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1. Phase. space rep:{.'esentations (PSR's) in quantl.un theory (we mean 
formalisl!lS, e~·g.,. such as Wigner one/1 ~ 21, .where any density.'matrix 
is represent-ed 'by' some :rwi~tion of phas'e space v~iables) ~r_e not 
defi.iled uniquely,. unlike ,in rclassical theory. PSR~s caii be introduced 

, . , , , } :• I •' .' ; (~ <~ •o 

using-varioils formS of relevant completeness relations. For such a 
tr~atm~nt see refs.'15/ (for quan:t~ mech.ani~·s of p~;t·i~les), ref ~11W 
(for quantum field theory), refs.'17•18' (for q~t~ ~~chan:ics or 
spins t, 1 andi ). Here PSR's for the_ spin 2' are;in-troduced in this 

manner; ; ·· •.. ·.d· .. :·. _ • ' . . . . . . . ... · .. 
In PSR•s expressions for expectation values, correlators, etc., 

are written like those. in the classical probability theory, . the phase 
spac~ variables enterwg like. "hidde~ variabl~s;,. Ho~ev~r~ there are. 
essential disti:D.ctioM~·!n some .Psn•s·d~nsit:i.es a.ra:not.positive d~n­
nite (like the Wigner density/1/):>rn other PSR's densities are posi­
tive, ho~~ver, _expectation values, correlators, etc., include e?ctra .· 
("q~t~") numerical factors. For ex~le,;~it.is :nainly due.to_these 
fa~to~s. eXJ?r:ssions for _the quantum correl~or of. components "of .. two .. 
sp:Llls:differ.from that postulated by .Bell/. ?/ with the reference to 
th~ cl~ssic~l 'probability ·theory.' No~ ·the Bellprocedure 14;-,7,~ 
produces quantum analogs of the Bell inequality, which are uncontra­
dictory. Earlier Cirel'son/9/ lias propo~ed. anotheri-~ay to. obtain quan-
tum generali~atio~s of the Bell inequallty. . · ,·· 

2.Main algebraic,relations for spin 2 matrices are 
"A_ . .r• A~-._:.·'.·, .. ' ~' ·.· .. . . :} . ., 

s..., s,.. = 2.·1.·', (1) 
A 1\. • ' A 

. [ 5 k. ~(.1 = \.. f.k.tm. ~ ... I (2) 

(S"'. S~' 5"' :5,.; :g~· 1.= 10_~"".-~ ... ' {6.;::5_" "".r.,S~ 1.+ 10 bWI m {S~ b~ S~ 1+ · .. 1, -.ll. !>.· Ia s.S , .: , . .., .. r .. , 5 , , . , · '\ '!> · !1. ~ S} 

+1o'i~1~J~ ... ,.& ... sm5!;+1~~trt~~st~~;~m'5~l~' . , . 
!o ,, . ' ' ,.. .. !o ... -'t 

+ 10 'b..,_.,.!ots...._~ ... ~ sm53 +~o ~..,t.WI"{s"""s~los,_.s-! + 10 S"m._~5\~.!"~~~.!o 5~1+ 
_..-to'O~,~t5',Yil'WI~m5\+1os-'~t~ts~s,;1~"'~..,lr\ +10_1i..,_,~5t5.,."~~.:~m31-

x>Ne~a~ive. proba~~~i~ies ~e:e disctissed by Feynman ·~·~a-last · ··' 
papers/1 -'• 14-/~ · · · ·' ·~ · ":·'·,, 

~~~-:~:·.-·o-'·-~ I O'AIO_.,.., :~ .3-:<I-,;:;.;.;;-. "Ull.ll M1-..t.1')-'T ' 
~ ~~1"-~l:~":"'~.,'J't" fli."" .. l"•] 1 tl':'";t\ ! ~ '""•·•-'-'•··"' ...•..... J.o3 .. u..,.,. ~ 
~ . GHSiiv!OTEH.~ t -,"'-_... ' ---. -



-3ilSm~~:;S..,;"'""s + bWI..1m.:m~wt5 + ~wt~m.5~m~m.~Sm1-
- ?>2.(S.,"m~bm.1 ms + ~M-1m.ltb~m,-+ 'bW~'\WlsCO'Wl3rn.)S.m~-
_;2_1S b . +CO ~ b. ~ )"" 

\: m_,Mg_ ."'.~t Wls . \'!1'\"".lt f'lt_MS "'! m'\m.S . Wl!l.WI.It SJ"I\.;-

- 32.\'b • <i) . + '5 ~ ' + ~ cs . \'' 
. W1

1
Wig. ,WI:;t¥\S m 1W!.:; Mg_WlS wt1 WI.; m9.~~}Sm't-

-!>~('S'W\1WI'l.~~~~l(+ ~m"m:;'i)mg.Wl.f,-\- bm.1mlt~W\9.~~~hLS • (3) 

In eq.(:?) and in what f'ollows;the braces mean the totalsymmetrizatioxi 

without division by n! : ·· ·• · 
-. ". "' ' > "' i\: ·~ " • 
~~· s.l. = 5· s·.+S· s· '\.. l.!J .'L ) ~ 'L , ••. (4-) 

A ,... J\ .·. 1'. A 1\ A. A A. f:"' A "- I' :'\ /\ ~ 1\ /4. A 1\ · 

{s;.S·S k \-=l5is} +Sjs\.)s"+sk,s'-si +sjsi1+~i.sk~} + sisksi. ,·· 
. l. • .· .... l . ' .• 

and so on.'EqU:ation (:?) 'follows fram the identity 
,,·;, " .. ) ,,'.',<_ .. ~"',A·· \·. '~··'"': ·, 'I', ' ; , . ,_!A,_-·.· 

.JI'l.(i'~Y= tl;z'.5)'l.~ ~':t.st~tJ[<l~)'l.- i~·t]txs)= o, (5) 

>:::'· " . , 

where.· 11 i ( 'J-)- is •the minimal annihilation pol-rto~al for _-x;, )t is' 
an arbitrary unnormalized 3-vec tor ( cf. ref. I I 0 • see there further 

information about the spin matrices). ; . 
The 5 .x ~-matrices .1l.~s;_ ~ :\,si~j \\' {si5i s\c.3 and {s._?._;~ic.~tJ 

form a total basis· with. the completeness • relation '· • 

· i.?:J \1\eU1LU-·~~~~ ~~;.\~l~j\\~-·-~;.:~ \\~'-~i\\®q{~;.Sl1U+ 
+ 9.4~.?3'1 \ { ;isi ~"-\\~ u-\.~;_s~s"-3U +-. 'ls\,~c \\.s;_sis"-st.\\~ 1{~;_?. 1skst3\= 
= \1.UC!1U1.\. (6) 

Here \ ~·· \ , ~ ··· \1 , -:1.··· \\, \1 •• • \ denote matrices with pointing out .the 
positi~n of matrix ~dides: e.·g., 'il \;;_\®\si.U ;means t&;.\{;<..s-i_)~~ , 
then. \:1\S\1\.\ means (1l.\.s.,(1.)~f'=Cj)cl.$~11\!>~ , . . ; : ... 

:?.The .. density matrices of interest are defined by · · 

.... ' '~ ' • ." 1 . > ' ; ' 

t<Ls) ~ tm,O:) = § {.Wl,Ci:)(.oc~) = m? (.wt,ii':), 
• ; . 'I 

where m'=o;~ 1 9..''; .~2. =1. . They can be construct~d-out as the 

Lagrange - Silvester. polynomials which can be expressed vi~ th~: ·Iri.~i-. ~ ' ' " . . . 

(7) 

mal annihilation polynomial : 

2 

J 
;1 

t 
I 

1: 

.. 

"' .. _,I Tl,_(!j) ; 
~(2,Ci:)=\9.,«:?<'l._7a. = N9. ~-!1. I'}=~~= 

--.: A A . • tl4 

= ..1.. [ta?~)+!!.·t][(a:s-)2.-1]<.oc~), 
2.'1 . ·. . (8) 

··- .·.. ...... n C~;i) 

§c1,til) = I1,(L)<1,_~\ = N1 1}:_
1 

IL};:a:~ = 

= _ .1_ [(oc€')i-4·i][tci ~) +1] (ct~), 
6 . ' ' 

A ...., ;;:>>·. _,, ~I TI!t(~ ' . .· 
~(_O,o..) = \O;ct ,<o,~ :::: '~o '! lf=~g. = 

= ~ [(~~)9.24·1\.}[t~?:)~-1].'. (10) 

(9) 

The normalization constants N follow from the normalization conditions m ... 

