
91- s-c' 

V. V. Nesterenko, N. R. Shvets 

OfibBAMHBHHbiM 
MHCTMTYT 
RABPHbiX 

MCC18AOB8HMM 

AYfiHa 

E2-91-566 

THE CASIMIR ENERGY OF THE. RIGID STRING 

WITH MASSIVE ENDS 

Submitted to "Zeitschrift fUr Physik C; 
Particles and Fields" 

1991 



j 

'~ 

. 
~ 

:1 Introduction · 

The Casimir energy in string mod~ls turns out to be up to: a positive · 
constant equal to the squared mass of the ground state [1]. Therefore 
a:fter calculating the .Cas_imir energy one. c~n conclude with confidence 
whether the ground state in the string spectrum is a tachyon or not: 
':fhe tachyon proble~ in.its turn.is tightly connected witn nonphysical 
dimension of the space-time in the quantum theory of the Nambu-Goto 
string. In the preceding paper of one of the authors.[2] the investigation of 
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the "improved" (more realistic) string inodel of hadrons has been started. 'I 
As the first step the nonzero quark mass was taken into consideration ·j 

. by calculating the Casimir energy. It ~a;; shown that th~re are values of 
th~ quark mass for: which the 9asimir f?nergyis definitely positive: The ·1 

.··second step in. imp. roving. the hadron string mode. I is .allowanc. e for the --~· 
thickness of the flux tube described by the string. 'For this purpose one- ' 
has to go from the Nambu-Goto string to the rigid string [3, 4]. ~ 

The aim of this paper is the calculation of the Casimir energy for . i j 
. the rigid string;with massive ends.· The contribution of the quark mass : 

to this energy. turns out to be the same as in the Nambti-Goto string A, 
·with massive ends: The string stiffness results in an additional positive ''1 
contribution to the Casimir energy. ,The allowance for the string thickness · , . 
alone i. e. considerationo(the rigid string with free massless ends does 
not· enable one t"o make the Casimir energy:positive.· 

The layout of the paper is as follows. In the second Section, the ac
tion is introduced for the rigid string, the ends of which are supplied wiyh 
point-like masses (quarks). For this action the ha~monic approximation 
linearizing the equations of motion and th{! boundary conditions is con_
structed .. General solutions to these equa~ions ·are obtained. It turns 
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out that the string dynamics_ is described by two ind 
oscillations, one of which corresponds to the Namb1 
massive ends and the other takes irito account the s· 
third section is devoted to the canonical quantizatioJ 
der consideration. In the fourth section the finite: rer 
energy is calculated. In the conclusion' (the fifth sec 
results are discussed and a possible way for solving 1 

negative energy related with the rigid oscillations oft 
ere d. 

2 · Harmonic approximati{)n fo 
string 

The action of the hadronic string model taking into 
thickness of the gluonic tube and nonzero qmtrk mas: 

''s, = -poe jjd2ur-9( 1- ~r~ ~x"~x") ~·t 
a= 

where p0 is the linear mass density of the flux tube 
is the radius of this tube, c is the velocity of light, 
the masses of quarks attached to the string ends, 
0, 1, ... , D- 1 are the string coordinates ·in the D
tirne. The metric of the space-time_ha8 the signature 
internal geometry on . the string. world· sheet' is · defin 
metric 9i;(u) = aix~-'a;xJ.', i,j = 0, 1, 9 = det(gi;), 9 
Beltrami operator corresponding to this metric is clef 

~ = ----. r-99''-. ' 9i"93 · 1 a ( . . a )· . . '! 
v=g au' au' ' 

For.the curvilinear coordinates u0 and u1 on the wofl< 
another more ordinary notation will be used also u0

: 

the action (2.1) a is a numerical parameter. Its specif 
the concrete mechanism generating the fluxtube. Ir 
model with the simplest ~iggs potential (the Nielsen~( 
for the relativistic string) the, parameter a prove_s to 

~
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in string mo<l~ls turns out to be up to·a positive · 1 

squared mass of the ground state [1]. Therefore j 
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paper of one of the authors [2] the investigation of 

realistic) string model of hadrons has been started. 
nonzero quark mass was taken into consideration 

....,ttSimir energy. It ~a;; shown that th~re are values of 
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out that the string dynamics is described by two independent modes of 
oscillations, one of which corresponds to the Nambu-Goto string with 
massive ends and the other takes into account the string rigidity .. The 
third section is devoted to the canonical quantization.of the model un
der consideration: In the fourth section the finite renormalized Casimir 
energy is calculated. In the conclusion (the fifth section) the obtained 
results are discussed and a possible way for solving the problem of the 
negative energy related with the rigid oscillations of the string is consid
ered. 

