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INTRODUCTION 

In this paper we will- consider the phase structure of the 

models' 

1 1 2 ' ' 4 
L{x,t) = - ¢{x,t)(o - m )¢{x,t) - - g ¢ {x,t) (1) 

2 4 

1 ,' l :_- 1 " i: '' 
. ' 2 ' 4 

L(x,t) =- ¢{x,t)(o.+- m .)¢(x,t) -- g ¢ (x,t) .(2) 
·2 2 ' 4. . ' 

in -the two-dimensional space-time at finite _temperature. 

:These Lagrangians describe a one-co-mponent scalar field 
. . - . . ' 

¢(x, t). The :parameters.m and g are positive·. The Lagrangians 

are invariant un.der the transfo-rmation ¢->-¢. 

The models are superrenormalizable. The renormalization: 

can be performed by normal ordering in the Hamiltonians 
' . 

. If the dimensionless. co~pli'ng constant G and the· 

temperature a 

g 
"• 

T 

G=--- • a = 
- 2mn2 ·m .. 

is small enough , 'the Lagrarig,ian (1) describes :the interac-. 
.'":'i"'i (_; J 

tion symmetric under transformation ¢ · -> 
' ' 

-¢, but the 

spontaneous Lagrangian (2) describes the situation of 
:: ~~ ~\ .i3~·~· 

J symmetry breaking. 

i The models _under consideration are .popular objects for 

• • • ' • i • - • 
1nvest1gat1on of dynam1cal symmetry reconstruct1on. Th1s 

phenomenon is present in many profound four-dimensional 

. :---...-_.,_--~---~ 

~:;;~~,-~~;~!::.~tid~~ t: ~~~~;~· ~ '' 
\ 6HSJiHOTEK.~ \·~ 
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field theories. (see; for ~xample, [1]). The investigation- of 

two-dimensional models (1),(2) plays a testing role for dif-

ferent nonperturbati ve methods,.- such as gaussian effective 

potential approximation (GEP) [2-4]_or constructive quantum 

field theory [5, 6]. At the same time there is _an analogy 

between the model (2) and reaLJ systems in condensed state 

physics [ 7]. 

There are three group~ ·of basic. problems, methods and 

corresponding results concerning the phase .structure of the 

models (1),(2)~--
;'t', 

_The exact theorems have been ~roved within' the construe-
,_~ '--~ -

tive quantum· field theory- [5, 6]. These theorems have 
,. ,\ : ·o,, ... ' ·_. 

st'rictly established the existence of the phase transition 
-.:' .) 

in the model ( 1) for the- zero temperature cas'e and given the . -- . . ~ ... 

arguments that the transition should be of the- second order-

[ 6, 8]. -But these arguments do not exclude comp~etely the 

possibility of the first- order transition as it' has been 

noted in papers [6]. At the same time, these theorems do not' 

give any ·information about the value of critical coupling, 

const'ant. 

The fruitful attempts :to'construct'phases inthe explicit 

form and t'o calculate the a'ppr·oximate --critical -value of G 
. . . . . ' . ' .. \ -~ 

was made by several'author_s. within the variational GEP [2-4] 

and beyond ~he GEP approximation [9]. 

... ~· 

<t. :··· '· 

j •• .. 

',2' 

1 

l 
l 

I 
'! 
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The restoration of .symmetry in model (2) at high .tempera

ture was investigated by _many authors within the.one-loop or 
. . ' . ; ~ - - . ..-

two:-: loop -~ffecti_ve potential calculations _(see for example 

[7,10]). 

Unfortunately, there is a general feature of the varia

tional _approaches such as GEP. They 'do not _ · give a direct 

opportunity to_ control _the exactness of _approximation [ 11]. __ 

At the same time th~ resul.ts, _of [7, 10] are valid only for 
. . ~- . . ' ,' 

high temperature limit. Thus it seems to be i~teresting to 

construct an explici t_fo,rm of the pha-ses of the models ( 1), 

.(2) for arbitrary e, G.an~.to attract for this purpose a 
' •• f 

methodpermitting a simple accura,cy check. 
-· .i.:: ~. ~ . . -:; 

We will solve that. problem by the method of canonical 

transformations. This approach-has been used for investiga-
·o ' ~ i ' • .~·. t·.:- '-·'~·~·-::,· ' '_-·, •- '• •• ,', 

tion _of :the model (1) at .. zero temperature [12]. Essemtially, 
• y -- '_,~(·:·, :- =~_·/·":- .· ~ . '-- . . . . 

it is a field.:_theoretical version of the technique being 
·~ ,. " . 

used. in· .the theory - of . superconductivity and so on for . ; , ·' ' - . ~ . . 

transition to the quasiparticle picture. . \"" . . 
·;·, 

The apparatus of thermo field ~ynamics (TFD) [13,14] pro-
\ - . : .:-;· ·:·· 

vides a_natural way to take irito account the thermal effects 

within the canonical quantizatio~ appro~ch. Since the usual 

operator foi-malism 'of quantum field theory. can- be straight-

forl:"ardly extended to· - TFD, the -method of canonical 

transformations keeps essentfally the·:- same structure- as 

in the zero~temperature formulation [12] . 

