


“1e Phase space representatlons (PSR's) 'in quantum theory (we mean
formalisms, e.g., such’ as Wigner one/1 2 3 where any, density ‘matrix
is represented by some function of phase space varlables) are. not
defined uniquelJ, unlike 1n classical theory. PSR's can be introduced
using various forms of relevant completeness relations. For such a .
treatment see refs. /15 /(for quantum mechanics of particles), ref, /16(&
(for quantum field theory), refs. 717,18/ (for quantum mechanics of
spins g, 1 and-%-). Here PSR's for the. spin 2 are’ introduced in this
manners . _;,« - Congh N Eowmy Gesd L

In PSR's express1ons for expectation values, correlators, etc.,
are written like those.in the .classical probability theory, .the phase .
space variables entering like "hidden variables“. However, there are
essential distinctions. In‘some PSR's densities are’ not. p051tive defi-
nite (like the Wigner density/1/) In other PSR's densities are posi-
tive, however, expectation values, correlators, etc., 1nclude ‘extra.
("quantum") numerical factors. For example, *it.is mainly due. to these
factors expressions for the quantum. correlatnr of . components, of . two :
splns ‘differ’ from that postulated by Bell/ Z{; with the reference to
the . classical probability theory. Now : the Bell procedure - -
produces. quantum analogs of the Bell inequality, which are uncontra—
dictory. Earlier Cirel'son/9/ has proposed another way to obtain qusn-
tum generalizations 'of the Bell inequality. ’ N :

2. Main algebraic relations for spin 2 matrices are
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and so on. Equation (3) follows from ‘the 1dent1t;y ‘ o
1'[ (i’g) [(X S) 9-1,][(& §) —xi'n](;{'g) 0, e (5) :

kwhere H (\y} {s :the ‘minimal: anm.hllation po]fnomial for’ xs, X is
"an’ arbitrary unnormalized 3—vector (cf. ref. »g8ee there further

) 1nformation ‘about” the - spin matrices) . '.\ N
‘5 x5 matrices 1, st . {519,’5 ; {s ;S sk} ‘and {5 s;sksfg
form a total basis with the completeness relation R
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‘position of matrix indices: e.ge, 1f 3%
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3 The dens:.ty matrices of - mterest are defined by o c

“ “ \ denote matrices w:Lth pointing oub the

(&_"35")9('“ q_) 9(‘“- q_)(q_s) mo(m a) ST ; :

They can be constructed out as the

where m—o ‘\ 9.. » ‘l .
(]
an be expressed v:.a th:, mini-

Lagrange - S:leester polynomials which ¢
b mal annih:.lation polynomial
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$a,2) = l2,32> <2, 8l = N,

P .(8)
$¢,&y =14, at><1 &) =N, =29 T - i=
91 ly=a8~ o
=~—[( 53’“ 41][(&’5’)-1-1]( %’), (9)
20,&) = \o; (L><0 oq = N ﬂi(“”
Y ‘lg,:&’é’ T
-— [( €’)1 4. 1\.][( §’)" 11] P o (10)
The normalization constants N “follow from the normalization condltion:
trgem@)=1. (11) s
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The ensit mal; ces (o] ne atlve m a. I‘Om express ions

(8) and (9): simply by replacing a w:Lth- .+: Summation ‘over m
E 0 gives

> fema@y=1. (12)
gt an g | st (12)
L ;
Ebzpectation values of Spln components are given by t
s ?(m @)= ma; 'f"fz’ | (13)
3

. The probability of finding the spin component n: along ? in th
state with the spin component m along o ris )
n | : '
0 ( E’,m a_) tr[g(_n. L)?(m u_)] Lo “14)
. . b
Ahese probabillties are given in Table 1 For their calculation see
ppendix B. The sum of the probabilitles equals unity.

> (nl’ ma)-. g(nl’mu.\) =1. (;IS)

n=-9 - 1019. vn~—s. ~1,0,1,2
L".
Completeness relation (6) .for the 5x5 matrices can be written in

terns of the above dens
1ty matrices m
relative forms as follows 9( a) and m sone ovher
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“'Table 1. Spin 2. 16 9UL,G3M.,(L)
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Here clsv\('s'.')
' serves as a phase .space,’ and s (54,52,5
Relatlons (17) and (18),

