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Symmetry groups and symm~try .algebras' have- played .a very ~ignificant -role 
in the development of modern theoretical physi~s. · Quantum groups, which are 
deformations (.and in some sense a generalizatimi ) of usual groups h~ve attracted 
a gre~t deal of interest since the semin:al papers by Drinfeld [1],· Jimbo [2], Faddeev 
etal. [3], Woronowicz [4] and Mallin [5]. These deformed (super)groups present the 

. examples of Hop£ algebras and have found application in as diverse areas of physics 
and· mathematic~ as non-linear integrable models, statistical ~e~hanics, conformal 
field theory, knot theory and solutions of Yang-Baxter equations etc.( see, [6-10] and 
references therein). .. . . . ' 

The general quantum deformations of .Lie(super)groups or. Lie (super)algebras 
are the multi parameter deformations. For inst~nce, ge11eral quantum deformation of 
GL(N) group has [N(N -1)/2] +1 deformation parameters[5]. The simple example 
of tw~-parameter quantum deformation ofGL(2) and its differential calculu~ have 
been·considered in ref. [11]. Following the methocl of graded tensor product [12],· the 
two-parameter deformation of supergroup G L(ll1) has also been discussed [13]. 

Recently the idea of quantum orbits, one-parameter deformed quantum trace, its' 
subsequent'application to the construction ofq-deformed algebra:s'and the formula
tion of q-deformed Yang-Mills theory have been developed in re£.[14]. The purpose 
of our paper is to define quantt1m'trace and quantum orbits for the two-parameter 
groups GLqp(2) and QLqp(~ 11). F~rther, we obtain the invariants forthe . .orJ:its
of these groups and demonstrate that these_ can be succinctly,expressed in terms 
oft~~ ,def~rmed traces. Following. the approach C?f ref.[15],,~e construct the (su~ · 
per)oscillator algebras covariant unde-';,the actiop..of theGLqp(2)•,and GLqp(111) 
groups and show that bilin~ars of. these (super )oscillators form. the one parameter 
d.eformedcovariant algebra in the.,caseof GLqp(2) group and covariant extensions 
of N = 2 supersymmetric quantu;n, ~echanical algebras for,the-.quantum gro.up 
GLqp(1 .11). The more interesting case,_of GL91'(2) leads _to the construction of 
central extensio~ of Witten~ type q-algebra' Uq(sl(2)) [16]. This algebra can be, con
sidered as "adjoint representation" of the quantum group G Lqp(2). 

Following the Manin's quantum hyperplane approach [5]to the general construc-

tion of.quantu~ groups, it can be shown'that't~e 2 x2 GLqp(2) 'matrix T;j = '(:!:) 
with, noncommuting elements a, b, c and, d_ exhibits different. braiding relations in 

rows and columns as given below [11]: . . 
' ' ' ' i ' ,:,'- _,} 

and the other relations are: 

ab = pba, cd = pdc, 
·'ac ==; qca, ·;:~d = qdb,, 

be = !!.cb, ad- da = (p - q...:1 )bc ,; ( q -, p-:1 )cb, p t. .. . ... . . 

(1a) · 

(1b) 

where q,p E C/{0}. It is easy to note that one-parameter quantum group GLq(2) 
corresponds to the special case of (1a,b) when q = p. The inverse quantum matrix 

Onc.xtn{urii.ii\ KHC'iKTJT' 
Bl~~iWX ~Cf~eJOIIUII 

611Snt.-tOTE:KA 
- ___..., --. - . 



(Tjj1) is defined as follows [11]: 

T.-:1 = v-1 ( d, 
. " ., - -qc; 

-q-
1_b) =. (.· d, 

·. G: . . -pc, 
-p:lb) v-1, (2) 

where the quantum determinant 1),;,; ad-pbc = da~q-1bc = ad-'-qcb = da-p- 1 cb is' 
not the central element of the algebra (la), (lb).when q # p but obeys the following 
relations[ll]: . . · · . · 

a('D, v-1) ='(1J, v-1)a,· b('D, v-1) =·(~'D. !!..v-1 )b, 
' '• ·, ' p q 

c('D, ·v-=-1) = (!!..v, ~1J-1 )c,' a(v, :Z:,-i.)= (1J, v- 1 )d. 
q p ' 

(3) 