tr ~ (M;Ci:) = 1.· (11) 

The density matrices for negative m are obtained from expressions 
(8) and (9) simply by re.placing ii with -Cl. .• 'Summation ·over m gives 

,. • I 

L:. "' .. 
~(m.,il) = 1L (12) 

. 
h1. =-i,-1,0, 1,'1,::.' 

Expectation values of:~pin'components are:given by 

tv [si ? lm,zt)];,. m. a:.;. (1:?) 

The probability of finding the spin compodent n' along r 
state with the spin,,component m,along iL ·is . 

in the 

~ (n., t ·, m,
1

oc)~ t~ [y(.n., t) ~ c.Wt ,ct)]. 
~ ' ~·· • .,s -

(14-) 

These probabilitiies are given in Table 1. For their calculation see 
' ' . ! f 

Appendix B. The sum of the probabilities equals unity: 

L. \'~n,l:;M,oc) = I:... '~(n.,f;m,ct)=L (15) 
rt. =.-2.1-110 1112. .· m "'- !1.

1
-1

1 
0, 1, 2. · . 

4-. ·Completeness relation (G),.for the 5x5 matrices can be written in 
! .•· -·. ' '' 1\ ~ 

terms of the abo;ve, density matr~ces .~ '? (m 
1 
~) and ,in some other 

relative forms as follows . . .. . 

~o 
11

,_ ~ ~ J rts) I ? (~, ~)\ @lf§(m_,~)U =:= 1 :i \0,\1:11.11-+ t1ll\@ \1:11.1, (16) 
I I ... ' 

..;._ _ 1· 0· ~-- so ....... _ 10 . 
· vo- 1 v1 = :!,"" 1 ':'!i.- T L... .·. ·. (16.a) 

s \cl~ts) I ~ tm, ~) l@ .VX<.m,s)U = 11. u~u.l , (17) 

5Jd~tS) \YC~)I® UYCs)U= t~\!0 1111.\. (18) 
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Here drC.s)= 2.~~(.5&-1) &l$s ~s the. measure on _s2 ~ The sphere}32,(S'-=:1) 
serves as a phase _spac~,· .. ~nd_ s=(S41S,_,s_;)are phase space VFiab!es~ .. 
Relations (1?) and (18) ~.being considered as' equations in X(m~ S") aitd 
"t (~) . cazi be solved (ex?ept fo:t' .X co,~) .• ; the r~aso~g s~e bei~w) 
to obtai.Il ·· . · · · 

J\ ., ~: '' . . . . ....... , ' ..... _.·-. .. "'' 

Xtt,oc) = cl·1 + v-(ilg,)+y(£ts)2.+'&(ocs)2> +e.C.~s)"L (19> 
' ' 

I -1 :!.1 "' 11 b ':Z. ' · · . 5 •'J. · ' ' ,-
01.. =-- (1, :::. - "'- ,., -- -L. ~ - ·- - • · (19 a) !!. , r 11., o -~' - 11..1 ~- . 1(, ' • 

X(2., ct) = J-.·1\.+ ~(LL~) +¥(oc~yl +i. tk_~)~_~£:(.k~)·t, . c2o) 
I 11 1•1; C' 2_{ <j '). 2,;~ ' ., . 

a..··~ 10, f.>=-~, o=-T, o =-t:·:.' .f-.~ --:tt'·; 
1

, c2o.a> 

Y(iL) = J-.·11.+ (!>(LL~)+'((«'.~)~ +~(ctt~)3 + f.(OC~)", ' (21) 

d...=~ [-9.(5'¥+11-f.)±i], ~= ~ (-11-S ± ~~){ 

1=- :?.;£±.·~·~·,· b= ± 1 {f, ~-~±~_tt·~· ·;(21.a)_' 

In the;latter case any combio~tion ... of;signs;ia. accept~bl~:r Therefo'r~: 
tfere exist several sollltions for Y • _The matrices'' ~(t11.1 $'') l(all m) 

1 X(m.,S') <m = 1,2) and YCs) 'satisfy the conditions · · ··<·f. ·:. 
trvc.ht-,5')=1,·:.;-_._ .. , (22) 

_t...-X(tn.;s)== 5cl+10¥+3'tt =1, (23) 

trY(~)= 5cl+10"+2»4£.= ±1, (24)' 

s~J~t-c)~C.wt,s)=i., (25> 

s ~ Jr ls) X(~,s:)~ ·(s cJ..4--to'(:3·4~}1l.~,.-1l·, ·· c2s> 

.S~tlttC.~) Y(~)= (5~+10'!-\- ~4~)-'1.~~~·; 
(27) 

In the :r.h.s, of.eqs. (24) and (2?) the signs correspond to those in 
c!. c21.a): Note th~t eq. C25) is the ~ompleteness ~elation for the •.. 

spin states lm 7 g'>(~ee ,e,q~: .<a?:-:-~10)), treated as -~~~~ren~ stat~s)c) 
It is the usual praperty· of'JIIaDy. sets' Of'·· coherent states, that 

< • • '~· t < • 

expectation values of any operator in the coherent states represent 
uniquely this op~rator• This, is the 'case for the states. 11;5'> .. ; and 
~~.~>I but for l 0' s). It is clear. from eq. (13): t!J.e zero expecta­
tion values correspond.not oilly,' to the. operator 'zero, 0 •, but .. also 

'- ·-"' .. -" . -·· . , " . - ~. " ~-, .. , . ' 

to the operators s •• ·This situation is common for any integer spin • 
It is due .to this f'~ct that eq. (1?) calm:ot: be ~~l-ied. :for X(O,s) . 

x)See ref's.l1o-121. 
5 



• 

. 5.- Defini,t.ion of PSR's, The c6ml>l~teness r~latio~ (16) leads to 
the three~component representative for any observable 

(Po<.~) ~·F~ls), P!l. t~))=(tr(~lo,&)P), tr(9(1,~)F),tr(9<9.,s)F», (2a) · 

while the compl~teness relations (17) and (18)_permit us to intrOduce 
the one-:'componerit.representatives 

. . (" 'I. .... 

T1 (?) =.t~ ~l1,s)'P), 
~,'. : A . 

.r~ (.&}=.=tr(§ (~,s)F), 

..1 

· ·r .. , (s) = tr CX.('\,s)ft), 
. ~ • ' ' "'. . A ~ 

. F ,_. (.s) = tr(X(i.,S')F), 

.FyC?) = tv{"\r(sYP): 
"' Each of these function~ can represent the operator 'F •.. 

(29) 

(30) 

(31) 

(32) 

(33) 

Restoration theorems. The completeness relations (16)-(18) guarantee 
that;any;operator·can·be restored via its representatives 

r:~-:~·:t-rr~i. ~.}d~ts)~tm,S')FmC5)= . ' 
. . · '· • m =0 1 i . } , .. 

: ':::: s:~Jr(5')Xl1,'s-')~<.~)=s~Jttc.sYXLi,s)F!I.C¥)==· 

(34.a) 

'=:s ~dtls) ~(1,~) ~,(s) = s~J._pls) ~c.2.,s) r!L, ts) = 
·,;;·:s ~a~~s) Y(s) Fyls). <34.b) 

The trace of ~ can be expressed via any of its representatives 
\ ·.;_) 

(via any component of its three-component representative in the 
first,case): ' 

"•' ~ A 

t\" 'F = 5 ~dt'(S') "P ... &) = \'YL =: 0 ,1,2.. 1 

= s~tlr~)F'"'.~)= 
= s Vt'(s) Fy(~). 

I I 'if W'=1, 1 

(35) 

The trace of· the product of' two operators in terms of' their 
tatives is given by·· 

represen-

tv-(FG)=-trF;~v{ .. _+ :L ""..,~.lr(~'F..,c.s')&..,CF)= 
. ' M=C,1,'l. . . 

= ·s SA.fls)"F-1,c.~)(]-1<.~) = s \JrC.~~ l?:)b-",(~)= 
· -~- s SJ.~~) "F~ls) ~~(s)=·s-\cl~(s)'F~ts)6-9.: (~)= 

(36.a) 

~.5 \J~(_g)"Py(~)~yl?:). ' (}6.b) 

6 

'-' 

r 

Let us giV~'~S examples the following expectati~~ ~~lues 

tr(F ytm,a-!)):::: -irr + L: · ~h'Sdfili"yrhc.~)rcn:,~;~k,cr)== <37~a) 
·· n=01f,t. . . · . . 