), can ‘be; solved (ex

cept: for X(O S) "y!-the: reasoning see below)
to obta:Ln -

Xa, &) = °L1+‘5@2’)""/(&551+$(&’§)3+g@5y’1 P
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T(@)=dd+ %(ag’H\f 3'3’\"4-%( ?)”+a@i5\" )
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In the;latter case any combmatlon of sugns ‘ig, acceptable.
there exist several ‘solutions for Y

L (m ) (m = 1,2) ‘and Y(s) sat:l.sfy the’ conditions i
‘ tr g(m.,"’) 1, SIS

Therefore

tr X (m,g)= 5&+10x+34e 4, S @3)
‘trY(S) 5a+1ox+3«-;,- +1 A ()
Sdt‘(‘s"wcms) 1 " | <as>
SAMS)X('“ g\ (sa\+1ox+34a)1L il.,: ' (a8
Sy ¥ @)= (SoL+10~(+34£,) 1= +1-‘_ (27)-

In the r.h.s, of -eqs. . (24) .and - (27) the. signs correspond to. those in ..
& (21.a). Note that eq.

spin states Im s) (see 838,
It is the usual property of- many sets of coherent states, that i
expectation values of any operator’ :I.n the coherent states represent
uniquely this operator; !Ehis is ‘the case for the’ states I1 S = and
12,2>, but for lO 8>, It is clear ‘from eq, (13) the zero ex'pecta-
tion values correspond not only to the" operator zero, 0 . but ‘also -

to the operators s . Tha.s 51tuation is common for any integer spin,

It is due to this fact that eq. (17) cennot be solved ifor X(o g).
x)See refs./10'12/.
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S'G”" 1)J 5 :Ls .the measure on 32. The sphere ‘Sz("’~ ‘l)

3) are phase space variables.‘ ) e
bemg con81dered as’ equatlons in X(m S) and

b .7 J-‘ (20.3) .

« The matrlces 9(m. s) (all m),

(25) is the completeness relation.for the, .. :, .
(8) (10)), treated as coherent states. ,)_ .
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) 5. Definltlon of PSR’s, The completeness relatlon (16) leads to '”
: the three-component representatlve for any observable

(F.&), R\ F (5')) (tr(g(o 2P, te(Pa, ?)P),tr(?& s)F')) (28)"

while the completeness relations (17) and (18) permlt us to 1ntroduceﬁ

the one—component representatlves G
ot

E=t(Gemb), T - @)
F‘i(s) tr(?(&S)P) L (0
F/ (@)= tr(X(H)F') « S )
F’gu @) =tr(X@B)P), | | (32)
@ =e@er): 53)

Each of these functlons can represent the operator ‘3
Restoration theorems. The completeness relations (16) (18) guarantee
that jany ¢ operator can be restored. via its representatlves

F. ==L “’P +Z 19.17 gdy(s)S’ m,2)F., @)= : (3{+ia)« '

i ls SA,«cs)xe ST = sﬁu\m,x@ LYLE)=

SSAV(S)?“ NG = SSAyLs);)(i s)Pin(5)~
SAMS)Y(?)F'Y(S) B RS

The trace of F can be expressed:via any of its representatlves

~ (via any component of its three-component representative in the
first. case) o

n’«f

tr\:' = 5&,,\}\@")?”@'):. f , m‘:0’119.,
=5\{p@F, @)= m=alef,
ss(WORE®. . ow

The trace of “the’ product of two operators in terms of thelr represen—j

tatlves is glven by
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Let us give-as examples -the. follow1ogaexpéc§éfidﬁ vgldéé-feit'

rF§en@) = -trf + T o v, (ds@Y P @) o 25im a)~ (37.2)
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;_3,;={%[1;—Cs"&)1]1,4—(1v+ SEY (-5, 45 (143 »}»"«‘*?i "% (a0)
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@AY =6 (30,5 P, DY) = TRV (- 25’&)“ T (42)
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\ 92(S51,&) = tv(m DPUD) =1 (132 YP = ng) (45
?2&32,8) = tr(3@2)8 1, a\)- U+s&)4 DA (ae)
n) 91.(5 0 a) tr(X(1 HPO)
[ 23 +2:35. 1@’51)* 33?(5’ )"] (47)
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This functlon can be replaced by Lotn
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. A-n2 x)
.1_,1 h= 9.'1(?(1.)+vl9~]’ o
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—i-[s 19.(sa) 13 4@&)9- +5z.SL ?Lé’a) +:'>1 ?(5’-’&)“]=
_"_“ [1+3p @awsp G:'u.)+?P ( a)+qu@&)] (53)

2 Gi1,8)=% R

fo

- This functlon can be’ replaced by L ‘
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" Here Pl(x) are the Legendre polynomlals, and S.‘.’>"(5 R) is the |

QS ~function on the sphere S, The replacements indicated are possible

y sﬁ.nce the representatives S) are . always J.ntegrated with polynomials

“in & maximum -to fourth. power. In the representatlon F),oL p ‘& % &
are given by eq. '(21.,a). -

411 the above densities are normalized as follows . . .