We consider canonically quantized within TFD ·theories 
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( 1), (2} and formulate.t.he proble~ as follows 

what representation of canonical commutat'i on relations 
. . 

(c. c. r.) is sui table for d-ifferent values ,of the parameters 

G, B and what physical picture _corresponds to · this 

representation ? 

Within this formulati6n 'the ·notions "a phase" an-d 
. .J 

·~a 

representation of c. c. r." have the same sense. Ac:c'ording to 

this we define the phas'e transition as a transition· from one 

representation to another. 

Our approach consists in the following steps~ 

1) We construct canoni:cally ;quantized the-ory 'in represen-

tat ion having a sui table physical interJ:m;;tation for G<<1, 

B<<1. 

2) We ·perform canonical transformations of field ·variables 

going to field with new mass a'rid vacuum conden~ation arid 

obtain a new representation-of c.c.r. 

The canonical transformation ~hould be introduced in such 

a way that the to:al H~miitonian in. any representation (r} 

has the "correct;, form. It 'means that 

Here H(rl 
0 

H = H(rl + H(rl + R(rl + VE(rl 
· _o _ . I- . 

is. the .standard free. Hamiltonian. 

HamiltonianH(rl,contains the-field operators 
I . , , . . 

r , • (r) 
re than two; The counter-terms operator. ~' 

The.· interaction 

in a. degree mo-. 

is defined·_by 

H(rl 
0 

and ' 'H(r) and it·' leads, to -cancellation of all 
I ' 

I 

I 

divergencies in pert,urbation theory. _The constant E( rl 'has. a 

sense· .of :a vacuum Emergy density {here v is. a large 'finite .. 

volume). 

We should stress that the·renormalization scheme·as'a ge

neral· prescription· has; to be ~the'· same ·rn all possible 

fepresentations~ 

3} We perform :classification of c.c.r~ and then we choose 

the phase being suitable for.a given valUes of' G,a:_There 

are two mutually additional ~principles foi- this choice. A 

representation (r) is suitable, if .... 
' (a) -the- vacuum energy density E( rl is smaller' in this 

' ' ' ' ' . . J -~ '' ., ' ,. . ' ,· 
representat1on, than 1n·other o!les; 

C£3> a coupling .<w~:ina:Y'call ·it'"an;effective·'·caupling"> 

is~ weaker in this'' 'representation~ thiui'iri other·'possible 

repres.entations ~ '·> 

For two-dimensional' models'' (i),' (2) .;.n' effective coupling 

in any repres_entation, is ·given by ·the 'dimensionless· coupling 

constant 

.g 
G ··. (G)=. 

eH 2rrM(G) 
~ ... ,., 

'· ·~~· 

·.where M(G) is. the mass of -the field in 

Hamiltonian H(rl. 
i ':,:: : 0 

One can ·see that the· principle (£3) is more 

because of the following reasons. 

(3); 

the free 

preferable 

First, from a physical. point of view a value of vacuum 



energy has. cno . any signid.canc;e because it. does not 

contribute to, the S-matrix. elements.. 0~ the COJ)trary, an 

effective coupling strength can be measured in experiments 

an~ has a direct_ physical importance. 

Second, .we are .unable· "to .. get an exact vac;:uum energy 

hence we are forced to compare the lowest- contribution to .J . . 

this- energy fpr different repn~senta~ions .. Obviously_, it· is 

not.· a very good way. 

Third, it is natural to suppose. that the large coupling 
; ~ • ' ' ', " ' • '" : .< <' • e • <' r 

constant in' the Hamiltonian means that the 'representati~; of 
• • t ' 

c.c.r. connected with H1
r

1 does not describe the:real physi-
. . . 0 •.. .. ~- . '· ,·" . . ':. ' . 

cal states and cannot. ·be considered. ·as .. a suitable 
~ " • ' ~ 3 ~· ~ ... 

representation. for .the total Hamiltonian. 
". '' ' •'. ';-

()ur. resul t_s .. concer-n,ing __ t}17 pha~~:. structure of the models 

(1), · (2) are the foliowing. 

.For .the model. (1) we, have found that ·for any value .of e . ' ·- ' \ . ' .~- .· - . -- -

there is a. 'phase transition of the first order at G=G (e). 
,, . ' . ~ •• , '- _. - - ' .- •, ' ' .• ·' '~ - . , ! ~' :. ,_; _. ' c 

accompanied-by synimetry breaking, 

There are two· phase boundaries at (G, e)-:plane in corres-· 

pondence to two phase«transitions of the first order in the . . . 

sy~tem (2). The symmetry is restored in the region between 

·the boundaries and is broken for other values of -~;e. One' of 

: .:. 

-,·_. 

6 
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agreement with existing results [7,10,15]. If the 

temperature is high enough, the symmetry. is.restored in both 

systems ( 1) and ( 2) for any fixed va'lue of G. 

For arbitrary te_mperature the regime of .. ~trong coupling 

is absent in both models (1)! (2). ·in the sense that' the 
I.· 

constant -G (G, e)· is · small for . any G, 
. . . ef'f' e excluding the· 

domain of phase_ transitions where it is of order o(1). Al·s~ 

the coupling Gef'f'(G,e) decreases if G increases. 

