
C: 

COOfiii!BHMR 
OfibBAMHBHHOrO 

MHCTMTYT8 
RABPHbiX 

MCCIBAOB8HMI 

AYfiHa 

E2-91-451 

R.N.Faustov, V.O.Galkin*, A.Yu.Mishurov* 

SEMILEPTONIC DECAYS OF D- AND B-MESONS 

IN THE RELATIVISTIC QUARK MODEL 

*USSR Academy of Sciences, Scientific Council 
for Cybernetics, Vavilov Street 40, 
Moscow 117333, USSR 

1991 



\ 
l 

;,.J 

\ 

,' 

\ 
. ' 

HHCTHtyr HAepHbiX HCCJieAOBBHHH ny6Ha, 1991 

) 

·1. Introduction 
The semileptc;mic decays of mesons are a ·source for ·the 

determinaition of the.Kobayashi-Maskava (KM) matrix elements 

from the ·comparison of theoretical description and · ,the 

uncertanties in 
data. The · main theoretical 

experimental 
understanding the semileptonic decays arise from the matrix 

element of the weak ·current between meson. states.Many 

theoretical models.' have been·. use'd··: to· ca:lcula:te this ·matrix 

element and the· ,semileptonic decay widths [ 1-9). Recently the 

new detailed ,experini~ntal delta •on the width 

* : by the E691 

and form factors 

.·the decay D~K tvl was presented· 
of 
collaboration [10]~This data contrudicts almost all the 

, p-r;edictions of the 'theoretical mod.els [ 1-9). one of the origins 
( <' 

'of the di~crepancy maY. be in the neglection of 'the 

relativistic effects. 
In this pap~r; ., ~e caicula~e the, semil~ptonic. decay widths' 

and form factors in .the framework of. the relativi,stic quark 

model based on the quasipotential method.This model has been' 

used for the calculations of the quarkonium 

spectra· [ 11], radiative decay widths[ 12) and pseudoscalar decay 

constants [13]. 
\ 
j,. 

mass 

z.semileptonic decays of mesons 
semileptonic 

The transition .amplitude for· the _exclusive 

decay ~~Atvt is 
- ~ 

A(B~Alvt>=<ALVt IHeff IB>=(GF/~) vab L~H 
( 1) 

.where Herr=(GF/vz) J~adronJlepton.~ 
(2} 

~- . 
L =L"a·~(1-75 >ut : ··~~-;r:·::···-~-F'" 

(3} 

.. u.>.;r::i.~~·~, ··:< :L .: 

f 5t-tsn"tc.rn~::n:,:t 
.___........ ~ -
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H~=<Aia7~(1-~5 >&1B> 
(4} 

Vab is the corresponding KM-matrix element, B is the initial 

pseudoscalar meson, A is _the final pseudoscalar (vect'or) meson. 

The hadrori.ic matrix element (4) is usually decomposed in 

invariant form factors [3 •. 4, 5] defined by : 

a) for. the decay to the pseudoscalar meson B t~Alvt 

v .. 2 . 2 
<A(pA) IJ~IB<Ps>>=f+(q )('pA+Ps>~+f_(q ><Ps--:PA>~ (5) 

b) for the decays to the .vector _meson B~A * lve 

* · V . . 2 · *V p (J 
<A (pA,e) IJ~IB(pB)>=lg(q )c~vp(Je (pB+pA) (pB-pA) ; (6) 

* A 2 * ·2 * · 
<A (pA,e)IJ~IB(pB)>=f(q )e~+a+(q )(epB)(pA+pB)~+ 

2 * +a (q )(e p8 )(p8-pA)~;: (7) 

v-~ A-~ where q=op8-pA;J~:::(a0 &} a!'d J
11

:::(a7 05&) are. the. vector. and 

axial parts· of. the .weak _quark curremt, e~is the: polarization 

vector of the vector meson A*. 

Since q=pe+Pv , _the 
t 

terms proportional :to .q~~ i.e. f_and 

a_ give contributions. proportionai to the l~pton masses. and do 

not 1nfl uence ··signifi·c~ntly the. transi t:ion amplitude, except 

in 'the case' of the heavy 't 'l'epton. 

