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The present-work is devoted to' tlie application o:fthe :relati
vistic configurational -representation (RCR) /l/. for ·a.~~cr:tption of 
the interaction of two' particles with spin 1/2 and o._, 

The RCR uses .instead of the Fourier transformat'i:Jii With three-. 
. ._ ~ . - - . I 

-dimensional exponential (which r'ealizes the unitary. irreducible 
represent.atfon~. (UIR) ~f the Galilelian group).· the expansion in 

matrix elements of the. principle series of -UIR of. the •Lorentz group. 
' ' . 

The .description in terms of the RCH has a three-dimensional 
form and i's similar in form to quantum mechanics. Due to thi_~;~ .fact 
it is viidely used in the ;eiativistic two.;.particle problem. ·In .. 
particular, the relativistic generalizations of Coulomb and_ Yuka\va·· 

, potentials o·f. spin-orbital and tensor forces were found I 4-6 !. The 

existing three-dimensional apparatus is based on the free Hamiltonian 
:Jbr the.·scalar particles;: In lJI thefree Hamiltonians, for functions 
reaiizing UIR;of the Lorentz -eroup with spiris 1/2 and :1 were found. 
In 'the ·present work ~e use this spin-case Hamiltonian for .particles·. 

with spin 'i/2 a'rid corresponding wave functions .for:.describing the 
interaction of a· fermion with a scal~r narticle; We. shall .confine 
our consideration to the 'case. of,· the ra~ticles with e'qual ~sse~. 

The one-b'oson exchange. model and a variant. of the :quasipotential 
- . ·~ ' . . " ' - - ' -- ! . ·' - . ' 

equation based on the Hainilton foi'mulation of quanrum 'field theory 
/J/"developed by. Kadyshevsky .is chosen as .the starting point for. 
taking the particle interaction into account. 

In this. v~riant, as .. in the Logunov.- T~vkhel:l.dze approach, the 
momenta of two particl~s are on ~ass-shell . . . . . 

j;/ ~ ';r.:t.= /77.2 
i . . 

(1.1). 

In the 'center- of mass ·system (c.m.s.) the scattering amplitude and 
wave .fu~ction equatio.ns describin7 the int~raction of !scalar and 
spin 1/2 particles ·:have the form. J/ 

Ep (E,o- Ej)1Pfl3{/f): 
.. . 

-:i;~ •· '·. ; . '' '· .· ' -

= (.2~ )" : ?,=~ ~·. J o(J2" \/;;., (Jr kl £,_) ?if .. :(.?) 

~-..--... .,..~~~- ""· .. ...._ 

,;"_\<'"·;~;~i~-:~f!~.i~i. !:!{:7i:iy"7 {' 

;~ ,~<:·;;~~.; -~= I:!tC ;~:~:fl~:i::5Uf;I} t 
~; ~;~~~·SJi;,;(17"E!·i;{ f 
·;~ .~~--;' 

(1. 2) 
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7:-o' {f7 f-. J = Yo6'' /)?; f-1 4-) :r 
+ . .£ 3 E . fo/aJc y;i>,,ij>-;x; Et) /;&-' .1):-;p CLJ) 

{t!ln ~ 6'"''=-% • E~ ( .E.t- £"p. -.-e) 

where VG'"6'"1' /R7JC; Ej,) is the quasipotent~al, · ~Cj =.2 V ~~3-fh1 2_' 
is· the total energy of the system, ~, 6" are spi_I} indices and. the· 
volume element in the momentum smce· c/..tl~ = c:ri?'/Yroz-r/77-t.' . ~ - . 

is the invariant measure on the ·hyperboloid (1.1). 

The paper is O:!:'ge.nized as follows. As it i·s known, in the one

boson-exchange m-odel the potential is taken.· to be matrix element's of 

the relativistic scattering amplitude· in the second oroer in. the 
coupli~g constant. In- 2/ this· Born approximation in the form given 

by quantum. field theory is-reduced-to the tllree-dimensional' covarhnt 

form allowing the transition to RCR. 

In§J the properties of the P.n:niltonie.n and momentum operators 
introduced in 177· are di~cussed, and questions concerning the·: . 

partial wave expansion of the plane waves describing free motion o.f a 

particle with spin '1/2 are ~considered there·. -:In§ 4 the addition 

theorem for such waves js used for construction of the local quasi

potential in RCR. ·It is shown that t-g.e expressions !'or tr?-nsforms of· 

Ytikawa and Coulomb potentials do not contain singularities. 

2. The local form of one-boson-exchange potential in 
Lobachevsky space · 

Equation C1.1) define's the three-dimensional surface of the 
hyperboloid the upper sheet. of which model~ the Lobachevsky psace x) 

The Lo_rentz group is the motion group of this space. 

Pure Lorentz transformations A}> ( 11b.oosts ") i.e.- such that 

A? (m~ o)= (,P 0;~ p--J; .. 
A~a ,[": F/-;)1"" . ff- t" (,eo . .c r>. = Ll (2.1). ~--) ···--

)'o +Jn. 

rA;:{.c}: (~-+?)/::-;c= (--t ~p ~- k/:'--)/m ~ 

Vm .:~.·+ {R?-;pJz = ·:Ll ~ 
(2.2) 

in the non~elativistic limit turn in~o transformations of the trans

xJ~;:;e the u~i t system in which i = c ;, .:L. 