= 5 ~J~(S')F1,(?:)s>1 l~·,m,iL)'::J S~c\}'(s) ~(.~)f1r(!:;h1,£i':).~ 
, , ·-. , '" I 

:: 5 ~dtt(s)F'i,(F)S'~.lS';m,~) =S~A~(~)t;_{.s)'~i_·(i';h1;~)~ · 

=S~cl~(S')Fy(~)fv(C;m,Ci): ,;_,;:; -~ i -~, (:• d7~b) 
,, ~ .•. A _,. A . 

The representatives of the dens~ ty matrices.,· • ~ (0
7 
a.), f (1,Cl) 

and ~(2. 1 Cl) are given by (PSR' s A), ••• ,F))·:. ',, · · · 

A) { 9(0, S; 01a':) dl (1, S i O,ci)
1

;·9ci·;~; o;it)~-= 
={t.[-t:..~c~ct)~19. , .. ~ <.5ii)~[1.:::(?;<i)~]', tL1=-t~a:)~i9. J,. (38) 

1 ~ ·, ' ! ' " r . ·• ,.. . ~ 

{s>Co,s;1,tt), p(1,~s;1~ct)';~c.~,-if;1,i)j:: · . .· 

=t t (s(i)9. {t ~ (~~)i] ;· i\1.;~.i}(1~~~<i)i;'· i ·(1~ii)3q~~)),<39) 
' ' " '. ' • } •t • • ~ • 

{r c.o ,s; i.,tl), .s>(1, ~"; 2.~ct), ·s> u,_~; ~. oc)~h= 
. ,= { t [1_-<.~a:y1. rz·, ~ (1+sa:Y'(1~·~a:), ~6 (1,+ s~).tc~;;', ';;; '.,.s (40) 

B) \' 1 (s;o,oc)= h(~(1,s)~to,it))= ~,lsci:f1 (1~c.~a:)~], ; ··; ,.'((41) 

y1 (5>; -1, it) =.tv (~(1, ~) ~(1 1 Ci.)).~ * (1+,~&)~(1-:-2. ~ct)'l.,: - (42) 

f1 (~·, 2..,oc) =td§l1,~)~l2.,ci)) = t (1+~_<1)~(1-:-sO:)~, . :.~) , (43) 

c) ~!.(~;o;a:) =tr(~u.~)§lo,a))=!~ [1-ts&:)!t]'L·,r ' · ·(44) 

9!1.(s; 1,oc) -== tv(~l~.~),9(1,oc))=-1; (-~+~ctf'<:t""' ~~), 
S'9. (.'!:; 2.,il.)-= h-(~{.9.,~) § L2.,&.))= ~" (H ?:0:)4 , · 

.. (45) 

( .\, (46) 

n> S'1rC.s;o,<i:):::tr(X(1,~)rCo,~~· 
·· ; ~-·[-.i.'} .+ 9...·?,·1:)·1l?:tl.)~.- 33·1-(~a:)"J, 
N· Ls~ 1,a:) =·t~(Xl1,~) y(1,a:~~ . - " '' .. ,,: 

(47)' 

= t [3.-12.l!>"tt).::.. ~-:!>·l(S'~)t.~4·.tls:'ci)-;_+3'-~t-<.soc)41= 
= .1. [ 1+ ?>P~ (sa.)+ SP2 (sOC)+:ig,(sa:);:~P~cg&)j'. .s ' . '.. . .. '; .. ' 

This function can.be.,replaced:by · ,.' ... , "· . ;; ··;· _____ .... 
I ) ' :'J 

...... ""' 
7 :: 

(48) 



..., -") 'I 0" (; .... """) -1 {t_ 1-'12. x) 
S'1'' (s; 1,a..: = ~. s~ :>,a:. .=s tt~~-:-L1-.--9..-tj_'-<:-~.lo.a:..,.)_+_'1~i.]::-r\ 

<~ OQ e . . oo 
. =se~ [1+2:.(it+1}~ P2Csct)) = ~ L1 + L: (i£+1)~ts~)], (49) 

'l . - e= 1 . . · • . : . e=i 
·S'1r (5'; 2,oc)~ tr.(X(1,5'~ ~(.2..,ct~= 

.,·i. [!,~ + 2. 3 ·3~(.~&?).-: 42.(g"ci)'l..., ~3·t-(&'ci:f'-3'-·'Ksoc)4 ], <5o> 
.~'l. . '. '' . ' ;. ' 

E) g'l! <.~; o7oc) = tr(X~,g") ~ co,oc~= , 
.. ·.· .' = 1;-[1~- i~· ~. "f (€?Q:)2.. + ~3·1-(~oc)4 1' 

'·-, 
l'-' 

. (51) 

... ... ~ l 
~2..<.s;1,a:) =tt{X.(1,~)~(-t,oc)r= . 

=.L [-~ +1SC.~ct) + ::,.·s·t-l~fl)'l.-'l..'l.·t-C~oc); -2.·2-t·t-~oc)"] (52) 
.:.·; : I,.'. . ··. .. . . '· . 

~'l.·~·;:t,li) =- -tr(XLi,?)§('l,a':»=. 

= t [~ -uc~Cl).:. :t·2>·J t~ct)~ +:t'l.·?-t!:~):!> +39.·1-(sct)4]= 

~·~ [ 1 +~·P1 l~~) -,t-S.!\(?7ct)+ l-P3(_~oc)~ 9P~(.~if)]. (53) 
~ ' . \ : . '" 1 . -· ( ' • 

This function can be replaced by· 

o (_...; o,.-.) ·1.r-. (':'!':::?)• 
.·>!." !:. ;~.,Cl.,· =-s o~i_\,.S>,u.. .: .. · <54> 

F)<~'((~; o,a:) =. tr(~Cs)'§(o,a:~·= 
· = c~-.. -+, ~i +19..i;::.: 3 ('IS +~~)(sci)'-+ '3e..t~tr)~ ~ C55) 

.9v lsi 1, ct') = tr{Y (.S') ~(.1;a:\)= · .. 
.. = J..+t~+ ~f.+(jH1S)(~~)- ~ ('lf+i.)~oc)~-(:,'5~0:)3-(:,f.(.~ii:)'t 

. .... . ~ (56) 

· :8y LS'; i,oc)'.=·tr(v (~) ~l2.,ct))== • 
= J..+"lf + if.+ li~+ss)(S'~)+3(~+4e)lS'li) ,_+!> 'S l~O:.)~+ i £.(9oc)~57> 

· Here P1 (x) are the Legendre polynomials, and b !!,!.. (s,CX:) is the 

b -function on the ~phere s2 • The replacements indicated are possible 
since the representatives ~· 'are always integrated with polynomials 

in 5: maximum to fourth. power. In the representation F), J..
1 
~ 

1 
"!( ,<t. ,E.. 

are given by eq. · (21. a). ~ " v.-

All the above.densities are normalized as follows 

· ~scl~<.~)·s>c.n:.,i;m.,oc)=1 · "'~0,1,2. (58) 

! ' ·s ~ cl~C.f:) ~~(s; ht.,Cl.) ;.1 , ' · (59) 
where i·= 1,2,1 1 ,1" (lor m = 1), 2',2" (form·= 2), Y. · 

X} · · :.2_ ( ) /18/ / The power 2 of the denominator was missed in eq, 71 of rei'. • 
8 

... ~-·--:------------,..-------

The corresponding (in.the sense ofeq •. (36)) representatives.oi'-
any compone~t of spin 2 are,.given by ':· . ·.·. . . . . . .' ; . 

A). { tr .. [C.f~~(.o,S'>~, t:[lt"g.)'§t1,~>],·;~[(f~)§(9.,?:)]!:{o,C&"~J, 2.cf~t6o> 
B) <t'~)1, = i:.r[("F:s)X(-t,s)l = i(s~+11-l>)Ci'5)~6(f.s),. (61) 

c> cfS')!!, =tr[(lgotX:ti,s)]~2;(Sf>+H~.)(~~=3(is>, (62) 

n> (r~)1 =tr[(K€')~(1,S')]:=<l~}, (63) 

E) tl€')2.. == tr[(f~)y(CJ.~5')]= 2..Cls), . . (64)> 

F) (f~)y = trRt'~)'Y(s)] = i(S~4:-11~)cr~)=±~sc.s+1)tfs)==:t.Wcls) 
In the latter case the signs correspond to those in · f!. · (21 ia). ' (65) 

In PSR 
1 
s the expectation values. of t!le. spin· component (f~) can 

be represented as follows . , . 