In other. words it means that our approximation is good 

· enough and hence • we ha~~ an accurate quantum field.:.. 

theoretical descx::iption of the systems, unless 'the values of . ' 

G,e are outside the critical regions. Pa'rt:icularly our 

result that all. phase transitions .in our considerat-ion turn 
~ ,/ -. < • ·~ • : -- • « 

out to be of. the first order may be qualitatively true ·but . . . . . - ·~ - '\ . -

may be not. we· have no any :reasonable answer. 

The ·next important po~nt ·con~i~ts in ..• that ~there is 

difference,in low-temperature phase-diagrams obtained by the 

above-mentio;;ed alternative principles (a) and ((3) •. 

According to ·(a) we find the phase boundaries as the 

. points of equalf ty of eJl.ez-'gy density estimat~oris ·_for the S

and BS-phase .. The critical values of 'G at zero t~mperature, 
- . j• - - - ' \ 

obt~ine~. i~ ~his 'way," coil1cide with the' riumedcal ~esillts ·of 

the GEP-~P~.~~~j_;~~'ion. [2, 4]. It is not ;urprising, since at 

zero. ·temperature our approach is equi va~ent to the GEP

approximation from calculational point of view. It turns out 

that within this way the phase diagrams at low temperature 

7 



_correspond to a qualitatively wrong conclusion: a symmetry 

' -should be broken when temperature increases. 

On the contrary, (/3)-principle, i.e. a -~omparison of the 
. . \ 

effective coupling constants, leads to a qualitatively 

right result: a symmetry is restored if the temperature 

increases. M~reover, at zero-:"i.emperat~re a.pha~e tr~~sition 
accompanied by. ·symmetry rearrangement is absent' at all in 

"the model· (2). 

Reliability of the results based on the co~parison of the 

effective coupling constants is corro~orated·bycalculation 
_..-.· 

of perturbative corrections to the vacuum energy 

estimations. 

We want to say. in conclusion that the following picture 

seems to be reliable for QFT. As soon as a coupling becomes 

strong enough or temperature.is high-enough, a system .cannot 

-·exist_ any more in_ the state being·- a ground· stat~ in a· weak 
' ~ '' 

,coupling.regime. As a rel:!ult, the system transits to a new 

phase; _where an interaction between the new particles. which 
--;_ "} 

are excitations under the new vacuum turns out to be weak 

again. Thus, a description of strong.coupling regime in QFT 
. . . I . 

is, r'educed to a construction of such a c. c. r. -representati~n 
' _.-. . ' 

..... :! 

that an interaction is weak in this· representation. 
; ; .. ·:: 

. ~ :. 
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1. THERMO FIELD DYNAMICS 

It' is convenient to deal with a·· general form of the 

Lagrangian density 
'· 

1 . . . . 1 : 
. 2 • . '· 3 . 4 

L(x,t)= 7--(x,t)(o-m0.(x,t)-g•• (x,t)- --g• (x,t) (1.1) 
2 4. . 

Putting g' =0 we get the Lagrangian (1), but if g' =mVg7'2 

then we get the_ Lagrangian (2), shifted to the minimum Or 

•the classical potential (a constant term we wi'11 omit). 

The detailed description of _TFD can: be found for exa,mple 

in [13]. We confine o~rselves to the brief formulation. 

The total Hamil to'nian · for the system ( L 1) has · the 
'A 

following form,in the TFD-formalism: H=H-JI where 

I ' 

I 
H = H .f.H 

0 

'1, .. . . . . . . .. I [2 -· ·-2 22 1 H = - d_ x: rr (x)+'(V.(x)) +m • (x) : 
.0 2 . /' . 1 . • 

I' :-• 

I [g 4. 3 ] 
H1 =' dx: - • (x) + g•• (x) : 

4 . ' 

. "'( )::: I dk 1 : . I· 
'I' X -- lk v'2rr J?.t.Jfk) [a(k)e x + a+(k)e-lkx ] 

. · . . dk . . ( ) . I· ' .~ [ ( ) lkx + ) -lkx] rr x =.1 ---... w,k,- a k e_ .-a (k e_ 
V4rr I . . 

9 

·, 

•" 

( 1. 2) 

( 1. 3) 

( 1. 4) 



... 

H = H*[~,rr] where 

<f>(x)= _.- a(k)elkx J
'dk 1 . 

v'2rl v'2W(k) J . + a+(k)e-lkx] 

··-··. 