Sgo\p(s)?(n.? ma.) 1 B YF 01,2 . (58)
, s{dp@yo @ m,ay=4, O
wherei_121',1'(fgorm..1), 2',2" (form—2), Y. '

/18/
*/The Power% of the denominator was missed in eq.(71) of ref.
8.

g
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~ The correspondlng (in the sense of eq. (36)) Trepresentatives . .of -
any component of spin 2 are given by

8 {tr[@50,5)], tr[(ra)g(«,s)],tr[(z’-s’)gcz 3 )]} {0 CG'S), 2(2’533

B) (E‘s)1,-tr[('6’s)X(1 N= 9.(5g,+ﬂs)(a§) 6(@’5’) , (51;'
0 @3y =tr[@)X (2 )= 9.(5g.+1;<5)(2’;') S(Zs) Lo (e2)
» E8) =er@0,50=@), e
E) (Zs).,.-tr[(@?)?(i 5’)] 1(25’), g (64)

B @&y =tr®2)Y(2)]1= zsp+1%s)(2’§) J—scs+1)'@”’) i{é(g??)y

In the latter case the signs correspond to those in P (21.8). ++(65)
In PSR's the expectation values:of the .8pin: component((E’g’) can

be represented as follows )
tr[(@% Sg(m QY] = SAT‘CS)@")[" 9(1 T5m, Ei)+i 9(9. g5m, i)]—
o (66.&)
*S“ign\r@’)(@’s>9i(§_’; &Y, (66.1)
where v, and VU, are given by egs. (16.'a)5 A= 1,2,1"(or 1" . for-' -~
m=1), 2' (or 2“ for m'= 2) Y

1"(’ 1“5‘*3 "'5 11—1 ﬂg_l

= 2‘” B 2' ST 1
*1(515“?'53 :t\]scsH TR 67)
1S Wy -s(s-H) 6 —L.SY=5(S+1) 6 4' )

ThlB is the case for any spin 8.

6. The singlet state. of’ two spins 2 :Ln PSR’S. The singlet state
is defmed by .

G +sm)|sin%€et> - (m-4,9. 3)

. (69)=
(sm+56)? u'\ieet_; A .'um}.h,t(s*.pst) = _r-T 53 (70) X
{singletd = “‘(u“(z)eu-ec -2) - “a)ou“c-t)m“@)w@)-» B
P z)w‘cﬁ)’ @
9su~52e.t (s.,v\%QLt> <su¢g€¢tl ER R )

In fact, the singlet’ state is: independent of any quantization axis,

- and the d.ensity matrix g singlet’ can be written maml.rest mdependent
?

of it.(cf. refs. /17/ * and’ /1 /;« ). However, the’ state vector in the
form (71) implies the use of some quantization axis, Nevertheless,

- this defect can. be employed to simpli.f,y calculations (se'e*_lppend,ix B

and ref, /18/)



The’ probabllltles to find defmlte components of “two spins 2'in the
singlet state are expressed via the one=spin probabllltles

?(m Tyn ?!Scngleﬁ tr td' [9"'(m a.)ge(n. -@,)g""‘ﬂe“]"

= Qo DY G ?.I;"I«""—

fany 4 _s_ S’("‘;“ s -e*)____ p(m, _n*-f@’j: v . - e
= 4 plom @yn,Ty= 1 F90m, -&yn,8) o - o® :

(see, Ceey refs /8 18/)
LY S 9Lm¢ n G\scng&t\ 1,
‘mn-—-‘l101
52 SAF(“)S"\"'“)S’(M ayn Ulans&t} 1
" The probabllltles Q(M s nE’\sLn%Eet) are glven explicitly in Table 2.
The s:.nglet state .can be represented.in PSR's
A) by the 9—component representatlve
(o S’("" &yn U\S‘“ﬁeﬂ-ﬂ
or. by-:the’ follow:.ng 1 component representatives

B 9, (@ Flsingled)= p,E;1,T lsingle)=2; (-2TY (1+9~¢¢) o

(74)

