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§ 1. Introduction \' 
J 

;· ~ 
•! ~ ' I , (.. "' . , . ~ 

In ref./1/ _we have analyzed the-electromagnetic proper-.. . I :1 ,'! ~- . . } 

ties of the toroidal solenoid (TS). The present paper deals 

with physical I applications of the formalism presented there. 
'·' _r 'I; , i,, 

'lie ar~. planning our 'exposition k.s f~llows. Inj' 2 the 'i~f~rma::... F 
: .- ' '' '"'' ' '' ·,.,'(':' ' '•" .. ' . ' .. 

tion on the T~ which' will be used in the subsequent ·sections' is 

pres~mted. In~ J we consider a nuinb'~r ~f ctir.rent dis:~ri'b'uticins· 
(or magnet1zati6ns) which'· generite' 'quite. diff~rent;· (gaug;. non

equiv~lent) •vector potentials· and lead: nonetheless \o the same 

quaritun mechanical scattering of,:charged particl~s. In}4 the' 

motion of Ts in the external: magneti ci' fie,ld-'1{ ·~~~ly~~d ,and; 

the physical meaning .of •the VP 'obtained ·in the ·.previous .:section 

is clarified. In§ 5. we study the interaction of two Ts •• rnJ 6 
• , (! ./ ·'1 •', p ., ;•, , , f, 

we prove the existence of. the .. Aharonov '...: Casher 1/2/ J e'ffect for 
</ '-' - .{_j" i' -.: • 

1' •~ / .• l\, -·: .. ~-; {'\ ·~ I"' f •·--·""~"' '"·-•·· 

the TS and propose experiments testing~ it'. ' ·. l 

§ 2. Preliminary cons:l.cier'citions rin the· toroidal solenoid 
1 
i 

Consider the torus T 

( 
. . I )~ . '1 '1- () '1.-2 ~ 0\' ' ·-t ·'(; :::- " ;·~ (2:1) 

;., ·"' ,,, "' 't' 

Let the constant p~·loidal :~~rrent (fig.l) flow 
1
over its s;~rface. 

l . - , 

To write out the current dens1ty 1 explicit}y-, ;~ ,in~r~~~e 'the ' 
', f""''oo.f '• ] . I ~· \ '·.' , . , .. t • ' ! ( • - ' ; •. 

coordinates ~:)\V . ·;· ' '' . · ... , a.' ·, ' ·' ·: ' 

! 0 ,,l ~·C). 0' ,· • ~ .,! H •,\ 

n- ~ + rr CoJ'\1" . ,.; - {<: ,_!il. 'If ' 
.·.r- CJ\ ' . ' )) :c- ' -.. ~ . •I 

The valu~ R =- (\. 
l,.'.,. .. -'.,~·~'" ~ ~-. rm 
corresponds to the torus T.-' :.i:he- infini tesima.l 

volume and surface (of the torus T) el_ements have the form 

lnn:.nt'Wuio<U Kli:liTJT I 
ll~,JWI RCt'l~IOIIAI 

51-tSnJrtOTEKA' _........... - ...._..__., -



H~ ~-(a+'Rto1'\f)~R.~~.ot~) ot S.: R.tcA-t (<~~ w; Jo/ ~j'. (2.2) 

The density of the aforementioned peloidal current being expres-,... 
sed in R >'¥' coordinates is 

_,. 
~--~c. ·c\- 'Lt\\ Y\ 't' . (2. J) 

,.J 

He:e~::l~l/~ ~. N ... is the total,.number of. turns in the 

toroidal coil,:.Yl'if, is the unit vector defin~ng, the current 

direction on the. torus· su:r·face 
-i' . -f' : . -r .. -f.. • ' (2'.4) 
Yl 'l{ ::. 'r\ 't · Co.S\\f-' '· ~ \'\ x. ·LOS ':J t \'\.~ ·S1 ~\f)) ·S1h '\f. 

The constant.~ may be; also. expressed .. through .the magnetic flux 

(\) · and geometr:,~al dimensiOnS Of· the' tOr1f::> (2, 1).: ~.:: ({'I 
('l.\1 ·lc\:._;~dt._:{ii)] • ·In what .fellows v:e shall extensively 

use :toroidal· coordir.ates }\', 9,j' . They are introduced. as 

follows . .. • · 

... :.. <A s \.JA ~ s ~ . . "' G\.S ~;.u: \ ~ ~ . : 'b =- ~ s '.~. ~ 
~- ~J- tos0, \J- ~j\-{{)~e J . eJ..-JA~~~e 

(Q~jlt.'\J<l>-r\iQL.(\'\) ()L'-:!L'l.IT). 
(2. 5) 

Let }.A::)J.o correspond to the torus T (fig.2) •. 'l'hen for 

M7}J.o {}Al.)'oo) .. the point Pc~-;~,1:-) (wnere x,..,,1:- are defi-

' .ned by Eqs. (2.5)) lies insid~ .(outside) T. Fo; jA. fixed 

Cs~y~M2~0 . ) th./poirits ?C'l.J~,~) nn the su~:face of the 

torus T with parameters o\:.c;. ·t:U,yo , R.::a.Jsl"y.o . The valu'.l 

of the angle e jumps ~rom~" to t( v~hen ~ne intersects 

. the circle (of, the radius ol- R. lying in r=O p~an~. The volume 

.. ~ 
~·- ' "" 

) ... ;·z· ·~: :_ ~ 

'·' 

element (2.2), current density (2. J) '·and unit vector (g.;4-) being 

expressed in .toroidal''coordinates.are: •. , . .·. .. 

rAV= O:'~~_ucA8cAMJ~' ol~- .C\~sLpo~ed~· 
l (/lA ~- ~~e_);, , .) . - t ~}A 0 1 eo sO)~ 

-v ' . ' ' -· 
i - - · ~ t , · ~ < J-A - }J. o ) t c t-- h . - ~ s e Yl..., n· .: · 
cl- '""l.. c·l .f"O tt 4 II 0.. ~ "')-\ 0 _·. . · ·· . ' 

) 

<'} 

(2. 6) 

ne:: [Ol~VJS~.+-~':i·Si~~ )·S"._M0 S\'-0 + n1{\~t\-}'~~\Q)}··'~~0:...eoi8 > 
' ~ ' . ,. ' 

~ 

In the stationary case. ,.the mag~eti? field(MF) \-\ equ~ls 
zero outside the toroidal solenoid, (TS), Inside it onlY.,'~ '. 