1 I dk . .. 
rr(x); -. -·--YWD0. [a(k)elkx 

i v'4rr· .. ·' 
..J 

a~(k)e-lkx] 

I 2 2 w(k)= k +m [a(k).a+(k'.)]=o(k-k') (1. 6) 

- ' -. . [a(k),a (k'')]=o(k-k,') ( 1. 7) 

The temper~ture-dependent ope~ators · o:(k,
1
(3): a(k, (3) are 

introduced by canordcal transfbrniation: 

o:(k,f3) = a(k)Cosh(:t:(k,f3))-a+(k)Sinh(:t:(k,f3)) 

- - + o:(k, 13) = a(k)Cosh(:t:(k, 13) ),--a (k)S_inh(:t:(k, 13)) 

with the inverse·~ransformation given,by 

a(k) = o:(k, f3)Cosh(;t:(k, 13) )+a+'(k, f3)Sinh(:t:(k, 13)) ( 1. 8) 

a(k) ·= \a(k, {3)Cosh(;t:{k, 13) )+o:+ (k, {3)~>inh-~;t:{k, 13))' ( 1. 9) 

This is the Bogolyubov transformati~n and it can be per

formed in the operator form' 

o:(k,/3) = u- 1 ((3)a(k)U(f3) , a(k,~) = U- 1 ({3)a(k)U(13) 

where 

10 
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I ·! 

I 
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j 
I ., 

.I 

U({3)=exp{fdk ;t:(k, 13) -[a(k)a(k) - a+(k)a+(k)]} ( 1. 10) 

A ground state of the field system at temperature T=1/{3 

is defined by,the relations 

o:(k,f3)1o({3)>=0 

'a(k,{3) lo({3)>=o 

The parameter ;t:(k,/3) is defined by 
~. ' . 1/2 

Sinh(X(k,f3))=[exp({3w)-1]- (1 .. 11) 

The . connection . between TFD and zero-te.mperature field 

theory is given essentially by the relations 

lo({3)> = U- 1 (13)lo>®lo> 

a(k) =· a(k) ® 1 

H = H ® 1 ., 

a(k) = 1 ® a(k) 

H = 1 ® H 

'· 

They reflbct the necessity to use ·the quasiparticle 

pictu~~ .'for . the description· of :quantum field system at 

finite temperature. The state lo> and the. operators a(k), H, 

are the ground state, the annihilation operator and the 

· 'Hami 1 toni an at zero' temperature. 
1 

Due to· (1 .. 11) the vacuum expectation value of any 

observable coincides with its statistical. average. So the 

energy density of a system in ·the ·thermodynamic equilibrium ' . . 

is given.by 

E= v- 1 
<o(f3) I H lo(f3)> 

'·' 

11 



2. CANONICAL TRANSFORMATION 

Here we proceed in the following way. 

1) We construct·a new unitary unequivalent representation of 

the relations ( 1. 6), ( 1. 7) by. ·a canonic.al transformat-ion of 

the operators a(k) and a(k) ~ ...J 

2) We fix the parameters of the canonical transformation by 

a requirement providing .the 'correct form of- a' new-

) 

Hamiltonian. 

3) We choose a representation, which is suitable for given 

G,· 9 according·::-o our criteria (o:), ({3). 

4) We calcuiate perturbation corrections to energy density 

estimations using the Hamiltonians in different representa;

tions and reform the phas~ pic~ure. 
As the first step we perform the canonical, ,transformation 

.a(k) ->a (k) - v'2ffinB,S(k) · = U- 1 (f)U-
1
(B)a(k)U (B)U (f) 

' £ ' . 2 1 :. ' 1 2 

where 

u
1 
(B) = ~xp{ -V2rrmB J dko ( k)[ a( k)~a + ( k)] F . 

12 

',j· 

I 
l 

r 
I 

I 

l 
I 

u2q> = exp{~ Jdk:>..(k,f)[a(-k)a(k)-a+(k),a+(;-k)] } 

the quantity B is a constant. 
-, 

The operator U has the same structure ·as U(tl) (( 1. 10 )) . 
2 '' " 

It is easy to get the follow{rig relations: 

+ a·(-k)Sinh(:>...(k,f)) 
£ ' ' ' ' '; 

a(k) = a (k)Cosh( :>..(k,'f)) 
£, ' ' 

'(2; 1) 

' ,' 

a•(k) = a•(k)Cosh(:>..(k,f)) +a (-k)Sinh(:>..(k,f)) 
£ ' ' ' ' ' f ' '' ' ' 

which are analogous to' (1.8),' (1;9); 

If .. the parameter _:>.. has the form 

1 ln[ w(k) ] 

2 w (k) 
£ ' 

:>..(k,f)= 'J 

·;' 2 ''2 wr(k)= k +M M2= m2( 1+f), 

then using the relations (2.1) one can get a new 

representation for the fields IP( x) _and rr( x) ( ( 1. 3-4) )' 

I 
dk 1 '· . ' ' 

· . · . • L kx - + · -1 kx 
IP(x)= • -· ---[a (k)e + a (k)e · ·] ~ 

' v'2rf v'2W f : £ . 
£ 

~Pr(x> 
(2.2) 

' dk . 
rr(x)=. i .J--. v'W [a (k)elkx - ~ r .. r_ .-

+ , . ·-·I k,x ] • 
a/~)e __ .· _ =ry:r(x~ •. 

The U -transformation leads to the shifting of the fiel'd 
· .. 1 . 