·.The decay rate and differential .decay rate can :be calculat,ed in 

terms of the invariant form factors.The.formulas are [3]: 

dr_ G~(Vab(3K MB y . iH+(2+(H_(~+(H0(2 • 2 2 [ ' . l 
dy 96n . . . . • 

where • 2 2 
y=q /MB 

MB 
'· K=--

2 [
r . M: · )2 
(.:' M~ -y 

2 

MA 
4~ 

MB ]

1/2 

y . 

For the decay to the~ pse,ud~scalar meson B-7Alvl 

H+=O; H = - 2 Ky- 1 / 2 f (y") " - 0 . + '· 2 

{8) 

11W· ~ 

. i 
1 

l 

I· 
I. 

I 

and for the ·decay to the vector meson ·B-7A*£v£ 

.. [ 2 
MB MA 

Ho=2MAVy [1-,- M~ -y) 
- 2 l f(y)+4K a+{y) 

(10) 

. H!=f(y)+2MBKg(yj; 

The ratio of the ,longitudinal and transverse decay widths is 
',. ~ 

rL/~T 

2' 
Jdy!H0(y)J Ky · "' ·. 1 

Jdy( IH+(y}I2+IH_(y)I2>Ky 

3.Relativistic co~re6tions 
I. 

semi leptonic 1,decays. 

to 

{ i 1) { 

the form factors in 

'' ·.;, 

in the quasipotential 'method thebound'system is-described 
<' ' - . ' ~ • . ' ' • . ' • 

by. the wave function 'l'M(p} sa~isfying the'. 'qusipotent.~al\ 

equation [14].which can be w;i tten i'n r:the.' local 

sch[.rod;nger-lik~.fol~~·[t5]:- 3: . ··I 
b (M); ,, p ·· .. · • .. _, d q . , · , : . 

--··-,- -.-. 'l'M(.p)_=·J_-·-· 3V.(p·· .• q.;M)'l'~(q) ,; 
.· '·.2~R . ., 2~R' ·.· .· .. : (2n) .,,, , , ,· 

, ' , I . • 

where the relativistic reduced mass is 

E1E2:··•.· '3' '4'''2 . ~R- " ....... :::(1/4M )[M -(m1-m;)
2

]; 

El 

2 2 2 M -m2+m1 

2M 

·M2--,m2+m2 
.. 1 2 ,,' 

E = 
2 2M .. .. ~; .,. t • 

; \ 

; El+E2~M: ; 
' . ~ 

•' 

(12) 

'·• 

( 13 )i 

' . 
! :, 

' 

•" 

'the square ·of the 'rel.ative ··momentum p on 'the mass-she.l.l is 

~ 1 . /, ,, 
equal to' 

. ,._., / 

. 2 2 2 2 2 2 
.. cb ( M) =[ M -:-( m1;m2 ) ][M .:-<.~ 1 -m2 ), ] /4t:l 

m ,m, are. the quark mass.es; M is ·the meson mass. 
\ 

; f 
,. 

( t'4) . 
.· 

V( p, q, M),-the 1 2 
To c6nstract the kernel of. this equation 

:·1 ~ J. . . •. ' , 

that effective qu~rk-a~'tiquarl'. quasip o tential-we ·assume 

interaction is the mixture of the single gluon exchange with the 

long-range vector and scalar linear confining potentials.\'le 

:-\ '• 



·-
also assume that quarks have an anomalous chromomagnetic 

moments K. · 

Then the quasipotential is 

- - {4 . p v V(p,q;M)=u1 (p)u2(~p) yxsop11(kh172 + vv (k)rPr + vs ·(k)} 
conf 1 2;p conf 

u1 (q)u2( .,-q) • (15) 

..J 
where k=p-q;Dpv(k) is the gluon propagator, u 1 , 2 (p) are the 

Dirac spinors; the effective long-range vector vertex is 

·rP(k)=7p+~~.<rP11k
11 

.The· . vector· and 

configuration space are.· 

v . 
Vco~f(r)=(1-c)(Ar+B) 

S' Vconf(r)=c(Ar+B) 

scalar confining . potential.s in 

(1'6) 

The explisit expression for the quasipotential with the account 

of the relativistic. corrections of order .u
2 
;c

2 
can ~e found in 

[11].The method of the numerical solution of (12) was described· 

in [16]. 