-7 ' ·" ' ". ' ,. i 9"' '' ' ' "' 
component.ofH differ~frpm~·zero:Ht:: .fli,. ~re ~· ~s 
the distance from the solenoid's symmetry .. ax~.s.~f =~+~cc~'f 
= C\ -Sk}\ I (tl..}\ -l-1')\ e) ). The vectcr potential (VP) of the 

T!:i vtas .. obtained in ref. /J/. Its pronerties(~vere dis cussed .. in 
.'.' ;, ' : . . _' •.. ~....... - •. ' . "~~" i ' ·. ; 

/4/. In tl~e integw'l ·form::the no'nvarlishing'cyli~dricalcomp.onents 

of VP are 

Si t : -~ JiZ:" 
" U.\1 

1.i( 

\ v\~ o\ ~E)_;s_~ ·Or_tvt~), 
0 

.·:'l.i\: _.._; ·' (2.7) 

~p:·~-~· t ~ of~ ~~~"Q_((~V) ' \ ·' 
.. ·l..\\ . . • u?/. . l. .· . .. . . , .. '. . .. () . ' { ··'· ' ·. . ( . . . ... ' ' " . 

10 I )L L Jl]l_ 
lth\l ='l1."+c\)..,+Rl--ic\:PW\.g)/iR~::·,q= L·IJ> .. ~'?:-~1 . t:Z ·' •) 

tt_ 'l-: ,Sl'l.+ l" , Gv \:>\.) · .•: :. is· the'• Legendre. function of' the 2nd 

kind) •. Forthe infinitely thin Ts lRLL.d)" these integrals'\'' 

can be taken in a closed form 

·!· . I ·1'- \ 

3 



, R 'L: -, : J . ~- " t~ ~ :. - : - . { . . - . . 

. Jh ~ ' ""''" S~Jl:J?:Qt\~Jh•)"- a\ 9-t(cl-Jl,)] i 
' . - ., . . -~. 

" . ' . ' . 'j . - R ... i-, .,, . ":1. ·:'lt- jt 
.R j> -- .t (J. _p)"'/L i~)-'1• .QJ (~)AI) i ~)AI:: + 

;: ·'·. . ; ' . l:.. . · .. ~ 
At large distances VP falls as L- .· 

.Ri~ l\idi1."i +~eo1'Llls , J\j>~ -; n i~ 11.~. s'\~{',, (2.8) 

C't,Qs are. the us~l spherical c~ordiriates). 
Instead of cu::;ent~(2~J) orC2.6) one inay''introd~ce mag-

netization: t ·1u~ fv'\: = ~~'' . It is confined entir~ly :inside 

the. TS ~'nd 'is given by'· 
. ,; _, 

- "' 
~. M=\'1:-v1~ .) \"\:.. ~-~G(~:_{}J = .<j· · ~).A-:-.LO\Gf)(_r-flo\(2.9) 

.. . - _· : 4\1, cA-t RCO~'if 4\\CA . ~\..}'\ . 'l. 

Here e is the step: functi~n ( Q(:lt\~ 0 for XL 0 and 1 for 

X. '"I \J). ·As the current and magnetizat~on formalisms are en ti
-t 
rely equivalent /5,6/, ·one.may forget. about 'the solenoid's 

current and treat TS as a magnetize'd ring wtth magnetization 
,'_\ • '-t 

. give~ ;by Eq., (2.9); 'Its :technic8.1 realization (fe~romagneti?. 

ring with magnetization' independent:. of applied. fields). Yias .used 

/7 I. for, the experimental verification of the Aharonov -; Bohm 
J. • t •• 

effect. 

§J. More general current distributions 

We have mentioned that for the current densities C2.J) or 
~ 

(2. 6) the MF \--\ equals zero outside TS. Whether this choice 

of current density is unique? It turns out:,that more general 

current' distribution having the same pr'operty is 

J = - 5~ f\. h') 01JA-}I~ (l\.;A - (<\ Ei\ 1C Vi~. (J.l) 

Here 11y) is an arb.itrary continuous function; The occU;rrence· 

of the step function in CJ. 1) means that the currents are 

contained inside the torus of the radius U / ~)11 • The current 
I 

distributi~n' (J.l) may be treated as the contin;_ous superposi-

tion of the ~ -type dist;ibutions (2. 6); Th~ v.P co~respo'ndirig-
to the current (J. 1) is given in Appendix 1~ At large 'distance~ 

. ·'1-" ·'. 
it falls like _ . "''L :) 

\i' 1, C\~ -' 11 G . d ( ~,, 1 ) n_ -~ !::.___.CA. -tt+4ls1.9s) '- J. ~ 1 \ 
~ ~I~ .s J ) Ji 1 'l '1~ (. . : '! '1 c. . . • 'L ~j> ~ t 

l.):l 

J I k-\,) ~ 
"' 

~ ' 

r)"')" S ) c !-A·-· (JA 
J s k' "'' . 

: }\ l J 

.(J. 2) 

~-

Inside TS onlr ~ components of magnetic field H and magne-

'· . 1:-trM tization are different f~om zero 
jJ. 

~ _ 41\u 
~ - ... c. 

~lf'-Co\ 9. ~ ~~jv\\ 0}' 
\S'nll\ ~,, . 

tv\~ --t.:-\ ~I 411. 
' J • 
! 

The magnetic flux 

CO ; ~ ~ ~ ~ d J c\ t 

through TS 

- ~ ",_<A') 
(_ ' 

•I 

cross-section is 
\)<3 

S t t ~ J- 1 Yj <rl ~ J\'. 
p,. . 

