m= 1) ·' . (19) 

• - ;. . ~ , A , . -,, , 

·~~Ar<.s)\Yts)I@\\YC~)U=\tU®U ... L /, . A c2o> 

Equa·tfons (19) and (20) can be solved: for X (1,5) and Y <.S:)' 
with the solutions (see Appendix B) •. 

X(1,«) = c~...'1+ V> (tt~)+~<.ct~)'l., 
. ·• ' ' - . 

cl=-~ 1 ,. =1' 

' "'=51 

3 
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,.,.. ~ '· ~ 4'\. 

Y(<l) = cL·t.+~(<i5) +'(((:(!:)'-·, 
. . 1 ' . 

c:l=~(-i'IS±1), ~=±.Ji, l=±lf: 

An1 set of the'signs is acceptable. The matrices 5tl1
1
CL) 

A ~) and Y (o: , have the properties 

(22) 

(22.a)-

tr-Xl1,~)=~~+2.¥=1·, ..• (23) 

ti-Y(C() = ~t~-+!!.~=±1, (24) . 

~ ~Jr t~n X(1,s):::: (~J.-+ iy)t~ 1, ! (25) \. 

:; \ lrls)Y (s)= (z,cJ. +i 1) 1. ~ ± 1.. · (26) 

The signs in eq: (26) correspond- to ·those in cL ~(22.~).' 
. Matrices Xlo,5') do not exist. From' eq. (19) there follow 

. :?>)Jr ls)X( <?) ~~-:(s" ~ (1,-s) )~ 3~drCs):KC1,5")5i= st.; (27) 

However, for m=O such an analog or" eq~ (19) would be false: 

( I J\ . . . '(· " A,, ,. ) ' " 
3)"rl?:)X(o,~)tr_ 5;.y\.o;5) =O=Fs" (28) 

(see eq •. (15). and the remark after it) •. • 
'5. ~~iB!!!~_Q!_P~~. The completen~ss relations (18)-(20) 

suggest that we oan introduce for any observable either the two:..com-
ponent representative 

CF'alS' ),1='
1 
(i)) ={t-~l~ lo,~yP\, tr (~l1,s)F)), 

or the one-component representatives ·-- ,._ .. 

Fils)= tr (.~(1,~) F), 
..... " 'F 1r ts) =tv lX (:\, S:)F),. 

·,. 

Fy (s) = t~ CYls)r). 

. (29) 

(30) 

(31) 

. (32)' 

There·are several 
eqs. (22.a). 

y ~representatives, for e'ach set of signs in . 

- ,:.. 

Resto~!12B-ih£~~ Due to the completeness relations (18)
(20) fmY observable can be restored'via its representatives 

4 ,, 

41 

' 
· p = -1: t~- P + 2·~~clf(g)~ . ~(m,s) F"'Cs)= 

' . h\.=0,1 . . . . . 

, _ - ~3~Jr-ls)X(i,s)F1 lS')= 

= ~ ~tl~(~) y (1,~)F1.(s)== 
= 3 ~Jp ls> Y l~) Fyls). 

"' < • • ' ' 

The trace of l=' is expressed as follows· 

tv F = ~ \J~(s) "Fml~);= 

= ~~A rls)f~ (S')~ 
· · .· .. ·_ ~~Slrt~)F~ls) . 

_. 

On=0,1) 

(m=1) 

For. trace ~f thr·p;oducit of. two operatorswe g~t 

. ! 

. tr(PG-)=-.t':f.·._tr&_:+i:?>L 1
. \d~l~)f.,.(s)C,m(s) 

, ......... ·· .. , . ·m=0,1. . .. _. .. •·· .. . 

.. ; 

. =.3 \c&~ts) f<tk)b1,ls) •71 ~ ~d~<.sYF~.(~)C:r1\S:>7 
,' ... .··,j\. . ··, ' ·' < ,_._. ·'··· ,, ,.. ,· •• , t i 

:-7 3,\Arts).~y(~)~yls\, 
In particular,· expectation values can: be· J:''epresented as,' .,. . 

(33.a) 

(33.b) 

(34) 

(35.a) 

.(35.b) 

i.-(J~ y(wt,cn)L-i~ F .+i·;£ (Jrls)·f~ls)-~l~,~<~,Ci)=c·;G.a) 
. 11.=0 1 ~ ... 

. . .· . . . ' I ... co .' ' . ; _:· ' ' .• ; ' . , .. / ·.: 

~3~A,-ts~ 'F1,(s)~1ls; nt,O.) = 3 \cl~l~) "F"\ (5)~\·(5; m,a_)=--
.. ~. 

=~\cl~l'S'.)F~ls)S'y(S:; Wt,il) . ( tn.=:-1,o,1) .. (36.b) 

As examples of representatives let us. give those for the den-
sity matrices . 

A) { 9l(),~;o,a:), 9(1,S:j o, oc)1~{tr(~·t~~~)9lo,<L) ), t.-(90·,S)~<.o,a))!= 
· · . ~~<.sO:)!., ~ [1-t~a.Y:·Jl·, . . . <37) 

· \9 to,~·, 1 ,Ci:), Yt1,s ; 1,ct)s=\~(~lo,~;~j~~a)),tt-~~."')~0,~))}= 
={iL1-<..soc)'l.J,fC1-+&iL)!.!, ; <3a> 

. ·5 



B) ~ 1 (~;o,&) = ty(~li,s)y(o,~))== ..!..t1-ts~Y1J c39> 
. . ~ , 

~1 <s·,·1,<i)==tr(yt-t,~)~<-~,a:))= ~ (1+.-gci)\. (40) 

c) s>1• (?:; o;<L)=tr{Xl1,~)9(o,0:))=~-5(~Ci)~, ·· (41) 
. . 

~1, (s; 1, ii.) =tY(Xt1, s)9l1,_~)): ~[~1+ 2.(~0:)+Sl5a)~]= 

-= ~ [1+~g(sci):\:SP,_(sct)].:. (42) 

The last fUnCtiOn Can be replaced by .. I . 

t ~. 1 "'"") i -~ (""' -") i. n • ' ' .1- ~ 2. 
CJ 111 \..S 7 ,a: ::; ?, 0 52. 5 1 (1 = 

3 
LU1'L _....,. 3/. 

'' ... ' ' '.~~~.: l1-i~(5<1)+~(1] 2. 