2 Harmonic approximation for the. rigid 
string 

The action of the hadronic string model taking into account the finite 
thickness of the gluonic tube and nonzero quark masses reads as follows 

S = -po c Jfd2u F9 ( 1 - ·~ r; ~x~ ~x~) ~---.t ma 1 ds, (2.1) 
. a=l . Ga 

'-o'' 

where Po is the linear mass density of the flux tube (of the string), rs 
is the radius of this. tube, c is the velocity of light, ma, a= 1, 2 are 
the masses of quarks attached to the string ends, _x~(u0 , u1

), J.L = 
0, 1, .... , D - 1 are the string coordinates ·in ·the D-dimensionaL'space-· 
time. The metric of the space-timeha.S the signature ( +, -,~.;,~):~The 
internal geometry on the string. world sheet is defined by the induced 
metricg;;(u) = a;x~a;x~, i,j = 0,1, g = det(g;;), g< 0. The Laplace~ 
Beltrami operator corresponding to this metric is defined by 

~ - -- --. - ,, a . . . . . . _ ~1 a( .. F9 au' y'=gg aui)' g;;g'k =Sf ... (2.2) 

For the curvilinear coordinates u0 and u1 on the world sheet of the string 
another more ordinary notation will be used also u0 =rand u1 = u. In · 
the action (2.1) a is a numerical parameter. Its specific value depends on 
the concrete mechani~m generating· the flux tube. In the abelian gauge 
model with the simplest Higgs potential (the Nielsen-Olesen vortex model 
for the relativistic string)' the parameter a provestb be "'20 [3]. 

b. . ··•3 HY.:m'JT~ 
·~ ' ... t .. ·" "'!Mo • ""H• "\., ..•. JI)Illid ,. 
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We shall u'se the physically preferable time-like. gauge· 
, , : ~ \ ' I 

x0 (-r, a) = ct(r, ~) = cf. (2.3) 

In addition to. (2.3) one can i~pose one more gauge condition, namely 
the transversality condition for the st~ing o~cillations ... 

·, •' ·.· . ' 

• I a· XX.= , 
. ' 

(2.4) 
... F 

where x(t, a) is the space-like part of x"(t, a). The dot means differen
tiation with respect to r; and the prime, with respect to a. 

As we shall be interested only iu the zero point oscillations in the 
model (2.1) one ~ah 'assume as· it h:~ . .s beeh done in [2] 'that the string 
length L does not alter in time. In this case the parameter a 'can be 
related with the string length .by the formula . 

xi2 (t, a) = (Lj7r )2
• (2:5) 

In addition it is natural to employ herethe harmonic approximation in 
theadion (2.1) that linearizes the equations of motion and the boundary 
conditions. In this approximation we have 

- g ·= c2x12 
' 

goo= _ _!_ 
c2' 

1' 
01 . 10 0 ·gll . ' . (2 6) g =g. = ,. ·. ·=~· . . . xl 

I 

Actually. the sameapproximation is used in calculating the Casimir en-
ergy by the effective potential method [5]. . . 

.·Finally after dropping out the'unhanuonic terms .the action {2.1) 
takes the form · . 

11' ' 
·-; 

S Po L fd1d [ t( ) · 2 2 12 2 ( -2 •• "_)2 ] = -- a ., a x - a x - ca . . a x - x , ' ·, 27r . . . ·, . 
' ' 0 ' . . . 