The matrix element of the local. current J between ·bound 

states [17,18] has the form 

<A!Ju<o> IB>=Jdp d~6 .~A(p)ru<i>';q)'~'a<q> • 
.. (2rr) · , 

f. 
( 17). 

where rp(p,q) is the two-particle vertex {unction. 
. . v .. 

In our case J=JA+J · is .the. weak quark· current and to 

calculate its matrix element between mesori states it is 

necessary to consider the contributions to r from the diagrams 

on figs.1,2.The vertex functions obtained 'from thes~ diagrams 

are 

(1) 3 
rp (p,q)= ua(p1)7P(i-75)~(q1)(2rr) o{p2-q2) (18) 

and 

·4 

l 
l 
! 

l 
I 
f 
I 
l 

1 

·., 

{ ) ·.· - {-){ )' 
2 . .;_ . ;_ { 5 ·At, k. 0 . 

rp (p,q)= ua(p1)uq(p2) '~'1p( 1 -7 1) .. c 71V{p2-q2) + 
cb(k)+cb(p1) . 

+ V(p2-q2) 
A~-)(k) 

• 70 '¥ . ( 1 5 } . . 
ca(k)+ca(q1). 1 1p -"¥1) ~(q,1)uq(q2) ci9> 

where k'=' p1-A ;k~:=q1+A; A=p8 -pA; c(p)=.(m2+p2 ) 1 / 2 ;. 

A<->(p) c(p)-(m7o+'lotp) 
2cfpJ 

The form of the relativistic corrections resulting from the 

vertex functions ( 19) is -explicitly : dependent on • the 

Lorentz-structure of · qq-,interaction. Our previous analysis of 

the radiative decays. [12] and mass spectrum [11] of quarkonia 

showed that·. in the qq-potential (16). U1e · mixing . parameter 

c=-0.9. 

After substituting {18) and ( 19) . .fn th_e. matrix. element. ( 17) 

we make the expansion up to order u
2Jc2 with res~ct to the 

I \ ' 

vel~city of heavy quarks (b,a) and do not ~xpand with respect to 

the.velocity of a light quark (q).The final: formu~as for the 

form factors lo;,k like 

'1) for the decay B -+Alvl 

f +(y)=f + (ym~x'> I(y):J1 (y) 
• 3 . 

(1) ·~ J· d p _ · { M8 -MA 
f+(Ymax)=VMA/MB. --3~A(p) 1+~ 

{2rr) . a 

p2 

-a- ((~-~a 

/: ( 20) 

I a . 
I) +., 
I . 
I 

M -M - . ) 
+ ~ A (5;~!+1/~+2/3ma~ + 

2 
3 

M8-MA( ~-m~ ·) ( c~{pl:-ma·))+' 
.. :m..m · · ·c(p)m 

........ " ,q a 

M -M p 2 . . -

+ 
8 

.. A (fr -a-(1/m!(3ima+1/~)+1/~(3/~+1/ma)))* . . . -

* 
c (p) ~- } . 
~- <paJap> ~a<P> (21) 

5 



"t' 

(2) > · ~ ·I d
3

p_ ~ _, { ... M8 -MA ·. ( M~-·cb(p)-c (p) 
f+S(y~ax)=V'MA/MB --3'l'A(p) -~ m q ·)+ 

, ( 2rr) · . a a 
":.~ 

M~-MA 
+12ma p2 ( 1/m~+1/~)- M~~MA- (1/m~+1!n£)(M~+MA ~c~( p)~ca ~ ~;~ 

; ) c (p) . . ~ } 
-2cq<P?. , ~~~ · (pa/ap) 'l'8 (p) 

;..; 
(22) 

I ( 2) • • 

f+v<Y~ax>=~s I 
d3 p 

(2rr)3~A<I>,>{ 
.·2 ·.·,., 

MB-MA _i_. (< 1+K) (1/ma_ :- 1 /~),-~-12/-1 :· . 

-,.,. .-

+c (p))' c~(p) (pa/ap)-t' Ms-::MA '(Ms+M~-c~(p).:_~·(p)-
a A 6(c (p)+m )/-1 a · 

. q q 

-~~q{~>) c~:p) -. (p~~~~) L'l's{_P) .· (23). 