I / 
l 

' ~ 
l 
~-

1 
I 
I .I 

I 
·l .. 

. ~ . . . ... ' _, -" .. . ·~ ·, ~ . . .. - ~·-
lati .. on in the flat Euclidean space: IC t=-) ?_ ~ ·J::. -: ;O· . 
In spherical coordinates 

pt1_=;m. dfp ; .. p~ =17Z .s:l',n..rz-; -- . ~ .. . ,t:> • (2.3) ; /l./' ~ _17/ .) 

:1:() = m; d~~ ; .. .c~ =~ .8/,n ·rz-: -~ 

(2.4) ~ A= • ._, h.~c =IF/ J 

equality (2.2) takes on the fo:rm·of the theorem 

. composite angle' in th~ .Lobachevsi{y> trigonometry 

on a cosine of a 

v .-/~ · .. ~, ... /. . z ::. . 1 -f 't.A:: ~Jj> .//Ill ' :::. · .. dY,c.e 

= ilh.;;, ... ¥J; -.. -~~~·s%=.··n;a-: 
(2.5) 

The vector.C~i-.)7 can be c~ns-~dered as a relativistic geometric 
'ge_;_eralization of the'rrio~entum trans'fer vector )::-...:./>._·.'The ·square 

of' the foUr-dimensional' vector .of.' the momentum transfer .is ~xpressed 
' .... ~. ~·- -~ ·~ ., '. -' •, 

through tlie vector •Ll : I:; C--J p' in· the following way.. '· 
" ." .,_ . -'. . t-. ' • • 

I =;IK-).) ~.~-;f 111 ~~.z,q ... ~::: = .. ~/77-<-.z/11 Y/17 .zt/kr-¥>-:rf2.6) · 

We c~nsider th~\·ca~e when the interaction i~ realiz~d:through the .. 

exchange of a: scalar.·particle wit}l mass ·In- which is described _by 

the Feynman diagram •· The scattering ampli'tude in the second order 
.. ,· ... in,.the coupling constant is ,given 

~.--·~··_···.A.~_· 
~-~---~-·;.~;r·· 

I 
I 
I. 

I 

~
_.·_.···: .. _·. 

- ··- + p. . .1} -~c 
' Fig.l . .. 

. .. . .:.- ., ' \ ., 
by the expression .. 

LJb / !~2;/ ~ o? = 

.' . /l /~6 I 17. _e-) 
-.~-/ Jh·:J. <.. :; .. . /.o-le) . .. 

f/ .. (2;7) 

Tb..e_ current-matrix elements in (2~ 7) c~ be transformed by passing 

to bispinors defined-in.the rest frame of references 

j·~~kJ= v/;-;Jv~/;:~)= ~(-o}4-:t~ -a%J.c2.s) 

Four-dimensional matrices of. the.bispinor transformation 
. U ~--)= 4 -t-1 o-~o) , corresponding t~ the pure Lorentz 

tram;formations are defined in the following way 
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,sj = ~l>+~£m 7 ·( d -+ 7?/t;Po+.rnJ) (2;9) 

where "" = Yo r . . . . (2.10) 

According to 181 . . · ' 

~-~ =4tf .. i /; fJ :/J ~;v-Pt-r"'Jj c2.ul 

and the rotation matrix (Wigner rotation) is written in.the form 
of 19/ ·· -·· ·· . · 

. ~~- -:L/ JJ} 171v . •) 1J ~ v ( A~.J,e = H (.'k-:;_p--/ = ·. 
(2.12) 

fl', rln)(k, +g,)- k.__P--- it?~~ ;o"J 
v= 2 l;b~~ + tn) (k-,. + /n) (k, Po - ,~:-;:,~ -r _;;:, '.:z )' 

As a result we have for (2.8) 

J·r;-t~~e~) =E i .· j·G"~~;~-;J~e;.:,~:,o-:JC2.1J) 
where · ·· ~-= ::!:. ~ . · • 

j'"'fiJ.(,c--f-Jp-}= Ji21n ( Ll~ rm) '. J;G;. (2.14) 

Aa.cordingly the expression for the quasipotential is written in the· 

f;r:z)OGp/ ~ ~e-:· E)~_ . flj.R/n(Ll. r/7') 'J;6l>:f/(-~r --J= 
. { ,P . .,. ~ cfU.?-,? /17 .z-f..Z/77 LJo • .J,P ·, 

~. _.· .) -7'1-w-f, .... ~~ ._(2.15) 
~'"L1· . £ . /-)) lc j;l . -- c~,!. ~. 

. . n<~- -;::-). 
Upon separating the Wigrier rotation matrix AJ t /<jf='/; the remain_. 
i ng part of the quasipotential is local in the Lobachevsky spg.oe, i.e. 
depends only on / ,P--c--.) ,fr)R. · .. . 

· The rotation matrix ~/J:-:j:!"J is of a pure kinematical nature .. 
and according to the terminology ofthe authors of 191'it transfers 
the spin indices from one momentum onto another.· 
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· J •. Relativistic configui-ati~nal- representation· for 
particles withspinl/2 

.In spin-zero case the transition to the relativistic configura~ 
tional represemtation /l/ is performed with the help oi: functions . 
that realize the infinite dimetial UIR of the Lorentz group /IO,ll/ 

(with spin ~ o) 
·. , ~ ~ - _,o, - e n . . 