(75

m,n=0,1,2, (76)

2] 9,_(& E’]s..mé&t) g(9. &, 9.2'\5&"%&':)———-(1 2y (78)

n; 91. (@, Blsinglet) = tr YLX(« OV gsmﬂe'*]-
= i = [54%+20dy+ 68&f_+13x’~+?41(s. +5¥f_’--—9.(§ B34 pS+‘l782)(ie) v A
+3(Ha+eua+ 122 @T)- 6252 @TY + 62 @T) )= T

e ,“l[ 58 £ 32 @D-2PEe - @S + g>—3‘—(eLIZ’>“] 79)
E)- 91. (a.,'C’\sm%Qet) trty [X‘*(ﬁ. @) Xe(ﬂ. "G»') ? "“Qe“]- g :
[9. f63+23. 15(&2’) 3322384 ?Q(az'?'\'?’l' 72(‘1'234](80)
) 9Y (a E’\Sutg(?.{-) tryr NG (a’)Y‘(m 8 ""54‘“]— -
B3 +223@h -3 4@’6)* 9% ?(&3 +3>et ?(‘1?)“]
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S’Y,LoL 2'|s..m}£¢;q S’-@' -g) " SEDEEUELE : : B (82)
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- The function Py is independent of the choice of Y (i.e., of the
signs in egs. (21.a) for J-Gx,s a.) The functins S+ 5§ and oy
are not pos1t1ve ‘definite. However, 9Y can be replaced by the posi-
tive definite function oy’ ..All the densities are normalized as
follows

S*Sdt«cse)g«!rca’“)s’ @, "@ism«#et) 1. (83)

In terms of these dens1ties the correlator of components of two spins
"2 in the singlet state’ can be written as

c(& 2’) = tr tr[(a_s“')(e g’“\? S-ngeq,]__ i ’
gAr(z~)§Aycz¢)(a§a)(esﬂ>,z DA L g 2ysingle)=

cmn=0,42
= 2.
5’(—) S&g{s‘)ga\y@"}@g‘)(zgg)[259@ 244 2 singled) +
+20 9(4,3%;2 28 lsingle) +4 9(2, 3=, g,*ﬁ‘sgngcet)]-_- (84.2)
-5%;. SJy(s‘*)SJ}*G")(i “)(E’é'e)p (e, gc\sm.,m) (8.b)
,—-2( Ty, - T - - :
where i = 1,2,1,2',Y,Y'; Wy are given by eqs. (67). Wye= Wy
w%, = w2 = s(s+1) 6. In all _the representations correlatox (84)
-_resembles its cla551ca1 counterpart assumed by Bell, ".. However,
there are essential distinctions. In representations D), E) and F)
the densities: are not positive definite. In cases A),B),C) and F) with
9,14 1nstead of 9 the dens1ties are positive, however, extra .
numerical: factors exclude reducing to c1a351cs.
Expressions (84) w1th the positive denSities admit the Bell type

derivationgof 1nequalit1es for the correlator. Thls way lead us to the
following: quantum analogs of the Bell inequality .
o e ' (1-?-)
Y

<lc@’:?):F(%@"?\.Jr\c(a’-',z')+t(1’ﬂé’)\s 245} =2- ;:9. ‘1 (85
AP ; 6 L~Y’
where the factor . 1’?') corresponds to the expression (84,a) for
(A4 E') (PSR: A)). ‘Among these estimations the last is the best. It
is also unlvelsal ’or all the spins 8 (see ref, 18_, P. 14).

7.Let us proceed wWith some other aspects of PSR's. A representative

of the product of two observables F and G can be expressed via their
representatives as fellows

-
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FEWe@ = @P&)=
L= s upenlinEnk@! *'OF@’)GG") B

after putting expressions (34.b) for the operators F and 8. The

" kernel K is £

KE, 2,3 = tr(z(s)z(gv)z"(é’")) | ‘>(s7>
where 2, Z2' and Z“ are matrices entering eqs. (34 b), e.g-, BRI
2@)=3m,D), 2'E)=2"@)=Xm,3D). o

B.Ahe equations of motion for the denSity matrix é'and any observ-

able F, which does not depend explicitly on time, i.e., the von Neu—
mann and Heisenberg—Born-Jordan—Dirac equations L

t"al_t?&\“""[ﬂig(t\-l : —P-—O AR i (88)
wef@=iA,P®],  £8=0 -

in the Schrodinger and Heisenberg pictures, respectively, take in -

PSR's the form

troas t\——x(l—l@,')aeg(s ﬂ 9(5,&\*%\(9)) TP(s) 0 (90
reo—a(ucmvcs D-FEANEY), 4 eG)=0 o