IP at the constant B, thus 
·, 

. IP = , !Pi +. B (2.3) 

. 
. Analogous transformation should be performed for a(k) in 

13 
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order to obtain a (k). 
£ 

The operators a·, a am1ihilate the state 
£ £ 

lo>> = u-1(f)U- 1(f)U- 1(B)U- 1(B) lo>01o>.· 
, ,2 '· .2 , '1 , 1 ',' , , . , 

-
where U-transformations coincide with .U1 ( 21 . up . to, the 

• • - -+ , ,.J + • • • . 
substl. tut1.on of a, a for a,· a . Thl.s equat1.on l.S a formal 

relation between the gr6und states of two unitary nonequiva-

lent representations . 
. ··~ 

In order to c~ns.ider the thermai .effects we follow the 

.above mentioned TFD~prescriptions and.get the relation 

' ' 
' l ' 'l- ,'. --+ ,.· . '•. , ' . ' 

a (k) = o: (k,{3)Cosh(X (k,£3)) + o: (k,{3)Sinh(X (k,£3)) (2.4) 
£ '.£ f:; £ ' £ 

, ' " , , 1/2 
where Sinh(X (k,{3))=[exp({3w )-1]- .·. 

, f' I . f ~ ' '· 

The operators 0: I 0: annihilate the state 
, £ ' ,f 

lo({3)>>=U-1({3) lo>> , 
., ', ' : f, , ' , ' 

. where 
.. 

. U/£3) = exp { Jdkxr(~,{3)[ii/k)ar(k)- ~;(k)iii(k)] } .•. 

Using equations (2.2-3) we now expre-ss the Hamiltonian 
·I . ' .. \ : • ' . ~-

( 1. 2) in terms of ¢ , rr · and then taking fnto account· ( 2. 4) 
f , f , . "' 

go .to the. normal . ordering of the operators o: , • a . . As. a . , ,', , ', , , ,·' ,.· . f. , f 

result we obtain.the expression r··. !··.• 

H = VE + H~ +:H~ + H 
0 I 1 

'; ;·~ ,:) ': ., ! ;'-

ii 

where 

H = - dx:[rr (x) + (V¢ (x)) + , 1·r 2 . 2 
0 2 , , f f 

M2¢2( x)]: 
£ 

H = dx:['~ ¢ (x) + , ·r g . 4 

I , . 4 f · 
(gB+g')¢:(x)]: 

H
1

. = Jctx: [ 1 
¢ 2(x)R(f,B) + 

2 f 

¢ (x)P(f,B)]: 
f , 

R(f;B) 
' 2 2: -m f + 3gB - 3gD8 (f) + 3g'B 

p(f~B) = B~2 + gB[B2-3D
8
(f)] ~ 3g'[B

2
-D8 (f)) 

E= ~m2B2+ L
8

(f.)+' ~ [a4.:_~Bi~~(f)+3Dif)] 
2 4 ' , , , ', ,, 

-~-.... 

\ . . 

+ g'~[B2~3D9(i)J, 

•, i 

(2.5) 

(2.6) 

i 

•I'' 

(2.7) 

2 ' m . . . . . 

L
8
(f)= - {f-4nD

8
(f)+4(1+f) [2s(e/~1+f)+d(e/v't+f) }}· 

Bn . . · 

1 1 
d(e/v'f+f) , ln( 1+f) ·Da(f) = 

4rr rr 

00 

d(z) =J ;_, ('e:~·{.!.. CJ,. ; }. ·.·.·. )-1. 
0 vi+u2 z .j 1+U . '""": 1 
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,, 
00 

s(z) -- , ex'p .!. , · 2 = J, duu
2 

( , ,~ {zP}- r 
d(O) = 0,, s(O) = 0. 

Since the_symbol of normal ordering in-'(2.5) relates to 

the operators ar' ar_. it is ·Obvious that the quantity E 

given by (2. 7) is an, estimation from above on the energy 

density of the state lo(~)>>. 

Let us put the coefficients R, P equal to zero 

This requirement 

R(f,B) = 0 

P(f,B) = 0 

leads to H =0 
• 1 

correct form of th~ Hamiltonian, .i. 

( 2.8)' 

and, hence, provides a 

e .. the free Hamiltonian 
1 

H' has a standard-form, the interaction· Hamiltonian H' con-o . 1 

tains the fields in degrees more than tw~ and renormali-

zation is realized by the normal ,ordering in·H' and H'. 0 I 

It is· easy to check the equivalenc'e ·of (2.13), (2.14) to 

equations 

aE(f, B) 
0 

aB 
'," 

a2E(f,B) 2 
- =· M m

2
( 1+f) 

aB 2 

which are analogues ,to the minimum and stability conditions 

for the effective potential [1]. 
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We will-stress that equations (2~8) define. the minimum of 

energy density as a function.of -two variables f, B only for 

8=0. Hence, only at 8=0 our and GEP numerical ..results should 

coincide. At fin~te temperature our technique differs from 

the variational approach. 

3. THE SYMMETRIC MODEL (1) 

Putting the constant g' equ~l · to zero and using the 

equati6ns. (2.8) and 

equations for f and B: 

(2.6) one can get 

1 2 
B[ gB - 3gD8 (f) + m ] = 0 

2 ·., . ' ; 2 : 
3gB - 3gD

8
( f) - m f = o 

the following 

(3.1) 

·There are .two phases .. in correspondence to two solutions 

of the system (3.1). 