( 
~ -- ) - d. - /r.~n. 

~ f;b.,-;z J r)-:. . ___ ffz. 
1 

_- _, . , (J.l) 

~- ·-= ( ;s'/n. & c.o,S Y.~ ,Sr'n & ~/ iz !1'.~ ee>,S~) ..~· /z-<= d 
•
1
1· and ccMp"e the complete ''_stem 'in the L. obachevsky sp.· ace~.· Th. e para
. meter r ·in (J.l) 'is connected with the eigenvalues of the Casimir 

1 operator' of. the ·Lorentz group e~·f':b)= .ATfr,-J...;.. F//'-.J . . 
in the follow:ing way . · .. · · · ... · · . ' · . ' . . 

fr?i /_.P~ -rtF) ~~-,~"m, /:_~~ ~>J.If· ~en./_-~;:;; . ':[ . . c- /Tl- tm . fL /n.. . . _ . , 

I 

! 
'"j 

I 

i 

'In· (J. 2) · ( 0 L. r L. oOd ; ~·i ;t = .d._, ..2.,., 3) .'. 
/ ;' · .. · ·. .·· /::1 ,. _,_., . fO 

/Y:(;r)=tf'"a?~- / /Li /7)= L. C1i;cfi~;. 
•(J.J) 

i' 
. In tli~ 'nonrelativistic limit when theLobaohevsky 
the Eu~lidean sp~ce,w~ have /l/ 

'eel turns into , spa , 

. ¥ . . . ' .. t. "{P; /2~;. }_; ex/>(- ~;,o"?"'"r--) /.· ;..~ Kr 

and the Casimir ope-rator of the ·1Lore~tz_group · 'Cj ~-~turns into 
Casimir' operator of '.the group 'of· motions of :the Euclidean' space 

the 

A 

~ .ff>-+) ? f/~O~J.z= 
..·. .. . '? ·c:w ~-

;- '·; .· and 
A , ~ 

C p !f7 eXJf-0~r~) = r~ e:X'/; f-0~r/ (J.5) 

The expansion takes place . : . ,·. 

'Y: fr>i} =;.fnp] d'.q. g:(fi-;: it; r)~ (ji) c3 • 6) 

.. ?f"(,PJ;_ tfllj.Jtl~ r•tk}""ft;Jt'p?f(;;~) ·. 
. d'tu;i ·~ S'/Ji.tf ~6? t/Y ., . · .... · . CJ.

7
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In ref. /l/ the form of the Hamiltonian'and 'the m~mentum operators 
for the plane waves (J.l) was found as follows: 

;/ ~ /7Z ci (-j- fa_ ) -t- _j_ ~ )' (/ 9_ j + 1?/i Yl,ey~ /t.'/~) ' 
, , · nz. 11Jr. , ~ . /T7 t'(}r .21n r.z /'(;:j;"Dr 

. . .. , . (J.s) 

..., , · · · · :r- - _,,7 
D ' ' . ' . • ·"' ~ L/l. . Jtl{~!/j; . . 

F ~-hf ttXJ>f4~?!'-!l/ . r .... -~4,~~) 
. . 

The partial expansioz;. f.or. (;._1) has the form 

/'(;,--;. iZ,r) =f:f£t +/)i "-L{( dy;, rJL;. (h;· i?) 
. . t'=o , . , . . - (J.IO) 

with the radial'functions . 

to) . . -~ Jr:i7' .P "~Y! r)=f-t') ··r~ 
~ t (; crl'~ . . "· 2$fy; 

l'{trm +t!,../) 

· J'(irmrV 

-~~.~ r (c~) 

'jt t',' 

f {o) f c,4 ,f;.J 1) = 
0 

¥n/l-~~).·· 
.,tn 1fiYr> 

~!:he a.ddi tion theorem for the plane ~aves has the farm 

"-L/ + ~ rrn ~ 
/Z (J.n) 

(J.l2) 

fJ(Jti'"t*ftJ;tf;;)}.(ctk-:·;rJ;)=Jp;/Jj:- t*10(47 (7--; r) (J.lJ). 

) 
where -- ~ ·'' __.., 

L1 =- ? €-) /r:: .) . dtu ~ . = {k"
0

- ~--~~) -.z~ if;;; 
"/C 

--h = K: 

Ink 
.. -- j ,' . /7.--;:'. 
lc (.z- ) . .t"o r/rl . 

(J.l4) 

kt:;l ---Jc: /t.' ,.: 

Let us consider now the ·fol'!IIalism for the· particles with spin 1/2. 

In ~hat follows ,it ~ill be more convenient to use in part th~ dimen
/sionless notation introduced by the substitution 

. 6 

,. I~-

'1 
":: ,·,. !' 

,.,." 

The. generalization of expansions (J.6), (J.7) for' the ~pin case was 
found in /l2 , lJ/ • . , . 

. For the spin., 1/2 these expansions look as follows:, ' 

o/:~&XJiT }- d~ / rdQ. 1J~)r~wJ0~//'j~~-:;~;-j. 
. ·. - flllt) Ji f> ' . /7Z. .·. ' ' ·,().15) 

r/'t,P )~~)~ 1 (-''..< !J)d.t t1'4£ :V~kJf_:~)~~~n7 . 
' ' . ~ 

/~) '.-, .. ' %' . :-7 .,· ; (J.16) 

. The functio:S ~ fRw)= ~ iJ;:n/ in (J .15), (J.l6) describe 
. ' ' . ' ' . ~ ,' .. 