(2.7) 

where x(t, a) is the transverse displacement of. the string, e(a) :is the 
· · ·weight function 

e(a) ~ r + q-1[h'(a)+ h'(a~7r)], .. ) . . . ~ 

q _: PoL 
7rm 

1r c . ( i ·r s ) 2 
a= T' c =a, T . 
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{2.9) ; 
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Here one assumes that the string. ends are .,loaded with equal masses 

m.;~m2=;rn.·, "·'·-<·· ... ~. · ... 1 ·.·.; . •• ;i~ ·.n' .. ; i'-· ,i,:.::.'r.,iT 
' As mentioned in' th(dritroduction; .we shall'beinterested 'irLthe .. de~ 
, •· .~ ·.' r .~ •. - ''·.·~.··· ,,. ;; ·. '.·' .. _., ... ,,~, :1''-f ·.;:· ;"·· .. ,, :':tl ·,·,~ ~.: .. ,j ... il~: .. • ·;~-., ·~,' .. ':'·:!.1 

pendeiice 'of the Ca.Simir erierg}'on· tliequark !miss (the parameter q) and 
on the transv~rse dimensiolls,ofthe'gl~o~ict'~b~'(tli~ p,ar~~et~r-£).,;·-~" · 

:_.The. 'a:cti~ii. (2. 7)' e~t~iis· the foll~wihg; equati~ns .of m~tion. ~· ~\ ·\: •. : .. :, 
- [:t;. ·-~~ ·~,.· -"1('~! .~·~,; ··:- •.J.·:'} ~!-•' ,"':'·;:< . ·• ; ' '·-t~-~ ~-·'•L '···) ~t '.'.,.'.' ·1..!-1<'~-· 

(1 + cD)Dx = 0, '" i:: · w(2:fo) 

where D.'js the two-dimensional D'Alembert operator ... 
' • • ' ' 11 ; ' . . •. ; / ' . ·. ~-· : (: \ ; ; ; ' ;,, '> ( ·'' 

. ' . • . f ''82 {)2 . .. ' 
,,.,, ... 0 = --- --
\ · · · - a 2 8t2 8a2 ' 

(2.11) 

' and the boundary con~i,tions · · '·' • . ~' ~ 

( 
' • ) I -1••. Q 

1 + c 0 .?'~. = g, x, a= ' 
( 

") I .. , . '' ·-1;• 
1 + c 0 X = -~'. X,. _, a = 7r ,· 

. . : ; ~ ·~ 

(2.12) 
·, '/ -~>Tl r ~ 

. _, !·•·· g~=.:p0 c2f(L.m),, ;;,: 
·;, ; > ! : -c' ~.,. •• ,. .f -~· I' f1 ',_ 

ox = o, a == o; 1r:' · · ., , (2.13)' 

· The Lagrangian in (2. 7) depends ~n the first .a~d s~cond derivative~· Of the 
. ·st~ing coordinates, therefore the numb~r of obtain~d bo'u~d~ry conditio1;1s 
is twice that in the Nambu-Goto string. The boundary,valuejproblem 
(2.10), (2.13) reduces to the two independent boundary pwblems. Iiide~d 
the· left hand side.ofthe:equations of motion (2.10) stands:f6r the product 
of two commuting differe~tia1 operators (1, +. c _D) and [] .. ,Hepce .the 

', '•,' •'': \.,1\t·',;: c,"'.',' :-~.'. ::• '', '-4~~,< ',(<'.',,.!._j,l,l,,,t·L<••~ ..... 

general solution to' this' equation.' cari. be represented as .. a. surri..of,.two, 
;,;•.:.s·· ... '_··'t· ,_ .. ~ J-._~•:.'-ll.t; .... _.; ~·" 

terms 
x(t, a) = xi(t, a).+ x:;i((a), (2.14) 

where 
Dx1 = 0 -~---:· ~ :· ~: -~ <~'(2.15). 

'4 " 

( 1 + c D) x 2 = 0. , .. . (2.16). 
,1! , ~~ -· •• • •• · ·• q·:~: .. i·:'·l'! .,_,; :-.r:J ::.:~--.~.J£:;,:~:~:1 (;_:_ 

Wi~-~· all()Wall(:~ f()r (2,.1~) -·(2:16) t,qe,initial,~dgec~~ditj~~l).are J;ewdtten' . 
for x1 and x2 separately·. · - .. ,~ ; ,, · d ,· .. ,; · 

I -1- Q 
X 1 = g Xt, a = , I -1•• 

X 1 .=. -g ;,Xt, a= 1r, (2.17) 