(J.J) 

For the sake of completeness· we present here .the current· di'stri-
"' ' 

bution, nngnetic field and .its flux in R ) ¥ coordinates: · ' 



~ . 
' -(j--

...; tV (V ft. 
·tt~).(j(R-R.) ~ \-\ _ 4£ Gl(l.-Xl.) ~- ~'~?()cAX-

1 J. + R W) "if ~ ) ~- c. cl+ ~(D)'\' it . 
R . CJ.4) 

Ms:·u 4;_ 
I\ 

(\)~ ~:'L~lcl.-~tA~-JlL)·5\~~)clJL · 

,..,; 

Here %1 is an ~~itra.ry function defining the current distribu

tion inside TS. Up to now we have dealt with VP which fall as 
<;:1 

r-3 at large distances (see ~qs. (2.8) and (J.2)). The freedom 
' ; . " ~ ' . . ' 

in the choice of the function f (or f 1) gives a hint that 

asymptotic behaviour of VP may be changed. ~o prove this we 

need the terms ·of higper orders in the asymptotic expansion of. 

VP. For the current density C2.J) this expansion was obtained in 

·111 :· 'rt has the form 
u<l 

I L I 0 r'l ~ O r\'l.=--caR. - '\n lw)\75)· e. Jl (.. .l. ; ; 1.~-tl 1:. } 

Q-1.. ' 
~ ' i l • (J.5) 

· '\ I I n ~ 
.fi_p:: t ~{l. L 1e-tl Q (Q.\I)-r·e. (c.o~8s)· te.. 
. e-=1.. . ' • . 

Here~~= SJ'V ({)~\\) J Q.. \-M R~\"'\1 IJ)) f~ = S~'¥-Sih~ JQ. P:(l\~i~~ ~)1 
~-:.{ ~'l..+R"-+IJ...u(tw\\\1) VJ..... • The summing in (J.5) .is performed 

over the even values of Q__ · • The deviation of these· Eqs. Cand 

all others cont~ining Legendre polynomi!l-ls) from those presented 

i~ /1/ is du~ to 'the fact that normalized t 0 unity 

\ ~ l P;l'l\Jl.o\JL::1.) Legendre functions were used there. Here 
-1 I\ \<.\ :1'1- 1, · \Q-t\o.-) I ) 

we adopt .. the usual n~rmalization ( ~ LPe.l')t\j cb:.: ~~+i t~-.;...)1 , . 
-1 . 

The first two terms in the expansion (J.5) are 

6 

\-\

• .-J \\~ JRl,l?, lto~~ ) _ 2 cA ~- Rt.l~ \) l~~ Q. \] 
".l.._. ~ l. 5 L '1'.1.- L.\ J 5 

, -(. ·L'"t. ' . . . . ) 

SJJl::: ~~~J1.'"[p1\c.IGs)-~ ol~._R'I 4 p~cto1Gs\l 
Consider two concentric solenoids 'T&i and T~;tCsee 
vtith parameters oLp, J ¢\ · and o\ 1 ) R ,_ > ~-L • · The 

equals 

nU,t) _ (l<t}. ·J\l-1..) 
Jlt- - J1l + ?: 

) 

l\ U11)_ f'l (I) (\ cq · 
J1J - J1j +JiJ. 

'')" 

(J.6) 

fig.Jb) 

total VP 

(J.7) 

Now we adjust the solenoid is parameters in such a way as to 

cancel the leading terms (-vr-3) in the asymptotics of VP~ This 

happens if 

~I J I R\~-\ ~l_ Dh ~~ =- 0 .. (J.a) 

Substituting here. the explicit values of ;J, of J R for each of, the 

solenoi~s ( J 1, 1.. ~ 1C\ ·L~"JA~,t. , R 111..:: 0... / ~j{,,L, ~ \'l-- :: <\\ L • 

• lo.-l<.(k_)A,,L- I) J ) and putting Y 11.L::. (.~)A ')'1-. we obtain' 

the follovdng equation 

co ~ I \ ~ ·t\ ) -\-- (\) .1. ' '11. l ~')_ -\ \) '::. 0 • 
\ 

This Eq. may be resolved wrt '1:t.. , 
' ~ ' llk._ 

u __ 1 + r J. _ -' ~~{~,-t'\J 
J :t - '"\ . L 4 ~t. . · 

j· 

(J.9) 

The total VP (J.7) now falls as r-5 

7 



(\ l\,1) tV Cj: (\') . 1-- . ·'1, 'l... 
d'"\'L rv- ~ ~(A \J, \ ':\+\) l ~.- '1L ) 

_c '!ll. 
,_s- R (wit)~) J 

ll,1..) ' ' - .: '. 1 

(\ ,..., ~ l'i'l . 1.; . ~.- ) l'' t. ,, 'l) ' n ·J. { • G ) -liJ ,..,_- - · 'Y u Y, t :~ 1 t I · ?' - ?'2.,. --:. r, W) s 
\1~ I 'l':. '-\ 

(J, IO) 

Now ~e surround ~Si and TS 'L by the impenetrable (for the in

coming charged particles):torus !£', Let the total magnetic flux 
. ' ' : . . ". _.) . ' . 

of TS1 and TSi--be equal (\) (that is <P.: (~\t {p.L ). The quan-

tum scattering cross-sections (CS) of charged particles depends 
. ' . 

only 'on the geometrical parameters of the impenetrable torus .T 

and the magnetic flux inside T, This means that situations pre

sented in figs. Ja (one TS with magnetic flux ~ inside T) and 

Jb (two TS with magnetic flux 'l) inside. T) are physically in-: ,, -
distinguishable inspite of the quite different asymptotic 

behaviour of VP ·c ~ r-J for fig. Ja and,..._ r-5 for fig. Jb). The 
. . 

t ._ ·.' l . 

transition between VP corresponding to figs. Ja and Jb cannot be 

performed by means of gauge transformation (there are different .., T . \-1 inside . for figs. Ja and Jb). Our game may be continued 

further. Take (in addition to TS1 and Ts,l ). solenoids TS~ and TS'1 

with parameters satisfying relation ~~hcA\ ~~~ + ~"' J"" ~ ..... 'L.: 0-. 
The complete VP of TS~ and TS'-t is given by: 

J-l ~?,'1)= _ !>~ (\)"> C\ t. Y) { '1;-tl) t y)'-~ y~J ~,.- P~ ( w~ Gs) 1 

Jl;~'1 )= _ _i. (\)~ u~·Y)l ~~-t\) t ~)t: _ \j~) ~s-· .r~...; (liJ~ 0 S). 
ll~ . ' . 