\ . .. .. . ' ... ,* . 
2) for the . decay B ,"'?Alvt 

g(y)=g(ymax)I(y)~1 (y) •,· 
(24) 

' . . . 3 . . 2· .. , .·• . . . . ·' -.: ,· '· 
( 1, r---' I d p - {1 ( p (- . 2 - 2 -- - - -J 

g; (ymax)=V'MA/MB (2rr)3'l'A(p) 2~a 1-:T 5/mil:+~;<~-2!.~.m~~ _:-

• P ... 2_<,..m;::a_+_c::;q_< P~ __ > _>_::. __ - . P2 ( ~-rna ... ) ~- __ rna(. ·~-::rna 
~21-lMA cq( p) 12M A ~rna' . ~ 3 · 

.. ·.-

2' .· '· . . • . .... , 

:··rl~m~ (3/~a--i~~)-:1·/~ ( 3/~- ., ,, 
~-

-1/ma)))c~:p) (~~/ai>))}'l'~(p) '<',L• 
(25) 

f . 

(2) r---' I d3p -- - { 1 
g s<Ymax>=vMA/MB · --3'l'A(p) -2=-'m=----

(2rr) a 

M8~c0(_pk-cq(·p) - :.· · 

rna (- +:-

' 

l -: 
:1 
1 
i 
l 

r 
l 

- I. 

~:r 
l 
I 
j 

I 
I 
' 

I 

I 

• 2 2 2) rna _ +; (11ma-11~- ---6-- (1/m~-11~) (M8+MA-cb(p)-ca(p)-

. c (p) . ~ } 
-2cq(p)) ~A _ (p8/8p)) 'l'8 (p) 

• 3 . 2 
( 2) . ;-:--- I· d p - '{ 1 . ( p ( . 2 2 

g v<Ymax)=V'MA/MB -.-3'l'A(p) 2m ~ ( 1 +K) 1 /ma+1 /~-
. (2rr) a . . • 

1 ) m · · 
cq( p) 1-1 + 6a<M8 -MA-cb( p)+ca (pr) (1+~<> ( 1/m;+1/~ 1 . ) 

c (p)~ * 
_q 

c ( p) (-
* ~ (p8/8p)- , I -. 

A:. 
) +~(W+M -c '(p)-c (p)'-

6- B A b .:. a 

(26) 

) 

2c ( p) - ( m -m _ .

1 
(- _ . ) , 

-2c (p) q b a_ (p8/8p) ~ 11'
8
(p) (.27>''- / 

q m m .- J .. 
. (cq(p)+mq)MA b a · 

f(y)=f(Y~itx)I(y)!1'2 (y)' · ( 28) 

. 3 . 2 2 

;(y '>=~-AMB I d P3~A<P>{ 1 --;+ 6P . }11-s<P> 
. - ,max~. . . ( 2rr) . . 8Jl mbma , 

(29) 

a+(y).;,a:(y~a~)I(y)~ 1 (y). (30) 

1 
(1) )--

a+(Ymax -. -~4M M 

A B 

3 

I 
d p ·· M p2 

----3~A(p){(1+MA) (1----
(2rr) . 8 2 

1 

(~ 
4Jl' 

· 3~ma })-

2 
MA 2 , 2 

( 
' p '( 2 2 . ) • p 

maMB 1---8- 5/ma+1/mb+2/3ma~b -.------
M c ( p) ( · ( . 

)
- _· A q · · 1/3 ~-• M .• 

_ll B . 

2 . 
p (. 2( ) - 2( . )))·'· MB-MA .. ( -11-a- 1/m 3/m +1/~ +1/~ 3~~+1/m + 1-

a a a 3(~+ma) 

3~
2 

( 1/m~+1/~))) (p8f8p)} 11-ip) · 
8 . 

2 
d3 . MA. 

I ____ P3~A(p){~ (-
(2rr) _ a B . 

1. 
(2) )= ---

a-I'~Ymax ~B 

7 

(31) 

M8-cb(p)-cq(p) + 

m . 
a 



-~; 
r~·-----· 

·" ~-

2 ( 2 · 2) rna ( . · · ). ( · 2 
+; ~/rna +1//> - - 6-.. M8+M~-cb(p);-ca(p~-2cq(_p) 1~ma + 

c (p) ~ )} 
+ 1/~) 2A ·(p8/8p) ~B(p) (32) 

2 

1 (2) )- .· -
a+v(Ymax - ·~B I 

d3p MA . 2. 