9. Left -and right operator representatives. Bes1des the above nons
operator representatives, 1n some cases operator representatives can
be .. ‘introduceds ‘ o

u(z(s)t'(,\ E w(z@)c,) Fe G@) "caé;eo

-Cw@@E)=CrE) (92:0)
1

(cf refs /15"17/) The left and right operator representatives F and
Fr are partial differential operators acting ozxs (on,functions of g e
Note that

tr(%.(s)t‘) F'tr(z(‘s’))“\'-" 1= \f‘@-’) (tr2L§\-1)(93>

BEquations (92.a) and (92.b) supply us (1f rt and Fr exist) with' ‘two ..
more . expreSSions for the" nonoperator representative of product of two
operators in addition to eq.(86).“

The left representatives are multiplied. in tha seme order as ori-
ginal operators, while the right repressntatives, in the inverse order.

I AN PCFQtr(E@')G) g SRS
tr‘(ztg)(‘rp‘\ 1) P F tr(i(§‘)(r\ AR (95)

The left representatives‘commute witn the . right ones.; R
. ‘ etel=o | (96)

as a general rule for all. associative theories (unlike nonassociative

cnes). ' [ R
13



et

CEZE) =d A+ g (FE)+Y @+ -

The opgrator representatlves can be introduced in the representatl-
on with Z(s) ?(S ,8) (m=s) for all the sp:Lns s = ;, 1, g, 2y one

tr(?(s )3, P)—s tr(g’(S,")F‘) o BT
tv(ecs e)Ps)-s er(fe, ). (98)

lo flndS: ‘we solve the equatlons d .
s+ 56.2)=8,3)8; NCHN
sf 3G, s) s-g(s 5), ‘ : (1oo)b

supp031ng that
SQF__ N s( L—S%-‘- .i % . B
2EES NS GrmE; "S53, ) TR 3k@$k”—35a o 0m)
where 3 L ? are unknown (only 1nner operators on 82 are admlSSlble).
Thus we obtaln . s - .

3 ( g 2 o

st =ss; + To:\Lag; snsn +,_ _\u_sy_%e ' (102)

for spins s =‘;, 1, 2, 2, cee o These operators satlsfy the usual com-
mutatlon ‘relations with . additional minus 'for the: right representatlves

¢
<t Sk]*"a.\k!—sh [sl,sk_]_.--a,i St 5 Is5,°1=0 (0%

The representatlves Fl and Fr ,of any operator F may be obtalned expll-
cltly by replaclng in F the spln matrlces §3 by their left and, . right
representatlves, respectlvely, taking into ‘account the above ‘Tule of
order of factors, : E

; “10. Equations of motion (88) and (89) take in these terms the form
of the Liouvllle equatlon

1.1: 9(5 t) -—529(5 t} 'atP(S) =0 ‘(Schr pict) , (104)(
‘ P(s t) S:F'LS t), ‘-at ?(5) =0 (Hels- plct )‘;; (105)

where : B
F‘(s) tr(?(s S)P),-~ - (106) -

(s t) tr(?(s )9(1-_))
F'(s )= tr(g(s s)t‘ (tl) 9(5)_. tv(g(s 5)9) :{‘('497')

for any spln s'= 2, 1y 2, 2y 4o and

L= k'(HQ r) _ i (108)

w

X)

The equations S) 'Z,(‘s’\ 7_—(?)5 . s“ 'Z.(S) 3 1(‘5"} ‘with
have solutlons only for the
special values” of d- SN SR :

s

14

is a Liouvillian, a partial'differential;jop:erator.'The formal soluti~

ons of eqs. (104) and (105) are .
o) = e StoE 0) (109)
FE,O= LtEE,0) T (10)

if the Hamiltonian, and therefore the LlOUVllllan are independent of
time. (The solutions (109) and (110) correspond to the formal solu-

t10ns of eqs. (88) and (89)

Lo g et ey
9(‘(’3— -k Hte@\et‘ Ht, F(\ =e ;LHtF(o)eL >(111)

‘For the motion in a constant magnetic fleld the Hamlltonlan and 1ts
nonoperator and operator representatlves are