(J.u) 

Here Y3.:: C~JA> and 'Jlj::-c.~Jf'-1. The complete VP generated by 

solenoids 'T S, - r .~ 4 is 

8 

I . t1
1
t) l">14) (\ (\ lt 1l), (\ l~,4) 

·tl1::: Jh -1-}) 1: ) J1J-=- J1jJ -i. J1f . 

We require now th'e equality of the' total r.Jagnetic flux to ,<p' 
·,, "''' 

~ ~+qt+~~~ (\\ = lV) and the cancellation of coefficients at 

l_- C) • The latter happens if 
~ I ' 

<D, I.J,l~,tl)l'1\'L_'j{~~ (\))~")~)T~)l'1f-'1~) 
,, ,', ' ' . -·-- ' '• l 

~ 0. (J.l2) 

Thus obtained con:figuratio_n ~f four TS (fig.Jc) generat~s VP 

falling l~~e r-7 .at.large distances. Being imb~dded int~ the 
' ..... ,. . " . - . ' 

same impenetrable torus it undergoes the same quantum mecha-

nical scattering as T~ conf~gurati:ms shown .in fig,Ja,b. 'The 

coincidence of quantum mechanical cs refle~ts me;;.ely the non-· 

singlevaluedness of either quantum inverse problem (the saiiie CS 

for different ci.trrent distribution~ inslde ~) or di,assic~l el~c~ 
..... -f' -, . '! , .. 

trodymmic.probl~m(the s? .. l':le £> H a~el~en~rated ~Y the'd.iffe~ 
rent currents). 'f'o; each o:f · the· currc~t · cd~figu;a~ ioni ~hown · 
in figs. Ja-Jc the nngnetic flux eq_uals ~ • 1'his me~n~''t~at 
integral §Jh de :tak,en: a~ong any cfosed contm.lr' passihg 

through the hole of '£ also equals qJ . Particularly this is 

valid for the integriil ~ R1:'d t- 'taken along the' :t axis. ~~' Vp 

.A:c falls faster and faster as one pushes from' top to' bottom in 

fig.J, so VP is concentrated more and more at ,the neighbour-. 

hood of T. 

§ 4. The motion of. toroidal moment in the external 
. - -- . ' ~' 

magnetic-field 
~"' . . { . 

The interaction energy of TS with the external MF .. . 
equals/1/. 

:9 



·u = - ~ ~~~~ · M "'v ' . i ., 
(4.1) 

-9 

He~e \\/\ 
~ 

of M 
is the magnetization of r.:>. As only ~ component 

differs from 'zero. (s~e Eq. (;'. 9)) so TS interacts with 

external MF if the latter has nonzero projection·on the equatorial 

plane of TS and nonvanishing over~apping w~ th M ~ . As an examp

le consider the interaction of TSJwith the.linear conductor which 
. ' 

carries current l" '(fig.4). It turns o~~ that the interact'ion 

energy equals4q~l/C.. if the conductor passes through TS' hole 

and ze~o o.therw:i.'se.: .. If the source of MF 'is ~~f:flciently separa~ 
ted fr~m TS then MF may be developed (n~~~ TS) into the series 

-f . -f' -:; -f' . ..... -f' -v . -f' 

H Q1t{ l 'ts) =. H ((X.{; t'l0 ) + Vt Yo·) \-1~i~ l 'ltl } . (4.2) 
;]v 

~ 

H~re 'to defines some point at th~ neighbourhood of TS (e. g., 
' -V' " . • -f' 

its _centre-of-mass (CM)), 1 i's the vector going from 1 0 ~- • ' • ' :; ''I / ' 

to the particular point inside TS. Inserting this 
' ' ', . ' . ~ -· . . - ' 

expansion into 

(4. 1) ,we get 
• J -f' -f _, 

. 'U .: - Jv\ ~ · \-1 ( 'lo) 
~ • • -1 .-r 

t .M t ·}u' H l rr~·).. 
(4.J) 

-'i ,__.. 

Here .M d : S M rA V is the magnetic dipole moment. It equals 

zero for TS, The quantity 

. _.,. -.:; . 

St1~<MJ ~V (4.4) 
Jlt 

up to a constant coincides with the so~called toroidal dipole mo-

ment (TDM) /1,8/. For the magnetization given by Eq. (2. g) only 2--
• ~0 ' • • • • • : •• 

campo nent of }A 1:. differs from zero: 

I - .I ()fL.. ,, - - hlAII'\<. 
~ t - L 0 • 

(4.5) 

c 10 

For t~ arbitrary, o:::i~ntation ( 8 ,j ) of the .solenoid symmetry 

axis .M t:: l Si~ 0 cu.s~) ~i~- G s i~o.~) ws e) -i,_li ~ct(L '1.. •· To study the mo

tion of TS in the magnetic field one should write out·Lagrangian 

L. One has L ·:. r -.U . The' kinetic energy .is the sum of CM 
r\ 1 I\ A • v • v . • 1. \ 

energy . (fv\ = i lv\l~o k-\Jo +to) and the rotation energy 
"'\ I n l.. L fli.Jl..\ 

10 ( :: i l J1 w ')(. + ~ vJ ':) t \... t- ) • Here ~ is the mass of 

TS; Xu)'Jo )1:..~ · ~e CM c~ordinates of ·.rs; W:x:~YJ~:IJtJ2- ar'e the 

angular velocity projections on the body fixed axes · 1 

wK-: ~hih 'II"- ~ ":>'" 9 eo~¥> !.Vy::: GGo\\\1' + ~\\t\9 s\~ ~ w 1:=~c~h't' -t't' 
angles ~!8,~ determine the orientation of the body fixed' coor-

. .;·' . i · ,. r- ,- •• . .• 1\ 
dinate system wrt laboratory one; dots over .these angles mean time 

derivatives. A,B,C are the moments of inertia for TS ( A= B = 

:: ,\1.-cf'R'tfv\ l\t 5Rtl4~t}) C= 1 \i'l. {' (<?-M l\+~R1./4d:)~ u~ihg the 

. ... . ,. H-t .... . \ E-=r . . . 4il i . . .··. . . , . 
Maxwell·.c.quation'{()t 1/.Xt-::.- -Q.')(b-t C: ~Q·t_{:- and. 