h [ci?W(m,oc)] == SJt'ts)(~s)[ -u; vc~,s;.m.,~):~~u;_ 9(~t,s~miii)]=: 
· · · ·· · · · · · · · · · (66~a) 

= s-w;.~J~C?'Krs)S'.t(~; wt-\oc). · ·. : .. (66~b) 
where -u; and -u-2. a~e given by eqs. (16.a); i-= 1,2

1
1 1 (or 1" for 

m = 1), 2' (or 2" form·= 2),Y, 

-w" = b , w~ ~ 3 '. ·.:S 1' = -w1,,-=.1' -w 'l.' =~2!' = 2. , 

'l.Sy= i(Sf>+i'fo)= ±~S(S+i)_=*-.Ji . , .. 

'W;.~-L!-= s(s+1) =~ . -w~·~·5(s+1)~6. t. 
., '. . . ' .• .. 1 ; ' .. . ' 

This is the case for any spins,'' 

(67) 

(68) 

6. The sihglet state of two spins 2 in 'PSR'·s~ The singlet; state 
' ·. ,.,'\ 

is defined by 

(s:;·+s!)lst~el!.t:>= o ( h\ :::.1·,9. ':,), 
(~9) ~ 

(s~+ s~) § ~l\1~1tt: =§ ~~~~t:(~:;+s!)=o, 

lsi."1{e.t> == Js (u.~(2.)et.<.gC:9..)~ u.~o)~u.6(~t)+ u.~c.o)_c!uieo):- . 

. . , -~ IL~(:.i) Ill t.J(t) + Lt.."'(-2.)~ IA.g(!l)) 1 

~.s4e.et. = !s~"i~«-)<st~e~tl· -· · · . ,._ 

~ 

(71) 
~ ",-

(72) 
In fact, the singlet·state is.independent of any .quantization.axis, 

- and the d~iJ.sity matrix y$:.r..,ee.t c~ b~ ·written mani:eesti; independent 

of it (ci'. refsJWI- ·and 1181; ). 'However,. the state vector in the 
form (71) implies th~ use of some quantiz~tion axis. Nevertheless, 
this defect can:. be employed to simplify calculations (see Appendix B 
and rei' .1181). . . . . . 
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The' probabilities' to find definite components of two spins 2 in the 
singlet state are expressed via the ·one~spin probabilities 

, ~.(til 1Ci.; ·~ 1"(,'\ s~~~tH)="tf t{ [?4Cm,Ci.)g'(n.,f)~s~~£et-]= 
A 1L , A~ "A'J ,._ S~~t · , = ~.c.t..(m,ii)9.• (.n.,6) 5' ,~ J.'v} = 

. f>f 1 

= 'k f(~,ct;-~,1')= ~· ylrrt,oc;n,~"l?.")= 
= ~ r<:-m.;ct;n.,T)= ~ §'(WI,-oc;ti,t) 

(.. . /8 18/ (see; e.g., refs. • ) 

z: .. ; L L ·· ·: .: s>lm,~;n.,i\s'-n'let.t)=1 1 

( m,n=-'l.,-1,,0, 1 1i 

52. \J f"(~) SJ~(_() 5' (m,Cl; V\. 1"P:\sLrt,~t)= 1. 

(73) 

(74) 

(75) 

The probabilities ~(m,oc; l'l,f\sLn.'Ae.et.) are given. explicitly in Table 2, 

Thesinglet state.can be represented in PSR's 
~}'by' th~ 9-~omponent representative 

;, s> (~,a':·, n.,ll $i..~&t) m,n=071 72. 1 (76) 

or by· the. f'oll~wing· :l-component representatives 

B) S'1 <.~, ~\s..:~t«)::. 5'<.1,<L 11, ilr.i-"'1~)=~ (-t-oclt')<l.(1+2.i:l~)~ c77) 

c> S'2. t«., ~J!>.:~eet),; ~(2. 1£ ;2.,t'\s.:l\~~t)= ~0 (~-cx.r)~ <78) 

~). ,s>1,(ci!,t'ls'-+~)= yyLX(-t,~)x_g(i,l)~s~~~1= 
= ~ [scl.. 2.+2.0.1-¥ + f.gcl.£.+12>"¥t+1lt't£. +~!£.2.-2.(5'~'42>Lt~H41&1)(ctl) 

. +3(1-·{l+(:,2.1(£.+111~~(ct~)t- f:/·f,9.(Cil); + bt.£.2.(c!l)lc}= 

=.i.5 [-5 '1' + ~.s<.ctl)-2>·1:;ccr~>2 - .l!(ctir.-; + ~cct.t)4] (79) 
' 2. il 2,5" ' ' 2.'- . ) 2_b • 

E) -~ :• s> i' l~Lit'\ ~th1 e~t) = t: ttL i ~c,.,a:) X e(2.,-,) ~ .stn~4t] = 

=!l.~ [1·1(:."1 + i·'!.·11(Cl")-~·1-~·~;(ctl')"-4·1i(Ciff+34·1!(ctl')4]c8o) 

F) '. ~y ((( ,t'\ si:n~(e.t) = t: y('Y'\ct)Y~~t)J~~ .. ,~t] = 

· ·~ 
1
1.s ( 2>+it~:,(il~) -i·:;"·i-(<1g)1-.9.4.,r:c:~l')>+:!."·1(ifl.")"J 

< {' ~ - l' ' ' • 

= ~2. L1-~Pliit)+ 5P2.<.ca.')-1P:!.<.~f)+9P~(£~] (81) 

• · ~y·lct,f\s'-~tt')= ~9. <ost(.oc,-1:) (82) 
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The function c; y is independent_ of the choice of Y (i.e., of the 
signs in eqs. (21.a) for J.1 ~;·~,<o,~ ?· The functi~s ~ 1·, f'J! and ffy 
are not positive .. definite. However; IJY, - ~an be replaced by the posi­
tive definite function fy• • All the densities are normalized as 
follows 

5"~~ cl~(s"")Pt't~~)s>t.(s'a., iG lsl.n1-e£t) = 1. (83) 

In terms of these densities the correlator of couponents of two spins 
' .J 2 in the singlet state"can be_ written as 

c.(it 't) = trtrr(ceg")(f~<l)~ s.:n~]=-
' eve~ ; .) " 

= ~Jrcs4)\J~c.~g)<.ils"-)(ls~L: 2:;,.. ~u;.mn.s{h\,s""; n,stJs~~"' 
. ; .· m 1n:01i 1i. 

= s9.(i )'-~!rtf!"")~Jtt&')@:s ... )(.rst) [is51o ,s"-; 1,~gls~+ 
+2.0 ~(1,?:"";2..,s'ls..:~)+4 f~,s<l.;i1s~\!>i.n.~fe.t)}= (84.a) 

::o 5!1.-tu[~J~C.!:~) ~Arts') (~5 ... )(1;\~g) S\ (sa., s~ l st.n1tr.t) C84.b) 

=-2<.~f), 
• 'I I y' • • . " (67) where :1. = 1,2,1 ,2 ,Y, ... ;.wi:··are gJ.ven by eqs. , Wyr= wy, 

wir = wi ~ s(s+1) = 6. In all .the r_eprefle17tations correlator (84) 
. resembles its classical counterpart' :assumed, by Bell. However, 

there are essential distinctions. In representations D), E) and F) 

the densities are not po~itive definite. In cases A),B),C) and F) with 

t?y• instead ,of _ ~y th~ densities are positive, however, extra_ 
numerical factors' e.:i:clude reducing to classics. 

Expressions (84)'.with··the positive densities admit the Bell type 
derivation of ineq~alities for the correlator. Thi~ way lead us to the 

· ... \ . ' .· . . . ' 

following quantum analogs of the Bell inequality _ .. 
"' ',(~)-

. I c.<.a! .~)-c. ttt,l')\+ !c.<.tt', t')+c.(ct', t)\" i.·'IJ~ =2. · 
I '>·, • • " 

ro"- i=1 
?J'- i=2. 

. l ~ i.:::.y', 

(85) 

where the'factor .(llY·corr~sponds_to the expression (84.a) for 
c.ltt. ~) (PSR A)). ~ng these estimations the last is the best. It 

' ·. . /18/ 
is also univ~rsal for all the spins s (see ref. , p~ 14). 