= ~ ~Wl [1-+ ~ ~\H+1)Ptts~== ~ [1+ f(~e+1)Pt~sa:)], C43). 
wt-.1- e=1 . f=f . · , '< . · 

since ~ are· always int egrated.,with polynomials in s of degree 
n~2. · ,, .. 

- ' . ' . • • : ,. c .I ' . ~ . 'y ::: ' 

D) 9yl£:;o,<L)= tr(Y"(si9to?ci))= d..+~~ .. ~(S'<l')\ · <44) 

~yls; 1~'<L) =d~~(Yls)y t1~a))=i~h;~l(~ii)+'f~<sct)~ . 
. , . ·.·. . .· , .. ' . .· (45) 

In eqs.(42) and (4J) Pt('ll.) ~~e th.e'L~'ge~dre'·:P~'1;~omials, and 

'il s2. ( S 1 eL) is the. S -function on the sphere S 2. (the Poisson 
kernel). In the case, D) cl, ~ , )C are g~ven by eqs. _(22.a). 

The above densities are;normalized as follows . 

?,~clt'ls:') ~(n,S.·, M,ii,.) =1 · tn=-0 11), (46) 
. , ... ·. 

3 ~a"'ls) 'f;.(~ ·, ~-,cr) = 1·,' · (47) 

Where i. takes the ValUeS . '1 , i I (or '1" ); . y ·. 
Some of the densities introduced are not positive definite, like 

•. . /1 4/ 
the Wigner densities in the general case ' • Ne~ative probabilities 
were discussed by Feynman in his last papers/17, 81. 

. Th~ represent;,tive~ of. the s~in 1 ~;;-mponents .F = ~ i . . are 
given by . 

\t;.v{~lo,~)5 3) tr(~(i,5)si)3 = {0 7 si1, 
'' , , ·' . , 

, (48.a) 

F1l~)= (s·) :tr(~C:t,s)si) = s, , l 1 . . ~ . . 6 . 
(48.b) 

1 

., 

F,, l~')-=(~i\, = tt{;;,u,~)5p =2.f>sl:;:_9..s .\, ' 
Py{_S')=.(sf\y'= tr(Y<.~H~;) ='1.f:>s.i = ±~ 5i, 

•· <.sj)" (~;).,, = (si)y(.sl)Y = s(s'+1) = i. 
·_ In eq. (48,-d) the signs correspond to those in I!> (22.a). 

(48~c) 

(48.d) 

(49) 

. .,.~) .In PSR• s the expectation values of the spin component (8 s · 
· can be ,represented as follows 

tt(li~)§(mlcl))= 3-~i )ar(s)(l_s)Y;.(?.'; tn,~). (5o) 
. =llri.' . / . 

~. ,, . 
where i takes the values 1 1 1 1 Cor 1" ), Y; 

1,j-t = ~, 'W'11 ~ 1J'111 ~ 1-, "lAl-y:: i_f-' =i ± ~5(S+1)= '±{2_. '·. 

hl'\u_,, ::.5(S+1) =~ 1 1.U.: = 5(5+1)~~L (51) 

Although the expectation value, represented in .the form (50) with 
i; 1", 'conforms with the-definition of the cla~sical -probability 
theory, we_cannot guarantee-for all. densities to be positive definite. 

"in _this PSR. . : . · ·. · ... <. , " 9.' . 
Let us give the representatives for F = {}tS') : · 

{ Fol!:),T'"(s)} =:::tx.',-<.sit)!., ~ [xs.+G:x)'l.H; .··. C52~a) 

r"c~~ !_ [x.!.+~$'x)!l.J, C52.b) 

l\r(s)= ;..Y:_'-+ sciit)'\. 
Fyl?.')= l:tJ.+")x>t+~<.s~)2..' 

(x- an arbit:rary.3-vector); f~r f'={sjsk.\: 
{Fo(i:).,~ (s\~ ~{il'DJk.::;~jSl), bik+5 j 5 k1, 
. J:\ (,5) = b i ~ + s .i &" ' , ... ' • 

. F"' (~) = .t (-~1"-+ 5 sjsk.), 

, "F'y(s)- ~Utd..+l)b,;~c.+i:~sjsk.; 

." 

., 

·.· 

· A· IJ ~ A A 

; for the ~ostgeneral operator 'P = a.l+.ojS,\ + f'jk{SjSk1: , . 

(52.c) 

(52•d) 

(53.a) 

(53~ b) 

(53.c) 

(53. d). 

{t:L5), t 1 (s)1=\ct+ ic.)k ~;k-sjs~, a. +&jsj+_c.j~('b,;~c.+s,;sk)37 (54~ a) 

· ~(s)= a.+~.isi-Tc}k(t>i"-+sjs"-), 1 (54.b) 

'f\,t~)= a..+~ ~js 1 +2-~jlt(-bi."-+ssjsk),. · ; c54.c) 

. l-"'yt~): a.+2.f>&.isj +2.ci\t. ["-d.+~)bi~c.+ ~sis"} (54.d) 

! -7 



" .A A -4 ~ ' 
and at last for the irreducible tensor P = {!i.i!:>lc.1-3oik.1~ 

{P0(~),F"(5)1={-9..(sjsk.-~'Oik.), s.is"--l 'bik.!, 
1 . . 