( ' ' 
bearing in mind t:hatJexpansion (4.2) holds, at large distances' 

from the MF sou:rce 'where ~Qt.~:: 0 one jets 

~-';' ~ 'aE) 
U =- ·t E ·Y t . . \ E ~ ~ e· ·. 

-17" 

If tQ1l-tCor 'lO~ \-\Q'X.{;- ) is directed along 1: axis then this Eq • 

is simplified 
" ._,. 

u =- fc_ E i ~ 'lo)·~ f''-cos \e . .(4.6) 

Here G is the angle betweeny~·' ·.and.~?::. • .'axis'.· :i:t foilO\vs 

from (4.6)that potential energy of TDM in. the external.MF depends 
'. J ',·, 'J, __ •• :!;",,'· ' ;· ', '.' ·",;;; ,. ' ., ' 

both on TDM position and its orientation. ·The Lagrange Eqs. 

C j-f }~ -~ ~;.:_~0 J Crc-~ Xo,~o,/:C?_A1 G<'V' !)lead: 1 ~oi t~_e· !_ 
7L· <J7t, ,, !·'. · ... 

coupled system of Eqs. which uniquely determine the 'motion of.> 

TDM. 

11 



We ·have seen that TDM i~:'an: important characteristic of the 

!nfinitely thin TS. Iri fact the position of CM and the direction 

of TDM completely determine the dynamics of small: TS. We turn now 

to the situation shown in fig.Jb •. The total m~gnetization is 

given by . 

\ dj-t~tos6 l : · J 
t\A :. - ~,{){~-)A,)-t~~E}(JA-}A:~-) C4:7) 

,;::~v\ I'L 4f\C\ ~k_}-\ ,.J , • 

The. corresponding TDM equals 

. : t \ ,1.:) 
.At , = f" t ~,d, R,'L-\- ~~ ~~ R~). (4.-8) 

This.qua~tity vanishes for the configuration presented in fig.Jb 

(see Eq, (J.S)). This means that next. term in the expansion of 
...-t .:. , I -? ~ 

\-\e:x..~ ... s!;?uld be taken into account. '!t equals l (q.\lo.\ 
. ;\Q~(;. \'lo). Substituting it into. Eq. (4.1) one arriv.es to 

I 

U::-1 ~ .\ 1o( .~ Q1 l-)\: ~X\.··( 1: i M,~) ~· 
~ cnl()l <l ' . 

~V. '(4.9) 

It is .eaey to check that integrals in the RHS of th:!.s Eq. dis

appear for the magnetization (4.7). The next term in the expan
~ 

s16n of \-\ Q.~{; is 

\ ..-f- \') --i .,.) 

b\1-'loJ .J-\h~( 1o.· .. 

Inserting this int; Eq; (4.1) one obtains after ~-~me m~nipulations 

L&-l ~ 1.\ iot Hllx~ l~" \ \~ 
'8 'd:X.o-:'Oloa . 

\X;:~~\~ i ,.M,~i\~ ~V. :,: 
(4.IO) 
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The nonvanishing iritegrals oc~u'i-r'ing here are 

~ :i'- ~ 1 1- M ,~) t cA \):: ~~~.\ tt,Y- 0\L\ 1:~ \J ='~(\)~fA '1 \j,lY;t l)l.\j~~ Yt ~ 
' ~ ; • i • ' •• V' ' •' • ,. •' I' 

~ 11. t 1 t M,l_\l <AV:. \1b(\\ (\~ ~~l~,+ \)~ ~~~-~{-)/ 
. -~ ~ . '(4.11) . 

~ J( t \ 1 '( M \1.\ )t. ~ v ' = s '1 l·l i J( M I 'L \ '1 o\ \} .: 

-~'L (\), tA4 Y, -('1\-t\~ ('1,1..~~{-) 

·'· 

) YC: ':: ( ~ 11 I 
. ~I I 

, ' ?':· 

Thus, for the configuration shovm.in'fig.Jb the 'interaction'· 

energy is given by Eq. (4.10). The integrals entering' t!lk''Iuis 

of (4,IO) are usually referred to as toroidal moments ·of higher 
1. . . .. • .• ' .. ,. . ; . ; . 

orders (or multipolarities) /8,9/. Turning now to the current· 

configuration indicated: on fig~ 3c we hB.ve · instead:·of:; (4.10) • : 

'. . ·-f ---9 

1A::·-l1~l1o~-1-hl)lF)~t,_L~rlxi'li"-(Mii+M:~"!))Ko\Y: .... ·,l 
Q "'"' ·'l. ~ . ·' .... \ .. (4.12). 
() Q.kQtO 0~ · ,, . 

Here M~q is given by :t;q. similar to (4.7). :r'rom th~·Eq. (J.l2) 

it foll~ws at on~e .tha~ interaction .term (4 •. 12) disappEa;s f~r 
. "'' . . ,,. ·~ 

the configuration ,Presented in fig.Jc. The interaction terms 
,, . '.:.· ,.,-' '< . .·~ : j' .. ,' ~'.:·:,· :." : .. :·_:--f_.;~-~ ~-- . ~. 

reappear when two _further steps in,the o.::~ansicin of \--\ Q::l( !--:. are 
' ! • " ,' '•" '" " .> '. ~ 

made. Thus, we obtain the physical'interpretation of the current 
; • · i '. t ~ j ~ ,\ 

confiGu~ations shown in fig~ j: they· gim~rat~ the· toroidal m~m-ent s 

of different multipolarities. 
~· ~ ' 

;"•'" 

.. ~-i" 
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If the conditions (5.4) are not satisfied one may use exact 

expressions for EMF strengtgs ~-thich are: valid outside the sphere 

of the radius R I+ a ' . For \-\ :j o'ne h~s /1 I 

l ":>h "'~ IIJQ 
\-\~:. ~ . 