?.Let us' proceed with some other aspects of PSRis. A.-representative 
I . . ' A .A · .. > A-

of the product of 'tWo observables F and G can be expressed via their 
representatives ds fellows 

].2 

i 

l 

F(s)~e:..a:):: 'lY (iC$')P.~)= 

= s~~.lrcs">V~t~'')K&;'s',s'')'F~~~s'') · 
after putting expressions (34.b) foi- ''tlie c,;~:d'~tors 'tt imd G~ The 

(86) 

ke=el K is , "': . . . , . ~; · . 

Kcs ,s', 5''') =tr(:2.l~>i'(~') i"Cs")), '(87) 

where Z, Z' and Z" are matrices entering .eqs. (34-.b), e~g., 
ZQ:)=~(M,s), Z'(5)=Z"(~)=X(m',s). • · ' : 

. 8.The equations of motion for the density matrix B Snd aD;y observ7 A . ), 

able F, which does not depend explicitly on time, ·i.e., the von Neu-
mann and Heisenberg-Born-Jordan-Dirac equations 

.,~ .... "'A J" 
· \~ ~c:~"\=-1.(H.l~(~)1,: d.t. P=O 

tit p<.t):.-i[H., Plt)}, " it~=O 
(88) 

(89) 

in the Schr6dinger and Heisenberg pictures, respectively' take in 
PSR • s. the form .. 

t-Jt ~c~,t) =-:-"-(Hem,. ~~,t)- s><.~,~)* \-\cr:~) 1tP(.!:)=o <90> 
~-~.-'F~,t) = -i(Ht~)*'F&,ti-F&,t)~ \-\c~)) l * \'C..~)=o <91> dt . 
9.Le.ft·and right operator representatives. Besides the abov~ non­

operator representatives, in some cases operator representatives can 
be introduced: ' ' 

tv- (i (?:)pt..) :: . F e. -l:lf."(it~) &.) ~Fe.· G;(~) .. (92~a) 
+ ••••• 

= ~'r tr(i(s)G-)=G'P ~) (92•b) 

(~i." refs/15-171). The left and rif5ht ~~erator rep~~sentative~ .Fl and 
r are partial differentia~ operators acting ~n '!: (on ':fwictio~s cir s). 
Note that · . · · . . ' .·. . 

" A. 1!. A e. ' ... 
tr(~U:YP) = F" trl~ls))~ Er ~ i= "f'(.S") (tr~ls)=-\)(93) 

' . 1 . " . · .. , .~· 
Equations (92.a) and (92.b) supply us (if F and r exist) with "two 
more expressions .for the nonoperator representative of product of two 
operators in addition to eq.(8G). , ... 

. ' ' . '! . ; . . ·' ' . . ' ."~J • • ' 

The ~eft rep:resentatives are multiplied;· in the same order as ori-
gina~ operators, while the right representatives in the iDYerse order: 

tr(~~)p'\f',_G.-)=F1r.F;tr(its)G),' ..• ; .· <94> 
tr{i:<.r:)tl\ r~) = F;F,t tt{i<.~)&). . C95) 

The left representatives commute with the right ones: : - ... - . t r ~ . . -· . ,, . .. . 
LP ,&.1-0. _ . . . . (96) 

as a genera~ rule for all associative theories (Unlike n~nassociative 
ones). 
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The operator representatives can be introdud'ed in the representati­
on with Z(~)::::~(s,5) (m=s) f9r. all thespi~ s = ~. 1, ~' 2, ••• 

tr(~(s,S')sj F)'= s~ tr(v(s ,~F), (97) 

tv(§ts,s)F ~i) = sj tt{pl!>,s\F). (98) 
It 

To finds! 
l 

we.solve the equations 

't~l. ·-" "t. ""')"' " ' 
Sj S'~.~ J= Sl~,s Si '.wl 

r " .,.. "' " t • . ..,..) s.i p (,s,s)=Sl ~ \..s., s , 
suppo.sing that 

sr =;sj + l'ts~c.(sk~s3- s~~s2J + ~ f.ik.t~k.~se-

(99) 

(100) 

(101) 

where 'S, ~ '~ are unknown (only :i.riner 'operators on s2 are admissible). 
Thus we obtainx) , . 

t +-\ ' ( ~ s ~ \_ t ~ s '() ' 
sr. = s ~3 .. 9:s.li.\sk.~s· - 3-as"-J +-,:: .\It-t "-~s (102) ·.) . . .,. . . l . . . . e 

for: spins s -~ 1,· .. 1, ··~, 2, •••• These operators satisfy the usual com­
mutation relations with additional minus 'for the •.right ~epresentatives 

t e. t, · . e. [ r r 1 . r [ t ""1 0 s1 s \i. J = 1. £...i ld. st. , si , s"- =-t. £.i~St, . s.i ., s."- = ( 103) 
. .. . 1 . r , .. .·• ,. . . : , / 

The representatives F and F of any operator F may be obtained expli-
~ • A , 

citly by replacing in F the,spin matrices S· by their left and right 
. \ .. ' ' l. . . . .... . . ' 
representatives, respectively, taking into account the above:·rule of 
order of factors. · 

·~ 

10.Equations of motion (88) and (89) take in these terms the form 
.of the: Liouville 'equation 

·'. ~t·S'(~,~)=--S:s><.!~\t), {tFC.S')=O (Schr. pict.) (1Q4.) 

'~tP~,t) = S::. F<..s',t), ~t \'L~)::-0. (Heis. pict.) · (105) 
where.::· ·. ' 

·~(~,t)= tt{~C.s,~)y(.t)) 
1 

. FC.s,t).=:=tt-(~C.s,s)f (t1), 

• c • •• ""~ ' • 

t:'(?:)= tr(§Cs~~YP), 
~{s) == t"{9ls,s)~). 

(106) 

• . (107) 

ior'any spin s 1 1'' 3 2 . = 2' ' 2' ' • • • and 

r = -L\:"f (He-Hr) (108) 

x) e. " ,.. · ... .... "' .... 
" The equation_: s 1 2.<f)=~(.~)~j, ,. srZ,(s)=S;1:.(~) with 

'2!.(5') =c:l·1.+ f.. (~S)+YC$'S')'i.. + ... · have solutions only :for the 
special values ··• of d..·, v.·, )(' ., •.•. 
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is a Liouvillian, a partialdifferential'operator. The formal soluti­
ons of eqs. (104) and (105) are 

s>l~,t) = e-S::.t s>l~,o), (109) 

t:'(.c;",t') = e .tt Fl.s;\0) (110) 
if the Hamiltonian, and therefore the Liouvillian are independent of 
time. (The solutions (109) and (110) correspond to the formal solu­
tions of eqs. (88) and (89) 

"' -ik1~H:" . ik~Ht. A i'k"1 Htf" ~ -i.t.-1Ht) 
S'Lt)= e. ~lO)e , f(t)=e. : . (OJe · (111) 

For the motion in a co~stant magnetic field the Hamitonian and its 
nonopcrator and operator ~epresentatives are · 

"' .... - ~ .L Ht _, - e f- e. ri) . H=-1\.I.OS HC$)=-hsw&', r=-1\ws to lw=a-..15 (112) 
l ' ..... m.c. 

and therefore the Liouvillian is · 
C'- • ...., t~e -r) ·. "'I 
,J...,=-'1.1.0\:.s -s =-t<)·E.·~t.e.5~c.-

. . . ~ ) 1>St 
(113) 

for any spin. Equations (1Q4.) and (105) take the form 
'i) - . 
'?)t \'(s,t)=w;f.)ke_s""~s ~(s,t), : • e. (114) 

~ Ft"S,t)=-c.i>;f.~H s"-':L_ F<.1:,t) 
" ~ 'DSt. ' 

yO:',t) = e.~r(tw)E-i~<.e.s"-~se.~q(s,o) 
(115) 

(116) 

F(~,t) = e.y,y~ t (.\)i £)k.e.>"-~seJ"F(5:,o). (117) 

One can also \vrite eqs. (114) and (115) in terms of the nonoperator 
representative of Hamiltonian as follows 

::L ol~t)=(s\\r1 f.. · s.'OH(s) o~(s",t) : c11a) 
~t ' ' . lk.e 1 os" o se.. ~ 
'L F(~t)=-(stt.)-t~. s.'"bHCs) ol-'&,t) (119) 
'()t ' J k.t.. 1 '0 s "- osp_· 

This 'form of the equations resembles· the Liouville equation in the 
classical mechanics (see, e.'g:·, re:fs.f15-17/): · 

,;t ilx,r,t)= -5::: ~lX,\',t) . (or ~t ~(.x,'p,t) =5:. F (x,p,t)) (120) 

.t=L. (ol-l £.._ _ oH o") (121) 
. 0\'i "bX.;_ 'C}X.t. 11pi. 