Now let us introduce a 2 X 2 quantum matrix E;; withnoncommuting elements: 
Following transform~tions of E;;: 

.. E;;--+ T;i.~kzT,·;t , (4)-
I ' 

·define, for· all possible:T;; E GLqp(2), the quantum orbit in. the space of 2-x-2 q-
matrices E;;if the elements of this matrix commute with that ofT;; (i.e. [T;;, Ekz] = · 
0). Since the elemeilts ,ofT are noncommuting 'objects, )he usual tnice 'of matrix 
Eis noti~variant.under;transformations (4) .. However,it ~urns out that following 
expression: :. -:· . _ i' 

.: .trqv(E) =trqv(TET-;~) =T":}E11+rE22 , (5) 

whe~e r = vqp, remains' invariarit' under ( 4): W~ will call this as the quantum ( qp F 
trace: It isstraightforward to see that the caseq '=pin (5) yields the one:parameter 
trace of ref.[l4] and, 'q = p = 1 corr~~ponds to the usual undeformed trace:' It may 
be noticed that all other invariants for the orbit ( 4} can be written as en = T~~;(E~). • 

Now let us construct the two parametric-covariant quantum oscillators for G Lqv(2 ): 
To this end in mind, we introduce two sets ~f q-oscillators Aiand A; ( i = 1, 2). In the 
language of differential geometry on the quantum hyper pl~~:ne [17), these operators 
correspond to co-ordinates and derivatives; It is clear that following relations: 

AtA;- qA2A1 = 0 , - - ,. :.:.1 - - ' 
A1A2 -:- p. A2A1 =: 0 

(6) 

remain invariant under GLqp(2) transformations: 
> ~ • '0 ~ ' ' :, -~. . . • ~ ; .., . ' 

- - -1 A; -+ T;;A; , A; -+ A;T;; , (7) 

where A;=(~:) and A;= (A1, A2): Co~siste~t with r~lations (B), foli~wiit'g 
oscillator algebra also remain invariant \inder i~ansformations(7): 

,' . ' 

_>. 

- ~-A2Al - a- A1A2 = 0, 
p 

A1A2- (a-J3)A_2At = o, (Sa) 
' q ' ' ' ' 

A2A2:.:.. aA2A2 · = 1+ (a- <a;;J3>)A~Ah 

~. ' 

,. ,;, '•"'; 
~~ 

'\': '·' 2' 

-~ 

f 

?I 

if we 'postulate th.e v~lidity of following gem!~ai bilinear ~scillat~~ rel~tion:: 
•. ·. . . . . : ', . ' ·., . . .. ' '., .,_.I ~ •.·, ·:T 

A1A1 - aA1A1 = 1 + .BA2A2 . (8b) 

Here a and ,8 are c-number:p~rameters which can be fuced by requiring associativity 
of the oscillator algebra (6) and.(8). In fact, the oscillator algebra (6) l!-nd (8) give 
us the possibility to reorder a product of oscillators A;_and 'A; such' th~t all waved 

-operators can be brought to the left side oft he p~oducts: For exa-~pleletus consider. 
the proditct AtAtA2: There are two possible ways to' reorder this expressio~ a~ given.' 

· below:: . . . . ' . 
- - (a- ,8) - ·: • - - . ,. - - ' . •: 

(At(A1A2)) = (A2 + aA2A1 A1 + ,8A2A2A2), (9a) . r2 
; ' ;· ,, . ' 2 ; ' ·: ' ; '' ' 

, . - - ' . - . (a- /.1} . - - . ; . - -
. ((A1At)A2) = (1 +,B)A2 + ( 

2 
+ a,B)A2A1A1 + a,BA2A2A2. (9b) 

•:·· ,,_. .· . r. . .. 
As can'be seen, we obtain two different results on the right hand sides of (9a) and 
(9b) which are found to coincide only in two cases: 

• ) 2) f.l z. a = r , tJ = 0; 

ii,) a= 1/r\ ,B = (i.-.r:2)fr2 :. 

The case (lOa) leads to the following oscillator algebra: 

··~ 
·.A2A1- qA1A2\ 

.. tA2- pA2A1 
A2A2 - qpA2A2 
AtAl - qpAtAl 
A1A2- qA2A1 
At A~-~-:- p-:1 A2A1 

;. 