(. ~'L 

U..~t' ' (.)i e ). ) ~..lQ-t 
1

) hQ_ < \~"l) . \-'t (tc) s . ~Q ( E . 
(5.7) 

0-=-1 

Here ~0. 
~ . tl\ . ) 

is the spherical: Hankel function ( kt~~) = \-\ 0-\-.l.l...?\) /fX. .l. -) 

CAe. (£.) is determined by the current density 

~.R,c. _\ \'l.Q-\-' ~ ~ \) r;:;:- . ' 
D-2.\£\::- 'l.h.ll' R \ 'lQ-1:') l~L-tl' ~-\1- ~tt~ . fQ~\)) 

(5.8) 

f~ :=-~~"\!eo.,'\\)· ~e · PQ J 

i . 
\=Q : SJ'\(. Si~ 'V. ~R. ?~) 

~el1c.): ~Q.~c Ytl,t) / fJl is the spherical Bessel function. 

The arguments of the Bessel and Legendre functions in (5.8) . .. IJ. 
are \\j>, and (\ 1 ~it-~'\¥ }J\ , resp. Here ~1 :. ( ~ 1'L + R: ,~ +1 J. J(,, Cc~ 'IJJ ~ 
The • summing in (5. 7) is performed over the odd values of e. 
Inse.rting (5.1) and (5.7) into (5.J) one arrives to 

'L\= 
\('h.\.1~"~-(\)l.c}.~ ). ~ ~~ l\\'10 ?Qi( ~'1.) ·O.k\t) 

tiT . L Q.l~.-\-') (5.9) 

To obtain the final answer one should multiply this Eq. by the 

fa~tor. exp(-\Wt) and then take a real part. Thus, there e?Cists 

nonva.nishing interaction between two TSwith time~ependent c;:ur

rents. Consider now the case when the symmetry axen of TS 1and TS.l. 
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., 
~ ~ . '~ ' ' 

~.!,. ,~, !."·:.: 
are mutually orthogonal (fig. 6). In-:th:i.s· ca~e the o~erlapping 

' \ ,t ' ' • 

; integral (5. J) di~appears. VI~ h~n~lude': the -irit~rac'tio~ energy 

of two TS with alternate currents is uroportional to the cosine 
. .. : ,;.~ , · ... 1 ,' , , ,' :,_1 I , '.: . , 

of angle between their symmetry axes (or between the~r.toroidal 

moments). 

The EMF of TS with time-dependent· currents and their in-

teraction was experimentally studied in ref. /12/. The follov:

ing remarkable fact was observed there~~ C~nsid;~~ torus T (fi~~7). 

Now "dress" it by the toroidal' solenoidstsl 'Cin~:tead'ar'the:·r.c,'. 
\ ,: ~ . .') , ... ,, . ,' ':; ",, .>j ____ ::.;:[!."';~' _; 

peloidal turns).: Th~se solenoids' are- feeded oy,~thc' alternate 

current. For'·the very thin ·~oienoids ts~· one obt~:l.iis dense co-

T vering of the torus 

electric field'E 

surface. ";,ccording to re:f. /12/ the 

· differs from· zero only inside· torus ·T.• 

Thus one gets 'electrical solenoid of the finite dimensions.' The. 

present author h~s not been able to iustify 'theo'ret\oally 'th'i's ·' 

fact. Up to novt there are known· only infinitesim'al re.aliiat'lo'ns 
''~ '·- .. ..-

of electrical solenoids /1)/ as well as'nonphysicai''rediiz'atib"'n 

via. the current of magnet'ic monopole's 1'14/ •. 
> 

Aha'~onov - Casher effect for the toroidal ~6. solenoid 
( ~ . " . . -~' _;: 

At first we repeat well-knovrn arguments /2/ for. the cylind- .. 
. . ; -. . . - ' ' ~ . . ' - . - . ~ . ' 

rical 'solenoid Ccs). Consid~r· the charged particle {L, .:in the ., 
• ' I • ' ' ' • ~ • • I •. . ! . ' • ' • • • . ' _., • . ,,J -

field • of the inf.izd te 
1 

resti~g CS •. The te1m in Lagrangian, 
. i ~-:.,; L ·' .: '- .·;, ·' 

describing their interaction is 
·, -: . ~ -~'· :·-i· 

~ 'lft<R l tQ_-ts). 
-'t' -7 

.,, 
(6. 1) 

Here 1,~ and '(JQ. are the radius.:..vector and velocity of the . ~ . . . 

charged P1>rticle, ~'ls> is 1 the rad_i_us-:-v:ector .of cs. ·.The Galilean 

invariance of the Lagranglan permits one to write out explicitly 
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the interaction when both charge anq solenoid are in motion 

~ (~!2.- Us}'·~ l ?~-'is). c. . (6.2) 
-::r 

H~re 1fs it the velocity of CS. -As was shovm by Aharonov and 

Casher /2/ the added term 
_,. _,. -" -f' 

- ~ Us .fl { 'l~- 'ts ) 
(. 

(6.J) 

..J 

de_::;cribes the scatte:rj.ng of neutral particles Ylith the magnetic , 

dipole moment on the iniinite charged :filament. The experiment/15/ 

in which the neutrons we!:e. scatter.ed by the electric field of 

charged filament was performed in 1989 • ~t has confirmed the 

existence of the AC effect. 

How we turn to the •.rs. The interaction of a charged particle 

with.resting TS is described by the same Eq. (6.1)-where under 
-~- . . . 

,A ., one should understand the VP of the T!:> (see§ 2 . and refs. 

therein) •. The, experiments in which the electron;; v1ere scattered 

by the, VP ,of TS_ were performed by Tonomura e t al /7 I. 'l'heir 

theoretical interpretation may be found in refs. /16/. The same 

~equirement of the Galilean invariance oblige us to choose Eq. 

(6.2) as 'an interaction between the moving charge and TS. It is 

our nearest goal to obtain and inte:dpret the added term (6.J). 