1) The symmetric under rf> ~ · -rf> · phase ( S) : 
. . ' f . ' f 

Putting B=;O, in the second equation of ( 3. 1) we g~t. 

2 
f = - ln(1+f) + 4d(8/V1+f) . (3. 2) 

3G 

. This equation defines the mass -:M of the field and has a 
'· . . . ·. 

unique solution for any G,8. Using the relations (2.5),(2.7) 

and (3.2) we obtain the Hamiltonian· and energy density for 

~- ;_ 17 
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this 'phase 

1 I . H'·=·- dx:[7l(x)·+ (V¢(x)) 2 + 
0 2. .. . f f 

M2~:(x)J :. 

, I ·[g 4 ] H1 = dx: ~ ~r(x) : 

,J 

E = s ..!!!..
2

{ [ ~ + 1] f 
Brr 3G 

4~1+f) [2s(B/Vi+f) + 
f2 

+-+ 
3G 

2) The phase with broken symmetry. 

(3.3) 

d( B/v1+~)]} 

Us~ng ,the, nonzero solution for. B we can rewrite. (3.1) in 

the form, .. 
B2 = 

1 + f 

4rrG 
(3.4) ,._, 

1 1 

3G 
f + - = ln(_1·H) - '4d(B/v1+f) 

G -:', 

equation 
.. 

in (3. 4). defines 'o'f The second the mass the 

'field. A. numerical. analysis shows. that 
., 

this equation has 

solution only for such e, G that G~G· (e). The functicm ·G (e) 
c c .. 

is given i~ Fig.·t' by .the s'olid line. u'sing th~' equations 

(2.5), (2:7) and .(3.4) we,,get the Hamiltonian and the vacuum 

energy in the BS-phase 

H; = J~~: [ ~<¢;(x) . ± .gB¢: .]~;~' 
' ·.. . .4_ .. ' ' · ... :··:·' 

. (3. 5) 

', ~ ~- i · .. ' 

~ '' . 
< 'e ':" ,~ 0 ,' j )" "< •'; -:~ ~ \•, 

''18 

/1, 

f2 
4(1+f) [2s(eN1+f)+d(eN1+f)]} 

1 
+ -[1~ _2]f 

2G 3G 
Es= 

8
:

2

{-
-+ 
6G 

The. free Hamiltonian has a. standard form of (3.3). The value 

.of condensate B plays the r9le of a parameter of order. 
' t ·• ~ ' -~. '' ~ 

At the; .l~st step of O!Jr consideration we choose a p~ase, 

which is suitable_for a given.e,G . 

Comparing the effective coupling constants G (B) ( 3) 
. , , .. ·. . .. eff 

in 

-the S- and BS-phase we find that the phase~stable boundary 
, r - ·--;. 

is given by the same function G (B) (solid line in Fig.1). 
. c . ., 

As soon as a solution for the BS-phase exists, the coupling 
' ' . ; : ~·. ,. . ". . ' . . . 

in this phase is we.aker th~m in the symmetr,ic phase -(Fig. 2) . 

A· comparison of the energy 'densities E and. E .leads to 
• • . · " • 1, , S -B 

the bound~ry gi v_e_n l>Y. the dashed 1 i ne AB, in Fig. 1 at 1 ow 
! ·~' j 

temperature arid co.inc'iding with G (e) at higher temperature; 
' ~-' ,_. ·( ! (' ' ·• ' • - \ c . 

• ·, ' •• • l 

The section AB represents the points of equality of'· E , E . 
· \. , .;. ., . , 5 B 

For higher temperature e > e (see fig. 1) we are unable to 
B 

r '', ,' 

find such points like these since E ( G, B) <E ( G, e) 
B ·, : .. S 

for any 

.G~G·(e) ·(remeinber:that' the soluti'ons ''for the as.:..phase are 
c . 

absent for G<G (B)). The value G =1.625 ... , corresponding to· 
· . _ c· A . , 

the point; A· coin~'id.es ·with the cr:i t'ical c~upling constant in 
' ~ .. 

the GEP-approximation [1,2] up to the notation since at B=O, 

and only in this case , equations (3.1), (3.2) coincide with 
.·'" . t· .. .> 1 .-

'the equations minimi~ing the' ga~ssian effective pote~tial, 
~~·· . . . {~·~:" -~, ~ .. "":: 

and the energy densities E
5 

and E
8 

are equal to GEP in the 

local minima at the origin and out of it; 
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Thus, , there is a qualitative difference in ·low tempera

ti.rre' diagrams obtained· by two, alternative .principles: 

Moreover, the section AB in ,Fig.1 corresponds- to· a wrong 
: ' . " ' ~ 

result: a symmetry is broken if the temperature increases: 

This can'be explained by the :roughness of our app~~xim~tion 

of the energy densities, giv~p by E
5 

'and Ea' in the region 

of G:::o( 1). The effective coupling const.'ant is large enough 

in both phases in this region (see Fig.2), .'hence, 

perturbatio.n corrections have to be .large and .can change the 

boundary. 

Let us calculate these corrections to energy"'density 
•• I ~ 

estimations E and E ~t <zero temperatur~. for, si~plici ty. 
5 B , . 