·the rotation from the directton of the p vector to the .direction 
of the n-vector. In !?(.it has been shown by meims of the direct 

~oluti~n of:theproblem on,proper functions for .the Casimir 

operator of the Lorentz ·group 

. . cr:~~~)=#r~~- .iT~) .I ' (J.l7) 

. . . . . : r "'l.zF : . , . , . . . . . : .. . . . . 
that the<· }6 (.Rw} .;..function has the form of. the 'lVigner, r_otation 
matrix · · ' ·· : · · ' · 

' ,11(~} . ·.·. * r.f&) .lf-[e> . ' ' . ' ' '*f:f;). .*-t'o). ·, 

I r: {1-J;.tJ (;;IZ)~, .0a-:o<J=fL-r~2rj}/J C,O:~)·~ fliit;(){) 
. . ~.~ 

... i 

(J, 19) 

where . . .. 
,ff.z) ·. 

/ 1J f?-: ~) .: 
'I .. 
~- . 

·,~~~)in--: ~ >?"[jJ~~j 

jl ~ (b;, r.i) (o~ -~--n.-) 
~ ' 

·I .· 
l 
~ 
1 

l 
I 
1 
I 
l 
·~ 
I 

In· the spin 1/2 case 

A-; ~1 ' ,·i '(). 1~7] 
/V, . -c ·--. if ~.?of()- . ,2/. ' . 

~ ' .... ,· lfo +:I. 
J \' \ . 

',,·-. ·~ ' 

~i ::tt?--/= Jt fF )-+ ~ / ' ,e (J.20) 

The' second Casi~ir •ope.rator' of the Lorentz group with the eigen-
valu~s . -vo( . . . .. ' ' . 

. r:-.:L) . . . ' . . 
/f JL . ': . . ' --r ' " - :, :· 

c:z r~-J = /V0"1.7t7J~ ,·,· -?·,< 

' 7 



i. 

is nondiagonal on the functions . 
*' r-tJ.J · . kco) . · -~ 

t {jJ~·rt; «)= J [;,) tz~ «}· ::() 0-: 11!) (J.21) 

The helicity basis fuhctions . . 
. ' it<.{~l . . . :K-(/Jj, . . ' ,. fz_ . 
,! ' .. ~-:It; iX) _·. t.· . (?; /Z.-: o<): ·;() f/27

). . (3. 22) 

where ~'/h)'~re eigenfuncti~ns "'6,f the. operator /~l'z/form a 

common basis for C +'~nd (}~~ {/f'"). . . 
Further we shalf use the spin 1/2 plane waves' (3. 21), the rela

tions of completeness and orthogonality.for which have the following· 

f::i),jhl' 1 Effh a; .,J£ '~;r;~1J': r(;.~~ J"f.<-4 
(,Jllf. . . ' ot:l.+ ~ 

. . (3.23) 

f 
. ,y{d&) ' ' (-¥.,.) . .· .... 

tl.i ... ...,...,~ .. ~--. 
..:L ol()(fg( +-)oluH ~ (p; n-~(:;l)· h> (.e; I'L j ~J = 

ftZlfY . !z · · r · ,S. · 
[V/.31.,..... --) ( ) = kp. (} . [ fo -tz-. 3~24 

Using the equalities .. 
~ ¥~ : . .1' {1 . . K~ 

· ·~ ~-; n+}iJ {;Sii!") == ~.{£;~-J·:IJ !LJ7"tz"I) (3.25) 

and (3.1J), (3. 14) we get the addition t-heorem in the chosen basis 
(see also /l4/) · . · · . ·· · · • · . . . · 

J (:J~ . *' { :1/.£) . . 
72 ~ ~· ~ --. . . . 

d'w17~ p.;tz .,o<)}. .r 1:::'; 12, Q() ·. * ,, ·. · 
- , .· * [~) . ,· r / T.L ~ ~ ~J . 

. '.. '. . ~ ~ (,c-;,Pjjt¥fAJ~·5'/LJ?Il~o){J.26) 

~-If~·_,.. ~J J· I.· t*(tz_}( ~ -. ) 
- N · ( k,,P / atJit" · . LJ .~· tz.. .~ o<. • . . ., 

. ~{~) : .. f:tz). 
The operators of the free Hamiltonian_/{ 2

; and the momentum _/) · 
for .the particles with spin'i;2 ~~e~e found in 171 , .by the following 

' "' ' . 

method •. 

8 

l· 

·':\ 
l 
l 
I 

i 

1\1 
•I 

J' 

] 

Basis functions ·. 
{:IJ:. ··. . }: ~h~ ~ I ) . J:. ro?:,~ . ~ I J r-f\ ~ -- +) ) 

,S 0 .. ·~J~ -:-cJ. (j>_,·lz-.Jo(/•AN f;c.J/Z- · (3.27 
. .• . . A , 1 -£ol 

.. -·· . lrro, D 7 . 
with the help of the .operators ·Ji( , ~ can be represented in 
the form -• ·. · · . · · 

IJl . . -- . -
·-.~ (~~· -- ) "' p . /7 .~U/~~J . . /)). 