;~o, 
~0 

,r·, , ·-.-
,;= 1 + (qp-' l)AtAt, 
= 1, i 

=0, 
=0, 

,-

(lOa) 

-(lOb) 

(11) 

':1 

while the algebra corresponding to (lOb) can be obtained from eqmitions (11) by,_ 
replace~ents i = 1 +-+ i = 2 and q,p +-+ q-I,p-1. It is w~rth noting that the algebras 
of covariant pair of q-oscillators (re£.[15]) can be obtairied from (11) by substitution 

q = p, A; = Aj and replacements corresponding to-the s~lution (lOb). Here we 
stre'ss that the procedure of obtaining conditions (10) is equivalent to the pro~edure 
of deducing and solving Yang~Baxter equations. 

It can now be seen from equation (7)that quantum matrix: 
- - '!, : ,; ., . -· _::;: •' .. ,; ; 

j •• -; ., _; ' .. -(· ) 

-- E;; ~ A;A; - ' 12 , 

satisfle~\he;transform~;i~n law (4) .of' ;he ~uantu~,orbit. ·Furthermore, the inc 
varia:nce of the' trace'(s)'~nder: transformations (4) leads to thidollowing GLqi2)• 
invariant Hamiltonian (Hw) in bilinears of the covariant oscillators: 

1 i i - -Hw = r- AtA1 + r A2A2 . (13) 



From the q-oscillator algebra (6) and (8), one can see that Hamiltonian {13) is related 
to the trivially GLqp(2) invariant Hamiltonian (H) by the folloV,:ing equation:· · · 

2 ·•• ~-.' ' 1 
H = :EA;A; = [Hqp- (r + r-1

)], (14) 
.. · • ·:i=1 ·: ·- :. ra + r-1(3. ·;,;·, . '· - . . ., 

wher~.aandP,,a!edef.i:ru;di~_equati<ms.{io)~ .. ,. , , _ . ' .· .. ' ., 
Now we would like tod~fine the "adjoint representation". of the quantum group. 

Gf~P(2)'and ~~~abli~(th~t,t~e .cor!espondi1;1g spac~ ~f,repre_sen:tation can be realized. 
as a'central extension of Witten-type Uq(sl(2)) algebra: For this purpose, the q
matrix E;; can be rewritten in the following,form: 

" ·.·. 
__ 1 {(TrqpE 0 ) + ( __ rEo, 

E- •+·-• . · 0 TrqpE - (r + r-1 )E21, 
(r + r- 1 

)E12 ) ·}· = 
-r-1 Eo · . · · ' 

:! ' 1 . 
= r+r-1(Trqp(E)_+.E), 

., 
:;l.' .•-' '• l 

,{15). 

- ( rEo (r+r-1)E12) where Eo= Eu- E22 and E = ·( · ..:.1)'E · _1E . From the expres-
r + r 21, -r o 

sion • (15 ), it is clear that transformations ( 4) lead to following "four dimensional 
representation" ofGLqp(2): ''· •' 

-(q+p-1)~c, 
• ~2 ' 

j ~ -·~.' ' " 

~q2p-1~2, 
·- 0 ' , 

( 
Ef ) . ( V + (p ~1q.~.

1 

)be, .E12 1 -pq ba, 
E' = 15 qp-1cd 

21 . ' ' \'; 
· H' · 0 .· ' 'qp . , 

(p + q-1)db, 
-:-Pq-2b2; 

''d2 . 

:,. r~ :2_,:~ .. • 
o)(Eo) · 0 E;2 
0. .E21 .- . 
V Hqp 

(16) 
This representation is reducible because we have one' dimen~ional (Hqp) and three 
dimensional (Eo, E12 , E 21 ) invariant subspaces: W~ can ~edefine operators E+ :::: 
E12 = A1A2 and E_ = _E21 = A 2A 1 and show that the oscill~tor~elations (11) !~ad 
to: .· ' · · · . . · · · · · · · · · ... 

(
1
'/.'·' .. [Hqp, E±] = [Hpq, Eo],;, o_,,. ',,,(17) 

,.. [E_, E+]= (;::;u E~ + (~ +;::;!!fqp) Eo, 
[E±, Eo](r'fl,r±l) =. r~1 E±Eo -.r±1EoE± = , · 

± (•'-1H ·+· dl.)·E·' .... : _-. •• qp •' . ±. - . ' 
· . · , · ·: '·'.'!' r.· ·j" · ':: · ,r,: · . , , : it\-··<· _ 

This algebra turns out to be invariant under adjoint~rotations (16). 