'\. . "•• ' 

The r.h.s!s af eqs. (118) arid (119) are analogs. of the Poisson brae-· 
cets. But here the variables, sj (j ·= 1 ,2,3) on the sphere s 2 (s2.=-1) 
serve as phase space variables instead of the variables x and p in the 
usual Poisson brackets. The Liouv:illi~n (113) is'the partial-differen­
tial operator of the first order. Due, to this fact equations (11~) and'·· 
(115) are of the classickl ?,ature. They can be solved in terms of' . : 
characteristics s(t), which satisfy analogs of the Haiirl.lton and Newton 
equations (for details s~e ref./171, cf. refs./15,16/). 
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~ppendixA. The spin 2 matrices in the canonical representation 
.... ,. 

" s1 sl s .. 
~ 

2. . . . . -2. 
• t ~ l ' :1 r ~ 1 1. . . .[(; . . 2. . -~ . . 

.fb-.:~ . 'L • .fb . -~ 2 
Ji; . 2. . .. \{i; . ~2., ,. . • -1 

2. . . 2.. • • . . . -2. 

The dots stand for zeros. 
Powers of the spin matrices 

"2. "'t. "!l st 

i . -~. 'l f s:!> 
i .a . . 

5 . ~ . . s . -3 . : . 1 . 
b . ~ t -u: · (, · -\[6 · . . . 

s . . -~ 5 . I I . 1 . . 
# . 2.. . . --.[6 t.J l. . . Ll 
"'!> ""') "$ 5-t s~. ~~ 

. s . 3 . -s 3 ~r r ~ . 
5 . Lt.f(; . 3 5 -~~. 1 

il . Lt-16 . Lt.Ji; • 1. . 4-.fb . -4-fi; • 'i 
3 ··. '4~. 5 -3 ·. 4# . -5 J t: . . -1 . 
. 3 . 5" . . -~ . s . . . . -i 

".ft "4 "Lt 51 &ll. . 5.3 

s· · 4~. :; 5 .. -4-ll: . 31 r 1~ . 
·' ·n . 1S · • 11 · -1S · • 1 

il4~-· 1lt . 4~ 1-4.[6 . 
2. 

2.i( . -4~ 

1s · . . -ts · 11 • I I . . . 1 . . H· 
."!> '4~. 5 3 • -4~ · 5 I I . . . 1& 
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Sy'!llll~t.x;izedproducts of the sp~matrices 
~ " :-~; ,. ·;.. .,.. ' 

{51Sll.~ -t~~s~~ 

-~ . . .16 
. \. 

-6 

.· -~ 
ii.[E; 

3 

-~ 

1i,"""'" i1.51s.~~~! . 
eo 

5 . -~ 

s . 4~ . .,.~ 
11 .. . . 
j . 4-.fb . 4# 
-~ . it~ . s 
. -~ 5 

i -.Ib·~ 
-.fb E:, 

• :...6 

1 A--A J' 

'i{51St,S3} 

14 

14 . ~ 

~I·~ -~ 
• -.16 . 14 

1-4 

1 
I 

{&~s11 

6 

6 # 
-./6 ~ -~ 
-~. -& 

. -6 . 

1 - A A 

!:{ 5l!.S.1 ~1! 

:-:-S • -9 

5 . -4[6 . -:-9 

~~ · 4-16 · -A~ ·. 
9 · 4~ · -s 

9 5 . 

1 ,._ A A 1 f :' " " .1. ((' A A l. ~ {5!15~5~! -,:1.5:.~5.1 51 } ~ 1.~3-s.~ s!ls 

-14 • • • 10 • 3.,fi; • 10 • ...:3«; • 

14 • -{c; . . . . . 14 • • • • 14: • . 

tl . {6 . --{b . i 3~ . . . . -~~ f 3~ . . ·.. . . 3i6 

.[6 . -14 . • . -14 • . • . -1~ • 

• 14 • • . -~[(; • -10 • • ~.J6 . . -10 

·. -1 

{

A A A fZ' 
~1 S9..S.31= 3t'J~_I l1 1 

' .. 

-1 

17: 



1 J" ""' A A 

li{_~1S1!;!l. '::.t.l 
:·' ~ ' 

~~s.,s:5.~st.f 
s . . . -9 3~ . l~ . 
· H • · · · 31 3 

'-i . . 11-.Ib . () . 1~ 

_:~ 

n · . 3 • ...,~3f . 
!) 

'I f ~ ,. ,. ,.. 'l. 
~ 1..!.1 s 2.s_2. s'i. ..s 

'-4J6 . ~ 
, .. .:.15 • 

y~. Yt 

15"'"""1 
"(;'\.51 S~S$5:!>> 

30 
30 • ~ 

il4-n; ·~ f . -Lj¥1.i • -.rc; • -{6 

1. 

2. 

.1s· • 

.;.b • -4~ • 

.1."'"""1 
b {.~!.s:!.s~s?>s 

. ~30 .· 
30 ; ::ljb 
~ .·~ 

•.. . -'..[6 . 30 

• -30 . 
'_f, 

1 r"" A A A. 

1:'l.51 ~2.S~S'.!>1 

-l~ . 
I 

-3 

i.l1~ -1.J6 
~ 

1~ 

--.fb" . -30 

. -30 . 

1(""""'1 
E; 1 s~s"S 1 su 

'l.lt. • 6 

14 . =Nb . -~ 

tl . 1-16 • -1~ . 

b • -1~ · -2A 

. -6 . -~4 . 

1 ""'""" ~\_S1 S~S'l.s!l.\ 

2.4 • -1S • 

9.4 • 1.[[, · 1S tl . ;t{G' . -1i6 . 
-1S • -1-fb • -2't 

1S • -2:4 
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1 ~ A 'A. .,.,··· 

'i\{s9.s2.s3.s?>l 
; 

3-i . -~ • 
. ;1 .. -3 

" I-1.[£; · b . -1~ 

. -3 . 31 

. . -1-.Jb • 3i 

1 "- A A A 

6,{~51S1S1~ 
-4-fb,, . -~ 

-1S · 

i14.J6 . 

15 

.· . -'t~ 

~ . 4\16 

1 f"" ... ,. 'l 
b' 1.s2. s'l. s<;l s2.s 

-'l.~ . (, 

14 . -1~ . -6 

il·' 14'6 >-=~~ . 
-6 . -1~ . 2.'t 

b •. -24 

"" A A _,.. A 

·~:{ 5'l. Sz. S1 51 ~ 

• -2A . -18 

2.'t • -1-16 : 1S 

.1.1.' ·1-~ . '1{(; . 
.~ 

1S • -1{{; · 2.4 

-1S · -'1.~ • 

Sy:n:netrized pro'd~cts are expressed via ~~di';ll')rY ones as follows 

{ s. S· =aS· "' "' 3 "9. 
"L \.. ..(.. 1. , 

~ ,. " A \ L "';?, S·S·S· -oS· t.. ... 1...- 1.' 

{
" " "' 1\ \ I. A 4 S·S·S·S· =2.,S· \. t.. '\. t.. \.., 

,. A J\ QA A 2,_ -"'-A A. 1\., " ) 
C's. s. S. l = 2_ Si.S·.+ S· S· + S~ Si SJ· ; 
'\. I. J JJ l' l ~ • 

,. 
' 

1 S-S-S.<:.·'\.= 1· S· 5· +S· S· +S ·~·S· +5·S· S·+S·S·S ·S·+S·S· S·S· . 
A-I' /'>A Qil"-!_1\!,' "'2."!..'. ,._ A.!A•• ·A .,..t.A· 4 Jf.A A ~A. A . .A A') 

L , "" '\. 3 )5 ."'1 1. l l '1. 'l I ... I t. l ... l ' .· 1 l ,_ l 'l. ' 

" A. ",.. \ 6(" .. .:, :":!." ... " ,.1.' "'!." ;..,)'' :·,. ~ ' fs. S· S·5· = S· S· +S· S· + 5· S· S·+ 5· S·S· · 
'l I. l l J . '1. ~ • ·1 '1. l '1. l l ... J ' 

A A ,.. 1\. · (
1 

/'lo. 1 A A , A. A '14o .. ~ Jt. ~"A . A. A. e A A A ' A 1\.. A 

\sis.)s~t.s~<-! ==i\.(s'-5-l+s,; si)s~ +si (sisj+sjsi.)+s~<.lsisj ~s)s~s~c.+ 
+".1\.C]_A. .1\1\q_A "-A. .AA AA.·AA I' ol'\ I\ A A AA A~ . s._ Sk. Sl +Sj Sit. S;_ +51. !:.1<-S_;S~c.. +S_;S~t.Si.S.Ic..+SIL.Si.Sk.S.)+S\<.SjS\c.Si) 

(no sWlllllation everywhere), i,j,k = 1,2,3. 