__ ,s . { j-J) IZ_,~ =/r2Ut,:z£ ~= -. ~e.~-~~r"'/e¥cf~( · ) 
. . . 3. 28 

g E•fj;;~ ot) =- 8 • _§ E~y pj ": «) . 

-V c2/R" + .1.) . . /A v dl 06" ""L) 
We can flnd the. operator )= _ for which the equation· 

A "~} A A 

c)/·~~ ==:. ,h/3 ~:f. (3. 29) 

takes place and it is of the· form . . . . . ~~.' .. 

/c/l=r1ch{-{!J.•)r ,2/n/j_··. /"/ !d)T /6':~t'lz/e,y_bfi•folt3 30)
1 

. • I ' .;z 0«. . (I(. ~ • { 1 ~o(. o{ T'l,e fib</" • . 

Then from the 'relation . . · .. · .- t' ./i{;J- ~ ~) ' .. · (~)·- .. ·. . . 
A. 1\ II . , , /Z. «/ 

.8·/L,bB '-.j J •.. ',PJ ", .... .J..I-. fj,ii(,o<.) 
.l/2 . . : V,2fA-r:t.) ro~ r . . 

(3.31) 

we find; that .the o'peratcir 
'.,l_ • , 'I .I\ ·. \ .. I • CJ.32) 

''·,e 8/c -:t . 
is diagonal on functions (3. 27) ~ith the proper ~igenvalue s which are 
equal to thJ energy of the p~rticle ...:. p, ... This. is .the lo~ked for . 

II 
(~I . .. . .. . • ' .: 

operator; . /'in RCR · in the dimensional notation · ·• .. , , 

, ;!!&~ /nc~td(i:l-9) +·,ric . eJ!f.(i~IJ_ J -
. ~. . - : • rDr. ,2{r r'.:z~} r ,ar-/ . 

- ;/ (! • . ~ 2'/ '(- ~~':) + .te~:t) .,< h' tf"~ ~ eK~tr~ t;?) 
o2{1--:a) . dlnz (r..r' -r ~~) . T I'Pr./ 

t!l. . . . 

If tt-·"Ft~ !tt: Jfz. ,: ~ = l14 c : c3 ~ 33 ) 
;:&m frJL +- $4') 9 



A . . .·.. . '· .. ' . . .. 

. . • . - {4&, l , L . . .. • ' . ' 

The .. momentum ·operators "/J . · can. be found from the' expression 

~f:f&) -1 k-~"tc;tt"~j · : ~ .A/DJ_ff c~jn.~(;() 
_p . 8 . .., ·= 8 ·..P . 

· · · · ·V.2{4 -r:t) ... · . · • VR0-rL) ' ·.·~u.J4) 

fi(~li}'=-'tt:(e-_=Jt:u*J-)/fs~f!;)+!;:?;: 
. ..J ' . ' .• .... ~ 

' \' < 

_lot[i;: Jl"M$'}}r ~~iJfiit?}+f;c?JJMy} ~,6(';; g) 
• . ' ~ ' ( (7{ ~ + %) • rt)d I 

'¥ . " /'; ) . ' ' A ~ '.A ~ ~3.SS 
The Casimir op_;.rators of.· the Lorentz gr~ ·. ·C :1... , . C .2. i:r;i .the· 

variables d. /7. have. tlJ.e form ( r =· 5' 12 ) ', ' .. 
' J ' . ' . ' 

A_ .. ·f1. · .. : .· .. ... _r-+)'.2 ·; ,· .. ''-'\:t'/,l . .. -::r:~J ·. c·· '=d.tt?(:~._·(,s lz- ; ·c. = o< (~-~I· .·· 
•1 .i. . ·. ' ' ' ' ' . .:z . ': . . • 

,, ,' ,' ., I ''· . ,• ' 

To .find the radial functions for the spin 1/2,- we use (J. 27) where 

we shall represent '.§ {.:>~)n-:o<}in the foJ:m ·: · · -u 
1 

· ..... ~~ J 
,.. .I ' ' ', {'t:>,J • ,y £ w t . '/ - J 
~·.., ·· .. · · .'.e' 7/;·· .. ·· •· · !I .. )D··· (tz./. ,f f?) k:«J=£7/Et ·¥;~tcn7)~«J.qRm-~ J~rn. ·c·· :. ) J5 e.m . .· .... , : .. J.J6 
-- ! I!/-- . ~ , . . ir t:~Jr,--' . ~~ 11--') 

with I'Z,b = /j;:>t; and spherical spinors ..qjt'm ~~ .!2./t'm ..,! . 
being the proper fun~tions of the opera tors ' . g:!" se ~., and '§'" ,fel/z.j 
(they have the same form·as in the nonrelativlstic formalism). 

Let us integrate the expression . • ..r..J . · ·. · · .. ' · · 
· ,·. . .. >·. · · ,. .. · ·' · . co{)_, ~ .··· · · ·. I~)· .·· · .. : . · 

( . -~( . ' ,., . • . :z . . 
'&). ' ' . -fi)r,+. )''''g. ·1'. '/'J/l.Jot).,).' ·.//l-;.····.) t ()~ ...... J_f) ~ - . ~ . ·~ { I ;:>/ . • .o( • 'e. ~ . . . ;· . c'/11 .. · . 
/b.JnJ . j'bn .j6 .· ·Y~0>o-f.;i) /. (J.J1) 

. . . . . . . ......... ; .. ' ..... \ ..... 
over the·· ~ngti_lar variables of. th~ IZ,P ve.ctor.· The matrix elements 
obtained in this way can be'written: in the' form· 

. ' ' ·." ·. " . ·' .. ... . ' ' ·. \ . ' ' . Y. ';' ' 
, · ,. _. -~) ,· ·. , M. · , :f.. Io) . . .. · ,j;~ . 