··r_.. . . . 

For, this' 'purpose we use the Hamiltonians given in (3:3), 

{3.5). We take into account the corrections'up to the oicier 

o(G3
) 

\ ' ' ... 2 ' ·, '• ' . 
for the phase S and up to o(G ) for the phase .BS. 

· · · , . eff . 

The necessary Feinman diagrams are plac~d in Fig. 3, 4: The 
... ;. 'f' 

result turns out to be equal 

2 [ , .. l m . 
, 2 , . 3 4 

l1E
5

: = -·- ·. -1. 671 -G +4. 0388 ·G +o( G ) 
8rr . . . 

5 ':. 

{3.6) 

'llE 
B 

--. -1.758 .. G -4.316 -G -o(G ·· ) M
2 

[ · · 2 3 l 
8 

· eff · eff eff 
(3.7) 

1l . 

for S and BS respectively. 
c·, 
'· 

One can see that (3.6) 

asymptotic series. The series 

\ 

,. 

represei;J.tS ,the alternating 

for (3. 7)' :is' n~na~terrtcit:i~g. 
• ~- ·~. \' .•,.-, ':- >; ., 

__ .,~:[ ·::·· 

·-:. 

This is the usual situation for a system ,W,ith degenerate 

vacuum _(see for example [15]). So we can make a Borel summa

tion of (3.6). It is not so for (3.7) because of singularity 

on the integration contour. Nevertheless, we make the 

summation defining the Cauchy mean :value of the ~ntegr;al. 

· The result is 

co 
.I . -t .1+. 8057 -Gt _ 
dt -e - · · 

1 l l1E
5 =_ ::- ( 

0 

00 

I 
... .. .1+.5305-G t 

V.P. dt e-t err 
. 1-1.2275 -G t err 

-~ 1 l l1E
8 

= M

2 

( 

8rr 
•0 

The solid and dashed lines in Fig.5 represent' the estima-
, . ,. . . . ' _,. 

tions on the en:rgy density without and with the . perturba- ' 

tive corrections,' ,respectively. One· can see that the 

corrections "shift" 

G(0):::1.44. 
c 

the critical point from ' G :::1. 625 
A 

to 

Thus, we conclude that ~he phase boundary is given by the 

function G (a) both at h.igh so and low temperature (solid 
c 

line in Fig.1) .. .. 
The order parameter and 'the mass M(G, a) (fig. 6). are 

discontinues·at the boundary; hence, the phase transition is 

of the first order. 

Since G · (G,a) 
eff 

is smaller 

decreases when· G ,increa~es,. we 

than .. G ( 0) =1. 44. . . and 
•C 

conclude .that the strong 

coupled regime does not exist in the model (1) (see Fig. 2) 
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and our description.of the system is.good _enough outside the 

criticai region. 

\ 

4. THE TWO-WELL POTENTIAL {2) 
• . ,.J 

Using once more equations (2. 6) but with g'=mv'g/2 
~ ~ . . -- . . ·. we 

obtain for {2:8) the ·following form: 

. ' 3 2 . q 2 • . 
gB + 3m-Vgl2-B + B[m.:.3gD

8
{f)] -.3m:Vg72-D

8
(f) = o 

'2 " ,. • . . . ·' 2 
3gB + 3m -v'29 -B - 3gD

8
(f) - m f = o 

{4.1) 

'• \ ·, 

According to the solutions of this . system there . . ' . . . . . . : are two 

phases with b;oken symmetry and one being symmetric. 

1) S-phase. 

' The first equation in (4 .. 1) has a solution 

1 \ 
B = (4:2) 

~ 
Using {4.2) in the second equation· of (4.i) we obtain a 

relation defining the.rnass of .the field in the s-phase 

The unique 

2 1 
= --' ln( 1+f•)· + 4d( a;Y'1 +f) f + 

.3G G 

\ 

solution. exists fc;>r any G, B • . Relations 

{4.3) 
) ' 

(2. 5), 

(2.7) and {4.2), {4.3) le.ad to the Hamiltonian iri the form 

22 

( 3. 3) arid to ·the .f oll owing energy density: . · 

m
2

{ .1 [ 2 ' '] .. f
2

• · . [ . ·• . ] } E
5

= - ·- + - +t f:+ - + 4(1+f) 2s(B/v'1+f)+d(B/v'1+f) . 
· Brr 2G 3G . 3G · · 

2) BS-phases. 

.Using the rest solutions .of the first equation of.{4.1) 

1± v1+f 
(4.4) 

B = 
~-

we get the equation for M(G,B) 

1, 
4d( B/v'1+f) .· (4.5) = ln( 1+f) f 

3G 

This equation has the solutions : only for such B, G that 
G!2l' G< 1 l 

GsG1 1 1 (B) · or 
c 

G2:G< 21 {B). 
c 

and are functions The c c 

given in Fig;< 7 by the' solid lines. There a:r~ two solutions 
. ( 1) ( 2) 

and they are.equal to .each other for G = Gc (B) or Gc (B). 

These solutions represent two different phases with broken 
-'• .. .. . . . . ' : ... . 