' (18) 
'_,--) 

. . For a given algebra, it is of utmost importance to obtain the Casimir operator(s) 
because the eigen values of such operator(s) designate ,the representation of the 
alg'ebra. The qp-deformed quadratic Casimir operator for the algebra (18) turns' out. 
tci'bei:elatedto'theinvariant:) ,,_,, c.·!q.\: >; .,,,:1: .,,\;·:,, :; .. 

... . ·: •' 

(19) 

4 
'· 

:> 

' 

) 

•• 
, __ I_J 

.... 
f 

In: fact, it can be expressed in terms of the generators of (18)as given .below: 
·, ·' .. • ' ·., . -~2 ·:i '> ; > , ... , · ... : !, :,~2 -· -~ 

c:::;: c2 -;-.. ~ :=-(r::~E+E-·+.rE_E+) +'~. i : .:. ·. (20) 
···• •

0 r+r- · ·· · ·· · - · .. r.+r-_ ... 
•,y' 

We can rewrite the commutation relations (18) in the ~oncise form as follows: 

E;jEjk = (r.+ r-1 )~8;r.- ~E;r., (21) 
': . 2 ' ~-. 2 • .. ··: '~ .:-- . . . .~;::~ ~--~'- ,. - , - . .,-·, __ :;. 

whe,re ."- = • .;-1 H~P ;t • Y, cis_ the, Casimir operatorJ20),and matrix E. is defined 
in (15). Now the in variance ~falgebra (18) mtder adjoint .rotations {16) becomes 
tr~nspai:~~t in veiV,: of the traD'sformation law' E -> T .Erf'-i. · . . • . . . . ' 

It is worth noting that the algebra (18) depend only on a single parameter 
r = 5q and, therefore', is consistent with the Drinfeld's uniqueness theorem(see, 
for instance [11]). The algebras (17) and US) interms of generators E± , Eo and Hpq 
give us the q-deformation of gl(2). 'This coyariant algebra is the central extension of 
the Witten-type deformation of the sl(2) algebra if we consider Hqp•as the-central 
element: We see, therefore, that the" adjoint 7represent'!-t}~n" of the group' GLqp(2) 
leads to the generalizationofthe algebra obtained in re£.[16] (see also[14]). 

·Now we shall discuss the deforme'd:trace a~d orbit~ for the supersymmet~ic case 

of GLqp(1[1). Itis
1
known thatt~e 2x 2 quantum matJ::ix T;j ;=:; (..; • ;~} descr.ibes 

G Lq;(1J1) gro~p, if noncomm1,1tihg two odd elements f3 and 1 and two even elements 
a and'd satisfy different braiding relations in rows and columns as given below [13]: 

• ,' ~ . . ; "·" :·~ li.:"i-·, :'·'<7::<~·-".?':;.~i~/ 

af3 = pf3a, df3 =:= pf3d, . a1 = na; d1 = q[d,/3[ =;= -(qfp)'i/3, 
[a,d] = (q- p-1hf3 ~· (q-1- p)/3/, !P.= 12.':;:; 0, . 

. _, . t- :", ;_ . ,. ' 

-(22)" 

p, qEC/{0}. 

These relations reduce to the one~paranteter' case of G Lq( 1 I 1) in the limit q = p. 

The antipode (S;; = (T')i/_) and the quantum superdeterminant v•. (q·b~rezinian) 
are obtained by applying Borel~Gauss decomposition ~n the matrix r•: These are;; 
given as follows [13,18]: 

(T')ij1 = ( a-1 + a-1pd-11 a-1, 
. -d-1[a-1 . - . , 

-a-1{3d-1 ) . 
d-1 -d-1f3a-1/d-1 '· .. , '"·. 

v: = ad-1 .:... f3d- 1jd-~ = d-1a- d-1{3d-:1[. (23) 