Let TS'with the peloidal current given by Eq. (2.J) moves in an 

external electric field with scalar potential ~ and field 
-r ' ' ' 

strength £ = - grad j . According to 'sp~cial Relativity the 
'"':'"1r ' -. 7V) !' :t.... 

mo~ing current ~ generates charge density-9=0 (Us: J C. 

l (\:=. {1-J~f'h·-), The factor 0 
ourselves to the Galilean invariant theory. The _interaction 

1
of 

can be disregarded if we limit 

moving.TS with an external electric 'field is given by 
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U: S ~ Cts ~ iQ. ) J l 1 s J o\ V5 =- ~2. ~ 'J·~ l t1s · J) rAVs J.: 
~ '·' -~' ; '. -· _: ' 

,(6.4) 
,, _J;;,' . ..... . 

::-;"' 

We change current J by'th~' equivalent' magnetization · ' ( J = C.. '7..ot M) and ~iritegrate by par.ts 
f -

-;- __.. - _, ._,. v·· 'U: { t55 ~ t l1'~ :..'1~) t- M .cA . 

' ~ < ' 

(6.5) 

At large distances from th_; ·source (or for small dimensi'ons of. 

TS) the eiectrical field. E may be developed into the •series 

Elts-1~)·= [(10-1~) + (tt-q-o\·E(rt~'-1-tJ. 
(6~6) 

.; r• 
~ ._.. 

Here ~0 and IC are the same as in Eq.(4.2).Substitute .this Eq. 

into (6.5) 

1A L l Us -V~) · ( E :}\ t:'\ 
lL 

., ~· ,. ' .. ~ 

(6.?) 

~ ~ ;:1 
Here .M't is the TDM' ()At= S'f 'A 1"\.: ol V) . In the derivation 

of (6.7) it was .also taken into account'that dipole inagnetic - ·, .. 
moment )Ad:::\) for theTS (see_§ 4). We ask~ now: v~hat ele~tric 

-t-
field' E Rhould be substituted into (6.7) in order to obtain 

term· (6. J) restoring the Galilean symmetry of Lagrangian? 'We" 
equate Eqs~ (6;J) and (6.7) 

~lis Jl \ lo- '&) = -{ \ ifs Vo) · (f ItO' fe) ·~ t}. . c~. ~l 
': ' ~' ,. 

The sign minus appears, here because. the potential energy ent,ers 

into the Lagrangian with negative, sign, it is also taken ··into 

account that VP of the TS is an even function-of ooordinat~s/17/ 
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(contrary to the CS case). Now compare coefficients 
. . ,. . - ,. ' . 

c~lar ~artesian component of ·u.s · 
-#' _,. 

e 5i l. l~o- tQ..) =- ~ (; t) (._ d t" ('l,o -t~ J 

V/ithout loss of generality we assume that symmetry axes of TS in 

both sides of Eq. (6.9) are .parallel to the ~ axis. In this 
-···-·, ... 

case only t component of .Mt differs from zero ( ~ 1= 

= {'K~c\~~ , see§ 4). ~~·expansion (6.6) is valid at large 

distance from electric field source one should use in Lire of 

(6.9) the asymptotic values of .A L defined by Eq.(2.8). This 

gives .. • . 'L-
Q. '1, + ) l ')(~- ~ ~) 
'"£. 'ls-

~ Q. :x. 't:- __ 'd E-1-
j 1.. «;" - o?L 

~E1-
~t: 

~e'1~-
l':> -

cl t? 
o'::1 

(6.10) 

Here )(.::. :)(.o- ~(.~ etc. It· is easy to check that these Eqs. 

are sa~isfied for E 1; = Q..:C /1.3 . But this is just f:.. 
component of £ :: Q. i{ / '{_"> • From this it follows 

at .?~ce, ,that at large distances the aforementioned term (6. J) 

describes_scattering of toroidal magnetic moments on the Coulomb 

field. In order to find electric field at finite distances we 

turn to Eq.(6.4) in which the expansion of electric field was 

not yet performed. Again we require the coincidence of Eqs. 

(6.4) and (6.J) _,. 

~ iT n :: -~ c ':2 t1fs - ~ ) o\ v (6.u) 
·c. sn c . .J _,. 

or'comparing coefficients at lfs 
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!..:....:r 

(qo-l~) = ~- s.'j(io-tQ -i)_J (~) Jv.· 
'•' • ' ~ . 'j i \ ; ' i\., . -~ • ... - :·: • 

(6.12) 

Now we remind that VP .R satisfies Poisson l::q:: . 
-'i 

4 fl-f 3 - '-til (J 
c 

; :.., ~ 

Its solution is 
-... ' : .. ,' :"' -;f' ~ ;-.·} 

() ,"-i _ I. s _I . _ • I t{_it \ 1' 
n ('1).- C: \tl-~'\··<\L J ~v; 

. ~ I ; ~' 

By comparing· Sqs~ (6 .12): ~nd. (6. lJ) we. g~t 
~·' -f' .... 

"8= ,Q./\1,\)-1e. \ .. 

,7 ~ 

,. '. ·~ 

But this is just the scalar potential of the point charge. 
", '," ,' r 

Now we write out the classical Lagrangian 
·-·· • d .... ,, . 

.. (6.13) 

., 

(6.14) 

L I 'L I '1.. e _,. -r -f .- · ~~) 
:: 1""-s\fs t '-:t\VI~·\fQ. :+- llle.-tfs )~(7.e_;-'l..s .· .. (6:15) c. .. , 

·~" • r. •',,' ~ • ;~ -,, • .• ~~··! ,, / 

There is no-classical scatteringias Eqs~:tfQ_:Q .,}Js-='O,,follow: 

from this Lagrangian. Now we fix the'position:of.the:·coulomb.:' 
-7 . _,. __,._ --f --r -f' ' 

centre ( lfe:: 0 1 'te.::. 0. 1 lf~ ~ 1f 1 'ls=. 'l1 ~-~-= ~<--) Then 

I 'L- e. _. _,. l 
-r 

: 1: ~ \S,; ,.-. c.· lf . Jl {t-z /.. 
For the infinitely small,TS it reduces to 

L I -t-" -1'~ = i ""\J 2-+ ~i (tf . \7) . ( t )A ~) 
.:....r ' . _,. 