5' 



-· :x2(t, 0) = x2(t;1r) =··o. (2.18) 

Thus x 1(t, a) is the solut~on for the Nambu~Goto string.~hh p-~~i~t~li·k~ 
masses. at ends_ [2]:' An the dep~ndelic~ ,on the ~tring rigidity istak~~. i~to 
account by'the.second term x 2 (t; ·a): • · . . . ·.· , ... . .·, 

The .general soltition. to (2.15): and (2:16} ~b~ying poll:ndary ~~ndi
tions (2.17)~ (2:18}"cari b({represe~ted ai two series of ~orresponding 
eigenfunctions 
\· .. ·- .) 

x{(t, a) = Qi + '.Pit ' + ;"~ 'LeXp(.c.;a V. t) ;:i''u.(u), 
· Y~n:f:;O, . Wn, 

(2.19) 

(2.20) 
'·{f· '•, . . . 1i . (2) pi x~(t, a) :::: -i ~ 2::: exp (ia Wn t}(~~ v;.(u), · 

Po n:f:;O , . Wn. 

j =· 1, 2, ... ; D - 2. 
{I' ( . . (1) ; , . ; , . .. . / . . . 

H;;re un(a) and wn. are the eigenfunctions and eigenfrequencies in the 
Nambu-Goto string with massive ends [2].-The boundary problem (2.16), 

I 

(2.18) entails the eigenfunctions, ' 
• . .. "~ .r , , . 

...... 
; ' ~ fi 

~~)'.'~~~$ ~r'-, 
··v~(o:) = v_n(~) 

and natural frequencies 

·{;· :., ., ·!·. ' 
- -sin na, n = 1, ,2, .... , 

11"· ' 
(2.21), 

>: ' (2) ·.· • (2) ' ' ' 
,' Wn = __; W_n = ·Vn2 + c-:-1 ,. n = 1,2,. .. !' (2.22) 

l.' '. .' . . . ' . ' 

Th~ amplitudes. ~n and,Bn' in (2,19)' and (2.20) obey the ·comtno~ rules 
Of complex conjug~tion ' ' ' \ '. . . . ' . ' . 

a~ = a_n,. ,B~ = ·P-n. (2.23) 

3 · : Quantum theory 

. To qu~ntize the model under consideration, we have to cast it into the 
Hamiltonian form: .According to Ostrog~adskii [6,' 7] the canonical ~ari-
ables are introduced as follows .. 

:, ~ 
·qi _ xi qi _ x· i 

1 - ., 2- ' 

6 

'·! ' 

'' 
~· 

'!•' 
1 r~ 

iJ, 
f/ 

·a···r ., . ar •f''• .·; . . •. . J.:, ' ~ ' . - ~ . ~ J..:, -- t : 

....) - . p"J ....) - .. ' 
1-'1 - axi ·- 2 ' 1-'2 - .. Bxi '· · 

j='l,2,: .. ,'b_:2.·' .. ·,_, •. } 

"~ ' 

(3,1) 

Here£ is the Lagrange:·density in the'action. (2:7) .. Substituting £ and. 
(2.14) i.nto (3.1) and taking into account 'the equations of motion (2.15) 

. and (2.17) one gets' · ; ·. ·' · 

' q1'.=;=: X1 .+ X2, 

qz = Xt + Xz, 
·,-· 

:m 

(3.2) 

poL ( 1 0 
) . : . ~· . poL 

Pt = -- + c X= --·· Xt, 
· PoL . •·• . poL 

pz = -c.-.. -Dx = -x2 • 
71" 71" 71" 71" 

The canonical Hamiltonian is 

1r ' 1 

H = 'Ida( Pt Ctt + Pz <lz - £) . (3.3) 
0 

We shallnot express the Hamiltonian in terms of the canonical variables 
qa, Pa, ·a = 1, 2 but at once calculate it with the equations of motion 
in terms of the amplitudes iin arid·~iJn· S~bstit'uting (3.2) into {3.'3) we' 
obtain . . 

11" ' • ' ' '"' 

poL ·1· [ ·. ) . 2 2 ,z ·. II 1 ' . 2] ( ) H"=. 
2

71" de: e(a X 1 +a X 1 + XzXz _; X2 • 3.4 

0 
-~· ,l.' ., 

In terms of the Fourier~amplitudes the Hamiltonian,reads, .•... 