Appendix B. The general trace of interest is 

ty [lcl·1 + r-- (ocf:)+'l((.oc~)'l.+ S (oc~):; +~(O:?i)'~)· 
. (.1!-11. + ~. (~~) + ~, (g~)'l. + 1,' (l ?:)~+ ~(tg-)4) 1 (B~1) 

for spins up to 2. The calculation can beessentially si:nplified.in 
therspecial frame of reference with .Oi\lt'" ,: wliere ·th~ secondmatrix' 
takes form 

( J.'.1\. + \',1 s·'!. + -&'5i + S's~ + f.' S.i) (B.2) 

and is purely diagonal (see Appendix A for spin 2). First of all we 
calculate the traces h[C..iL~"H"'~~with n =-0,1,2,3,4. We'need si~ply 
to find only one diagonal matrix element of_(U:~)n. for each -m, since 

~ . . ... ' 

..... .• 1' ·:- . . ...... 
. [" ... '] A ~ A ~ 

~ (i, t) == : : : : : • ~(O,t) -
[

1 .... '1 
.. . . . . ' 
... .. . . . 
..... [

· ... ,: ,.]_ 
. : 1 ; . > . ~·. . .. . 
• • • • .. -"> 

A ':"> 
f{.2.,g) = 

~), §l-~,&')= [: : : :_ :] . 
1 . . .... 

• . ..• '. 1 

§~1,1:)= [: : 

Using the following decompositions:in'th~ sy~etrized 
spin 2 matrices 

.,.l--

. '19 

(B.3) 

products of the 



... ~ 2., 9.,~':Z., 2_1\9,. '- "'!_ (;Itt.· A J'\. ""' A. A (a.~) =a." s" + a.R. s2. + a.~s:?. +~-~a.1 l.~-ts!l.1 +ct.s.a..3.{_s.!l.~~! +a.:?>a.1{.~:!.s1~, _.,,. :!> ::!...\::!. '· ::!."~ 2>"3 " A A" 

(.a..~) = a.t s" +a.'J.s.~+ a.:3s3+ a.1a.!la..3. {.s1s!l.s~! + 
1_ j_ -" A " . 2_ j_ f," ,. A ' . !1. 1 A A A l !1.-\ f ~ A A l 

+Cl.1 Ol!l. 2 {s1 s!l.s2.' +0..1 0.:::!. !t "1.!»1 s:!.s~~+ a.2.ct:·t'2:ls!l..s1 s1.) +a."'a:3 ~,_s!ls~s~.s+ 
2_ A A A !1. .i..r:" " A } +~oct~ {~:?>s.1s13+ct':!.a.:!l.2. 'l.s~s!l.s!1..5 , 

(, ..... ~)4 ""4 • I, "-4 " "4 2> 1 f:' A A A 1 3-( f,A A A A 

\.Cl.S = Cl.1 .S." +a.2.52. + 0.:;S3+a.1'ijt&'l.SiS!I.Si~~U +0.1C1::!.(;'l.StS
3
S

3
S3>!+ 

3 1 A " A A 'l_ ?, 1 f ,'" " A "' l . 3 _if,._ "- A. 07, ' 3_i_fc '} +~a.1 _G \SllS1S-tS1 ~+Cli.Cl::!.l;'l.S2.~:!.S:!.S3.j+Cl.:!.Cl.1 ps3s1s-t~-t.)+CL::!.a;_?;l.'\S!l.Si-'J.\ 
!1. !!. 1 J A. A "- A l . 9_ !1. .i. fA A A A l !1.' !1_'.( • A A. A. A . 

+ a.1. o.:2..'2!l.s1s1s,_s~+a.." G:i, -'t "l.s-ts1 s:!.s>.> + a.ll.. oc3. 21{s!l.s!l.s3s'!.3 + 
!I...::Li"' ...... 1 1 !l-f f~"' ....... l -i.-( ft ... "" l + a.-ta.'l a.3 ~ ."\.s1 s,_s:!>~!>_s +_a.,.a.3a.;:~1.sts:!>s1s,_~ +<4_~a.t'2:1..s,_s3s-ts1~ · 

· · . . . - . . (B.4) 
and taking these products in the canooical,representation (Appendix A) 
we get'. 

-ta- [ ~ u,t') 1.] ... 1, 

i:"" rv(!t,t)tcr~J = __ 2-a.:?. , 

tt;"J~l~,l)@.~)'l.]= 1+3a.~' 
~;~ t§(9., t')tct~Y·J =s-a.:?, +3a.~ , 
t~-- tfu ,r)cct~)"J= ~ +1i.c4 +~a.;, (B.5) 

-to~[§ l1) f) 1) = 11 

t~ t§"0, l:)(~~)}:: a.~' 
ty [§ u,l:)tctg)'-]= ~- ;_a.~._ 
t:r [~t1,r·)<.cr~n?>J:;1«.:;.:...6a_;, 

[

'\ ~ A 4 
tr ,s>(-t 1 t)(~&') }=~-~a.~ -ba.i, (B.6) 

tr~~l0 1~)1]= 1, 

t.t- [~·(o,t')(oc~)] = o, 

tr- [~to;f)&~)l-]=: ?,-~~, 
t" [§ lo,l')(~~)'!>) = o, 

tt- ty lO,~)loc~:J"]=1i- 2.1 a.i + 9 a..i. , . . (B.?) 

In ~ .general frame of reference a.~ converts into (ocf) • Then 
the traces with y(m1"f) , m = -1,-2 follow fr~m eqs. (B.6) and (B.5), 

20 

t".J 

-~ .,.., -
respectively, simply substituting .;. ~ for e.· , or - <1:!> for ct.3 in 
the r.ii.sis; of eqs. _ (B.6) a0:d (B.5) <)lo~ we can :easily obtaln, both , 
the traces given in-Table 1 and the general trace (B.1) 

tr[(J..J. + ~ t0.:~)+'6.(it~)2.~<b(~?:)~+ ~(&i"')~t); 
· (J.'.t+~' tf~)+x'(t'~)'"+coic_r~\~~~'(fg)~)]~··-- -

=- (J..'+3.f>1 +4~' +S<o'+ 1c,.~) · 
. [cl + t!>·i(~f)+'6(j+ 3(~t')2.)+ "b(.s(a!E)+3~i'Y.)±_!:~~ +~~~~l')'"+,~<.o;~)'i)]+ 

+ (cl' +Y>'+1S'+~'+~). ' 

. [cl+~ CiLl)+'lf(~ --tc«fl2.)+~(t-Ccei')7~&lr}H.(~-:- ;_c,d.')'L-:. ~c.ctr)~)]+ 

+J..' (;l +'6(~-3C(i!f)'-) + f.(U. -!1.1 (CCt)'- +-~(ctt)Lt)+ t ·~. ,! 
~· ·:"· 

4- (J..I..;y..l +"'-'11'+£.'). 
(, • , •.•.• "'1 . ' 

{d.--~(~'t)+'6(i- i&1'1)-'b(~{(t"t)-bltt~y)~e.(";-; ~(~~t-b&~t)]~. 

+l.J-1 -i-~'-+-4'6' -st'+1~£\: - - . . .. . . 
·(j_-(b·i<fl~)+~l1+~(~t')i,)-<D(.s<tt~)+~(a':l\!.)+i.~ +1~~~i±.l(~!>~i. 

·: : . : ' 1 (B~8) 
This formula covers all the traces of interest, such as in Table 1 
and others. ·' 

Appendix C. A· typical integral we need .is ... •. • 

I = (.!ls +1) S df\ (~) [ J.i 1. + ~· (lt~) + '\'(0:~)"+ '6.1 (~ ~)~ ~ t.'('l.'f;>)'~J ® . 
A··· '. t '· . ,." . ·•· ··_· !-". 