.. E = e 'l 
'Z1 ·> 

(6.16) 

(6'~17) i,,i 

•\gain there is no classical scattering for these Lagrangians.· 

- The- corresponding Schroedinger Eqs. are 
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~ 1. . 

l r + ~ .A 1 w =. t ~) 
~ p- {e_ ~ l f.;t \ )~ :.t(~ '(_\if. 

(6.18) l.\VI 

l 
1.~ 

(6.19) 

The second of these. Eqs. holds at sufficiently large 

(comparatively with the TS dimensions) distances from the Coulomb 

. center. Schroedinger Eq.(6.19) describes quantum scattering of 

toroidal moment .by the Coulomb field. How to reali~e -~this expe

riment? One should find neutral particles having nonvani:;hing 

toroidal moment Cand zero magnetic dipole one). It was claimed 

in ref. /18/ that N~jorana neutrinos are just such particles. 

The second way is the scattering of ferromag~etic microparticles 

by the Coulomb field. According to ref. /191 these microparticles 

carry the toroidal dipole moment. 

It should be noted that Eqs. (6.12), (6.16) and (6.18) are 

valid for the toroidal moments of arbitrary multipolarities 
-r 

(see § 4). In this case fJ is the VP corresponding to the chosen 

multipolarity (see§ J). Eqs. (6. 7) and (6.19) are referred only 

to the toroidal dipole moments. 

7. Conclusion 

We briefly summarize the main results. obtained. 

1. The gauge nonequivalent vector potentials are obtained 

, which lead to the same quantum mechanical scattering. It turns 

out that current distributions (or magnetizations) generating 
-. ~ ·, < 

these vector potentials carry toroidal moments of different 

multipolarities. 

2. The equations are obtained which describe the motion of 

toroidal moment in an external magnetic field. 
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J. It is shown that there exists nonzero interaction between 
. ·,_- ! 

two solenoids with alternate current in their coils. 

4. It is proved the existence of the Abaronov - Casher 

effect for the toroid'.ll solenoids and moments: 'Th~ ·axp_ez1:~ents 

testing it are suggested. .,_ . . .. \ 
_, -~'--.,,_\. 

·· Appendix 1 

Here are the nonvanishing cylindrical components.of VP 
~ .... , .... ,. ... ,.. .. 

corresponding"to the current distribution (J.l): 

~ffo.'L •. . . Yl-- )wske ·;() . - r. ; : .. ' ' I~ .L. (l) 
51 1 :: T,(et.JA-wse) [,+J ·r·h~~ JJ.i'·f<.f\)·\.\'11-fq~, 

hO .1- ·JAt''". . .. •· ) 
...OQ '· .. , . .. 

~ft. <X 'L 'h_2- . oi ~ Q (1-l J}n-:.- - t<.ku-wse\ S\hkG·y, , Q{J-l,fiJ-')· V~-l-q\\ .. r p .r h-- . J 1 ) 
\...- . l- .}{t 

outside the toroidal solepoid: (}~ L )I\ ):-and 

·•. \ . / . '. ·. •, ._ .. ,jJ.. : 
'8fto.~ ~\~sV\e. [Q>. r () c•J. 

-Ae7.- T (c~JA-£-os(J) ·4-·~I:±Slt\o l-~-t.· .. ~~~·f~J:r~~ .ql\ + 
00 : . ·, ... ·, •.,, 

i- P~-J ~ o\)A,f!p) I Q~·~·~ :;~~1) ]' ) :\. •' 
).. _}). ' l- -:1 . 

J\_p:- '&~"'11t!.J-tolB\~ls\~"e r~~J![cl]A f!,W Q"_i ·q~t) 
\:)() 

1 C ·0 ·- tLI J +Q\-.-l .J ctJA. J(:fJ. r~-:l .c~"' , .. , 
.. ,' : .. l- J'l, .... ·,' ·: ' .... '. ··"· ,,;:,:·, 

:'; 
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J.Jt 

z 

1 _ ! .,.-"-...,{ v 1e 1,e:ox 

p•po 

,.Fig.l. .The poloidal current Fi~. 2. The geometrical dimension3 

~n the-surface o'f toroidal of the to~oidal solenoid. 
solenoid and the associated 

toroidal moment. 

l i-' 

i·:\ 

·: j 

Fig.J. The different' current configurations-are imbedded into .· .. ' 

the impenetrable torus T. They generate gauge rionequiva-

lent vector-potentials leading to the same quantum mech

nical scattering of charged particles. The vector poten

tials are concentrated more and more near the torus T as 

one moves from a) to c). 
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I 

Fig. 4. The linear conductor with the stationary current I 

interacts with toroidp.J. solenoid y;heri it p~-sses :t'hrough

the sol~rioid h:ole (position l). Otheriri'se' there' is no 

in.feraction. bet~een them (position 2). 

---~---=-:=::=:::-:----· TS1 • lz 
~TSt 

' 
l },: 

Fig. 5. The toroidal solenoid's intciract if the 'ai t'-e'rnate cu~rents 

flow in their coils. ·I:.LJ 

~ i'-~ 

< ' ~ ,:.,~ .. 

Fig. 6.- The. ~oroidal solenpids do not interact if their_, symmetry 

axes are- p~rpendi?ular~ · , r. 

' -·-

.l,. 
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Fig. 7. The torus T is "dressed" by. the toroidal solenoids 

with alternate currents in their coils. For the very 

thin solenoids tJt' and dense covering ofT b~ f..s,· 

the electromagnetic field is confin~d inside T. 

(according to ref. /12/). 

inside it !)A/)A\). It is understood that argumentjof the 

Legendre functions equals ~)'\ · if it is· not indica. ted. Fu::ther, 

q U) - l \ I') l Q l'l) I\ Q 
L -(lA+~ ""'-f~-liA-l-} \A-'>) qlo\ =~""~_1- \11-.1 • 
"' .._ l- 'L J.. l-

The~VP obtained in /J/ corresponds to the current density (2.6). 
~ ) . 

It is obtained when the follm"Ting choice of function :}. is 

made: 
f ::: ~ ~~}'\-}Aa ) 
1' •. ~l'At

•H 
(}Au "?J\1). 
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