Here v• is the c~nt~rfor the algebra (22). The'quantiim orbits for the supe.rgroup 
G Lqp(1 11) can be defined through the transformations ( 4) for a 2 X 2 super q~n1atrix"' 
E;; whose elements (anti)commute wi~hthaLof T;'1. Even. though elements of T;j 
follow graded commutation relati~ns (22), ·the following supertrace: 

. ' ;. ·. ' ~ • -1 . 
Str9p(E) = E 11 - E22 = St~9p(T E(T ) ) (24) 

5 



remains in~ariant unde~ tra~sforni~t'io;s (4 )·. H is i'nte~~st'irig t~' n?te that equati~n 
(24) coincides with ~upertraces fo~ undeform~d and one-parameter deformed super
group GL(1 11). H_canbe shown that all invariants of the quantum "super-orbit" 
(E -+ T' E(T•)- 1 ) c;..n he expressed: as: , . 

Cn = Strqp(En) = Str(E~). (24a) 

We now introduce the set or' bosonic (A, A) and fermionic (B, B) variables to 
study the system of qp-superoscillators covari~nt und~r coaction of the q~antum 
supergroup GL~j,(1 11). His straightfoi:w~rd to dem6nst~ate that following ~elations:. 

' . ' ' .. /' . ' 

AB-qBA= 0, 
JiiJ- p-1 iJA = o; (25) 

. Bz ;,; iJz·= _o; 

remain invariant under GLqp(1 11) transformations: 

·:-, 
(~)'~ ( ~> ~},(~) = r·(~), (26a )' 

(A, iJ) ~ (A,, iJ) ( a.:..1 ~ad. ~:f3d=:;ya:-1 ,· 'd-1 ~.da~:f3f3d~: d·~~·)·· = (A,· B)(T')-1. 
. , , -ya,., a.-y . . ' '·· ·, 

' ' ' . ,, ' ' ' ( 26b) 
Corisist~nt with the oscillato; 'algebra (25), the other general qp~;uperoscillator re
lations are as follows: 

: ". 1 ~ 

AA- (,\ + ~)AA ~ 1-,(v- ~)BB, 
AB ··= (>.+vliJA, 

q 

BA- = · <>-+vl AB 
' ·,'' p , 

[; 

ifwe postulate th~ validity of the following deformed anticommutator: 
- . ' . ,,\ 

{Bl B}(1,v} :=BE+ vBB = 1 + .\AA, 

(27) 

(28) 

where v and ,\ are c-number. parameters which can be determined by requiring 
associativity of the algebra (25), (27) and (28). Indeed, we can reorder the waved 
oscillators to the left of the product AAB in two different ways which le~d to two 
different results on the right hand side. Toobtain the unique,result,on the right 
hand side, we h,ave to take: ' ' . .· ' . . .· ' .. 

i.) v = 1, ,\ ~:r2 ·~ r;·· 
ii.) v = 1, ,\ = 0. 

6 

(29a) · 

(29b) 

; 