P 2 t:' 00 , f: 00 ' . . 

an ~ . + , + , an ~ .... '"'+ •: '"'+ ... 
H = 2M +2 z..)'an an·+ an an)·- 2 L)'f!J~n. +·,8~ Pn), .~3.5) 

n=l n:;::.1 · 

~h~te M is the total~ass of 'the string M' =··p0L'+'2m;':P is\he conserved 
total momentum of<the stri11g .. · .. ' 1 •• ,:; .. :,;;.,; v.<· :·_ .. ,• .• :J.:• · •! 

" ' " ~ • .! 

1· 

11" 

pi =·f·daJl'(t, d).'.' (3.6) 
. 0 : 

',-" ·'·" 
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Thus the second mode of oscillations causedby the string rigidity entails 
the negative contribution to the energy of the system. 

The quantum theory is based on the following commutation relations 
I '\ - \ 

[ x~(t, u); J1i(t, u') 1 = .i1i6ab 8ii8(u-:- u'), ~ (3.7) 
' \ - • J ~ • 

a, b = '1, 2, i, j = 1, 2, ... , D - 2. 

The amplitudes an and !inin the series (2.19) and (2.20) are defined by 

~-
. . (1) . 1r • 

exp~t) {fduun(u) IJi(u) -
- 2npoc · · 

0 

· PoC f,.d 1 ( ) [ ti ( ) 7r ti ( ) ] } -z(i) O'UnO' q.1u --poLp2u ' 
Wn o. 

d_ = a*i, n = 1, 2, ... , -n n 

''-4~ 
;: (2) ~-!,. . 

- exp(-ia, Wn t)y 2];' duvn(u) X . (3.8) 
0 . 

[ 
1 ( 7r ) • (2) 7r ] 

X -. q2(u) - -L P1(u)_ + z Wn -L P2(u) , 
a .. Po ·.Po · 

f3~n = j3~i, n = 1, 2, ... , j = 1, 2, ... , D - 2. 

Frolll here we obtain the commutators for an and f3n' 

[ Qi, Ri ] = in 8ii, 
. . (1) .. 

[a~, a;] = Wn 8'3 8n+m,O, 

i i (2) ij 
lf3n, .Bm 1 = Wn 8 8n+m,O' n, m = ±1, ±2,.... (3.9) 

' . ' ' . ' 

The annihilation and creation operators are introduced in a ·standard 
manner 

i -~ i 
an = y wn_an, 

. . . 0f[1) . 
a' ·=a+'=· w a+' 

-n ~l nT n n ' 

. 1(2) . 
{3~ = V Wn b~, f3 i = p+i = 1fj'" b +i -n n V Wn n ' (3.10)' 

8 

,,:f 

'l 

:J ... 

[ i +i1 _ [bi 'b+i1 __ cijc ,·, 
~n' .am • ·- n•' m --,, 0 0 nm ,. :·:,·~ I.,. 

n, m = 1, 2,.:., i, j = 1, 2, ... , .0 - 2. 

Finally the Hamilton operator'acqui~es the form : ':.\ 

' 
• ·:. ;. I . p2 00 ( ) D-2 . 00 ( ) D-2 
·" 'H - - f:""' 1 .. ""'. +i i f: ~ 2 . -~b+i bi. _ .. .,,:t.r . - 2M + ,a I£ ·L.J. "'!; n L:.J· an an -: an ~ W n D n'· n + ·' .. " 

n=1 i=1 n=1 i=1 

i \ 

· · 1 ·oo • ·:·· : ' ... · oo • ·-
f:D:-2""' (1). f:D:.._2_~_(2)

1

' 
+ an --

2
- b.• Wn -an --

2
-.- L.J Wn . 

n=1· ._,,. · ,)1=1.~ ··\. 

