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No point is more central than this3 

that empty space is not empty~ 

J.A. WheeZer 

The Universe mainly,has two types of .structures: the homo
geneous and the hierarchical ones/1/. The former is convenient 
to describe_by real number field (and its multidimensional~ ex;_ 
tensions), the latter- by p-adic (non:-Archimedian)' number.fi
elds1~1. Nowadays due to nonlinear dynamical systems (with 
strange attractor phase space pictures

131
) and unified field 

or string theories141 , dynamical change of the dimension of. 
space (when time_ and/or space' scales of the considered phen_o-

/5/ . . 
mena change) becomes actual • · . 

In· the.· dimensional regularization techni'que161 we :(formal
ly) consider non-integer and sometimes even negative.dimensi

.oils. of space /7/. For mo'dels of random ·surfaces sometimes nega-. 
tive values of dimension were considered

181
•· - · ·· 

. The topological (inductive)_ definitions ~f dimension/9/. _ . 
say that a set has (integer)' dimension equal to 'n 'if ·its bo-

undary has dimension n~l. . 
In the metrical definition of dimension /10/ we count the 

number of covering elements (e.g. Shperes) N(a) with'linear 
size 'a, and.try to find a value of th.e parameter d from the 
equation ·. 

. d . 
N~a)a =const, a-otO. 

For this metrical dimension we have 

InN -
d =lim-~ 

( i). I 

(2) 

a-> o .InQ./a) 
For. any set of finite number of po~nts N(a) ... const, so d = 0. 
For empty set N (a) = 0 and we cannot use. equation (I) to. de
termine the value of dimension which is equal to_ -1, by topo
logical definition. In this case it will be convenient to use 
some. "regularization", with N(a) ... o. Then ·from (I) _·we see tha·t. 
d .< o and the sinipll~app-r~pr~_ate ~r ·is·- -I. If we defi'ne 
the Void flU as the_ t~:~,:~~~-~-·~H ~ just before God cre-

i!f: ., .. "'·•'" ... \.., ,,r:tllltlll 
• • ! ·. -- f.>·~SilviOl.EKA , 

' '·---" ' . ..-. 



ated ·the empty vacuum, then we can assign to the Void dimen_. 
stion -2*. · 

But 'how can the int~ger N(a) behave almost continua~lly near 
t):le zero, when a ... 0? Here .we can use p-adic \raluation/2-'. of 
integers 

0, if N=O 
IN I = l ordp N . . 

p 1;p • N * o, .J ch 
where for a given value of the prime number p we have the 
unique representation 

· ordpN 
N = p .. n, 

n does~ not· contain factor P: .. 
From definition (3)., (4).. ~e. see .that · 

o . .$ I N lp d ·r, 
so 

lniNI 
d =·lim --f p ' . - .. 

_a ... o In 1/a 

I; 

~ o. 
. . . 

If we.take, ~orexarilple, 

N 'mk --£k . k• . ·. " = p · n, a = p , ., •. oo, · 

.. :,- ·· .. " "" /' '.,;0·1., :{ ' . ·,·-· ·-· 
where m, k' e. are. positive .integer numbers, 

d _ m 
p .. ~-.-. e· '. ··;' ' \ ~ t 

then 

(4) 

l~'' 

(5) 

(6) 

. For any non-zero ration'al x, we hC:ve .an adelic construe-' 
tion/2/' '· 

ll.lxlp=l, xfO, 
p:;iO 

where by definition 

X, X~ 0 
lx1 0 =l· 

0
. 

-X, X.< 

'·. :· t 

·is··: a usual ·absolute. valuatioh. 

·(7) 

'! ; <· • :. ~ 

· .. 

", ~ * -.· .:. . . ' -. 1 ·. . ·.,: . - < • • • • 

. I thank .P.Frampton and I.Volovich for the ·discussion of 
this point. · ·· ·: · 
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from (7) .for x = N and definition (2) and (5) we ob-

d = - I. dp •. 
,p ~ 2 . 

(8) 

So it is. possible 'to calculate "real" fractal dimension 'of a 
set (2) by summing p-adic fractal dimensions· (5) for every. 
prime p. 

2. For quantum (fluctuating) geometry,,. there, are different 
"' . d . f d" • 151 ways 0.1. 1ntro uct1on o 1mens1on . : · 

InN· ln<N > 
d1 = .<--->, d2 = ---· • 

· ln 1/a . · ln 1/a 
''· 

(9) 
... : ' ' 

.It is easy'to.show .. that d 2 ~d 1 , using the foilowing.in~:-
1 . *' .q~a 1ty, 

~.piN i ~ 
1 . 

where 

P· 
n N 

1 

1 i 

l: P.'.= l,·'P1 ~ 0~ 

(9) 

· i 
1 

· · . • ·.· .. m. . 
This inequality· is, for. rational values of P

1 
"' M!, .·I. mi = M , 

a Cfmsequence of the. well-known inequality i 

+a · ~ -a a ·+a 2 + •• • . M .., . a a • • • M' 1. ---- .... 12 ,. (10) 
M 

~hen·a 1 ,;,a 2 = ••• =am =Nl, am 1+1=~ ••. =am1+m2 N2: 
1 . · .. 

Indeed, ' , 
pl l:P1lnN1 

.< N > = I. Pi N. > ll N. = e ::, e 
' i . 1 1 1 

.'<InN> 

so 
ln.<M> ~ .<lnN> • 

Note, when <.N > .< 1·, e.g. P 1 = 1-£, P 2 = £, N1 = 0, N2 1 0, 
. 1 . . ' . . . . . 
£ .< 1["-, .<N > = £N2 .< l, then d2 < 0. In th1s case d1 1s not 

define~, so there is no con.tradiction with inequality d 2 ~ 
~ dl ~ o. 

The negative dimension was invented before by B.Mandelbrot 
(see,· e. g., 112/ ) • I added the last note ·to the manuscript, 

when I had-seen that paper/12~ 

* . •. Th1S 
renstein. 

proof was stimulated by the discussion. with A.Be ... 
I ,•, 

3 
. .... 
\· 
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I take pleasure to thankC.Devchand for the discussion and 
·,the reading of this paper. 
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Maxan,::~;HaHH H. 
,0 p-aAHqecKOH MeTpHqecKOH· 
pa3MepHOCTH ITPOCTpaHCTBa 

BBOAHT~H MeTpHqecKoe (¢p; 
MepHO~TH C ITOMOmb~ p~aAHqecF 
KpbiBa~~X ::)JleMeHTOB. 06biqHa~ 

rronyqaeTcn KaK cyMMa p-aAHqe 
Tefi. PaccMoTpeHo MeTpHqecKoe 
Ann KBaHTOBOH (¢~JKTYHP~me~ 
ne3HOe HepaBeHCTBO Me~y 3Ha 

- . . I 
pa3MepHOCTH. 

Pa6oTa BhiiTonHe'Ha B fla6opa 
HHKH H aBTOMaTH3a~HH OHHM~ 

Coo6~eHHe 061oe.ziHHemwro HHCTHTyTa 
•. I 

Makhaldiani N. 
On a p-Adic Metrical Dimensic 

. . . 
. A metrical (fractal) dimen 

.valuation of the 'number .of co 
fractal dimension is obtained 
tal dimensions. Metrical defi 
for quantum (fluctuating) geo 
ful Inequality between the va 
tions of dimension.is proved. 

The investigationhas been 
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