\*l 

:~ 

~~~
'} 

Th~ two p~ram~t;ic quantum superoscillator algebra~ ~or;esponding to the ~oltition 
(29a) andconsi~t~nt with ~qttations(25) are aSfollows: . ' · .. ' .. 

' ,,. ''.l ·:.'' l ' 

Ail~ pEA ::::: o, 
BA-qAB = 0, 

AA-pqAA = 1, 
BE+ BB = 1 + (pq _. i)AA. 

(30a) 
.:: 

Similarly, the solution (29b) yields following ~uperoscillator relations .consistent with 
· equations (25): . , . · · . 

. Ail - q:...i BA = o, 
- . ·-1 -BA- p .. AB = 0, 

AA- lAA = 1 + ( J_ -1)BB, _pq __ pq_,' 
(30b) 

BB+BB =1. 

The case q = p, A= At, ,iJ =:= ~t for algebras (30a).and (30b) gives us the known 
algebras of covariant pair 6f q-oscillators of ref.[15] .. We stress here agairi that' the 
procedure of obtaining conditions (29) is equivalent to the derivation and solution 
of the graded Yang-Baxter equatio~s. . · 

We can now see that following super q-matrix: 

" ' E-· ~.('._4~, A~) 
. . ~3 - \ BA, BB . 

(31) 

satisfies the transformation law~ ( 4) if covariant ~upc;:r~scill~tors ob~y th~ (nqp(1/1) 
transformation laws (26). The invariance of qp:supertra~e (24) l~ads to the e~er
gence o£following bilinear ~epresen~ation of the invariant Ha!fiiltonia'n in terms of 
super qp~oscillators: ' ' . . ' . '· ' ' 

. - ·::. v + ,\ _.: ! : ,_ 
,If:p =:AA_- BB=. ---qp-(AA ;t BB)~. (32) 

.: d . ' j. ~; i ·' ~l :-. 

The right hand side of equation (32) is ,trivially supercovariant :in ;view of the trans-

formations (26). . · ·:. , :. , 
It is now obvious that the super~transformations (4) lead to the following four 

dimensionaV'adjoint representation" of GLqp(1 11): · .. 1 . .::• 

( Y' rr·· ,d~·. P•c;. · · P::-G~:') (T' . , .. , , Ef2, '- o,_ v·, 0, ', /3.~ .. ,, . JP.~2 .\. '" . (33) 
E~1 · . -. 0, 0, . (V•)-1 -1 E . , .-ra. . . 21 .. '· ,. 

H' I 0 0 
0 1 . Hi. . ".· 

pq '-,... , , , ' . . pq.. • ''· ' 

Here Y = Eu1~'t22 , where p, i= -1 is .. a ~-number~ Th~ representation (33) is 
reducible because we have one dimensional invariant subspace with co-ordinate 

7 



H• = E11 __: E22 .. To obtain the covariant algebra for coordinates of this repre-qp . . . ' . . . . . ' .·· .. .... .. ... ' ,. ' 
sentation the key ingredient is to represent these coordinates in ternl.s of covariant 
oscillators using the defining equation(31 ). Con~ideringthe foll~w{ng operator~; ... 

. AA + p,B iJ - - - - -
Y = . , H~ = AA- BB, Q = E12 ,= AB, Q = E21 = BA, (34) 

the covariant superalgebra for the case of (30a) is w~itten as: 

[H• Q] = [H• Q-] = [H• Y] ~ Q2 = Q-2 = o pqJ pqJ pqJ - : .• ', , 

{Q, Q}'= (1 + (r2
- 1)H;~)H~ = 1-l, 

[Q, Y] = {1 + (r2 - 1)H~}Q, [Q, Y] =; ,-.-{1 + (r 2
- 1)H;q}Q, .... ,·· 

(3sd) · 

. while for the case (30b) we have the following' covariant superalgebra 

{Q, Q} == H;q·, [Q, Y] = Q, [Q, Y] = -Q, 
[H• Q] = [H• OJ= [H• Y] = Q2 = Q- 2 = o pqJ pqJ "';; pq) , 

(35b) 

.The Casimir operator c• f~rthe covariant:alg~bras (35a,b) is related to theinvariitnt" 
c2 (24a) and can be expressed as · .. ' · 

• JL - 1(H' )2 . QQ- : .. ; Q-Q . YH• .· 
c = c2 - -- pq = - + 2 pq • 

JL + 1 . . ... 
It is interesting to note that in the case of super quantum group GLqp(1 I 1), 

we obtain N = 2 supersymmetric quantum mechanical algebras (with supercharges 
Q, Q, and supersymmetric hamiiton'ian i£ (3Sa) for the case (29a) and H;q (32) for 

A he case (29b)) as subalgebras of the covaria~t algebras (35a,b ). The generator Y 
gives the extensio~s 'of these quantum me~hanical superalg~bras. The q-superalgeb~a 
(35b) (~nd superalgebra (35a:}after·rescaling ofthegeneratorsQ, Q, Y) is iso
nt~rphic to the undeformed Lie superalgebra gl(1 I 1 ). Thid is in agreerrient with 