T1 'S')= S·S,,--b•t.. .. 'I~ J .... 3 l--, 

1'\r (s) = 10 l.s..isk.- ~~ik)., 

f'yl~)= !t'l(ls.islc.- ~'bik.)· 

(55.a) 

(55.b) 

(55.c) 

(55.d) 

The expectation values of the latter operator can be'represented in 
· terms _of PSR.' s as follows 

ty [lts.i~IL\-~col"-t)9<..m.,ct)] = 

= !1.·:\ ~.l~{_5)(s.isk,~ l 'b;~[-l~(o,,;m,ii)+s>0,!:·,m)l)]= 
= ~ W.;. \J~&)(slsiL- ~'bik.) ~;,(s; wt,oc),- (56) 

wherew1 =1o,'w1 ,·=w1 .,=1,Wy·=2'l(.~ ·. 
Note that the representatives (53•b)-(53.d) 

spin mat,rices s~ (no summation) satisfy . 
of the squares of' the 

J. 
( A!!. 1-r''-)' . t:''-) . 

. S1 );. +\.5.'- ;. +'-S:!. i. =9.. i.=1,1',Y (57) 

in accord with\eq. (1). Fo:r example, in the 'case (53.b) 

-i: (!:.~+1) 4- -i;<..si_+1) +lls~+1)= i\. '(58) 

!1' tr Y=~d.+ll'l(=-1 in the case (53.d), one must divide by this 'norma
lization constant• 

~he quantum probabilities ~(n.,"fim.;<t)can be expressed in terms of' 
PSR 1s as follows · 

~(.n.,t'o, m.,a:);,.-1+ 

+ !it·~~ J_r~)[~<.YL,~;o, ~)s>(o,s; ~,iL)+~(n,t';1,~)s>(1,-g; m.,CX.)}= 
. . 

:::: ~ ~cl~(s)y1,($'; tt.,i:)~1 (S; wt,0:)=3 ~ o\rtS')~1 (S'; n,l)v1 ts; m)i)= 

= 3~d~(.5)S'y(?i'; n.,f)s>y(S';mj~), . ' (59.a) 

-S' (1 ,t\ m.,a);::: 3 ~ clt'l~) ~ 1, <.s; n.:,l)S'1 ~;WL,<i), .C59.b) 

~ (n,t'; 1, Cl) = 3 ~ clr (?:)y~(~; "- ,l')s>1,(~; 1 ,cq 0 _ - c59.c) 

All these expressions -have 'no·. classical construction: some include· 
not positive,definitedensit~es, others lacka symmetry between initial 
and final states (compare with the equation 

~s~ ll, ct) =. ~ .1\'t.~)Ss~Cf,s_) S~i(s,iL) (60) 

of the classical,nature). 
8 . 

I -.I 

j 
: 
i 

,'i 

A A The representat~ve of .the prod~ct of' two observables.F and G can 
be expressed via their representatives. as follows 

T'~) ,..G-Q:):; tr (i<..s)-F G.')= 

= ~,_ \Jt't~')~~\4C~") K(&" ;g', s"}PCW')(,.G:"). 
where ·the kernel K . is -- --

(61) 

. K (S'; ~'. i··y== ty (i (s) Z(s') zts-~)) 0 . (62) 
A A A 

The matrices z, z•, and Z".are those entering eqs. (33.b), for exam-
ple, z (?:'') =- ~<.-t,s) ,. i'(s)=' z''(.~) -::.X0,~). 

6. Left an~ right representatives. Besides the above nonoperator 
representatives in some cases operator representatives can be intro
duced 

tr lil~)F&)= Pt tr(Z(S')~) =Pt<:,(?:) , (63.a) 

;;;:c; tr li(:~nf)~ c:·rls) (63.b) 

Cci. refsJ
1

9-
20

•
2
31). The left. and·rl~t ~p~rator represenbitives F1 

axid Gr are partial dif'fere~tial ope~ators.acting on s (on ftnctions 
ofs) •. Note that'>t:· ' . ·, •':. '_':t · .. ·-· ,,; '.')' . •· . 
tr (iC~)F.) = P,. tr(i(~)) ~ f' " 0 ,1 :=F' C~.) . (tr·~ ($)=:=i) · (64) 

Equations' (63.a) and. (63.b) supplY ~·<it' F1 · and Fr exist) ~ith two 
more exp;;essions for 1;he UOilOperator rep'resentative of the product·: of ' 
t'wo op'erators>in addition to eq. (61). i 

The left representatives are multiplied in the same order as origi
nal operators, while the right ones in, the in:verse order: 

.~. " ~ ,. -" A .. f . f. ,.,. ·- ,A. : o:.f "' . : . i ": ' 

,tr(%.C.~}F'\~2 C..)=F., F'l..lY(2.(5)":),. .. (65) 

ty (il~)G P1 P!l.) = F~F~ ,tr ~(?)~)-.~· _ (66) 
The left representatives commute with the ri&nt ones 

· [Ft rt-1-'o .,··. -. :· ·- (67) 
' . . , \:F . - • ' .. :_ ' ! '. '. > ·--. • •• 

~sa general rule in all'tlie associative theories. 

The operator representatives can be introduced in the representa-
tion with Z(.s)=§O ,s) (spin · s = 1;· m = 1 )- · . ' 

tr(9<.1,s)51 P):=s~tr (y{i;s)"P), .·.. (68) 

tr(~l1 1 s)'fo 5i'l=!.it:v{~(.1,s).P) · (69) 

and are given by 
e.' . . • " .• 
r ... -t (..~ ·s d )--=-f.. s (I s. = So+i,Sk\.Sic.~-- l~&'- +2. jU \c..~s,t .I l . - J ... (70)i 

i 
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(tor derivation see ref./231) •. The operator representatives must sa
tisfy all the relations of the spin algebra (1) - (3) at least in ap
plication to the polynomials ins of degree •. n" 2. However the 
relations (1) and (2) are fulfilled exactly e t · · 

Ar~r · · . 
S· 5· = 2. (71) l l 

ee.1. t ['" ... ] . t- [e."·]. o 
[&j51t. =-1..f.jk.e.&t, ~j Sic. =-1..t._ilc.t5t. 1 ~~,&lt. =, · (72) 

1 . _r . ' -, A 

The representatives F. and J!~ of an:y ,operator F may be obtained expli-
citly by replacing in i the spin matrices sj by_ their left and right 
representatives, respectively, taking' into ·account the above rule of 
order of factors. · ·.- · .·- . 

For equations of motion in~ terms of PSR's see rets./21 •23/. 
7~ ~e..!!i!!B!.!!L!!!:at!Lof.J;'!!!L~~£LL!.!L~~R'Jh. The 'singlet 

state is defined as follows . . 