(3:11) 

The last two terms in ( 3.11) define the Casimir energy in the model under 
consideration. It is important that the second oscillation mode caused 
by the string rigidity gives the contribution· to the Casimir energy with 
opposite sign as compared to the oscillation of the basic first mode. It fol
l()ws,,qirectly ~rolll the _classical expression for, the energy (3;5);· In paper 
[91. the 'Casimir energy, in. th~ theory· of _the relativistic membranes :with 
rigidity has been investig~ted. Contribution of th~ zero 'point oscillations 
from the rigid mode turns out. to_ have the same sign as ari 'analogous 
contribution from the .. basic mode. But .it is possible only in the case 
when one takes as 'the vacuum wave ·functi~n f~--th~-corresponding os
cillators a function like this exp ( q~/2). Obviously this state vector is 
not normalizable and th~ quantum theory based on such a vacuutn"sta'te 
should be unstable. 

•' 

4 Qasimir---energy 
• , ~ • ' ., ~ ' • • ' { ; : :- ' " I'; • . : •• I 

As in paper [21 we shall investigate the dimension.less Casimir energy 'per 
~netransverse d~gree o(freedom ·· · · · · 

. ' "•1'-' ,; 

' 1 00 
(1) ' 1 00 

(2) 

E(q, c). =-:2'L·wn,:- 2'L-~n- .. 
n=l , n=1 ·.·' 

;· 

\/ 
f 

9 



A finite value for the first sum has been obtained in the preceding paper 
[2] ~, ': 

. 00 ' oo, . ,. ~ ' . . 

E1(q) = ~ ~1 Vn(q) = ~ 21~ +2
1
1r Ja~(n (i +:·{·~/q)2 + 2(x1j~;-coth(7rx)l· 

n- 0 

. ' ' ··. '' " ' • ,:> . (4.2) 
Here :we· consider in d~tail'the evaluat~~n;ofthesecon:d-'suin)n '(4.1) 

' 1 00 (2) ' 1 00 

E2(c)- -2 L, wn(c) = -;:-:iL.Vn2 + c-1
• (4.3) 

{ r' ···\ n=1·-. ·n=1 
\ ,z. j_ • (. / ~ \'• , .• -, 

For regularization of the divergent sum in ( 4.3) we introduce into con
sideration.thefunction ,, · 

,\(, 00 ! 

,. S(s, ~) = L).n2 +a )-:-s; (4.4) 
··:, -.~ , i, :: n=l 

defined: at ( Re .l s : >· ~ ·and 1 ·a > · 0. · This function can he · ~nalyti~ally 
continued •to the point s = ·__;,·~. For this purpose·.we apply at first~ ~lie 
following integral representation · · · · · ·· · · ·I I '· '· 

~ \ .. '-;; I>')'/ , < • •i 

oor: ' 

:1· ·· !; = ·1(~ j ts'-ie-.(n2 ~a)tdt 
(n2 +.a)s. f(s) ·' · :' · ' ' 

. ::'·, ··.) 

0 ' ' 
~-~ [ -~ (. .:. ' . ' .'. ~ . ' ,::,_, 

wh~re ,r.(s) )s the Euler~ gamma function. E.quati6n ( 4.'4) acquires the 
form ,,' •. i! 

00 

1 1 J +oo S(s a) = --.- + __ ·ts-1. -at ~ -n
2 t 

' 2a8 2f(s) ... e .. · ~ .. e · 
0 · · • · · .. n:::-oo . 

The sum in ( 4.5) can be rewritten as 
·.:_'~,:: ?·-:;:;c;t~ ~ ·::-·! +~ ' 1

",;:.::::

00 
.-,/~.' -,L 

1 .i .• " 

L -n2t If- \L .· o. . .:·,.2·n2 e = - e • . 
t 

n=-oo , · n=-oo , 

t ~~ 
~)~·"'. 

J ~ ~;,: C'· 

(4.5) 
) •• -.,.l~ 

·" 

;.7•i'l(4;6y' 

•'· ··r .: ' ' / "1 · 

This\ equality is a direct_~oilsequence.of the followiilg property of the 
Jacobi iJ3 function [8] ··· · . ' · ~ 

( z I 1) {i (.1rz2
) iJ3 ; -; = yye"k.p. z-:;:- iJ3(zlr), (4.7) . 