one-parametric case [18]. 

The emergence of the algebras with generators { Q,. Q, 1-l (H;q) } from the 
G Lqp(1 11) covariant superalgebras (35a,b) tells us about "hidden q-symmetry" in 
supersymmetric quantum mechanical systems with Hamiltonians constructed above. 
_It may be a strong physical motivation for thest'udy of quantum supergroups. 

To conclude, it is worthwhile to note that the (super )traces ( 5) (for p = q) and 
'(24) can be' obtained as special cases fro~ a general supertrace defined for the one 

. parameter deformed group GLq{N I M). To obtain such•a general supertrace the 
essential ingredients are the relations between defor]Il~d (super )traces and invariant 
Hamiltonians' th~t are deduced in equations (14) and' (32). Moreover, it is also 

' essenti~l to takeinto account the results ofref.[15] where one p~rarneter q-oscillator 
algebras and corresponding in~ariant Hamiltonians in terms of tl!e bilinears have 
been obtained explicitly. Such a general supertrace for group GLq(N I M) is as' 
follows: 

Strq(E) = Strq(TET-:-1
) =, 

8 

. N ~M 

.=:=·( q<~-N)/2) I:< q-<'j~1)+.2i E;;) ~ ( q(N:-~)1,~) ; :E. ( q<M+~~;~<·-,N) E,;;), ' ~' (36)· 
i=l . •=N+l 

where E;i is (N + M) x (N + M) q-supermatrix and the elements of the quantum. 
matrix T;i (i,j = 1, 2, ... ,N'+ M) 'ge~e'rate the qua~tum group'GLq(Nj'.h-1): Th~' 
m'.l-.tr!x !ii acts o11 the. ~o-or?i!l~!.es. (.J117A2, ·:.,AN, Bt, B2, : ... ; ,_J3M) d~~n.e~i()n th~ 
qriantuni hyperplane: The basic.relations'for'these co-ordinates are as follows:, 

, .• (~"~l;·~·,t·;l,~:.; ,·,t·~.'·::,,i; .. l.-~,-" i··; ··: ·r •• ~~·.i 

.... , A;,Ai ~ qAiA; (i <)),,A;B, :::= qB,A;, BrB• =,~qB.l!r,(r < s)~ : ·.·, (37): 
'> \ ' • - ' • -· • . -) .; • • .. l . ' . ~ -~ • • . . . • ' 

We would.lik~ i~ eir;phasiz'~ at this Jur{~thr~ th~t the. s~bstitii~io~~.'N:,;;; '2,-Af' ~ 0 
• ~ ' • • J ,l ' •. / ' • -i ~; . . . ~ . - . 

and N = 1, M = 1 lead to the emergence of the expres.sions. for (super)traces 
obt11ined in (5) (for p = q) ~nd (24)., Furth~rmore, M := 0 in, equation (36) yields 
the expression for q-trace presented in. ref.[14] forthequantum group GLq(N) .. ·The 
special case of this q-trace (N =:3, M:= 0) was·u'~ed in:[19] in the context [3,20] of 
the construction of the central elements for the quantum algebras. . 

It is .possible to extena covariailt'(super)it.lgebras (fa) ~nd'(3,5) whi~il·corespond: 
to "adjoint representation'! (16), (33) and construct the higher dimensional ''repre:, 
sentations" for the·qu~nttir'n'groups' .GLq~(2)',' GL~~(1 'L·i).,'F:5r this'pu~p~~e, on~
has to c6nsid~~ the 't~liowing' t~ns.ors which. ar~ ~lemerits of th~··e~vel~ping algebra 
of qp-oscillators: .. , ,. , , : · ~ .. ; , ... , :-~ 1, : : 

Ei,, ... ,in;r,, ... ,r,., A . A B B 'A' · A · 'B B ' · (38) ' 
jlt·•·tj~1 ;•1,-.. \,•m'i~· it • •,• in r1·•· • rm iJ~· ··~ i,~l •1 ._; .• · .;;;;:··· ' ~ .J· <,\ 

Transformations presented in/ (7) and: {26), define ·the aCtion of. G L~(l 'Fil} and .t 

GLq(2) on such tensors and give rise to the higher dirnen~ional ".representations'~ of,, 
these quantum groups. The int~restiri'g• nontrivial p~oblem: here \Jould beW'separat~';; 
(38) into irreducible repr~s~ntations and investigate <;o.rre'sponding cov,ariant infinite-

.. _,· ',I-.~':.' ~lfJ'> J ,<' ·' (:~. ·•··'' ~_.' ~~· ,! .,, •- ,' •· ""-•''f'· • •'· '•'•~ ' ', 1 

dimensional algebras. We hope that,the.notion.of the quantum trace,will help in 
,,, ~-~-.~ . .:f'~·::,,.;,.-~,,:. <·.· -··.! <'--~~x. ,,,.,. 

the resolution of this problet?· · 
'<.! ,l •. 
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