(s~ +5~)hi."''~e.t>~o ·. cl=1,~·,3), (73) 

( ; q_ +s !>)a 5-•~tt.t = ~ !>' "'~eu (s~+5~>= o -- C74) 
.) l J J, ·. J . j'l 7 -

lst~'lEet)·= ~ [1L«(_1)® LL\-1)-: u<t(O)®Llq,(o) + Lt.~(-1)~ u.g(1)], ·. · (75) 

---1~~~e~t ~ \ s~~1ed) <.!.L.~;~~t·l =.i. [_'1~®1.~t(s~~s~)2..]. ·. · C76) 

In fact, the singlet state is independent of any quantization axis,_ 
and the last expressio~ for ~ !>t;~~tH , demon;trates this .fa,ct mani
festly(in spite. of the state v'ecto'r in fo~ (75) implies th~ use of 

.some or other q~antizat:i."o~ axis). .. .· . . . .. ,· .. · . 

The probabilities to find. definite compo~ents of 'two spins 1 
in the singlet state are expressed.'via'the' ~~e:..spin probabilities 

~.lWL,i£; n:,ll str~.'Aett) ~ t;[ i:l. _[~"-(m,ct)y&(.tt,l)y 5~"ieet]7 
J\ . . ;. <. 

"'- (, ._,)Ait, {, 7fi)-"$Lr\.'}re.e_t · 
=: fJ J.!d.. \.~,a.. fJ f.:!. f.> \...~1 \> ~d. J.! I = 

' .. ·' . . '' - . fo l .\!' : 
' -t ' ' :, ., . 1. l -t ' 7P) 

==~~l~,o..:,-~',t:.)=~·g ~-~";:-;"-,~(, = 
i ~ _, D' i '( '_, .... ' =- 0 -M a.·"- b)=- o m·.:..a.· tt. f;) 
~ l . I } l _ _ 3 ,l ' .1 .1 

' ' 
/12122/ . I (see, e.g., refs. ). 

2: ~ ( wt,oc . \'l. l 't l.sl. n<a2.tt) = 1) 
'-m,n.=-1,0,1 

3'- ~.l~(.~tt) ~cl~ (S'g) ~ (m ,set; tt,sg}sL"-'ate.t )=:_ 1. 

10 ' . 

,:;, 

(77) 

'(78) 

(79) 

:( 
! 

l 
.l 
'.~ 
:l 
! 

. \ 
) 

The probabil~ties 
in Table 2. 

y(W1 1 cL ·, n,"lls~nglet) are g~ven explicitly 

. Table 2. Spin 1~ 1~ ~ (m.,oc;n..,fl sl~~!e.t). 

I 

1 . 0 -1 .I 
1 (1-a':lY· 2.&-c.~f)'J (1 + ct:l')'l. . 

0 '2.[1-(.a:l)'"] 
' 
- 4(Cl.7:)'1. 2.[1- t«-l)'l.] 

-1 (1 + CI.g)'- 2.[1-(d.l)'L] (1- ~l)'i. 

The singlet state can be represented ~n PSR's.: by the 4-component 
representatiye 

~ lm,a>1 ~ 1l \!.l.n.~~et) -· m ,n = 0,1 (SO.a) 

or by any of the following l..;.component representatives 
' ' 

~'\ (~,l \SL~~{e.t) = ~(1,<i·, 1 1~ lsl.n.~fe.t )= ~9..: (1- Ci.'l)\ (80.b) 

~1, (Cl,i\:s~~~te.-t) ~ t: t:r[XQ.(1,0C)X r.(1,'l)~ s~wv\e~t] = · 
. ' ' . ' ' e.- . ' . < ' 

= ~[-S -~(&g) -\-2.5(.(if;')!l); .... . (SO. c) 

~y(oc,f \s<t~.'l~e.t:)= l~ tv- tYClC&)ye(~)~!.itl.~ee.t:]= 
. • ' .-· Cll. to ,' .. ·_ ' ' . ;•:. ' ' .. -. .. 

=- ~ L-:1-2.l«:'i)+5(&~)~}:=~2. u -~~lei:~)+SPll(ctf)]. (80.d). 

This function can be r~place~ by 
,.'>:·. p. 

__ 'Syr(Ci.1 l'\!>Ln.~h_t:) = ~~ b _s'l.l~~-:i) 1
1

, '! (80.d') 

' ' . . ' ,. ' . ' . . . ' _..., . ' . 
since it ~s always integrated only w~th polynomials ·in s · of degree 
n~ 2~· , Note that functio~ ~y is independent of the choice 
Of y (~.eo t Of the Signs ln eqS~ · (22.a) for cL 1 ~ 1 'I( ) o All the 
derisit~es are normalized as follows · · . ·. 

3~\Jrt~~)~J~(~f.)S\~5~,~£,~-~"'!!~~t) ~1: (81) 

ill 
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Now the correlator of components of two spins 1 in the singlet 
state~n be written ~n PSR's as. 

c. (0: ·t) = t:r tv- [(.C(~"")(tf: Q,) ~!1>'-t\'lte.t] = .. 
I t\. & 

· = 3ivs,_ll~drt5"") \cl ~(sg)C.~s"'")l~sr.) s>ils4.,s~(siYt~~~t)= 
=- ~(ocf) 

-~ ' · .. , (82) 
. .J 

where i = 1, 1', Y,. Y', ,. lAS;_ are given by eqs. (50), 
' '2. It . ' ' . . ' 

'W'yr :'Wy , 'W'yt =-"Wy=S(!;+'\) :_ ~- : '• In all the repre-
sentations correlator (82) resembles its classical counterpart 
assumed by Eell, h:Owever, with .essential distinctions. :In represen
tations C) and D) .the.dens:lti~s ~re not positive.definite. In cases 
A), B) and D) wi.th , Yy' instead of Yy. the densitie,s are p'osi
tive, but extra numerical facto~s exclude· · 'r~ducing t~ cia:ssics. 

The Bell type derivation using expressions (82) with th~ posi
tive densities leads us to the fo,llowing· quant~· analogs of the 
Bell inequality x) . . .. . , . · 

l c.(ii:, t')~c. (<L,1.' )\+ \c.l&',t)+C.(~~ l')\~ ~·lAS~=2.·{ 4: ' ~=~,,(83) 
• •· ~ 'L-'::L ' 

which of course are not contradictory·. Among .these. estimations (83) 
the last is the best. :It can be easily obtained. foraD:i spin s as 
follows. We can represent .c.(Cl,() in the form : 

t.(Cl,"f)~-1s,<..s+1)(~-e:)= . .• .. . .... 