--~cf.i {)--t'6fli(~~/~~ il· ~JJ ili·'-JLJ/d~,«J-4:/Iz-jJ.~Js) 
. . ~ 9« ~ ~ ·'~ . ~ ,2/Pol ~,-..t) e. ·. . , ~ < :{t:~ .~ 

< - •• ';. • •• '<' ' - ,'. ' "~ ,: • 
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{. 

f"' 

. . . t~) '·. . rw ' . 
ff".ffr;t) £2 .A~ fn~)=? £21-~m f;T) 

. . fr'/71 

· ./3 .= J'l./+:1.) - e / e + L) - ..sq, 

with 

(J.J9) 

taken into a __ cc6unt w~,.define the radial functions for the·particles 
£) f ...,.L) , /.) ' • J .· . . 

wit~ spin Jf,J . ;;-./;e. f~olps coefficients that stand befo:!:e) 
£.i7t r' ..f2 .t"e('1 fll~in the expression O.Js) where,., ~£(rz-flj ~ ;j3 
These funct1ons can be expressed throur;h _I?~')(~ Y" ~')· 

(Ltz) .. . I <' /~/ 

. ~.e. (d~~ ot} ~.e ~ (a/{tL-~)L;_ "1~{;~~ 
. ~ ~ ' 

P. ~o/ / oh ~ d.- ~)l? ·. ·. n = eJ- e'-:£ -r e I / ~ ~ . . :;z ':} . ..J ./ -.. . . 

. For the. s-state it· follows from (J.l2) that 

~ t'%) i ~,r}; :lmr;9il;#r;Y,./-O.f f~}rcP,S~r;.),s/ t'p) 
?t.l' ~ . £m-?-~/f~·cif/-f)·/r.z+ ~m.z) CJ.41) 

In (J:41) the dimensional notations of the RCR are. used. 
~he radial'Handltonian operator can be .obtained by the. following 

I .· , . , , ' ' 

replacem.ent in (J.JJ) • · -..;.. · · · ·· -.L 
i:~.~ li.z.~(t+L) ; li ·e:: ;;eM~)---: h fl. 

4. Reduction of the Ouas.ipotential to the local form in RCR 

Let .us perform a tra.zisition to the. relativistic configuration 

representation in (1.2) with the' help of the transfo~mation (J.15 ). 

We get . . f-:·hj 

J 
(if.z) . -:L /1 1.. "Zl, / . ·~ r,-~-_;'tt: .J. r; : . ~ 1/:~J ( .qo = ; . (4.1) 

J . . . J.f&l' . . j· . {fi) 
=== rl.a_.b · t {;>7 n: q{). :,3 ·. tl'tzk V 0-:--0 7/ ~. r~-1 

I · _{£71/ . . ' . 
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wh~re 6!- -L. C/ fEp -~J: . .. ' · . ! 

Let us then make ·tr{Ulsi tion. in. (4 .1) to . the new function _ 

rfzJ . ._·· r ·_ · ._ -. -*{~) . ·" . r~) - . , · ·. . 
:¥ tk)(;z~pjP!tt !d~~j)§:' ( k;~c1 :# [ot_,!Z1c/qz4.2} \ 

In what follows we shall use the relat~ons. ·. · ......... ~~ . 

'1J* ~~~17) = 7J':f''i.Sj'-'J· :tJJtk~,-~_,) · A5 ·to-;n-). (4._1) 

. ~ ~o) . . . *'t'o) . - . ' ..t</-o)_ _.. - , ) ) 
k ~iS·n"""";ot).~§. {;c~~J,IJ;~;,~~J~ (/->~If~«,; (4.4 

where '· · · ._ ... ~-· ·_-~f· .·. {,o--/T)J-. 
..-.~ -h·:i.- .. ;r = ,~~,.. r . . ,bo +/n ' .. 

(4~5) 

:;1.1' . . Po. - ~_,..)? . 

Using (4.J), (4~4) we have fo~ \~e spin case · .. :/!1/
1

·· ... , .·_ . 
. /h) · /dAl '.* f'Q/ · * f:fz) . · . . *c 7.Z .· .·. .If- c, ~ _ J) ~ . - .,~ ) 

$ (.E';·it",o<)=1J (~-:J·l:. (_c~~-;nA/>~~~ :fi:>~(l-.,~. 
. ',1 ' ·. • (4.6) 

Now we substitute (4.'6) into (4.-2)· with .the corresponding indices· 

keeping in mind (2.15) and _the equation 

,. • . ~ '2/7~ ~-)' ,.K ~/)C ~) = :1 . 
.· N (kjp/ N l"'~/'/-. j 

we <get for th'e 'right-hand .·of<< (4 .1) . ' 

J 
'(~) .. · . < J.' . < • • .· . --+· . .1. .·t.. I. tl.af' ~- (/>; ~Jd)~7y ol«~ ("t _--~-~)c/wk_/. _ 

... . ' . . ' . . . ', (4. 7) _· r ' . .' -- ~- rw .. · ' ' . -K (~:) ' . i:f.z) . 