( 2rr)3~A<P>{ ma.Ma ( :. _<1+~<)(1/ni:_:1/~); 
_...$!" - • 

m · . . ·( ) c ( p) ~ .· . 
+6a(M8 -MA-c_b(p)+ca(p)) (1+K) 1/m:-1/~ 3 (p.8/8p); 

+ rna ( , , .. 
3(cq(p)+mq)l.! -~ MB+MA-cb(p)-ca(p)::' 

p2 

' · ) --2C ( p) · · ~ . ) } . 
-2cq(p) . q , . (pa/ap) w

8
(p) 

. (c
9

(p)+m
9

)MA · ' • 
(33) 

where indexes (lr and (2) correspond to -the diagrams in figs. ,t. 

and 2, . s and v '-to the scalar and vector pote:ntials of 

qq-interaction; ·i.t=~~a/(~+ma); Ymax=((M8 -MA)/M8 )
2 ; 'cpJ/ap) acts 

on the ·wave_ function ~A ( p). The· dependenc:;e,of the form factors· 

on the momentum transfer was found to be 

. . I d, 
3

p. · .m 
I(y)= --3~A(II+Mq A)~B(p) 

(2n) A · . 

2 ·.· .. ' ',. 2 2 .. 2 2 2 
where A ::=<Ps~PA) =(M8 (1;-y)+MA) /4MB 

and 

2/?MA 

M2 
A 

!J'1 (y) 

M8[(y~y-MA/MB)~-(MA/"s)2]1/2 

!J'2(y)=2-1/2 [1+ 

where y,;(M~+M!5/~ ·. 
/The functoins :J:

1 

/' 

2M~ .. - f/2 

MB(y-y) 

• 1. 

'· •' ,, 

~ < ''; ,· 

and ~2 emerge from 
8 

(34) 

(35) 

' (36) 

the 'lower and upper. 
-__.-·· 

;~_·' 
:) 

~!) 

'·1·~ .. 

. 
' 
j' 

.~ J 
,•. 

I 
-.j-. 

Table 1. Comparison of experimental data on 

0-?K* ev esemil.epto~ic decay form factors with the~~~tical p~e'dictions. 

Form Experiment Our IS BW GS'· KS' 
factor E691 results [1] [ 2] [3] [4] 

'. 
o.46:!:o.o5:!:a.o5 A

1
(0) 0.43 0.8 0.9 0.8 1.0 

\ 

A
2

(0) o.o.:!:o.2 :!:o.1 0.29· 0.8 1.2 0 .. 6 ,1.0 

' .. 
: + : .. "+ "· 

V(O) 0.9 -0.3 -0.1' ·o.5o 1.1 1.3 1.5 1.0 
-

·" 

b 

J.w 
a· 

B A 

-q ·q 

Fig.1 The lowest order· vert·ex .futiction; 

'- -~ 

b 
r· 

= a 

-·s 
,,fj, A 

-q q 

F1g.2 The vertex. function with··the account of· the' quark 

interaction. Dashed line. corres'ponds :to the ef.fective 

potential ( 15). 'Bold line· denotes the negative-energy· part of 
~ . ! 

quark propagator [18j. 

.-t·; 
.: ... l' 

9 
'•.,.,i ' '·, 
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components of Dirac spinors ua in eq.(18) respectively; We also 

replaced the heavy quark mass rna by the mass of the 

corresponding meson MA for simplicity. 

I~. the limit u2Jc2:-t~ the form ;actors (20)-(33)reduce to 

the standard expressions 

quarks models [3,5;6]. 

obtained in the nonrelativistic 
!. 

£~ 

· ··:4.Results and discUSliion 

In,·thfs section we .present the results of the numerical 

'calculations of-the form-factors and semileptonic decay widths 

of D- -and B-mesons. The _quark masses . and parameters of the 

potential were determined earlier from the analysis of meson 

mass . spectrum and radiative decays [ 12]: ~=4. 88 GeV, mc=1. 55-
.. . 2 . 