10 

where 
. +oo 

.a ( I ) ·~ n2 (. i1rz)2n . i1r-r I . 0 . . (4 8). 
v 3 z T = ~ q e , q = e , m T > . , . . :, . 

n=-oo 

Upon substituting ( 4.6) into ( 4.5) and in~egrating over dt one obtains 

1 Vir (s- ~) a-s+l/2 

S(s, a)=- 2a" .+ '.2 . f(s) + 

27r•a-s/2+1/4 00 
·. . • . · . , 

+ ~, , 2: n,_1,2 I<. • ...:1,2(2mr.JO), : (4.9) 
n=1 

\ . ' 
wh~re K 11 (z) isthe MacDonald function 

' ., \ ! ' 1 : i < ' ; ~ ' • ' 

! } ! .., 00 -

K11(2.;Jh) = ~ (~) 2 J x11- 1 e-~-~;;d;, · . 
. 0' 

ILv(z) · ~· I<~(ij~ 
c < • -~· < ·~. \ • • ,y ·, ·, ~ 

Re,B > 0, Re1-> 0.· • 
. ' '• . ,l' ·.•' . ' ' 

' 
As theregularized Casimir energy E2 (c:) in(4.3) we take the exp~ession 

, ' .. . ·. r , '( .. , - . ~ 

' ~ . ' . . . ;' 

. E;eg(c:) =~~~s (-~, l) ~: ... 
'•; '," 

1. r(-1) . . 1 Loo 1 1; '(·;2. 1rri) =- + -.-+ -.- -\.1 :-.- • 
4yg 8c 21r yg _ n : .Ji 

n-1 . . . 

(4.10) 

Th~ reno~malized observable of the'C.asimir energy'is .. obtained:bysub
tracting from (4.10) E;eg calculatedfor .the infinite rigid string. This 
removes the second term in (~;10(:with a pole singularity due tor( -1). 
The firstterm in (4.10) after multiplying by the dimensional coefficient 
ali beco

1
rries independent of the stririg length L~''Therefore thi; _ten~' can 

be omitted too. As a:~r~sult, the renormalized Casiinir'energy ·E~'turns. 
out to b~' . > C; • . ; . I ( ; . ,· ' ' •' '; 

.':E2(i). ~· 2· '1 1~ ~ ~J(t /
2n;)-'.. · •; .. (4~11) 

· · ·. · · 7ryc ~ n \ yc · 
. , .-~ .. · n~l., _ . ~"' ,·:· h., , .. · :t.;._; 
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Fig. 1. Dependence of dimensenless Casimir energy E2 on the thickness 
of the gluonic tube. S = rs/ L. The straight line is the Casimir energy 

. -Eo= 1/24 in theNambu-Goto sti:ing. 
f ~ . ·1 '•j' 

Thus the allowance for the transverse dimension of the flux tube (the 
string stiffness) entails th~ positive contribution to the Casimir energy. 
When ~he thickness of the string tends to zero 

'• 
'c __:: rs -+ 0, 
u- L . c = a 11"

2 S2
, a:..._ 20 

the en~rgy E2 vanishes exponen~ially ... ,, ··· .. ·.·· .. ,· . 

·. ' ' · exp [-2/(a112S)] 
; , E26~. · 7r3/2at/4St/2 · · ' 

{4.12) 

! ; ~ 

(4.13) 

~n _F~~· . ,1 the, dependen~~ of. th~· e~.e~gy E2 ; on , the. d~II1ensionless pa:, 
rameter S = rs/L is-represented .. The region, S ~ l1has obviously, no 
meaning'in the frame~ork of the flux 'tube model, but in the theorylof 
the funda~ental rigid string [10] it can be conside~ed. When s· -+ oo, 
then 'E2 -+ 1/24. This ~an be seen ~irectly.from the definition ( 4.3). 
Hence the allowance for the string thickness only does not compensate 
for the negative Casimir energy Eo = -1/24 in the Nambu-Goto string 
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with free ends and remove the tachyon from the string spectrum. This 
can be attained by taking into consideration the quark masses (the. first 
term in (j_.l), se~ ~lso~~~-p~ot ofth~Juncti~n E1(q) in paper [2]): .. 