(~y-J cia~ VfAjEfJ} · r;tT€,-/ o<:t);t.,&oTif;_~)·¥-r~jilj. 
where we have used .(J.l6). Then making use of the invariance ·of the 
volume element o/Jl:;= (:/j},Jfj-_;,. .and for~ula CJ.i5) for· the. potilnt.ia.l 

form in -RCR ·. . · -~·) -
. . . .1£(-u. ' . . . 

, Vld.~; jF) = r/,J• /of~-: · 1/f<'ifJ);t (AJ1(. ~ .r.t/, c• .sl 

w~ get with account of (J.2J) for the right-hand side a lore.l form 

12' 

$pft/.r.t~'+~)t/%:f/4i'~;z:,.t)- ~i7J· 
*idhJ -7>-· ) -~} -· . - . . f~/ . . ) 

·} (j!;·/ZLJ ~}:!/- {;y_,/z~) .:: ~iE;.) :¥'. {~k). -:(4.9 

Thus equation (1.2) in RCR takes the form . . 

A~i A (f&j {~~ . / · rf-v'__.j ' 
1/ Y)l. _~-: 7)1/ -~~z~;l= V!d_;~ -'E~n/<4.ro) 
/~ . . . 

In it has been shown that the boson propagator 

;i d.' 
/' .Z_ f;o -Jc).t =.. .;u :Z. - e:fl./12- ,;z J'-.}l frl-4 D 

,/ 
(4.11) . 

after transition to -RCR (with spinless functions (J.l)) has the form 

V. · 
fo._'.lrd. 

. fl..' = . fluf 1 ·" 

L . d (r-lna~) 
~»r · sl (r m7i) 

_ _rz.L:tm e 
a.t... -=t:~fc eo~ - ./".1-t:fl.nz ~ 

~/nJL·. 

(!/!)~ (j./n Ci.r.) 

.Shtrht Ji) 

yw 2. > i 1"17 2.. ' 

Cl.2 =A 1-d ~ z._..fm 
2 

.:Jm-l 

(4.12a) 

(4.12b) 

that can be· treated as the 'relativistic generalization. of the Yukawa 
potential. For ./12. J! J/n 2 the eXpression (4.12a) in the nonrelativis
tic limit turns into the usual Yukawa potential, exp (-..,-,_r} /&-.i7r _ 
At ;u=:o (4.-12a) it looks like .the Coulomb potential . 

V
- to)l·.-e · .:t 1~ .· . C4.1J) 

. ,. _ ~ { r) =- . C/TI'l. (rht /t) 
- '-''"· br , 

Let us now find the form of the·local'part of the propagator 

{/dm M11 +tn) .') / ( ~ z. -:2m 2 +d'/;utlo) .. - . (4.14) 

13. 
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-.· 
We shall.~_e tlie>:f~l~owing s-i~~le metho_d: .. _ ·' (.:1/z}_~ ·.::...., , 

Plane waves for .the particles :With spin 1/2 g '7.tf/l3t_ -~.X} 
... . .,., ' 

can be,expressed- through the plane waves in the spinless case 
l: ~"1&; '1-:z --~ J-) .. in the ·_form 171 . -. -

;:. JLp • . , 

.5 f1/.z.{;L1-; ~ J r )--::: : . > 

_ 2J. ::ia~~~ ~/n ~id&':lt_pj • j,. >o;L/._:..~~ ~) .· ····· .. - v~ IL - Jr. --.,..,.. . J· , .:5 ~ ,../ ~,J (4.15) 
/7Z- 'Ll" r Ill- L1 ~ -: A /z. .LL - ... /7Z. · · ·· · · · · · 

. '· . .. "/' . ·' 

It has been shown above that a relation of that sort can be .obtained 
with' the help of the operator -.8 ' as 'in (J; 28) with the substituti ()n _... ~ ' '' . . - ,.. . .. 

1z ~ n.Ar> . _ . . . . · _ 
., .. Due ·to the spherical symmetry.of the propagator (4.11) only the . . . . . . . . ·r"') . . . . . . . . . . . 

s-wave functipn .P . /4.{~_,.17) does oontri_bute to ,the definition 
Vc~;,..~_,., .) ~ .. '• ... ·, 

of · · cr./ . 
11"'~ ·. ' . .. . . . . 

An analogous situation'will take place in the' spincase~but 
instead of ~l"o(d~ /?)there would be the' f~nctions -P~ :t~,r:). 
So far as the expressign Y Rm t&t> .,t /71) 

1 
in the product ~f (4.15) · 

atd (4.14) cancels. out, th~·-remaini~g connection between the functions 
is define!l.:bY. th~: ope.ra~or .. :£. ~ ;;.~: r() I(} ):·:. ~ · > · ·_:::: ... 

Thus;·w-e~have ··· ·--·' ;,-.CJ?/n r ·. · ..... -.-~ ·.· .·. · 

'. 
·. f~)rd . ·. h r' 2 yo)rd'. 

V ~k (r) = £ e-. .. tJm f)r) ~i .(i) 
. . 

As a result·, instead. Of (4.12), 

• ·.· • /o} rd>. 
"VY~i'.(f) = 

(4.1J) we,get ,. 