= 5(s~1) \~~l~~)\clrl~~)t<ls"")l~sr.yo~~ Cs'\- -gQ). (84) 

This expression leads to.:the ~equalit;i 

\c.(a! 1l)- C.(~,-r')\+\c.(ei:',l') +C.(Ci.1,~)\~ ~· S~+1) (85) 

for any spin s. From eq. (85) it follow~ that 

l a: t'..:. elf' 1 + \ ii!f' + ~'r'\ ~ ~;·3.· c • (86) 

with no dependence on. the. spin •. Note. that ~,st.(~'\-~) may be_ . 
treated as a classical coimterpart of the singlet state. It is the 
den~ity ,<D,st.l~ ... ,~o) bs~(5\;s.:). for two "spins", iD.te.grated over 
all the initial· directions· s i · 

0 • ' ' ' ' ·' 

b' &2 (s•,-sR) = ~Jr(S"o) b59.(s"", so) s59. (sg, ~s.:) ~ . <s7> 
However the quantum correlator c..(.OC t;") contliins the· ext~a' factor 

/ , ' 

s(s + 1). 
/ x)Cirel'son/13/proposed another way to obtain quant~ generaliza-· 
tiona of the Bell inequality. 12 

,'i 
'(,' 

B. PSR's for other spins are constructed similarly, starting with 
the completeness relations/21-23/ . 

. IA.o\1\~lli\\+' u.1 t5.;.1&Us;.U +u.!.t{sis.i116b\\\.si5)H+ 
· \ ... " " 1 1 u " ..... tn · \ " " " .. 11 ur" .... " "' 1u · · +u..!. {StSjSk.,} 8 {S;,SiSk..sll+tt't {s\S}Sk.S().s <i!l 11'\.si5j51r.Se.s + •·• = 

. · = lt.U&at.t, 
where· 1 . 

(88) 

lto Ll.1 u.· 
9.. lt'!> u., u.s ... 

5 ~-j_ j_ 
2. 0 0 0. 0 ... 

2. 9. 

S=i ,-1 1 1 0 0 0 . .. "I. 7i ·' ,, 

5= .1. n 2.~:. 1 1 
0 0 - ::z.3.:,~ ' i!..:; !1_.;?,~ 

... 
i. ;?,~ 

5=i J..:. - _ll_ 12.1- 1 .:o 1 
0 !t·~ . ·. 2_2..:;:; - 15·:!:>'3. 2_4. ~~ 2.s·~~ ' 

-
The completeness relations· (88) can be converted into th~ foilowi~g: 
forms: 

. ' . 
(is.+1)~cl~(~) 2:·,.."' I §(m ,5)\ & \\ ~(.m,s)\1 =\1.\e~u + \1.1\•~t.\, 

m.~O 
1vhere 

1 
S="i 

'=-=1 

s == i 
"=-=2.. 

and 

'\f'4 = ~ . 
t: 

'\Y.,. ="1 = 2:. 
'3•5 c 

,..~ =-- , '\)'"!. = -X.. • 

'"'i -~ ""£ "' 

'\To= 9, 
' , . 10 • i. 

"""=3 '"''1=a 

(i.s+ 1) ~cl\"C$)\ylm.;~)\&\\Xlm.,s)~ = \1. 1\&U.r · .. ' "(~-4:0),' 

(2.s+1)~J~<..s) \'iT")\ 9 UY(snU = l1.~eR1.\. . · 
The matrices X(m,a) and Y(«) can be found in the form 

'cl:!.' ;- ~ («:6') +'((Cl~)i.+ b (.Ci.~)?, +"((it:~)"+ ~-. 

(89) 

(90) 

(91) 

. (92) 

·with real coefficients .!. , ~ ., "'6, 'b, .. . ..like abo;:/or spin 1 (eqs. 
· (21) and, (22)). For spins t, i and '2. see refs.'21 3~. . . 
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Now we expose briefly PSR's for spin 1 in the notation adopted. We 
start with the completeness relation in the forms 

3 ·2. \at'(-g) \ ~t\:,s)\ ~~~t-i ,~)\\ = 1 1.\sR1ll\ + an~ul, 
. . . J\ . • . . . , , 

i ~o\~ ~~) \ ~U;:, ~)\® lXl! ,s)U= \1.\\@ ll1LI, _ 

(93) 

(94) 

i. ~ at'_c~) rY" l~)\s \\Y (s)\1= 1 t. h~\\'1.\, 
, . ..J 

(95) 

where . 

~ (1: ,oc)= \t,a:><t :ttl= !Ct+O:G'), (96) 
--

X.t~,a)= ~-(t+Z,ei6)= ~l~,ia), 
-Y (&:) = ~ (1. = ~ oc5') = §<.-\:,-±~a=) 

(97) 

(98) 

( 6. are the Pauli 6.;.matrices), 
j ' , ,•. , . A , A,. "' 

·I' 

(99) tv § l~, 0.:) = tr Xl{: ,oc) = tt- Y,_Cit) = 1, 

~._9. \A~ls)ytk,s) = 2. \ar<.~)X(i,~) = i\Jr(s)Y~)=i.- . (100) 

Nonope~ator r~presentatives are defi;ILed as follows 

F ~ (s) ~ tr(9t\:·~)F), .. 
v ~' ls) = tr 1x(:~ ls)t) 

:1 \.: , 

(101.a) . 
. t 

(101. b) 

f'yl~)=t~(Y<.!:)F). __ . <1o1.c) 

For example, the representatives of the density ma~rix, ~ l-\ ,a) are 
given by . · . . · · 

S'~ls; \_,it}=tr{~(:~ ,~)~l-\,ii.))= ~(1~~0:), 
fJ.t(sj t ,n:) = i.r(X(-\_,S') ~ l-i: ,a:))= i (i+':;sa:), 

(102.a) 

(102.b) 

· ~~<.~; ~ ,<l)=t~(Yl!:)~(:i ,Clt= ~ (1±~ s<L)." (102.c) 

The densities (102.b) and (102.c) are not,positive definite, unlike 
the dehsit~ (102.a). However the density. (102.b) can be replaced by. . . 