5- · Conclusion 

The results obtained above show that the situation .with tachyon in a 
more realistic hadro~ string model taking. into account the quark mass 
and flux tube thickness is riot so hopeless as in the original Nambu-Goto 
string. There are such values of the model parameters (the quark mass 
ana transverse dimension of the flu'x'tube) at whi~h the Casimir e~ergy 
is strictly, positive. Hence in this case the tachyon in the string spectrum 
should be absent. . . . · .. . . . . · · . . 

In our consideration we: have assumed that th~ para~~t~r a. i.n the 
action (2.1) i~ .positive, i. e. the. Nambu~Goto action,and the', rigidity 

term have oppo~ite signs. Only in this case the frequencies ~ n. ~ill. be 
real numbers and as a consequ'ence thekolution x 2 ( t, u) will' be' stable: In 
the opposite_ case (a < 0 that, Il1eans the negative Young's modulu s ·for 
the flux tube material) th~- soi~tion x 2{t, u) willincrease-e'Xpon~-ntially . 
in time. This can be interpreted asth~ flux tubedecay. · · · 

In the' model under consideration there r(miairis. an open: problem of 
. I 

the negative energy generated by the second:rigid mode oLoscillation 
·(the term with op1erators b~bn in the Hamiltonian {3.11)). This d~fect 
is customary in all the theories with' higher' derivative's [H; 12]. So far 
there is no acceptable solution of this problem. Omitting ,these solution , 
as it is suggested i~ a recent paper ti3] se~~~rto h~ not'·qtite eon~istent 
at least in the framework of the gluonic, tube model. Obviously ,the so
lution x 2{t,· u) describes an additional internal degree of freedom of the 
flux tube. Therefore one could try to obtain th({energy of this tube in 
the first order formalism without higher derivatives by taking into ac
couht'this addition~i degfee' of freedom exactly: 'Here th'e ~~alogy with 
vibration of rods and beams de~cribed by the Timosheriko ~quation [14; 
15] may be useful. .... .. 

,;:" 
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HecTepeHKo 8.8., Wse~ H.P. 

. 3HeprHA Kaa111MiApa s Teop111111 >t<ecTKOH CTPYHbl c Macc1o1 

li1ccne.ttyeTCA 3HeprHA KaaHMHpa 8 TeopHH· cT
1 

KOH~bl KOTOpOH Harpy>KeHbl TO'Ie'IHbiMIII MaCcaMI!I. 3Ti 
rntOoHHytO Tpy6Ky KOHe'IHOH TOnL1.4111Hbr, coe.ttHHAtOU.W• 
>KecTKOCTb CTPYHbl Ill Macca KBapKOB AatOT aA.qi!ITIIIBH~ 
Ka31!1MIIIpa, npW•!eM BTOPOH BKJJ3A OKa3biBaeTCA_ TO'II 
s CTpyHe HaM6y-foTo. c MaccHBHbiMIII ~oH~aMH: Y'IE 
npHBOAIIIT K nono>KHTenbHOMY sKna.qy s 3HeprllltO K< 
no ce6e OH He KOMneHCIIIpyeT OTplll~aTeJJbHytO 3Heprlll~ 
HaM6y-foTo. nllllub COBMeCTHbiH y'leT nonepe'IHbiX 
Tpy6KIII Ill HeHyneBOH MaCCbl KaapKOB n03BOJJAeT non~ 
3HeprllltO Ka~IIIM!"pa, To eCTb y6paTb TaXIIIOH 1113 cTpyHHor 

Pa6oTa BblnOnHeHa. B . na6opaTOpllllll TeopeTI!I'IeCK 

ilpenpHHT 06'he.ttHHE!I:HOro HHCTHTyTa R.ttepHbiX HCCJJe.D; 

Nesterenko V.V., Shvets N.R . 
' 

The Casimir Energy of the Rigid String with Massive Ends 

The Casimir energy In the rigid string with massive 
Thl~ system models the flux tube of finite thickness that 1 

quarks. The string stiffness and quark mass give additive ' 
Casimir energy, the second contribution _being .the sa111e as 
string with massive ends. The. string stiffness results In ar 
contribution. to the Casimir imergy, however it alone de 
the negative Casimir energy in the Nambu-Goto string. 

. slderatlon of the string thickness and the quark mass enc 
positive Casimir energy, I.e. to re,;,ove the tachyon from 1 

The investigation has been performed at the Labora1 
Physics, JINR. 
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