. symmetry. • Let us demonstrate this 'fo·r the, case .B=O. Since· 

d(O)=O,:~.·one can see .that (4.5) has a trivial solution f=O 

for any G, leading to the initial represente1:tibn w:i th. the 

mass m and with the vacuum condensate a=±1/v'4rrG. This is the 

first. BS-phase. In order to exclude· this . trivial solution 

from (4.5) we rewrite it in the form (B=O) 

1 · ln( 1+f) 
) 

= (4.6) 

3G f 

Thi's equation has a unique solution for any G and define the 

2:l 



.. 

<. >· 
'i 

second BS-phase with the mass and vacuum condensate g{ven'by 

M2 = m2 (1+f) 
a= •'&-

One can see from (4.6) that 

2 2 . 

{ 
1 '} M = m exp - -. - . . 

· 3G 
as G ~ 0. 

,J 

Nonanalyticity of M at the point G=O 
1
means .that the 'diffe-

. - ' - ' ~ .. 
renee between m and M cannot be obtai-ned within the pertur-

bative calculations and that the firs~. 1~t;tdsecond solutio.i'ts 

of (4.5) represent the two really differe~t phases. 

' ' • . ' ( 1) . ( 2) . . • . 
One can see from F1g.7 that-G (O)=G .· (O)=G. Us1ng f=O 

c c c 

in (4. 6) we get .the value of G =1/3. The region at ·the ·:phase 
. c -

plane (Fig.7) below .the boundary Gu 1 (e) corresp~mds.to. the 
' . c . 

first asl.phase, but the region above the boundary d 121 (e) 
. c . 

represents the seco~das:...phase~. 

The free Hamiltonian has a standard form. ·The interaction 

Hamiltonian and the vacuum energy' density in the :BS-phas~s 

take .the following form 
\ "; 

HI = dx: - • (~) ± ga•3 : , I [g 4 : .. ] 

. 4 _r ' . £ . 
't 
\ 

E8 = ~
2

{[1- -=-]f - 'f

2 

~+ 4(nf) [2~(e/V'1+f)+d(e/V'1+f) .. ·J}'· 
Brr 3G . 6G . . .. 
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At the last step we choose the phase being suitable for a 

given e, G. · - . 

The phase-stable boun'daries, obtained by comparin9 -the 

. energy densities (sectio:ns AB, CD in Fig. 7) and -by comp~ring 

the effec.tive coupling· constants· (solid lines in Fig. 7) 

differ from each other ~t low temperature. The reasons fC?·r 

such' a .difference a.'re the same as in: the case of ·the model 

(1}. That is why we do not discuss. thent here.· We will note 

·only that the values GA=.19 ... and G
0
=.64 ... corresponding_ 

to the points·_A, · D in Fig~ 7, coincide up to the notation 

. with the critical ·• cotrpling c'onstimts, .· obtained' by _the. GEP- ; 
' ' ~ ·, ' •• • - ·: •• -' ;: ..,_ ·' y ~ •• •, •• 

approximation· [1] by the. reason which has al~eady been 

pointed out in.·the previous section. 

Let us· dlscuss an improved phase picture, given by the 

.functions G10 (e) and ~~·:n(e) (solid lines in Fig.7). 
. c . . c . 

• . .>.-····- -~--- -~ 

One ·can· see. that there are two phases with broken sym- · 

me:: try' .and. one. being . symmetric. At zero temperature · tl:le 
,. ~-

symmetry is broken for any G, but a phase transition:without. 
. '; .·· . . . . . -

symmetry rearrange_ment takes place at G =1/3. 
·-· c . 

:The 'symmetry-3.~. restored for ariy fixed .value of G :if 
temperature_is high el!ough . 

The phase transitions are of'the first order since the 

.. mass .and, the order parameter a ... are· .discontinuous at. the . . . - . ' . ·,- . ~ .: . . . . . . 

pJ:lase boundaries,c .. as in Fig. 8 (d~shed,~in~ f~r ~.=1).~:: 

The effective coupling constant G · (G, e) is small unless . e££ 
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Effectiv:e coupling constants for the 
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' shed line. 
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) 
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( G, e)· is outside the critical regions where/G 
, . ! e££ 

is of an. 

order of o(1) (see F:ig. 9). This means that ou: des~ription 

of the system is good enough everywhere, except the locality 

of the phase'transitions. 

The phase boundary ,Gc 11 (8) lies iri;. the region 8>>G of· 
·c 

applicability of high tempera.ture e~pansion. BehaviCmr ··iJf 

this boundary is fn good _quantitative· agreement, ;,ith· the 
. . - . 

results obtained byhigh temperature ~xpansion [7 ,to', 16]. 

0'1 
.E 
0. 0.4 
::J._ •. 
0 
u 

~ 

'\l I 
:::: , I ''· I I I 4>oof ·' ~ . • f"'_ 

coupling constant G 
·' 

", .... ·.~ 

. Fig.9 ::. , . 
Effective coupling constants for the model (2). 
Solid lines correspond to 9 =0, the case 9 =i. is 
given by dashed lines. UpJ>er dashed line rela-

tes to . the S-phase. 
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