'the positive one 

~\''ls;t.,a)= i <t>~!l.~s,~), , (102.b 1 ) 

when integrating With p_olynd~als in 5 of degree, ·n.-(, 1 
vables are represented by such polynomials. ... ' 

.The representatives of the 'spin components. 'P. ='s5 =-kGj are 

All obser-

14_. 

., • ( A. ( ""( ( ""')" ) " "F.it5)=:\.Sl'){ stY ~ ""i_ 1~ 5~ ="isj,_ (103.a) 

9.. " t·"'r~~)"\. 2. F.1.,(~)a(5;).1!;etr\.X.q:,s 5iJ="Tsj, (103.b) 
. !t , 9. . (•"' . .....' . -1'5 
Pyl~)= (s;)y=- tr\.Y(F)e..;)=±-rsj, (103.c) 

. (5j)1:(5j)~ = (~j)yl~j)y,=s(S+1)=~. 
· Restoration theorems are written as 

F =-1-tr P + 2>·2.· ~J.rl!:) ~- C:l ,s\Fi.(s)= 
. . . • J\ ·. . . • !l_ 

=- !2. \Jt'<.5") X~i ,5') F ~ <.~)= i \.lrl!!) ~(:~,so~ F'1.,(.S)= 
9. . !. 

= ~ \.l~ls);2-~)VyC.!:) .. ·. · · (104) 

In terms of PSR's 

tr P = 9. \ck~l~) 'F~l.~) = 2.~cltt{?Y\='.i.•CS') ~ i \Jrl~)Py.c~:'); . c1o5> 
. :t.. . . , . .. '. !l ' , , ' .. . 

h·W ~)= -t~ F· tr~ + 2, ·9. ~.lt-(.S') F~c~)~.i.l~) · 
' . ' ,, ' .... ·: ; ' . ,.·' . . 2. ' ~ · .. 

=~\ittl.S)r"li.C?)~-¥~)= i~A~c.gyF~{s) &j:&) 
== 1_~J+&YFylS') ~vls;)_, -- : . , -~-, ·- (106) 

J.\"(F ~l"',~)) ~ -t~~+~·i\cl~t~)f~ l~)s>~<.s\~,-Cl) ~- - _ 

= i \J~l~YFi..' (~) S'j_~j ~,a:)= 2. ~cl~(?) "F .i.&)S':t!(s;~,it)= 
. . .2, !l 9. 2. 

= i \tttt<.~YFy:L~~yl~;m;.ct), .· · ·- · · c1o7) 

t\" l~; ~c~.a:))= 9.. "145;. \J.~~) 5· S'i c.!:'; m:,~) . ·• (108) 
, .I 1 • • 

•· -t -t I 'I II y · :!> ' . i - c : · ~ ..fi 
Here t-=-~,-~ ,~ , ; ~\=""i" ,'l.S~=~-r=1:,'K)Y=~s~+i)=r ·.\ 
· rn' PSR's the quantum probability SJ(t\. 1f;tri,~)-=tY.(p(t~,l')§<.M.,ct)),;,. · 
=-\(1+4m.n.c1T) can be calculated vi~. i!ritial and f?-nal densities as 

follows . r . . ... , . , );_ . 
. ~-ln-?~i.m,ii:)=~1 +~·~ lcl~ts)S'~ l&'; n.;(')~\ <.s; m,iL = 

=. i. SA~(~) S'~t~;n,f)~-\:l~;-tK,~=-1. s~~~>~-ilS;tt~"t)~f l-g;m,<i.):: 

-9. )J~~)S'~'ts·,_Vl,t')~i(s;~,~)=1S~~)~~(!.';tt,t")~\''(.S";m,~. 
= i ~J.~(.?>') Yyl~·, n

1
l:) yy~;m,it). -· (109) 
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The singlet state of two spins ~ 

Y :~;~~· = \sL~-~t~~~.:~eet\.,:~i= ~ [b.~.~''bH,-(6j)6,~.,(G1)~~·]<110) 
can be represented by the functions .. . . 

~~ (oc,~ \s~~tht:) = t:" tl [~'"ti ,il)~'t-\:;tH~~ .. ~te.t:)~. 
- A CIL (:.i.. ...... ) A ' ( ~ .,) A s.:n.').e(.~ 1 -" ""fi>') 
- s>cL'J. ll'OL ~fo'f-':~,r.. ~J...f,.l,rJ.'f! =Lt(.1-a.~ 1 (111.a) 

q!.' (£ 1t"\sit1-ij-~t) = tr tr[X"t~.1~)Xt"i,l')~s~ .. ~~1=J (1-9 ctt), · · 
,. • . • <1. t . . . . . . ' ' .·· ... . . .. , (111. b) 

_., . ) .. ry""'" y", -- "s; ... "~t] " ( -7f') . ~y lO..,t'\~·~'~-~h.t = ';[ t:{l (Cl) (e,)~·. , =; tt 1;~a..r.. /(~11.c) 

The latter function ca~ be replaced by 

~y·(ct,-rt~.W!~t.)::: ~ 'b 52.(ct,:-i"),, ·· 
when integrating with'the polynomials in 

, . . (111.c') 
a: and r of . degree n. ~ i . 

All the densities are normalized , . .. ··. . . . , 

1'1. ·~ a~c~4.) \Jfts-~th';. (~a.,s'\5~1'1-,te.t)=1 (t=f,{,Y,Y\ c112) 

The correlator' of·! c~mpo~e~ts 'of. t;,;l~ s~ins fin the singlet state .is 
expressedcin terms of PSR's as 

c.~ t) = t_r.t ... [c~~ ... xrse) ~ !..:~t~] ~. . , :, 
I CL t . • . 

= ~ i. '\J'"'l. ~J~<..s"'-)\cl~<..!:')Cct~~)tt"~'-) S';. (s« ,i' \.S~~~t) = ·· (113) 

=- ~ l<l~) 1 ' ' • ' / ' . 