GeV,ms=0.5 GeV,mu,d=0.33 GeV; .A=0.18 GeV ,B=-0.30 GeV,c=-0.9, 

IC =-1. 

The most interestin_g is the .decay D-tK*evebecause recei:Jtly 

the E691 collaboration _[10] determined _the decay form factors 

from the analysis .of-the angular. correla~ion-structure in this 

process. Their' definition· of form factors slightly differsifrom 
' ' 

ourfi. The connection between them is the following: 

A
1 

(y) =f(y) /(MA+MB); A2 (y)=-:a+(y)_ (M8 +MA); V(y}=g(y} (M8 +MA). 

The 'experimental results in c?mparison with theoretical

predictions in different. models are presented in Table 1.While 

the previou~ theoretical predictions [1-4]- disagree with the 

experimental data for the axial-form factors ·Ai(O)-and A2 (0),we 

get the results in accord with these_data. 

For-the-decay width- we obtain 

* - 10 -1 r(D::tKeve)=:4.3*10 s ;, 

to be compared with,the. experimental. data_ 

. + + 10 -1 . 
exp * (4.2-0.7-0.5)d0 s:- (E691,_[10-]} 

r (D-tK eve)= (3.6~0.8)*1010 s-1 (PDG [19]). 

Th:e. predicted ratio of the longitudinal and transverse decay, 

; i 
10 

~ j< .,_ 

widths is 
rL/ rT·= 1. ~ 

while experiinentally [ 10] 

rL/rT = 1.s~g:: ~ 0.3 (E691). 

The decay width for D-tKeve is predicted to be 

•. 10 -1 
r(D-tKev )= 9.1*10 s e -

and the experimental data are 

' 

. + + 10 -1' exp (8.8-1.2-1.4)*10 s (E691 [20]) 

r . (D-tKeve)= (7.8~1.2~0.9)*1010 s-1 (MARK [21]) 

,(8.1~1.2)*1010 s-1 (PDG [19]). 

The form factors of tpe_semileptoni_c _ !3-mesor:· decays have 

not been measured _yet. Only th_e. decay. bra11ching ratios are 
' ' ·. '· ' .,. . . ' ~ .. -

known. Our- mpdeL predi~ts 

12. . 2-- -1 ' . - 2 
r(B-tDev~)= 9.0*10- JVbc'l s and B(B-tDetJc)=-10.6jVbcl . _ 

It should be'_comared with•the expericiental data': 

(1.7~0.6:!:0.4)% ·(ARGUS [22]) 

B(B-tDev )= (1. 6~ 0 · 6 ~0 · 4)% 
00

}. (CLEO [23]) 
· '- -e (1.8:!:o.6:!:o:3)% D+. -: 

( 1 • ~+-0. 8)% (.PDG [ _19] ) 

The prediction f'or the· decay_- B-tD* ev _is .. 
• -C . 

* . - •13 . 2. -1 . '·.. (* _- __ ,.. . : . 2 
T(B-tD ev )= 2. 3*10 jVb I · s and B(B-tD ev )= 27 .11Vb-·-I • ·e · - c , · c c . 

and 

r~/ rT =·1.~ 
The expe~imental data··are 

* (5.4~0·9f1.3)~- ~0} 
B(B-tDev.)= (4.1-0.8-0.9}% D 

c (4.6:!:o.5:!:o.7)% n*+ 
. - + . +• . 
(7. 0-1. 8-1-.·4)% 

and-
r 1 r .0.83~0.-33~o-.:13 · 

L '--. .T - = + . --- 0. 85-0.45 

. (ARGUS 'I 24] ) 

(CLEO [ 23}). 

(Crystal Ball __ [25]) 

{CLEO)' 

{ARGUS) 

so we can extract the value of' KM mat;ix .:·~dement: 
., .- ... 

_IVcbl= 0.041~0.006. 
I I 

_-, 

·;,""'-

,_ 
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Our analysis_ have shown that· relativistic effects- play_ a 

significant role in semileptonic decays of mesons. It was found 

that taking into account relativistic corrections- to the form 

factors of- semileptonlc decays it is. possible to get· a good 

description of all available experimental data 

* - - * -on· D~K(K )lvl and B~D(D ,>tvl decays. 

• ..! 
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