A=-tB5, HE@)=-hed H,_-m*' (w-—ﬁ)cﬂa)
and therefore the Liouvillian is )
=13 @3y =~ w-igu.sk%s— | ,(1"3)
for any spin. Equations (104) and (105) take the form
,chs ,£) = - TR v.os {ERIN : : (114)
F’(s H=-; &susk.-—\:'(s,t) SRR (115)
9(5 t) = erP(uo iskﬁsk‘as )g(s,O) : (116)
FE t)—ex?( t @€, snSe)P(s o). D)

One can also write eqs. (114) and (115) in terms of the nonoperator
representatlve of Hamlltonlan as follows

P 2HE) 230E 1) ,'E. R ‘
t pED =GR 25, s_"fsg‘:— —’S?é_J— A (118)
'lt FEH=-@6h'e sfbH(f') m ey

_\kL Y ds Sy ’bSp
This form of the eguations resembles the Liouville equation in the

classical mechanics (see, e.g., refs. /15-1 /) ? |

'?1_'; ?(Xy\’;t)z- - ?(X)")t) FLX,P,&) s F(X P t)) (120) i
NEaR e

k= Z‘ RTH ’bxt'ap:) (121 ,

The r.h.s!s of eqs. (118) and (119) are analogs of the P01sson brac-"
cets. But here the variables 83 (j-=1,2,3) on the sphere 52 == 1)
serve as phase space varlables instead of the varlables x and p in the:

usual Poisson brackets. The L10uv1111an (113) 1s “the - partlal dlfferen—ii

tial operator of the fllst order.:Due. to. thls fact equations (114) and
(115) are of the clas51cal nature. They can be solved in terms of’
characteristics (L), whlch satlsfy analogs of the Hamilton and Newton
7/, cf. refs. /15,1 6/)

15 ¢+

equations (for details see ref.



Appendix A.

o)~

i

The dots stand for ZEeros,:
Powers o.f.’ the 5p1n matrices

d

| el

o>

e . )
5 3
£ ¢
3 . .5
SR IR Y
&
(. s . 3
5 - 45 - 3
Li‘lz 4
3 ~4f6 - 5
S |
.8
[ I
5. 46 - 3
Sz as
PA TSR PR
s 43
3 4G -

po)-

10}e-

10}

3,
r- -9 -:i‘. . . ]
2 - - -
. .\IE -2
. . 2
\ J
¢ i & 3
5 . *3 .
&6 -

-3 . 5§
- Y6 - 1)
SRR
(s 3 L)
s - -4f5- 3
R
=3 - 46 - -5
- 3 S
S
(s - -4& - 3]
; 13 -15
L4 - 24 - ~4B
~“5 T
3 - 46 *
16 .

.r2

16 -

Sy
-1
1
3
..;1
44
Sz
1

.The spin 2 matrices in the canonical representation .

16}

Sym.met;rized products o.f.’ the spln m.atr:.ces

»o]

14

20|

{51 z’s

%{5139.59.} :

r

14

o=

po |
o
2}

{S 3}

.
4'

& - 6
L
- ,1 | A:’“\ "'j .
3{51$3S3§
14 .

- {6 -

14
{ ¢2 A A
?{535151} ;

M]r-
N |
A.’

[
s

- 6 . "“6
()
—;:{‘.gs.gjg&
(- -5 - =g

3 . NE, -5
\ 5 5 J
9.{‘5\3%1‘9}
Y
(10 S\ [AL AR
L T
e 36
- ~14
. 36 . - —1oj
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o

o>

e

o)

2%

Sé’

24

-18

-

We - b
e - -3 -
- -y
-2

‘19'.{§1€3§9.§’9.75
% - -18 -
- W - 18
wWe - -16 -
-t - 4
18 - —94 -

18

rofee

»0) >

’
.

A

o)

A A A

‘_'{515 s1 12
_4\[{, R

- ~15

--we

~.~ -.4@ 3

Sy:nmetrlzed producto are expressed via Ol‘(llnarj ones as follows .

(8,5 13 =2582,
B:8:83=682, ’
{8:5:8,8=245%,
(55,81 = 2 (i3} 4815, + 5;5:4)),
(38383 =4C 8+ 31 814 4,818 43,818.0 .88, 3,48.3,8.8)),
(Bi3333=06B:3 818+ 58,800 8220.8),
558,83 =28+ 3808 4 S G543, 2)+ 8, B & 43308 4

(no summation everywhere), i,j,k = 1,2,3.