@ [J..1L + f> (~g.) +'1(.((.~)9.+ "b(a:~y· +i(Cl.~)4] (c;1) 

for 'spins up to 2. It equals · · · 
': .;)'t 

~ .. .-: .· ,. .·' ·,'. . ,"-

I: i\o·1«~1l +f\1si Qlsi.+Aa-tsi?.i~~tsisj\+IX:;tsi?.jsLt.~~t{S.js'~!+··j'"1 

+J\~tt5i.s,;s 13t.!Q{si.S.js"-st.3 '·'· ·· ··:~ · ('c1~25' 
where .. . _ .. . . .. __ : l>' ., ,, •. o''' 

1\0 ~ Cts+1)Lcl!cl+~ ~(S.+1)(J!){+)''cl)+ £.~ 5(s-t1)(~S~+1)-1)(J!£.t"i.'At~ 
+ - 1 - (s~+1~)9.(~s.(.s+1)+1)('ll 1~+£~)+· ~.5 (~(s+1)_ ~'-y')(,f-~~ '!,·5·1 '· " ., . <.: 

+ 1 t s(s+'\)'\'-1 9 ~ls+1)):- +·1S_s(s.+1) ..:.1~)'€-'f.], ) ;AJ "t~ ~·S;l·'l \.: 1 J \: . ··-. • 
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·f\i= c.is-+1)[1 ¥>1 t!>+_i.5 l::,~~+1)~1~is.+b'~)+ ~~.~-r- (2ls~H)-1)!.s's ], 

f\,_=~s+i)[,_.:;\;.1-(bs(.s+1)-5)('t'~~-~'~}+ ,_\.
5 
"')(+. 

<', . . ,, ' 

+ ~.:;~~'1·~ ~b~~+1)~s)'1.-c!~], 

,\~ = ~sH) · 1 '&1b, 
2>·5.·~. b 

~·i ::::~ia~;~1, · : i 1 ·- . ; : r ~. 
it'-"' ''~--~-·f.£. 

.J 

Now we can calculate the integrals entering eq. (16) 

'<~-,,_s +1) ~ Jr (a?)~: (m ;a:)s v (Wt1Cl)::: 

= Ao(Wl) 11.~1. + A.,1 C.m)~i esi. +A!. (W\) tsi. sj1~{5,: ~i\ + 

(0.3) 

A. ~ .A 1\, A "' 1\ " A '· ' ..... ,. A "' A. A A A + 1"\.'!.(~J {s ;,s .;s~c.!e{s,s _;s lt. '\+~'it \..1/Y\J {.S,:s i skst.! t!) {.s,sjsk.st.~ , (C.4) 

where' (spin 2) . 

f~;u·~;;.o' d!=1~1 ~'=~==o 1 "'=v __ ·s- b'=8=o f-1=£..=..:L, 
. . 1 r r o o- it .' ' 4 

A. 0 (o) = :.~ , A1 (..0)=0 1 f\~(0)=- <J/~:;,-1-, A3.(o)=0, 
·~'co)/,-':·{ ·'> · • :'- , · · ,._ ., 
(:~:) ~fi-.~lt."f ' 

(' .' '. , 1 I . ·,_ I, ~ C f "'<' 1 I -'( 

f'or tn.=1 cl =cl=O, ~ =~=-s, '6 ='6=3, o=o=-1;,£.=-£..=-(;, 

A.' (1)= S"~ 1\ (1) =- 10?, ' A.. (1) =- ~b3 
o. \,·?,~~·~ '. 1 .. i'-·3'!.·1' ,i. .•:L:!>.'bS·f.·' 

, . ,, 1 .: .< • 1 ,· , " ,· ·i 

~',!, ('\) = '-',!,• :;4; t- :7 "~ (1):: - ,_ - L - ; 
'. f ~ ' ~ ~-· • ; 

. ~' ~ 

(0.5) 

(0.6) 

I 1 I -\ l'
1-:.<: _j_ £!-~=..1_ for m=9,. d...

1
:J,.:::Q1 ~=f->=-:a 1 )!:~=-!t"''1) o-.1'l.'- !l.~' 

Ao~~):=~~~lt:~ 1 ~1(~)~ '-!.~~~~-' ~9.(2.)=: i:~~.~ 
• ._c. . 1 1 · 

~,~<2:.)== ~!0.~-4·1-' A.-4('-)= 2.~·3-'.t- .. . (0;7) 

To oqtain,the completeness relation in form (16) we solve the set of 
' fl l- •.. ' ':, , ' ' , ' ' " eqUations · · · · 

~ [1\~(0)~ .. + A.o("\)'\51 + l\o(2..)'tr'l.] = ~-~+1', ,, ',_, 

~ [f\;,(O)\S,+l\;.(1)'tl'1+1\i0.)-u4]: LL-t ;' • 't-:;:1;'1,:; 1~ (0,8) 
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i'or :,yo I tr
1 1 

U 9.. ' o Ll 0 1 U~ I • • • ! U.-4 . are the COeffiCien~S O:f' th~' 
l.h. s. o:f eq •. (6): '~ 

._ S" .. ', .. ~ 41 - '1'l.l- . .('; - 1 . '· 
Llo- H, t;lt~:" !!_!!..?,!. , U!--!_5.2,~' U.!.= 2_4.:;4 .'1 !-'.~t- 'i.8.~4' • (0.9) 

The solution is givenpy eq. (16.a) • 
. . To bbta:in the ~ompleteness r'elation in form _(17) we. solve the s~t 

of equations 

1\ i. (tn.) = U.;, ;_ = o, 1', !t , :; ,4 (0.10) 

for .L, f> ~ "& f.. ei.the'r with-
:, ' 1 1' .. ) ' 

I:_ 0 I ~ I 'l. c-1 -f I 1 . , 
cl.- 1 f> ::. ""S,"' =.~ 1 o =-1;', £. =-1; · f'or·m = 1 

or with 
(I ·() I i I -{ ' c:f i I 1 

c..= ,,fo=-1'l'"l( =-'l-4' o =1i_ 1.f.="iij:,for.·m=.2 •. 

'l'he com~leteness relation in form (18) is ~btained ,by· solving the 
set of equations 

A.;_= Ll;_ 'I 

for cl 1 V> 7~ 1~ 1 £.. 
i. =o; 1,2.,:;,~ 

• rl I I I cl ~ 1 
w~th cr.. ::: c1-, ~ = ~ 1 ){ ="" , o = o 1 ~ = ~ . 
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nony6api1HOB lf1.B: 
npeO.CTaB1le~I1R 4Ja30BOrO rlpOCTpaHCTBa li.11R Cl 

Bseo.eHbt npeo.cTasneHI1R 4Ja3osoro npocT 
cpeO.CTBOM C11Y>KI1T COOTHOWeHI1e nOllHOTbl ,1U 

Hoe s pa31111'1HbtX ctJopMax: 'lepe3 MaTp11~bt nn 
s o.pyr11x poo.cTBeHHbtX ctJopMax. Bee sen11~ 

n110THOCTI1, cpeO.HI1e 3Ha'leHI1R 11 T.O..) 11 ypaBH• 
npeo.cTasneHI1i1 4Ja3osoro npocTpaHcTBa. B ~ 

HeHT O.BYX Cni1HOB 2, HaXOO.Rlli11XCR B CI1Hr 
8110., nOXO>KI1i1 Ha Bbtpa>KeHI1e, noCTyri11pOBaH~ 
Cl1'1ecKoiit Teopl111 sepoRTHOCTei1. Oo.HaKo 11M 
B HeKOTOpbiX npeO.CTaB1leHI1RX n110THOCTI1 I ,, 
B o.pyri1X n110THOCTI1 n0110>KI1Te1lbHbl, HO Kop~ 
Cl1'1eCKOrO aHanora O.On011HI1Te1lbHbiMI1 '111C1leHI 
COOTBeTCTBYIOUII1e KBaHTOBbte aHa110r11 Hepase 

Pa6oTa BbtnonHeHa, B naoopaTop1111 Teopel 

Coo6ll{etnie 061>eJlHHeHHoro HHCTHTyTB RJlel 

Polubarinov · i.v. 
Phase-Space Representations for Spin 2 

Phase space representations for spin 2 are i 
teness relation written In different forms: in 
spin states and in other relative forms. All qua1 
ces, expectation values, etc.) and equations 
space representations. In particular, the correl; 
in the singlet state takes a form, similar to on 
renee to the classical probability theory. Ho1 
tlons: in some representations densities are nc 
sities are positive, but the correlator differs 

·extra numerical factors. Th!l corresponding 

quality are obtained. 

The investigation has been performed 
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