• 1 1 I y y 1 
!l !. /, ) " 2, · ' where '-=-;: ;"i 1 , , "W"y~.=l.Uy::::..s~s+1. :=.l\;. The,' expressions 

(113) with positive densities leads· us (following the Bell course of 
d.eri~ation/8-111) to the following quantum ~nalogs of, the Bell 
inequality 

' ' ' • < ~ ! ! 

·tc.lit,f} -~<-~,l'>l+t~ut',l')+ctil',l'>l~··~~~t -\ i·{~· ·.~= i, .. . (114) 
. . . · .. · . . . 7i "-=Y 

The latter corresponds to eq~·. (85) •. · · . . .. 
The nonoperator representative of the product .of two operators in 

.terms of theirrepresentat:ives'can be constructed as above, on p~ 9. 
For the. other possibility corresponding to eq •. (93) see ref/211. 
. . lhe oper~tor r~pre~ent~tives f~r ~pin·~ ~re giv~n by/23/ (p~ 14) 

si =is)-+~ s~e.(sti.~s· :...sj~s, )+ ~ £.i\c.lsk.~s . : , (115) 
. j ~e. e 

They satisfy . 
~~ -:.~ = ~· s! =~ 

) ~ ) ) ~ 16 
(116) 

. ' 

(s(s+1) for any spin s ) and the commutation relations (72). However 
the relations 

t.e.. ~1, t f. Yy'.{~ • r 
sj sk. = Lt ilc. + 'i't.ik.hl.s~>L; sj sk. ="2\ ojk- ~ t.ikMsm (117) 

'are satisfied only in application to polynomials in s of degree n~ 1. 
9.~For spin~ the expectation value (108) with the positive .. 

density (102.b') (or~s~-~for m =-1) msy serve as "an example of 
what is for us a successful introduction of hidden variables" "for 
restricted part'of quantum mechanics" (Kochen and Specke~7/, however'. 
they proposed another realization). The phase space variables s enter 
like hidden:variables •. However in the same representation the corr&
lator of components of two spins·~ in the singlet state is described 
by the.density (111.b), which is not positive definite. 

For spin 1 in the corresponding representation we ~annot avoid 
not positive definite densities (see above, p. 7), and this is valid 
for higher spins too/22 ,231. , 

In other PSR's with positive densities expectation.values, corre
lators etc. include extra ("quantum") numericalfac~ors (and extra 
terms in the representation, corresponding to the compl~teness 
relation in the form (93)). · · 

Appe;z;_dix A. The. completeness relatio'n (7) can be also 'written as 
follows 

~ li\~UU+ -i'S.l\~1\s~.'l+ t l5js~~..+s~.\-~<&3~c.1l\6!1Us~~"-+~"'s.;--s&)~c.1U== 
· :: \1.Ue U.t· .. . . . '· . . (A.1)' 

' ' . 

i:J5i \ elsi \\~ tl5.;s~~.+s~~.s.i -iij~r.ll• US.iSIL+Sk~.l-i~.\kt\\::::\1\1® \\11.\' 
. .. . (A.2) 

t\~.; I• &sj 1\ + *'~is~c..-+s~c.s,;-~Sj~o.l\~'~l\~;5,"-~5"'~3 -~'&jlc.l\\==\1.l&U\ .. 
• l · (A.3) 

The term \1.\I'IR11.1\ is hidden in eqs. (A.2) and (A.3). O~ly the irre-
ducible tensor oper~ tors 1 , 5 j and & j sk.-+ s" a .. -4- co . ~t.1l <with 

. . l ~ l ... zero convolution of j and k) enter in eq.(A.1). Except for~ ,they 
are traceless. These operators are. mutually· orthog~~al. 

tr[t.·sj)=O, tt-{t· ls.is" +5~~.sj -1; f>.i~t.i.)] =o, 
ty (~,; l~ILs~ +5.~~" .:_ -1- Seltl.)J:: o, . 

i:v[CS.is"-+s"-sj- ~ -sj.~c.i.)(5rs"'+5""'st.- -\~t~i.)] == 

= ihitilttw\+i'bj~~H -!1>j\c.'&tm' 
-e, ' ., • .~ -

17 
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No~~ that the completeness relation (7) in terms of .the Gell-Mann 
matrices takes the form , .. g . 

; t 1\ eU.l\ + ~ 2: l ~~I& l}..u.U = \i; ~eU.\. 
CL:1. 

(A.5) 

Let us give the spin 1 matrices in two representations: 
- A. ., , , A .. . 

a) in the usual[~~e _c]sj act, ~n tf1e l~~t:]sian 'coordinat(;:~ ,~~]j\_~=-~E..ikl> 

and b) 

s = - --t s = ; .. ·. ' 5 =- i. •. 1 . • i . . .... 3 ~ . \. . -"' . . . '. . 

.. ,. r· . . J .. ... ·f~ ~ ·J ...... [· .. ·J 
1 -19. ,•' 13 & = . 1 . & & = -1 • . . • s 5 ' = - . . 

. . 1 ' •. • . .· . -1 • . 

/r:-1·J r1··J ·-r·: .. J ~,_51 = - : . s: = . . . s~. s3 =· . . ~, -
• • • . • 1 . - • -1 •. 

[- ·-1
1 

. r· .. 
1 

r1 .. 
1 51.5

1
= . ~ . ~!.. s!l. = : .. ·~ -1 . ·_ 5~ ... . 1 . . . . . . . . . . ,., ·-

{ .. 5.~. 5:!>1 = [: : _;] { 5:!> 51!= ' [: : -~] 
. . -1 • -1 • • 

• j < • I . 

[
. -1 •] 

{51 s2 }= ~t : : 

in the canonical representation 

·. r-.1·.
1

.·.··· .. ·. .: ·r·-1·.
1 

.. 
s~ == .1r ~· 1 ~ ~!1. = ·Jr. 1_ ; ~1 . 