Appendix B. The general trace of interest is
tv[(&-iHp("i’)w{(&"i’)’-\-S(E§'32’+i_@§’)“)‘- LT
N ey (E's\+]§’(€s)"+%'(% S )3-!-&(@:5 )“)]

for spins up. to 2. The calculation can be* csoentlally bl'npllfled 1n ;'
thesspecial frame of refercnce with 01—“
takes form

(LA 'Sy s3+S’53+asg)

5 :

(B 1)
‘i where ‘the second matrix’

» (B 2)
and is purely diagonal (see Appendix A for spin 2) Flrst of all we

calculate the traces tr[&lé’) (’("'Z’)]W:Lth n =.0, 1,2,3 4, We ‘need’ 51mp1y
to find only one diagonal matrlx element of (d.s)"' for - each: iy 51nce

r‘.. N\ r',f“' . _\‘ ] - S "
a - f o - R 1A - “
p@BI =t s = b ORY = et ),
§(‘1;€j= '. T ; P 9(‘2'1@»)-‘ """ . (B.})

R L 1) )

Using the following decompos:.t:lon.a ‘in’ t "Asymirfevtr‘iz'e(l i plfoduﬂct';s 0?’: the

spin 2 matrices g “
’ KRS N T

.5 19




2_ 22 22
(a.s) =a st +a S,_ +‘1353+ “—1‘12.5.5 593*‘“1“3{59.533‘*'“3 {gsg&
- 14
(T3)’ = ads? +q252+ a,ss_,,+ aa,a, {s 59_533-5- |
+a-1a~9_ 2{51 9_5 .§+a'1a'31{$1535 }+a 9_’[59,515114"“9. 39_{'g §3§31+
+agof —{535 s }+0~:~,f19_2 {535259.3 ‘ |
)
LY = at tita, €,5.3
( ) A% +q_252 +aidita, “9. T8ES 8 va a3l +1&, §35353§+
+a,~u1;§_59_ 15&-%(19_‘13*{59.535353%"‘“'3 f{sg, 171 3’*’“’30'9.%{—5_55 stl
L2422 a4 P
+afaii{s.g, 515,34- alaii % {s 515353}+ by (137'-{5159_535,_,}+ '
+o0, atd 5,8 3 1S
G a3y { Sq 3}+¢4&3a1 1{515 S8 1+c11a3a.‘ 1{5.8.8, R

B.4
and taking these product;s in the canonical representat;lon (Appendgx Ag

we get’.
tr [9(&,@)1]:1,
tr [3eD@N])=2q;,
tr[§(‘1 E)@%’)i] 1430}, -
tr[§@,8y@y]= 5a3+3a3,
tr [?(g g')(a’s’)*]

tr[9(1 Tytl=1,

tr[g@ Y@EN)=a,,

Lr [g@ 'Z’)(as)’-]—~f-~a9‘ '

’cr[g GBYEEY)<%a,-608 , ,

”[}’U,@)( 5)"]-497-% af-6al ‘ (B.6)

er[§0,01]=1, N -

tr[3o,0y@h] =o,

tr PO TY@EP]=3-3a2,

e [§6,Ty@eyl=o, L.

tr [g ©8)@&) =12 ~ 21¢3+ a8, C B
" In  a general frame of reference ., converts into RTY . Then

the traces with 9("‘ G) y @ = -1,-2 follow from eqs. (B.6) and (8.5),

~

20

+19.u:,,+3 o, . (B.5) -

.
respectlvely, simply substltutlng < 8 for e,' , or -y for 13 :Ln

the r. h. sls/of. egs. (B 6) ‘and (B. 5). Now we can easuly obtain both
the traces glven 1n Table 1 and the. general trace (B. 1)

tr[(& A+e@ s)+‘6(ﬁ'.5) +s@§:) +,_(a$)4) e
(L @ BB 48RP 42 g)«)L;

= L'+ 2p + 4y’ +85'+162")- | A
[d+ p @iyt +3@Ey) o (S(QE’)H@WM z('=' +ucazzs*+ 5 (J)‘\)]»f

+(JJ+;5 Ayl
[d+p @TH¥(§ - 3@V +%GL(¢E) 6@.2')’)+£(_?:

+d!'[& +x(3 3(&@',’)1)+ g(ﬂ —94 @LE,),_ +3(&’€’3‘!]+ .
+@Wplay e A ST SR
'[*-is(ﬂ')w@i C’G)’)-S(}(azz’)_e(aw)ﬁ).‘.g(

(aze.)’L 6(&2’3“)]+

(aef-e@e)")]+

(g w4y 8s'+1ea)