· .. , _".I_,~i;S'lh-~~j/(~unr/-;.·!z t:()~ ~-;(?/tq~J:>) 
~11-. ·. ,· . (""2+. .:f~ ·) . P(;-k. ) . · ..... ·.:,. · · .. .. r · ., ··"/<Ym· .·O?z·· /lrr•r ·, ·. · 

.I 
'f~6n?.. 
. . ' . ·' .' .1· 

.. 

i Rr·,s'tiz/(;~lnt-);1 a~~-tf~l!t?tmr)dd.z -··. · 
-·- ..• ... _:Z. . . -·2 •·/12..,/. ... Z 
Iii ' . _· ( r;z + > -~(.rm~): ~.¥ m/Tlr) --~ --/ .... : . I~ • 

~ . ' ' -. ' '' ' 
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, -r~rd. 
V .. [r) 

(!p«.[ . 

,t~ /1(7/mrJ 

lw-/rll + #tn zJ 

A distinguishing :feature of the·obtained potentials as compared to 
ce>JreZ. · 

~ t'r) consists in its fini~eness at r=O: 

·ffdrd 
-VJ,d (r) = 

i() 
{ 

- In • Co."' 111 
. .:#' '"':z 

_ In._·_· / a.2 
. :i7 .. 04-t .:z_ .... 

~&)rd' 
V · /r=()) 0 
~a/ 

./ 
/'.z L .Jm:~ 

./ 

.:<' f >glnz.. 

One must ·take .into account that ill tt:-e case of a bound system, 
i.e. when the potential sign in (4.12)is.changed, the obtained 
results implies that 
also . there appears a 

I Compton wave-length 

not only there is no_ singularity at r=O but 
repulsion at the 'distances shorter than the 

~,;;..*/me .. ·. 

Conclusion 

In the' present paper the unita'ry irreducible representations 
(UIR) of the Lorentz group for.the spin 1/2 are applied to describe 
.the interaction of two particles. The free Hamiltonian operator and 
expression for the plane waves with spin 1/2 in the variables of the 
UIR of the Lorentz group have ·been used. The Hamiltonian of interac
tion of Jwo particles in the tiD:ee-dimensional momentum Lobachevsky 

·space / 8 in the one-boson exchange approximation is reduc_ed with 
the help of the addition theorem for plane Sp.n waves to the local 
form in_ RCR. The form' of the relati~istic analogs of the yukawa and 
Coulomb potentials are found. They have no singularity at the- origin. 

' The author exPreSS their sincere gratitude to V.G.Kadyshevsky 
for interest in the work and useful discussions. 
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~puK P.A., CKaqKoB H.B. 
IlpHMeHeHHe YHH'i'apHhiX npep;CTaBJ1eHHH . 
rpynnhi ITopeHI.~a AJ1H onucaHHH B3aHMop;ei1cTBHH 
¢epMHOHa CO CKaJ1HpHOH qacTH~ej:i 

/ 

E2-91-449 

. YHHTapHhl~ HenpHBOAHMhie npe)J;CTaBneHHH (YHIJ) rpynnhi ;ITo
peH~a npHMeHeHhi p;nH npeo6pa3oBaHHH penHTHBHCTCKHX Tpex
MepHhiX ypaBHeHHH B HMllYJ1bCHOM npocTpaHCTBe, HCTIOJ1b3yeMhiX 
p;J1H OTIHCaHHH B3aHMOp;ei1CTBHH ¢epMHOHa H nceBp;OCKaJ1HpHOH 
qacTH~hl, K peJ1HTHBHCTCKOMy KOH¢Hrypa~HOHHOMy npe)J;CTaBne
HH!O. C UOMO~b!O TeopeMbi CJ10)I(eHHH )J;J1H ¢yHK~HH, peaJ1H3Y!O~X 
YHII rpynnhi ITopeH~a c. oTnnqHhiM OT HYJ1H cnuHoM, Hai1AeHhi no .. 
KaJ1bHhle llOTeH~HaJ1hl B 3TOM npep;CTaBJ1eHHH 1 KOTOphie HBJ1HIOT-
CH penHTH~HCTCKHM oisoo~eHHeM noTeH~HanoB KynoHa H !OKaBhi. 

. 4 

PaooTa B~mo.imeHa ~ ITaoopaTopuu _:reopeTHqecKoi1 ¢H3HKH 
Ollill1. 

Coo6ll.leHHe 06T>eAHHeHHoro IDICTHTyTa H.o;epHbiX HCCJH!.r:r;OBSHH!i: Jly6ua 1991 

Frick R.A., Skachkov N.B. 
Application of .the Unitary Re-presentations 
of the Lorentz Group· for the Description 
of Interaction of a Fermion with a Scalar 
Particle 

E2,..91-449 

Unitary irreducible representations (UIR) of the Lo
rent~ group·applied to transform the relativistic three 
dimensional equations in the momentum space, that descri 
be the interaction of the fermion and the pseudoscalar 
particle, to the relativistic .configur'ational represen-: 
tation. By help of the addition theorem for the functi
ons, that realize the UIR of the Lorentz group with the 
nonzero spin, the local potentials in this representa
tion is found that appears to be the relativistic genera 
lization of Yukawa and Cc;mlomb potentials. 

The investigation has been performed at the Laborator 
of Theoretical Physics, JINR. 
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