[1 . 1] 
"!1_.,!_ ·-~~ 
5t - ,_ 1 • 1 

[
-t . ~1] 

~9.51 = ~ ~ : 1 

A _ 1\ ,: 1.. ' • r, ·• • . [1 :·. -:1] 
&1 s~ = 2 1 • -1 · 

. . ':' ' [1 !. -1) s: ~ '~ ~1: '1 

[

• 1• ··j·· ·. .. . . .. " : [·'·-1 •j A J\ ... . A··A .'·'.1, 
&~5.1::.- • • . 5!.&t,=.- ••.. ~ 

.[£ . -1 • .. ' .. .[1 . -1 • 

[
1 . :J . ' . 
· .• -1 '53. = 

...... -- i ' ".· :· ... ·[ 
515~-{i . : -~] 

- ·;;., .· i. 1 ' .· ' [' 
g2&~ == {9: • ~] 
s'-"=. ; .. 

[
1 . •]' 

~' ' •• 1 

. [ ]' ) " A o o • -1 A ,._" .,' ;,. ~- ~ 1 • A ... · , 1 o 1 o {s1s~..!="' ·. ·]{st.s~l=""F.F[1. 1 J_s~&1\=.r.r __ [1. :-1 , 
1 • • \,1!1._ • -1 • ' -.- • -1 • 

In the first representation the squares of' .the spili matrices are 
diagonal, and therefore, it is-obvious that ·they commute with each 
other ~ 

,· 

t -t. ... ~ . 
!.i ,sk.] =0 (no sWllllllitions). · (J..G) ' . 

·18 

Hence they can be measured simultaneously (like for spin ~) with three 
different (unlike f'or spin~) outcomes: (0,1,1), (1,0,1) or (1,1,0)/7( 

Note 'that both .the proof, using the.first representation, and the 
following "coordinate-f'ree" proof': ... } 

. ' "'2. A i. I~ " A A A ~ )"" A ,.,.. A. A A. A A '" rs. sk. J=\.sk.s..s;+~,~jsk 5~c..- ~k."-sis..is"-+S~c.&j5j r= l . ) • • . . 

f• "' "" )"' "" {C A A ) ='-'ii.\lc.Sl+Sk S~c.-_Sk'-O)k.S.)+S.k =0, (A.7) 
using the DUffin-Kemmer algebra (3'7 are clearly simpler than those, 
given in ref/7/. ·· · ·· ' · · . 

Appendix B. Derivation of eqs. (18)-(20). Integrating, we~get 

r I ·. "" ) A ._.)· 2 1 l "."' l {"" A' l, i·~~a_t'(~)s>(0 1 5:' ~S(O,s =- 5 1.®11..+~'1.Si.S;s@~SiSj.) (B.1) 

'2-·!.S.!tl!:) ~0,~)~~(1,~)= ~ [t 1•1t+si.e~i+to-tg,a,;!~{~i5.il.B.2). 
Hence it is clear that .the completeness relation (7) can be represen
ted in terms of these inteirals by eq. (18). 

In eqs. (19)a~d (20) .;;;~·ne~d the itegral 

.?, \ Jtt(ct)[al'~~+J(a:~) ~'6·~g)~] e[J.-1 + y.(<l~)+'((ct~)!.J= 
' < ',. '·' _ •• '. ··., i "'' ,, ' -·. ·:.. . 

= ~ [ J!J. + _1 (~'6 +'6~)sls+1)4:" i.s '(1
'6' (~C$+1i)'l ],-:l +. 

+ 
·, ~ ." ·-~ , .. •' ·-.,.:'· ... "· '" ·· .... ',. . ... i. 

~ f>Si@Si + 10 ~ ~{~is_;},®{!;i. s.jJ-.· , '· · (B.3) 
Comparison with eq •. (7) leads.us to the set' of' equati~na 

?,. [J.'cl-\- ~ <.cC'6+'(1J..);. ~~·'(]~ -::1·~ .. 
. . \!>'~ = ! ~; 

,. 

1 I 1 
10 '( '(.="2\' 

·r· 

(B.4) 
which must. be solved f'or tL; f:>, '¥ 

··-o·· '-"' . ' "'. with. co..-:-, 1 f> - 2.''1 ~. = ~ 7 . (B.5) 

-and with J...'=J.., f>' =~, '6'' ='-' (B.6) 
to obtain eqs. (19) and (20), respectively. 
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nony6apMHOB, ~.8. 
npe~CTaBneHMH $a30BOro npocTpaHCTBa 
M KBaHTOBaH TeOpMH Bepo~rHOCTe~ 

nocTpOeH~ npe~CTaBneHMH ~a30BOfO n 
TOBO~ MeXaHMKe CnMHa 1. B 3TMX npe~CT 
MeXaHMKa M K~aHTOBaH TeOpMH BepOHTHOC 
CXO~CTBO C KnaCCM~eCKMMM, O~HaKO C cy 
MM. B HeKOTOp~X npe~CTaBneHMHX nnOTHC 
no~MTenbHO onpe~eneHH~MM, ~ ~pyrMx ~~ 
H~~ HO cpe~HMe M ~pyrMe ~enM~~H~ onpe 
npMMep, B npe~cTaBneH~Hx.~a3osoro npc 
TOp KOMno'HeH! ~BYX cnMHOB 1~B'CMHrnel 
~aeTCH OT ero B03MO~HOfO Kn~CM~eCKOr 
TenbH~~M ~MCneHH~MM MHO~MTenHMM. 3TO 
TenbH~M KBaHTOB~M aHanoraM HepaBeHCTE 

Pa6oTa s~nonHeHa. s.naoopaTopM~ Tee 
O~s:l~. . . 

Coo6IUeHHe 06l>eAHHeaaoro HHCTHTyTa H.IlepahiX H• 

Po 1 ubari nov I. V. 
Phase Space Rep~esentations and Quan1 
P~obabil~ty Theory · 

Phase space representations are c1 
tum mechanics of spin 1. In these re1 
quantum mechanics and quantum probab 

·a similarity to the classical ·ones 
sential distinctions. In some repres1 
are not positive definite, in others 

'tive, but expectation Values and oth1 
defined otherwise~ For examp 1 e, in t' 
resentati ons 'the correl a tor of compo 
in the singlet state differs from it 
counterpart by extra numerical· facto 
the consistent quantum analogs of th 

ry 

. . . 
The investigation has been p~rfor 
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