[<L~p 9@+ (1+ 3ETY) -B(5 Mgws(d’)’% z('-; +1z@“)1+?> Lol’)“)]
ThlS formula covers all the traces of 1nterest, such as 1n Table('l 8> 7

and others.,

Appendix C. A-typical 1ntegral we nveed is. . fn A
I= (1$+1)Sﬂ\r(ﬂ-\[4~'1+\3( (@ 5’\*+$ (&'5')”+£‘@Es)"1® ;
e [*nwm%)n@’s) +‘8C-i%’)"‘+i(¢5 3"] @iy

for spins up to 2. It equala ) ‘ o
I=Aqs1o1 +A8;08; +A o §8:8; }@{§§'§+A £i3, sk}@{s g g.k§+
+A 55, Sksc}°{5 S; sks%} R T e i () L2y
where o
A= (is+1)[d.'¢+—s(S+ﬂ(J!x+x'&\+ s»(5+1)(?,s(s+1\--1)(a\"a+s_JL}+~
% 5 7 (s@+1\)9-(3s(s+1)+1)(x E.-i-ax) + (s(s+1\)’~~‘ Y +

+m (S(S-‘-\)\i(S(S(S‘\-O\i :‘18,5} G+ 1\ _13)i-£-]1f “ 17/1“] &

21



A= (1s+1)[3w i L5s(s+13-1)(s‘8+'5'm+ 7 ?@s@m-ﬁ s's]
A @.sH)[l <. 5 ?(BSCSH) 5)(1 a+e x)+ T s“ X+
: + e._i_s_‘?—S (65(.‘:-\-1) 5)‘1‘&&]

: ,‘As‘ (?.s+1) T 5 3 6%’8 .

: T A
s+-——-——-—-
@' )35?59.4

Now we can calculate the 1ntegrals enterlng eq (16) ‘

(15+1)So\9*(a-3 Q(M,q_yey(m eL)—:,‘ S

A‘,‘ o ?, i_

—A oy Lot + A 13 08, + A, (M) 3;33043; S,2+ ‘

where’ (sp:.n 2) e LT
- m_=0 & ‘ eL 4: F V’ 0 ,¥'= X—-% ‘ §=$=0 f_t=£=
A (o) 3 3 ,A (o) 0 A (o)---—‘ﬁ—-f' ,Ausi(o);o)"'

94.3%.¢

‘—-,-;(=O, (5': f&:a‘- 4, X'.—.X:}_ $,=’5'=-‘.% :'V—.f_:;L :

ClpelE, ’ A(ﬂ ,} 1103’*? A Q_ | %3‘
AE’(“ TR Mﬂ g AN e

for -M—9. cL‘=oL=0 e—(s=--1? ) %! x--— ‘%'-$=L glme=2.

() A 12 247
9 =“ (9_ = 233

Y= = ? 7 Ai(z) = 35 7
\3> 9.93" > A (2‘) 99. 32;,_" “ s R R () 7)

. .
o fobtam the completeness relatlon in form (16) We solve the set of

equﬂtlons L e
T A0+ AL W, -H\o(i\ﬁe.]— Wt

5.‘1“‘1(°.‘¥?9+5%<‘\“1+N&m}s wy ti-ef,a;s,« D)

[

22"

(c.3)

- orx w1th

+A )55, 5k§°{5 Sed+ Az.("“) {5:8 St e i8:88,8.3 (C4),

for W\ By L Ua,uf, soton
1.h.s; of,eq.v.(()):; S S ) "}::yf o
W, =I—3 (:Li ';%3"7u2=—";:§,3 "us{z-i:-?"?"”y" 281 31' (C 9)
The solutlon 1s glven by eq. (16 a) S
Mo obtain the completeness relatlon 1n form (17) we solve the set
of equatlons ; |

W, ‘are the coefficients of the

e b el

Ay m)= u._ , = 0,1,5. 34
foro(,g,x% g Velther w1th ‘

°L 0 F‘-s*“‘,“ Sf‘%

, P = 19_ ,¥'= 9_1, 1 % 15— ili Jforrm = 245
£ The complebeness relatlou in form (18) is obta:med by’ solv1ng the
set of equatlons : (Rt 5 o i

Ai=uy, i‘=o‘,1,a,'3,4‘ A (c11) E
for J-,p,x,ﬁ,g_ with d'=d, p'=8, ¥'=¥% ‘$'=‘5,g'=i_ . ;
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